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1.Introduction

Fornumericallyapproximatingtheintegral

I=

∫

b

a

f(x)dx

theclassicaltrapezoidalruleusesthen+1≥2equallyspacedpoints

xj:=a+jh,j=0,...,n,h:=
b−a

n
.

ThetrapezoidalsumT(h)isthendefinedas

T(h):=h
n∑

j=0

wjf(xj)

wherew0=wn=
1
2,w1=w2=···=wn−1=1.
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GeneralErrorlaw

Thediscretizationerrorofatrapezoidalsumfollowsfromthe

Euler-Maclaurinsummationformula,

T(h)−I=
h

2

12

(

f′(b)−f′(a)
)

−
h

4

720

(

f′′′(b)−f′′′(a)
)

+...

+
h

N
BN

N!

(

f
(N−1)

(b)−f
(N−1)

(a)
)

+RN,

whereBNistheBernoullinumberoftheevenorderN≥2,andRNis

theremainderterm,fhavingatleastN−1continuousderivatives.

Ingeneral,thetrapezoidalruleconvergesveryslowlywithrespectto

steprefinement:Halvingofthestep(i.e.doublingthecomputational

effort)reducesthediscretizationerrorbyafactorof4,i.e.merelyyields

0.6additionaldigitsofaccuracy.
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2.Analyticintegrandsandexponentialconvergence

Werestrictourselvestointegrandsfanalyticintheopenintervalof

integration.

Ofparticularinterestarethreecaseswiththepropertythatalltermsof

theEuler-Maclaurinseriesvanish,exceptfortheremainderRN:

1.fisperiodic,[a,b]afullperiod(oranintegernumberofperiods)

2.fisaflatfunctionatbothboundaries,i.e.allderivativesoffat

x=aandx=bvanish.

3.IisanintegraloverthereallineR,i.e.fisintegrableoverRand

a=−∞,b=∞.

Inallthreecasesconvergencewithrespecttosteprefinementisfaster

thananyfiniteorder,referredtoasexponentialconvergence.
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Case3:IntegralsoverthereallineR

LetfbesuchthatitsintegraloverRexists,

I=

∫

∞

−∞
f(x)dx.

Trapezoidalsum,steph,offsets:

T(h,s)=h
∞∑

j=−∞
f(s+jh),

Periodicity:

T(h,s)=T(h,s+h)

Refinement:

T(
h

2
,s)=

1

2

(

T(h,s)+T(h,s+
h

2
)

)
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Truncationofinfinitetrapezoidalsums

T̃(h,s)=h

n1 ∑

j=n0

f(s+jh).

Desirabletruncationrule:Truncateif|f(x)|<ε,wherex:=s+jh,and

ε>0isagiventolerancereflectingtheworkingprecision.

A(moderately)robustimplementation:

•Chooseaninteriorpointx0andaccumulatetwoseparatesums

upwardsfromx0+handdownwardsfromx0

•Truncateeachsumiftwo(orthree)consecutivetermsdonot

contributetothesum
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Thetruncationerror

RemainderforthetruncationlimitX:

RX:=

∫

∞

X

f(x)dx,wheref(X)=ε

(i)Algebraicdecay:

f(x)=x−α−1
,(α>0),RX=

X−α

α
=

ε
α/(1+α)

α

Nogood!Remaindermaybe>>ε.E.g.RX=O(√ε)forα=1.

(ii)Exponentialdecay:

f(x)=e−αx
,(α>0),RX=

1

α
e−αX

=
ε

α

Better,butdangerousifα<<1.
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(iii)Doublyexponentialdecay:

f(x)=exp(−e
αx

),(α>0),

RX=
1

α
exp(−e

αX
)
(

e−αX
−e−2αX

+2!e−3αX
+...

)

Truncationlimit:

f(X)=ε=⇒X=
1

α
loglog

1

ε
,

therefore

RX=−
ε

α

(

1

logε
+O((logε)−2

)

)

.

Truncationissafeevenforα<<1ifεissufficientlysmall.
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3.Simpleerrorformulas

Letfbeanalyticinthesymmetricstrip
∣

∣

Imx
∣

∣

<γ,γ>0containingR.

