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Abstract

A global invariant manifold result for maps is derived with conditions
that are easy to verify for applications. The result supplies existence and
smoothness of the attractive manifold as well as additional useful properties.
It is also shown that a C*-perturbation of the map yields a C*-perturbation
of the manifold. Moreover, it is proved that if there is an attractive invariant
manifold for the time-T" map of an ODE then this manifold is invariant for
the flow as well. For an illustration, the results are applied to a system of two
weakly coupled harmonic oscillators.
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Attractive invariant manifolds for maps: Existence,
smoothness and continuous dependence on the map

The topic of this paper was initiated by the investigation of discrete dynamical systems
occurring if an ODE is approximated by some numerical scheme. In many cases such a
map admits an attractive invariant manifold. This strong geometric property implies that
the dynamics of the system is essentially described by the dynamics on the manifold.

Theorems on invariant manifolds for maps have been proved many times for many diffe-
rent settings. The first results were obtained by Hadamard [2] and by Perron [6]. They
consider the stable and unstable manifold of a fixed point. A very general treatment of
the topic can be found in Hirsch, Pugh, Shub [3] (see also Shub [7]). Our aim was to
derive a global invariant manifold result with conditions that are easy to verify for the
applications in mind. Moreover, we wanted to show smoothness of the manifold as well
as additional useful properties. We also tried to present a complete and transparent proof.

The global setting appropriate for our applications can be found in a result by U. Kirch-
graber (cf. [4]). It supplies the existence and additional properties of an attractive global
manifold without giving smoothness, however. We slightly generalized the situation to
get our centre-unstable manifold result. An elegant and transparent approach for prov-
ing smoothness of an invariant manifold can be found in Lanford III [5]. He considered
the local centre-stable and centre-unstable manifold of a fixed point. We closely follow
the lines of his approach to establish our smoothness results. Global C* centre-unstable
manifolds are also treated in Chow and Lu [1] for the case of a fixed point. Their weak
coupling condition requires both coupling terms to be small, however, and not only the
product as in our condition.

As a corollary of the invariant manifold result we also show that a C*!'-perturbation
of the map yields a C*-perturbation of the manifold.

The paper is organized as follows. In a first section we derive the existence of the invariant
manifold together with additional properties. In Section 2 we prove the smoothness of
the manifold. In Section 3 we show that if there is an attractive invariant manifold for the
time-T" map of an ODE then this manifold is also invariant for the flow. For illustration,
in a last section we apply our results to a simple example describing two weakly coupled
harmonic oscillators. Here, we do not have the case of a fixed point, in general, and only
the product of the coupling terms is small enough.



1. Existence

We consider maps of the following form
. % T T _ f(x,y) _ f0($)+f(l',y) X
wreirens () (2)= (160 Jeorsr

where X, Y are Banach spaces.

We assume that P is contracting in y-direction and that f, is invertible and f; ' is Lip-
schitz continuous.

Assumption H1
a) fo is invertible and |fy ' (z1) — fi ' (22)| < a|z1 — 22| holds.
b) The function g is bounded and the functions f and g satisfy the Lipschitz conditions

|f($1jyl) - f($2,yz)| < Lyg|xy — x| + Las|yn — 2|
lg(z1, 1) — g(x2,y2)] < Lot|xy — 22| + Laalyr — vl -

Here and in what follows, norms are denoted by | . | independently of the spaces considered.

We want to find an invariant manifold of the form
MS = {(l’,y) ‘ T e X7 y = S(.T)}

for the map P where s(x) is uniformly Lipschitz continuous.

Let C, := {0 € CY(X,Y)|o is Lipschitz continuous with uniform Lipschitz constant
i} be the space of bounded p-Lipschitz functions equipped with the sup norm |o| =
sup,ex |o(x)|. Note that C), is complete with respect to this norm.

Remark:

0) A frequent situation in applications is the following (see, e.g., Section 4): The func-
tion ¢ is not bounded in X x Y, the map P, however, is invariant in a strip X x Yy
with Yy := {y € Y | |y| < d}. All results of this paper hold and are proved in
exactly the same way if in Assumption H1 the existence of such an invariant strip
is required instead of the boundedness of g in X x Y and if in the spaces consid-
ered Y is replaced by Yy (e.g., CP(X,Yy) instead of CP(X,Y)). There is one minor
exception concerning the proof of Theorem 3 iii). There, the function o(z) has to
be defined in a slightly different way: Let 7 (z) := s(z)+yo—s(zo), x € X, and define

o(x), forze X witha(zx) <d
o(z) =
s(x) + &(x)(yo — s(xo)) with £(z) € [0,1) such that |o(z)| =d, else.
_|



For any o € C, consider the manifold M, = {(z,y) |z € X, y = o(z)} and its image
P(M,). We first show that for appropriate p the set P(M,) may be described by some
function 7 € C),, i.e

P(M,) = M5 .
Since P(M,) = {(z,7)|T = fo(z) + f(z,0(x)), T = g(z,0(x)), z € X} we look for a
function @ such that 7 = x)) = _( ) holds. As shown in Lemma 1 below the
)+ may b

equation T = fy(x + f (x, e solved for z provided

Condition B1 .

B(u) 3:a—L11—L12M>0

holds. This leads to z = h,(T) and hence to

(2) 7(T) = g(he(T), 0 (he(T))) -

Lemma 1 Let o € C, and let Condition B1 be satisfied. Then the equation

(3) T = folx) + f(z,0(z))

has a unique solution x = h,(T) and h, is Lipschitz continuous with uniform Lipschitz
constant 1/5(u).

Proof: We first fix . Suppose Eq.(3) has a solution = h. Then h has to satisfy

h=EMh) = fy' (T f(ho(h)).

Since
|E(h1) — E(ho)| < a(L11 4 Lo pt)|hy — ho

the map E(h) is a contraction in X provided condition B1 holds. We denote the unique
fixed point of E(h) by h,(Z). Obviously, z = h,(T) is a solution of Eq.(3) for any 7. In
order to show that h, is Lipschitz continuous we use the identity

ho(@) = f3'(@ — f(ho(T), 0(ho(T))))
and find

o (T1) = ho(T2)| < [Ty = T | + (Lu + Liz 1) | o (1) — 1o (T)]] -



Due to condition B1 this may be written as

)| < .
1 —a(Lyy + Liap)

|ho (T1) — ho (T2

T — Ty
which completes the proof of Lemma 1. L

Hence, the function

satisfies P(M,) = Mz. We define an operator F for functions o € C, by

(4) (Fo)(x) = g(he(x), 0(he(x)))

where h,(z) satisfies

A~

(5) z = folho(x)) + f(he(2), 0(ho(x))) -

We have shown that
(6) P(M,) = Mz, .

For the existence of an invariant manifold M, we need a function o(z) € C), for which
P(M,) = M,. This is equivalent to the requirement that o is a fixed point of the operator
F.

We want to show that under certain conditions F is a contraction in C), and hence has a
unique fixed point. We first show that under Condition B1 and under

Condition B2
Loy + Loo <

By N

the operator F maps C,, into itself. Since g is bounded, Fo is also bounded for ¢ € C),
by definition. We verify that Fo is p-Lipschitz:

[(Fo)(xr) = (Fo)(z2)l = [9(ho(21),0(ho(21))) — g(ho(22), 0(ho(22)))]
< (Lot + Loz ) [ ho(21) = Do (2)] -

By means of Lemma 1, where we have estimated the Lipschitz constant of h,, and by
Condition B2 we find

Loy + Log

[(Fo)(x1) = (Fo)(zz) | < B00)

|z1 — mo| < play — 2] .

This implies F : C,, — C,,.



Next we show that under the additional

Condition B3 (L Lo )
12(do1 + Log
X(p) := Log + <1
() = Lo B(u)

the operator F is a contraction.

Lemma 2 If there is p > 0 such that Conditions B1, B2, B3 are satisfied, then the
operator F is a contraction in C,, with contractivity constant x(i).

Proof: We first derive the estimate

L
oy (2) = hoy (2)] < 275 [0 — 0]

B(w)

From the proof of Lemma 1 we know that

ho(x) = fo (= f(ho(x), (hs())))
and hence,

oy () = Doy ()] [fo (@ = f(hoy (@), 01(ho, (1)) = fo (& = f(ho, (), 02(ho, ()]
+ 1fo (@ = flhoy (2), 02(ho, (2))) = fo ! (& = f(hoy (), 7 (R (
<

alLy|oy — oy |+ a(Lli + Lig p) | hy — hey| -

IN

8
~—
~—
~—
~—

This implies the above estimate.

By the definition of F we get
[(Foi)(z) = (Fox)(@)| < |g(ho,(x),01(he, (2))) = 9(he, (7). 02(he, (7)))]
+ 19(ho,(x), 02(ho, () = g( Doy (2), 02(hery (7))
< Lyfoy — 0of + (Lot + Loz p) |hoy (2) — hoy (@)

Lio(Loy + Lo 1)
Bw)

< (L22+ ) loy — 09 .

Hence, under Condition B3 the operator F is contractive with contractivity constant

X(1)-
1



Up to now we have shown: If there is ¢ > 0 such that Conditions B1, B2, B3 hold the
operator F has a unique fixed point s € C,,. By construction it follows that the map P
admits an invariant manifold M, = {(x,y) |z € X, y = s(x)}.

We now seek conditions on the Lipschitz constants «, L11, L12, Ls; and L9y under which
there exists p > 0 satisfying B1, B2, B3.

If Condition B1 is satisfied then Condition B2 is equivalent to

Condition B2’ .

Loy 4 Log put < B(p) = (a — Ly — Ligp)pe .

We now consider Conditions B1, B2’, B3. Condition B2’ is equivalent to the requirement

on pu that
1
q(p) := Lig p* — (a — Ly — L)+ Loy <0

holds. Such a p exists if and only if
1
Ly + Loy + 24/ Lya Ly < o

Under this condition we have ¢(u) < 0 for p € [\, v] where

é — Ly — Lo F \/(é — Ly — La)? — 4Ly Ly

(7) A\ U=

are the zeros of ¢(u). Since under Condition B1 the quantity y(x) is monotonically in-
creasing we conclude: If there exists u = g satisfying Conditions B1, B2’, B3 then these
conditions are also satisfied for ;4 = A. This means that X is the lowest p-value satisfying
Conditions B1, B2, B3 and, therefore, is the best possible estimate for the Lipschitz con-
stant of s.

Since for © = A Condition B2’ and therefore B2 are satisfied with the equality sign
we have

Loy + Loy A
8 ——— =
) 50
and x(\) may be written as
X()\) = L22 + ng)\ .

Conditions B1, B2, B3 for ;1 = A are equivalent to



1
ng)\ < = = L11
«

1
2v/LiaLyy < o Liy — Lo

L12>\ < 1—1Lo.

We are now able to state the existence result for the invariant manifold M, together with
additional properties of M.

Theorem 3 Let the map P given in Eq.(1) satisfy Assumption H1. Moreover, assume
that the Lipschitz constants o, L1y, Lo, Loy, Lo satisfy the conditions

1
a) 2v/L1aLey < o Ly; — Lo
(9) b) LishA < 1— Lo
1
C) ng)\ < - = L11
«

where
2Ly

A= : - .
= — Ly — Lo + \/(5 — L1y — Lg3)? — 4L15 Ly

Then there is a function s : X — Y such that the following assertions hold.

i) The set My = {(z,y) |z € X, y = s(x)} is invariant under the map P, i.e., if
(x,y) € My then also P(x,y) € M;.

ii) The function s is uniformly \-Lipschitz.
ii1) The invariant manifold My is uniformly attractive with attractivity constant

X()\) = L22 + ng)\ <1 R
i.e., for (xg,y0) € X XY and (x1,11) := P(x0,Y0) the inequality

1 = s(@1)] < x(M)lyo — s(wo)]
holds.
i) If instead of Condition (9) a) the slightly sharper condition

1
(9) a*) 2\/L12L21 < a — L11 — L22



holds then the invariant manifold My has the “property of asymptotic phase”: For
every (zo,yo) € X X Y there is (To, 7o) € My such that for (x;,v;) :== P'(xq,y0) and
(flvgl) = Pl(i"O)gO) € M57 (S NO}

lzi —Zi| < e x(N) [yo — s(zo)]
L12

V(2 = Liy — Ly)? — L1y Loy

with ¢ =

lyi =il < x(V)'(1+Ae) |yo — s(20)]
holds.

v) If g has the form g(x,y) = B(x,y)y+ §(x,y) with |B(x,s(z))| <b< 1 forallz € X
then the estimate

holds.

vi) If f(x,y) —x and g(x,y) are z-periodic in x then s is also z-periodic, i.e., if there
is a constant z € X such that f(x+ z,y) = f(z,y)+ 2z and g(z + z,y) = g(z,y) for
alze X, yeY then s(v+z2) = s(x) forx € X.

vii) Every invariant set Q C X XY of the map P is contained in M, i.e., P(2) =
implies Q0 C M.