Case1(ofSlide5)Forsimplicity:a=0,b=2π

I:=

∫

2π

0

f(x)dxf:2π−periodic

Fourierseries:

f(x)=
∞∑

k=−∞
cke

ikx
withck=

1

2π

∫

2π

0

f(x)e−ikx
dx

WehaveI=2πc0.Forthetrapezoidalsumwithh:=
2π
nweobtain

T(h)=h
n−1 ∑

l=0

f(lh)=
2π

n

∞∑

k=−∞
ck

n−1 ∑

l=0

exp(i
2π

n
kl)=2π

∞∑

j=−∞
cjn
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Therefore

T(h)−I=2π
(

cn+c−n+c2n+c−2n+...
)

.

Theorem.TheerrorofthetrapezoidalsumT(h)withnequalsubinter-

valsfortheintegralIofananalytic2π-periodicfunctionfoverafull

periodisasymptotically(n→∞)givenbyT(h)−I∼2π
(

cn+c−n

)

,

wherecnisthenthFouriercoefficientoff.

Remark.FromthetheoryofFourierseries:

cn=O
(

e−(γ−ε)|n|
)

foranyε>0.
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Case3(ofSlide5)a=−∞,b=∞

I=

∫

∞

−∞
f(x)dx.

FourierTransform:f̂(ω):=
∫

∞
−∞e−iωx

f(x)dx,I=f̂(0)

Trapezoidalsumwithoffset:T(h,s):=h
∑

∞
j=−∞f(jh+s)

Poissonsummationformula:T(h,s)=PV
∑

∞
k=−∞f̂

(

k
2π
h

)

e
isk·2π/h

Foroffsets=0weobtaintheerrorformula

T(h,0)−I=f̂

(

2π

h

)

+f̂

(

−
2π

h

)

+f̂

(

4π

h

)

+f̂

(

−
4π

h

)

+...

Theorem.Theerroroftheinfinitetrapezoidalsumforasmallstep

h>0isasymptotictothesumoftheFouriertransformvaluesofthe

integrandat±2π/h.
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Particularcases

(i)Integrandanalyticinastripofthecomplexplane

Letf(x)beanalyticin
∣

∣

Im(x)
∣

∣

<γ,γ>0.Then

∣

∣

f̂(ω)
∣

∣

=O(e−(γ−ε)|ω|)foranyε>0,asω→±∞,

andthediscretizationerrorforh→0is

T(h,0)−I=O(e−(γ−ε)ω
)withω:=2π/h.

(ii)Proliferationofsingularitiesduetosinhtransformations

Convergencemaybeslower,suchas(withsomeγ>0)

T(h,0)−I=O(e−γω/log(ω)
)orT(h,0)−I=O(e−γ√ω

).
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4.Transformations

Useanappropriatetransformationx=φ(t),t∈Rinordertotransform

theintegralunderconsideration,

I=

∫

b

a

f(x)dx,

totheintegralofaquicklydecayinganalyticfunctionoverR.

Desiredpropertiesofφ:

•analytic,monotonic

•quicklyandaccuratelycomputable,e.g.acombinationof

elementaryfunctions

Result:

I=

∫

∞

−∞
g(t)dtwithg(t):=f

(

φ(t)
)

φ′(t)
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Examples

IntervalTransformation

1.Finiteinterval,e.g.(−1,1):x=φ(t)=tanh(t)

2.Semi-infiniteinterval,(0,∞):x=φ(t)=exp(t)

3.ReallineR,enhancethedecay:x=φ(t)=sinh(t)

4.ReallineR,enhancedecayast→+∞:x=φ(t)=t+exp(t)

5.ReallineR,enhancedecayast→−∞:x=φ(t)=t−exp(−t)

Remark.Inthecaseoffiniteboundariesintegrableboundary

singularitiesareallowed.
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Implementation

Goal:Avoidcancellationneartheboundariesoffiniteintervals.

Example:I=

∫

b

0

dx
√

x(b−x)

Integrand:

f(x)=
1

√

x(1−x)
=

1
√xx1

,x1=b−x

Transformation:Thetanhtransformationbecomes

x=
b

1+e−t,x1=
b

1+et

dx=
be−t

(1+e−t)2dt
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Implementationofthetransformedintegrand:

Transmitbothdistancesfromtheintervalboundaries,althoughthis

seemstobe(butisn’t!)redundant.

With

f(x,x1):=
1

√xx1
,x1=b−x

find

I:=

∫

b

0

f(x,x1)dx=

∫

∞

−∞
g(t)dt.