Remarks:

1) Note that if instead of Condition (9) a) the slightly stronger condition (9) a*) is
required then Condition (9) ¢) may be dropped. We show that (9) a*) implies (9) ¢):

2115 L 1l L — Ly)?
Lip A — 12421 < Q(Q 11 22)

1
é _Lll _L22+\/<é _L11 _L22)2—4L12L21 @ _Lll _L22+\/_

1 1
— Ly — Ly) < — =Ly — Log < — — Ly; .
Q@ a

IA
QI+

1
5

2) For the case a@ > 1 which is important for our applications the three Conditions (9)
a), b), ¢) may be replaced by the single Condition (9) a*). We show that Condition
(9) a*) and o > 1 imply Condition (9) b): As in Remark 1) we have

1
Lis A< ——Lj; — Lo
«Q

and hence, for @ > 1 obviously Condition (9) b) is satisfied. -



The following facts concerning the manifold M, have already been shown and will be
needed below. From now on we write h(z) for hs(z) dropping the index s. We know from
Lemma 1 that h satisfies the functional equation

(10) = fo(h(x)) + f(h(x), s(h(x))) ,

i.e., h provides the preimage of (z,s(x)) in M. Moreover, h has the uniform Lipschitz
constant

1 1
1) SCTN R S

Note also that s satisfies the invariance equation

(12) s(x) = g(h(x), s(h(x))) -

Proof of Theorem 3: We have already proved Assertions i) and ii).

iii) We use the contractivity of the operator F. Let (z9,v0) € X XY be given. We choose
o€ C, as o(x) := s(x) + yo — s(xg). For this special choice we have (zg,y0) € M, =
{(z,y) |z € X, y=o0(x)} and |0 — s| = |yo — s(x0)|. Eq.(6) implies (z1,y1) = P(x0, %) €
Mz, and hence,

y1 = s(z1)| = [(Fo) (@) = s(z1)| < |Fo—s|=][Fo—Fs|.

From Lemma 2 we know that
|Fo—Fs| < x(A)|o — s
and therefore

1 = s(z1)] < x(A) [yo — s(@0)] -

X(A) < 1 follows directly from Condition (9) b).
iv) For k € INg let (zy, yx) := P*(xg, y0) and consider the k preimages in M, of (zy, s(xy)) €
M under the map P, i.e., we define

i,(f) = X

iPo= h@E") for =k k—1,..,1.

We show that for fixed ¢ > 0 the sequence (:f(k)) , k > 1, is a Cauchy sequence.

(2

Note that A
Tt1 = f()(l’k) + f(xk, s(a:k) + dk) with dj := Y — 3<xk)



and by Ea.(10) " (k+1) ~(k+1) ~(k+1) [ ~(k+1)
k+1 = karl fO( ) f('rk 75(3% )) .
Thus,

v =30 = o (e = o s(an) + o)) = fot (w1 = flans s(a)
+ fo (i = Fla s(@)) = fo ! (wen = FET, s@))

S « L12|dk| + Oz(Lu + L12 )\)|l‘k — f](ck+1)| .

With z;, = :?,(Ck) we therefore have

(k) ~(k+1) Lys
‘xk T ‘ < 50 |d| -
Since by definition x x = bt~ ’( )), 1 < ¢ < k, we obtain

‘fgk) _i(kqtl ‘ ‘hk z( ) BE— Z( (1Lc+1))‘S (Lh)k—i 5L<12) \d| .

Using Assertion iii) of Theorem 3 and Eq.(11) leads to

k—i
o apen|s e ()

o VRN

We have .
50‘) - X()‘) = a — Ly — Loy — 2L15 A

and by Eq.(7)

1
BA) = x(A) = \/(a — L1y — Ly2)? —4L1a Ly
which is positive by means of Condition (9) a*). It follows that x(\)/8(A) < 1. Therefore,
for any ¢ > k

‘@(k) B i@(z)

<

igk) kJrl ‘ + |

Lo 1 <X<A)>’H‘ @l

= 51— oy

(k+1) _U%Z(kﬁ)‘ Lo




Hence, for fixed ¢ > 0 the sequence (il(-k)), k > i, is a Cauchy sequence. We denote its

limit by z;. The above estimate implies that

|z, — ;| <

Since h and s are continuous, obviously, for y; := s(Z;) one has (Z;11, iv1) = P(Zi, Ui)-
Now, |d;| < x(\)" |do| yields the first estimate of Assertion iv).

For the second estimate we have

i = 0l = lyi = s(@)| < |yi = s(@i)| + |s (i) — ()] -

Using Assertion iii) and the first estimate of Assertion iv) we therefore obtain

lyi — 73] < x(A)* [do| + Aex(N) |dol -

v) Due to Eq.(12) we have
s(x) = g(h,s(h)) = B(h,s(h)) s(h) + §(h, s(h))
where we have dropped the argument x of h. Taking norms we get
sup [s(z)| < b sup|s(z)| + sup | g(z, s(2))|

and hence,

|s] <

< s gl s(a)]

vi) We restrict the operator F to the space

Cy-={oeC,lo(r+z2)=o0(x)}

of z-periodic functions which is a closed subspace of C),. It remains to show that under
the given conditions the operator F maps C),; into itself.

By Eq.(5) we have
x4+ z= f(he(z+2),0(he(x + 2)))

for o € C,.. Due to the periodicity assumptions, this is equivalent to
= f(he(x+2) — z,0(hs(x + 2) — 2)) .

Lemma 1 implies that the equation x = f(u,o(u)) has the unique solution u = h,(z)
which yields
ho(z +2) = ho(x) + 2 .



We conclude (cf. Eq.(4))

(Fo)(z+2) = glhe(z + 2), o(ho(z + 2))) = g(ho(2),0(ho(2))) = (Fo)(z)
which implies Fo € Cy..

vii) Define D := sup, ,)cq [y — s(x)[. The invariance of 2 implies that for any (z,y) € (2
there is (z,79) € Q with P(Z,9) = (f(Z,9),9(Z,7)) = (x,y). Since g is bounded it follows
that D < oco. Assume that D > 0. Hence, there is (x,y) € Q with

(13) ly — s(@)| > x(\) D

Let (Z,9) € Q satisty P(Z,7) = (x,y). By Assertion iii), we have |y — s(z)| < x(A\)|g —
s(Z)| < x(A)D contradicting (13). 1

As a corollary of Theorem 3 we show that a perturbation of the given map leads to
a corresponding perturbation of the invariant manifold. Let us consider the maps

~

» p:MXY)9<§>FH (Mﬁgﬁﬁ”)esny
B 9<§>Fﬁ (M%&§Lw>€5XxY

and assume that they both satisfy the assumptions of Theorem 3 with the same Lipschitz
constants L;;. Then there are functions s and 5 such that the manifolds M and M5 are
invariant under P and P, respectively, with all the properties stated in Theorem 3. We
define

5f = sup |f($,y)—7(x,y)|
zeX,yey

59 = sup |9($ay) _g(l‘ay” .
zeX,yeY

Corollary 4 Let the maps P and P defined in (14) satisfy Assumption H1 with common
Lipschitz constants o, L1y, L1a, Loy, Las. Moreover, let Conditions (9) a), b) ¢) be satisfied.
Then, for the functions s and s the estimate

Ty W+ )

holds.



Proof: The functions s and 3 satisfy the invariance equations (cf. Eq.(12))
s(z) = g(h,s(h)), 3(z) =7g(h,5(h))
where the functions h and h satisfy the functional equations (cf. Eq.(10))
v = fo(h) + f(h,s(h)), == fo(h) + f(h,5(R)) .
We therefore get
[s(z) =5(x)| < lg(h,s(h)) — g(h,s(R))| + lg(h,s(h)) — g(h,s(h))l
(15) +1g(h,s(h)) — g(h,5(R))| + lg(h,5(h)) — G(h,5(R))|

< (L21+L22)\) |h—ﬁ| -+ L22|$—§| + 59.

In order to estimate |h — h| we use

We have

h=H < |t (= Fhosh)) = f

8

8

(
+ | (z = F(Rs(h)) = fot(z = f(
+ o (e = F(Rs(R) — fo'(

P Np—

+ |z = F(RsR)) — fo (e —F(h5(R)

S (X|:<L11+L12)\)‘h—ﬁ| —+ L12‘8—§‘ -+ 5f} .
Due to Condition (9) ¢) we obtain

— 1

Inserting this estimate into Eq.(15) we find

_ Loy + Log A
s—35I < | —
| "( 50

Loy + Loy

_ A
L12+L22> |$—S|+ 6()\) 5f+5g.



By means of Eq.(8) this may be written as

Ny +6,) .

1
s =3 € ———
1_

X(A)

This also implies the estimate

(16) |h — Al (1= L) 67 + L1z 6]

1
= B0V - x(V)

needed in the proof of Corollary 9. 1

2. Smoothness

We show that if the map P is smooth then the invariant manifold M, has the same
smoothness properties provided some additional conditions are satisfied. The essential
ones are

Condition B4(k)
. 1 k
L22 —+ L12 A< mln{l, (a - L11 - L12 )\) } .

and

Condition B5 f(;(x) is an isomorphism of X

We shall need the space CF, k € IN, of functions in C* with bounded derivatives as
well as the space Cf 1k € IN, of functions in C*! with bounded derivatives and with
uniform Lipschitz constant of the k-th derivative.

Theorem 5 Let the map P given in Eq.(1) satisfy Assumption H1. Moreover, let Con-
ditions (9) a) and B4 (1) be satisfied. Then there exists a function s such that

i) all assertions of Theorem 3 hold;

i) if f,g are of class Cf and if Conditions B4(k) and B5 hold then s is of class C¥ as

well;

iii) if f,g are of class C¥' and if Conditions B(k+1) and B5 hold then s is also of
class Cp*.



Remarks:

3) Note that for k£ € IN Conditions (9) a) and B4(k) imply Condition (9) a*).
Condition B4(k) implies Condition B4(k—1) for £ > 1. In particular, Condition
B4(k) implies Condition B4(1). Hence, from B4(k) it follows that

1
2L12)\<—_L11_L22-
(6%

By definition of A (cf. Eq.(7)) this is equivalent to

1
\/(a — L11 — L22)2 — 4L12L21 >0.

This proves the above claim.

4) If @ > 1 the single Condition (9) a*) yields the existence of s (cf. Remark 2)) as
well as the differentiability of s provided f, g are of class Cy.
As stated in Remark 3) Condition (9) a*) is equivalent to

1
L22+L12)\<E—L11—L12>\-

Since 1/a — L1y — L1a A < 1 for e > 1 this implies Condition B4(1). —

Proof of Theorem 5 i):  Obviously, Condition B4(1) implies Conditions (9) b) and
(9) ¢) and hence, Theorem 3 applies. 1

The proof of Assertions ii), iii) of Theorem 5 is by induction with respect to the or-
der of differentiability k& and is started with & = 1. We therefore prove the case k = 1
separately in the two subsequent lemmas. We also need that h is differentiable. This is
stated in Lemma 8. In the following we suppose that the map P satisfies Assumption H1
and that Condition (9) a) holds.

Lemma 6 If f and g are of class C} and if B{(1) holds then s is of class C}.

Proof: In order to get a functional equation for s'(z) we differentiate formally the invari-
ance equation Eq.(12) for s(z):

(17) §'(x) = [ (hlx), s(h(@))) + g2((x), s(h(@))) ' (h(x))] ().



We use the following notations:

0

gi(r,y) = g(,y), 92(x,y)=8—yg(x,y)

0
o
f(;(x) % fo(x), etc.

Moreover, we shall mostly suppress the argument = and we shall write v for (h, s(h)). We
need express h'(z) in Eq.(17) in terms of s and its derivative. Differentiating formally the
functional equation (10) we obtain

~

(18) Id = [fy(h) + fi(v) + fa(v) s'(R)] M (2)

and together with Eq.(17)

(19) s (@) = [91(v) + g2(v) ' (W [fo(h) + fr(w) + fo(v) &' ()]
or for short,
(19) s'(x) = G(M(x)) F(h(z))™" .

Although we do not yet know that h and s are differentiable we do know that, if they are
differentiable, their derivatives satisfy Eqs.(18) and (19).

In the following we define an operator K acting on a space of functions from X to £(X,Y)
by
(20) (Ko) (@) := [01(v) + g2(v) o(W)][fo(R) + fi(v) + falv) o(R)] " .
Note that a fixed point of K is a candidate for the derivative of s. We first show that the
operator K is well defined and is a contraction in the space

Zy = {0 € COX, L(X,Y))|lo] < A} .
A is given in Theorem 3 and 7, is equipped with the supremum norm. Hence, I has a
unique fixed point in Z, denoted by o.
In a next step we shall show that ¢ is in fact the derivative of s.

Assertion 5.1
K- Z)\ — Z)\ .

Take o € Zy and write Ko in the form (Ko)(z) = G,(h)F,(h)~! where

Go(h) = 01(v) + ga(v) o(h)



Condition B5 implies that fé(h) is invertible and from Assumption H1 it follows that
| fo(h)~!] < a. Since

foM ™ (fi(w) + fo(v)a(h)| < (L + Liz A) < 1

by Condition (9) ¢), [[d+ FoW)(fi(v) + ﬁ(v)a(h))} is invertible and hence, F,(h) is
invertible and for each x € X

(21) F () = [Id+ fo() (i) + Faw)o ()] folh) "

We may expand the right-hand side of Eq.(21) into a Neumann series and we get the

estimate 1 1
F. (W)Y < = .
‘ ( ) ‘ 1 Lll _ le )\ 6()\)

1
Moreover, we have

|Go(h)| < Loy + Log A .

By means of Eq.(8) we find

Loy + Lo A

By

|[(Ko)(z)] <

This proves Assertion 5.1.

Assertion 5.2 K is a contraction.

Take 01,09 € Z),x € X. Using the abbreviations G; := G,,(h) and F; := F,.(h),i = 1,2,
we may write

- (Koy)(x) — (Koy)(x) = Gy Fi'— Gy Fy?
= (G- Go) Iy "+ Gy Fy (B, — F) Fyt .

Hence, we get

(Kov)(2) = (Kow)(@)| < |F |Gy = Gal + |Gal|[FH [ Fy Y P — B

< ﬁ Los|oy(h) — oa(h)| + (La1 + Loz A) ﬁ Lus|oy(h) — o2(h)]
< ﬁ <L22 %522)\ L12> oy — 09| = ﬁ (Laz + Lag A)|or = oy

where to obtain the last expression we again have used Eq.(8).



By Condition B4(1) the constant

(23) i) = %

is less than 1 and hence, K is a contraction. It follows that K has a unique fixed point in
Z which we denote by o.

We show that indeed o is the derivative of s. We have to verify

Assertion 5.3

sup lim sup |s(z + ) — 5(x) — o(x)dz| _
r d—0 |5{L‘|

0.

Note that the left hand-side exists since the quotient is bounded by 2X. We define
Oh = h(x + éx) — h(z) and A(z,dz) = s(z + 0x) — s(x) — o(x)dx. Take z € X. By
means of Eq.(12) we obtain expanding g at v = (h, s(h))

s(x+0x) —s(x) = gi1(v)6h+ ga(v)a(h)oh + QQ(U)(S(h + 6h) — s(h) — U(h)dh)
(24) +o(|6h]) for [0x| — 0

= Gy(h)dh+ ga(v) A(h,0h) + o(|0h]) for |dz| — 0.

Taking Eq.(10) with z replaced by = + dx we have
z+ 6z = fo(h(z) + 6h) + f(h + dh, s(h + 6h)) .
Subtracting Eq.(10) yields

dx = fi(h)Sh+ fi(v)oh+ fa(v)o(h)h

~

(25) +£2(v) (s(h + 6h) — 5(h) — o(h)dh)+o(|6h])

= E,(W)0h + fo(v) Ah, 6R) + o(|5h]) .

By definition of K (cf. Eq.(20)) we have o(z)dz = G,(h) F,(h)"'6x. Hence, using Egs.
(24), (25) we obtain

|s(z + dz) — s(z) — o(z)dx| = |A(z, dz)|

= 192 (0)A(h, 5h) = G, (h)Fy (h) ™! fo(v) A(h, )| + o(|6h])

< (Lm i L;(iAL)A Lm) |A(h, 51| + o(|6h)

= (Lo + L1a A) [A(h, 0R)| + o(|6h]) .



Dividing by |dz| we get

Az, 0z)|
0|

[0h] [A(h, 0R)]  o(|0h])
6] [oA] |2

< (Log + Lia A)

Since |0h| < Ly|éz| and L, = 1/8(\) we have

A, 02)| _ Lo + Lia A |A(h, 6h)|
6] = B(N) [6%]

Defining M(z) i= limsup 120200l
520 |0z |

M(x) < x1 (MM (h) < xa(A)M .

+o(1) for |0z] — 0.

< 2X\ and M :=sup M(x) we obtain

and therefore,

Since x1(A\) < 1, this implies M = 0 and hence Assertion 5.3 holds. This completes the
proof of Lemma 6. 1

Lemma 7 If f and g are of class Cy'' and if B{(2) holds then s is of class Cy".
Proof: The existence of s’ is established in Lemma 6.

We show that the operator K defined in Eq.(20) maps the space

Zy~y:={0€ Z\|o is v — Lipschitz}

into itself if v is chosen appropriately. The space Z) , again equipped with the supremum
norm is a closed subspace of Zy. Take o € Z, , for some 7 not yet determined. We have

(Ko)(z1)—(Ko)(x2) = Go(h(21)) Fy (h(@1)) ' =Go(h(22)) Fy (h(w2)) ™" = Gy Fy —Go) Fyy -

If we rewrite this expression as in Eq.(22) we get

(o) (21) = (Ko)(@s)| <|FG)| Gy = Gl + G| |G| [Fgy | [Fuy = Fioyl -
Using the abbreviations v; = v(z;), h; = h(z;) it follows that

(o) () — (Ko) ()] < ﬁ | g1 (02) — g1 (02) + g2(0)r (hr) — ga(u)or ()
+ g2(v2)o(hy) — ga(va)o(hs)|
Loy + Log A | / 2 7
TONER | folhn) = folha) + fir(v1) = fi(ws)

~

+ fo(v1)o(hy) = fa(va)o(hy) + fo(va)o(hy) — f2(vz)0(hz)’ :



Hence, we obtain

1
[(Ko)(z1) = (Ko)(x2)] < 30 (Lgl(l + A)Lp, + Ly, (1 +>\)LhA+L227Lh)|x1 ~ )
A
+ 6()‘) (Lf(; Ly +Lf1(1 + )\)Lh +Lf2(1 + )‘)Lh)‘+L12’YLh)|ZL‘1 .
1
- lﬁ(A)Q (L22 + Lis A)y + R| |1 — 2] .

Here L, , L

g1y —g2s
involving .

.. denote the Lipschitz constants of g1, ¢o, ... and R contains all terms not

Since x2(A) := (Lag+Lia A)/B(A)? < 1 by Condition B4(2) we may put v = R/(1—x2(\)).
The above estimate shows that the operator K maps Z, 5 into itself. Therefore, the fixed
point s’ is y-Lipschitz. L

Lemma 8 If f and g are of class C} and if B4(1) holds then h is of class C} and (cf.
(18). (19))

Proof: From Lemma 1 we know that h™! : X >z — f(z,s(z)) € X is bijective. Due to
Lemma 6 it is of class C}. Moreover, (h™) (z) = F,(x) and (h™')" is an isomorphism of
X (cf. Eq.(21)). With |F, (x)_1’§ 1/5(A) the claim of Lemma 8 follows from the local
inverse theorem. L

Proof of Theorem 5 ii), iii): The proof is by induction with respect to the order
of differentiability. We have already proved the case k = 1. We shall derive a functional
equation for sU), j = 2,3, ..., by formally differentiating Eqs.(17) and (18). This functional
equation is taken as a fixed point equation for some operator ). The operator KU is
shown to be a contraction in some suitable function space. Finally, we shall verify that
the unique fixed point of V) is the j-th derivative of s.

First, we get for j = 2

$"(x) = G'(W)[NW]?+ G(h)h"
(26)
0 = F'(W)[N?+ F(h)h

where



G'(h) = Gu(h)+Gyh), F'(h) = F,(h) + Fy(h)

Ga(h) = g1(v), Go(h) = g>(v)s'(h),  Fu(h) = fo(h) + fi(v), Fy(h) = fa(v)s'(h)
Go(h) = gn(v) + gia(v)s'(h)

Gy(h) = g21(0)s'(h) + gz (V)[s (W] + ga(v)s" ()

Fy(h) = fi(h) + fu(v) + fia(v)s'(h)

Fy(h) = fa(0)s'(B) + foa(0)[s' (W] + fa(v)s"(R) .

Note that, e.g., the two-linear form fas (v)[s'(h)]2[W/]2 applied to € and 1 means fas(v)[s(R)
W ()&, ' (h)I' (2)n].

Solving the second equation of (26) for A” and inserting it in the first one we get the
following functional equation for s”

(28) s"(x) = (G'(h) = G(h)F(h)""F'(h))[W']?

where G'(h) and F'(h) contain terms involving s”(h). Collecting the terms containing
s”(h) we have

s"(x) = W(2)s"(h)[W]* + Tx(x)

where

(29) W (@) = ga(v) = G(R)F ()™ fa(v)

and

Ty(x) = {g11(v) +2g12(v)s'(h) + ga(v)[$' ()]
— G(MF(h) T (fH(h) + fua(v) +2f12(v)s' (h) + faals' (W) }[I']? .
By now differentiating formally this equation we obtain a functional equation for s¥), j =
2,3, ...,

(30) sV(x) = W (x)sP (W)W} + T;(x)

where for j > 2

(31)  Ty(z) :== W'(2)sU= V()[R + ( = YW (2)sU D ()W (0] + T;_y (=) -



T;(x),j > 2, contains derivatives of s and h up to order j — 1 only.

Consider the spaces

79 = {o € COX, L(XV, V) |lo| < pj}, 5 =23,

equipped with the supremum norm. £(X?,Y) denotes the space of multilinear functions
from X x ... x X into Y. For each j we define the operator XU acting on Zg) by

(32) (KDo)(w) := W () o (h(a) [} (@) + Tj(x) .

We shall also need the spaces
Z[()Zf?% ={o € Zg) ‘ o is ~; — Lipschitz} .

For j = 1,2, ... we state two assertions which we shall prove by induction.

Assertion A1(j): If f and g are of class C’g and if Condition B4(j) holds then there
is pj > 0 such that

1) KW 20 — Z0.
II) KY) is a contraction with contractivity constant

A
x;(A) = Lot Lz A 5?;)/]‘12

and hence has a unique fived point o € Zg).

0.

, 50D (z 4 6z) — UV () — o(x)dz|
1) M .= 1 -
) M= sup Tim s 521

Hence, s is of class C’g and sY) satisfies sU) = KU) sU) . Moreover, h is of class C’g.

Assertion A2(j): If f and g are of class C' and if Condition BJ(j+1) holds then
there are constants p;,~; such that

). 70y 70)

Pj Vi PiG "
Thus, sU) e Zg?,yj and therefore, s is of class C’g’l.

We have already proved Assertions A1(1) and A2(1) (cf. Lemmas 5,6 and 7). Assume
that Assertions A1(j) and A2(j) hold for j = 1,2, ..., k. We now prove Assertion Al(k+1).



We first determine py; such that I) holds. Assume o*+1) ¢ Zé’;j_rll) for some py1. Taking
norms in Eq.(29) and using the identity (8) we obtain

Loy + Lo A
(33) (W (z)| < Loy + % Lis = Loy + Lis X

Hence, Eq.(32) for j = k + 1 yields

(¥ 0) ()] < (Las + Lia V(L) prsa + Rirr = xnp1 (M) pirr + R

where we have put Ry.1 := sup, |Tk+1(x)|. The remainder T ; contains derivatives
of s and h up to order k only. Since these derivatives are bounded by Assertion Al(k)
we have Ry < 00. Since xx41(A) < 1 by Condition B4(k+1), Claim I) holds with

Pr1 = Ris1/(1 = Xps1(A))-
Claim IT) follows directly from Eq.(32):

(KE o) (z) — (K Do) ()] \W(w)|(|Lh)’““|0'1(h) — oa(h)]

Xk+1()\) - 02| .

IAINA

By Assertion A2(k) we know that s*) is 7;-Lipschitz. It follows that M in Claim
III) exists and is bounded by 7 + pr. We again put 0h = h(x + dx) — h(z) and
Az, 0z) = s (z + 0z) — s¥)(z) — o ()6

As in Lemma 6 we need show the inequality

|A(x, 6x)| |A(h, dh)|
(34) ool S Xkr1(A) —on +o(1) for |6x| — 0

Since the functional equations for ' and s, j > 2, are different (cf. Egs.(19), (30)) we
prove Eq.(34) for kK =1 and k > 1 separately. For k = 1 we have from Eqgs.(19), (28)

Alw,02) = G(h+6h) F(h+6h)™" — G(h) F(h)™!
G, (W)W ox)[W] + G(h) F(h)~" Fy(h)[Wox][I]

where G! | F! are defined as are G', F' in Eq.(27) with s” replaced by o. It is easy to
verify that A(x,dx) may be rewritten as

A(w,02) = {G(h+6h) — G(h) — G.(h)[I6z]} F(h+ 5h)"
— G(h) F(h+ 6h)~" {F(h + 6h) — F(h) — F.(h)[I6x]} F(h)~!
(35)
+ GLW[WOx] {F(h+ 6h)~ — F(h)~'}

— Gh){F(h+6h)~t — F(h)™'} F.(h)[Wdox] F(h)™!



where we have used i/ = F(h)™'. We treat each term of Eq.(35) separately. Again
using the notations introduced in Eq.(27) (s” replaced by o) we find

G(h+6h) — G(h) — GL(W[WGx] = Ga(h+ 6h) — Ga(h) — G, (h)[W' 6]
+ Gy(h+0h) — Gy(h) — G, ,(h)[I'6x]
= G, (h)[6h — h'éx]
+ g2(v)s' (B + Oh) + gor (v)[s'(h + 6h)][6h]
+ 922(0)[s'(h + 6h)][s(h + 6h) — s(h)]
— 92(v)s'(h) = g1 (v)[s'(R)][I' 6] — g22(v)[5'(R)][5'(h)h'b]
— g2(v)[o(h)[I'52]] + o(|dh])
— g2(v) A(h, 6h) + o(|6x])

since

dh = h'ox +o(|dz|), &' (h+0h)=s"(h)+o(1) for|ox] =0

and
s(h+dh) — s(h) = s'(h)Wdx + o(|dx]) .

Similarly, we find
F(h+0h) — F(h) — FL(R)[W6x] = fo(v)A(h, 6h) + o(|x]) .
The last two terms in Eq.(35) are of order o(|dx|). It follows that

A(x,61) = go(v)A(h, 6h)F(h + 6h) ™t — G(h)F(h + 5h)*1f2(v)A(h, Sh)F(h)™' + o(|oz]) .
Taking norms we get

1 L Loo A
|A(z, 6z)] [22 Lo+ Lag A

50y L ey

Loy + Ly A
B(A)

L12} |A(h, 0h)| + of|ox])
|A(h,6h)| + o(]éx])

and hence Eq.(34) for k = 1.

For the case k > 1 we use Eq.(30) for j = k and the fixed point equation o = K**+Dg (cf.



Fq.(32). We find
A(z,62) = W+ 06x)s® (h+ 6h)[H (x + 6x)]F — W (x)s® (h + Sh)[I (z + 6z))*
+ W (x)s® (h + Sh)[I (x + 62)]F — W (2)s®) (h + 6h) W]
+ W(z)s® (b + o))" — W (x)sW(R)[I]* — W (x)o(h)[I]*[1oz]
+ Ti(z + 02) — Ti(@) — Tpa(2)0 .

Using the fact that W (z + dz) — W (z) = W'(x)dz + o(|dx|) and dh = W' (x)dx + o|0x])
and taking Eq.(31) for j = k + 1 we get

A(w,0) = W(x)dx (s®(h+ 5h)[H (x + dx)]* — s® (h)[W]")
+ W) (sO(h + on)[H (x + 62)]F — s (h+ Sh)[AF — ks (B)[W]F~L[1"5a])

+ W(x)A(h,6R)[W]* + Ti(x + 6x) — Ti(x) — T),(2)dz + o(|6x|) .
Since
s®) (b 4 6R) ([W (z + 02)]F — [W]%) = ks (h + §h)[R')F YR (x)02] + o(|dx])

we obtain

Az, 6z) = W (x)A(h, 6h)[R')* + o(|6z])

where we have also used Assertion A2(k) for estimating the Tj-terms. Now Eq.(34) for
k > 1 follows from Eq.(33).

Again as in the proof of Lemma 6 we conclude M < x4y1(A)M and therefore M = 0.
This terminates the proof of Claim III).

It remains to show that h is of class Cf™'. By means of Lemma 8 and by differenti-
ating Eq.(26) we find

F(h)™! for k=1
(36) P () =
— F(h) Y (fa(v)s™ (k) + Hy(w)) for k> 2
where H; contains derivatives of s and h up to order k — 1 only. Since s € Cf** and
by induction we know that the right-hand side is in C{. This completes the proof of
Assertion Al(k+1).

We prove Assertion A2(k+1). Take o € Z%¥+1 for some 4,11 not yet determined.

Pk+1,Vk+1



Counsider

(KEDa) (1) — (KEVo) ()] = [W (1) (hn) 1]+ = W (@2)o (ha) A1)
+ Wi(a)o(hn) [ = W (w2)o (ha) [h] !
+ W(@2)o(ha) (]! — W (wa)o (ha) 1]+
+ T (@) = Thpa(22)]
< W) = W(x2)|[o(h)] (Ln)**!
+ [W(a)lo(h) = o(he)] (Ln)"*!
+ (W(a)l ()| (k + 1) (Ln) |7y — Iy
+ Ty (1) = Thga (22)]
< (L2 + Liz A)(Ln) o (ha) = o (ho)| + Qrsalz1 — 2o

for some ;11 > 0. We have used the fact that W and T}, contain derivatives of s and

h up to order k only and hence are Lipschitz. Moreover, we have estimated |W| using
Eq.(33). Since
o(h1) — o(h2)| < Yksalhy — ho| < YeraLn|zr — 2

we have

[(KF Do) (1) — (KFHVo) (22)] € (Xora(A) Va1 + Q) |zt — @2] .

Condition B4(k+2) implies xx12(A) < 1 and hence, Assertion A2(k+1) holds with the
choice Vey1 = Qrr1/(1 — Xrt2(A)).

This completes the proof of Theorem 5 ii), iii). 1

As a corollary of Theorem 5 we show that a C’f _perturbation of the map leads to a
CF-perturbation of the invariant manifold.

Corollary 9 Let the maps P and P defined in Eq.(14) satisfy Assumption H1 with com-
mon Lipschitz constants o, L1, L1a, La1, Las. Assume that f,g and f,G are of class C’,f’l
and let Conditions (9) a) and Bj(k+1), B5 be satisfied. Moreover, let the derivatives of
f and g satisfy

DI(f(x,y) = Fla,)| < 0
for0< 53 <k.
|Di(g(e,y) = Flz,y))| < o



Then there is a constant ¢ such that for the manifolds M, of P and Ms of P the following
holds:

sV () =3V ()| <cd  for j=1,..,k.
Proof: The proof is by induction. We first show the case k = 1. Using the functional
equation (19) for s’ we get

|s'() = 5'(2)] = |G(h) F(h)~t = G(h)F(h)~|

= D1 + D2 .
We estimate the two terms on the right-hand side separately. We have G(h) = g1(h, s(h))+
g2(h, s(h))s'(h) and F(h) = f{(h) + fi(h,s(h)) + fa(h,s(h))s'(h). Using the identity in
Eq.(22) our assumptions imply that D; < ¢;|h — h| and by means of Eq.(16) D; < ¢.

For estimating D, we again shall use the identity in Eq.(22). We then have to esti-
mate |G — G| and |F — F|. Using Corollary 4 we get

IG(h) = G(R)| < |gi(h, s(h)) — Gy (R, 5(R))]

S 035+L22 |$/ —§/|

and analogously
(37) |F(h) — F(h)]| < cyd+ Lo s — 3| .

Now, by the identity in Eq.(22) we obtain (compare with the estimate after Eq.(22))

1 1
D2 S 055 + (m L22 + (Lgl —|—L22 )\) W L12> ‘3/_§/|
Loy + Lig A |, _,
50 + ————— —
Since (ng + Li2 A)/B(A) = x1(A\) < 1 we have
s —5'| < Tt )



which proves the assertion for k = 1.

Assume the assertion of Corollary 9 holds for £k — 1. We show that it also holds for
k. From the functional equation (30) for s**) we get

50 (@) =5 ()| = |W(2)sPB)WE + Ti(w) - W(2) 5O R)AE — Ti(x)|

< W) s®h)[hE — Ww) s ()

>
=
>

+ W) sOR)[A" — W(z) s (R)[R]*

+ W) sO R — W(z)s0 ()[R

+ W) s R[] -

+ |Ti(z) = Ti(x)|

= d1—|—d2—|—d3—|—d4+d5.

We estimate each term separately. a) Using Eq.(16) our assumptions imply that d; < C} 4.

b) We have dy < C’2|h’ h'|. By Lemma 7 we know that h’( ) = F(h(z))™'. We

use the identity F(h)~' — F(h)~! = F(h)~Y(F(h) — F(h)) F(h)~!. By means of Eq.(37)

we estimate

[F(h) = F(h)| < [F(h) = F(h)] + [F(h) - F(h)]

<

S Cg|h—ﬁ| —+ C45+L12 |S/ —§/| .
Now, Eq.(16) and the assertion for & = 1 proved above yields dy < Cy 4.
c¢) Using Egs.(33) and (11) we obtain

d3 S (L22 + L12 )\) | S(k) — g(k)| = Xk()\)|$(k) — E(k)| .

1
B

d) By means of Eq.(29) we have

~

\W@%ﬂmﬂzMW%m—GwFW“ﬁW%w
7B 5(0) + G(R) F(h) ™ (R, 5(R)|

As in b) we find dy < C5 4.



e) Ty(x) contains derivatives of s and h up to order k — 1 (cf. Eq.(31)). By Eq.(36)
the derivatives hU)(z), j < k, may be expressed in terms of derivatives of s up to order
k — 1. Therefore, our assumptions imply ‘h(j) — E(”‘g Ce0 for j < k. Now it is easily
seen that ds < C5 4.

Note that Condition B4(k+1) implies xx(A) < 1. Combining the above estimates we find

o

‘S(k) _g(k;)’ < Cl +C4 +C5 +C7
- 1= xk(A)

which proves the assertion of Corollary 9 for k. L

3. An application

Consider the autonomous system of ODEs

t = F(z,y)
38 .
(38) y = G(z,y)

where F': R™ x R" = R™, G : R™ x R" — IR" are bounded. For simplicity, we assume
that F and G are C''-functions with bounded derivatives. Let (¢(t;x,y), ¥ (t;z,y)) be the
solution of Eq.(38) with ¢(0;z,y) = and ¢(0;x,y) = y. It exists for all £ € R. Assume
that there is 7" > 0 such that the time-7" map Pr of (38)

x T f(@,y) o(T;2,y)
(39) g <y> <y> (g(x,y)> (¢(T;af,y)
satisfies the assumptions of Theorem 3. It follows that Pr admits an attractive invariant
manifold M. We want to show that this manifold Mj is invariant for the flow of Eq.(38).

Theorem 10 Let F,G in Eq.(38) be bounded and of class CF, k > 1. Assume that there
is T > 0 such that the map Pr given in Eq.(39) satisfies Assumption H1 and Conditions
(9) a), B4(k) and B5. Then there is a function s : R™ — R" of class C¥ such that the
following assertions hold.

I) The set My = {(x,y) |x € X, y = s(x)} is invariant under the differential equation
(88), i.e., if (x,y) € My then also (o(t;x,y),¥(t;x,y)) € My for allt € R.

II) The manifold My satisfies the properties iii), iv), v), vi) and vii) of Theorem 3 for
the map (39).



Proof: 1) We show that P,(M,) C M, for all t € R where P, is defined as

we(3) = ()

For fixed ¢t we define 2 := P,(M;). From the group property of the flow of Eq.(38) and
from the invariance of M, under Pr it follows that

PT<Q> = PT<Pt<Ms)) = Pt<PT<Ms)) = Pt<Ms) = Q.

Using the maximality property vii) of Theorem 3 we conclude that Q@ = P,(M,) C M;.

IT) The assertions claimed are established in Theorem 3. 1

Remark:

5) In applications it may occur that although the map P considered does not satisfy
the assumptions of Theorem 5 there is N > 0 such that the N-th iterate P satisfies
those assumptions. In a similar way as in the proof of Theorem 10 above it can be
shown that the invariant manifold of P is also invariant under the map P. .

4. An example

For illustration of the results in the previous sections we discuss a system of two weakly
coupled harmonic oscillators. It is well known that under the assumptions made below
such a system admits an attractive invariant torus. Consider the ODE

p = wteR(@ac)

(40) a = eT(p,a,e)

where $,a € R?, € € (0, €0) andjfz and T are 27-periodic in @ and of class CF. For
simplicity we assume that R and T have a finite Fourier series in ¢

R(@,d,¢) = X R,(ae) ™

~ nez? ~ .

T(p,a,e) = X Tu(a,e) e
neZ?

and we suppose that (n,w) = njw; + nowse # 0 for all n € 7Z? with the property that
R, Z 0 or T, # 0. Such a system describes two weakly coupled harmonic oscillators in
action-angle variables. By means of the method of averaging Eq.(40) may be transformed
into the system

¢ = w+eR(a)+ e R¥p,a,¢)

(41) o = eT(a)+ € T?(p, a,€)

where the right-hand side is again of class C¥.



We consider the time-1 map of Eq.(41)

P:<<5>H <¢>:<¢+w + eR(a)+621§’(%a,6)> '

a a + eT(a) + Ty, a,¢)

Starting with a dissipative perturbation of the oscillators, we assume that 7°(0) = 0, D T'(0)
has eigenvalues with negative real parts. Therefore, for a small, the map P has the form

o +w+eR(a)+ € R, a,e) )
[Id+e(DT(0)+ A(a))]a+ T (p,a,c¢)

SIS
|

where |A(a)| < c|al|. In the a-space we take a norm such that

|Id+ e¢(DT(0) + A(a))|] <1 — cpe

for all a in a neighborhood of 0 and € sufficiently small. In the yp-a-space we consider
the strip |a] < p, ¢ € R?, p sufficiently small. We verify the conditions of Theorem 5.
According to Remark 0) Assumption H1 has to be verified in the strip |a| < p only. We
have

o =1

_ 2 _
Ly = ce , Lig = coe
Ly = 0362 , Lop = 1—cye

for € < €, |a| < p. Condition (9) a) takes the form
\/Co C3 ¢3/? < cq€ — 0162 .

Since ol T 5
Lish < 12 L21 _ 4Cacy 2

1 - 9
Liy — Lo Cq — C1€

07

Condition B4 (k) follows from the condition

2¢9C5 2¢903 F
1—cqe+ € < <1 — € — €2>
Cqy — C1E€ Cq4 — C1€

Obviously, there is ea > 0 such that these two conditions are satisfied for € € (0, €3), |a| <
2
p, ¢ € R"

Now, Theorem 5 implies that there is a function s : R* 3 ¢ — a = s(p) € R?, of class

CF, 2m-periodic in both components of ¢, A-Lipschitz with \ = . 25 ¢ and |s| < Tl .
4—C1€ cq
Moreover, the set

My ={(p.a) | ¢ €R?, a=s(p)}



is invariant for the map P. It is attractive with attractivity constant 1 —cye+ % 2 <1
and the property of asymptotic phase holds. Applying Theorem 10 it follows that M,
is also invariant under the flow of Eq.(41). The transformation back to the original
variables @, a gives analogous conclusions for Eq.(40) and its time-1 map with slightly

different constants. This means that Eq.(40) admits an attractive invariant torus.
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