Algorithmforaccuratelyevaluatingg(t),t∈R:

x=
b

1+e−t;x1=
b

1+et;dx=x
2
·e−t

/b;g=f(x,x1)·dx

Allcomputationsaredonewithnumericalvalues;nosymbolic

manipulationsnecessary!
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TestintegralsL(x):=log(
1
x)

I1=
∫

1

0dx,I2=
∫

1

0e
x

dx,

I3=
∫

1

0x
63

dx,I4=
∫

1

0sin(8πx
2
)dx,

I5=
∫

1

0

1

1+exp(x)
dx,I6=

∫

1

0

1

x+0.5
dx,

I7=
∫

1

0

√

12.25−(5x−3)2dx,I8=
∫

1

0

10

1+(10x−4)2dx,

I9=
∫

1

0

1
√

x(1−x)
dx,I10=

∫

1

0

cos(2πx)
√

1−x
dx,

I11=
∫

1

0x−3/4
(1−x)

1/4
(3−2x)−1

dx,I12=
∫

1

0x−3/4
L(x)−3/4

dx,
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I13=
∫

1

0x
0.21

√

L(x)dx,I14=
∫

1

0L(x)
√L(x)

dx,

I15=
∫

1

0x
0.6

L(x)−0.7
cos(2L(x))dx,I16=

∫

∞
0

1

x2+exp(4x)
dx,

I17=
∫

∞
0

1

1+x2+
x4

1+exp(−x)

dx,I18=
∫

∞
0

1

x2/3+x3/2dx,

I19=
∫

∞
0e−√x

dx,I20=
∫

∞
0Re

e−x

log(1+ix)
dx,

I21=
∫

∞
−∞

1

1+x2+
x4

1+exp(−x)

dx,I22=
∫

∞
−∞

1

x2+exp(4x)
dx,

I23=
∫

∞
−∞(1+x

2
)−5/4

dx,I24=
∫

∞
−∞exp(−

√
1+x2)dx,

I25=
∫

∞
−∞

1

x2+
1

cosh(x)

dx.
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Closedforms

I1=1,I2=e−1,I3=
1
64,

I4=
S(4)

4,I5=
1
2−logcosh(

1
2),I6=log3,

I8=π−arctan
10
23,I9=π,I10=C(2),

I11=π2
1/2

3−3/4
,I12=

√
2Γ(

1
4),I13=

√π

2.662
,

I7=
1

20
(
√

132+
√

117)+
49

40
(arcsin

4

7
+arcsin

6

7
),I15=Γ(0.3)Re(1.6+2i)−0.3

,

I18=1.2π

√

2−
2
√

5
,I19=2,I23=2agm(1,

√
2),I24=2K1(1).

S(z),C(z):Fresnelintegrals;K1(z):ModifiedBesselfunction;

agm:arithmetic-geometricmean
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Remarksconcerningthetestintegrals

•Noclosedformscouldbefoundfortheremainingintegrals.

•MaplecouldnotfindtheclosedformsforI11,I15,I24.

•MathematicafoundI15,didnotfindI24either,andreturned

I11erroneously,withasuperfluousfactor−i.

•TheInverseSymbolicCalculator(seeURLbelow)correctly

identified8amongthe16non-integerclosedforms,basedon

16-digitapproximationsalone.

http://oldweb.cecm.sfu.ca/projects/ISC/ISCmain.html

•ExceptforI17,I21,I25,theconvergencerateis

O(exp(−γ/h)),γ>0.
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CaseCorr.digitsperstage#offunctionevaluationsEntiretestsuite

12,6,14,31,6615,29,53,97,183in67-digit

22,6,13,29,62,6515,29,53,97,183,349workingprecision

30,1,4,13,37,6611,21,37,66,121,2271.6MHzprocessor:

40,0,1,10,33,6613,25,46,84,155,2944.1seconds,

52,6,14,31,6715,29,53,97,18365...66

62,5,12,24,50,6515,29,53,97,183,349correctdigits

72,5,11,20,40,6515,29,53,97,183,349

81,0,2,4,8,17,35,6515,29,53,97,181,347,674,1323

94,7,15,32,6615,31,59,109,205

100,5,12,26,58,6515,30,56,103,194,371

112,6,12,25,50,6516,31,59,110,209,402

124,7,15,32,6617,33,63,119,226

133,6,14,31,6513,27,50,93,173

142,5,11,26,56,6515,30,55,101,190,363

151,3,7,15,30,59,6515,30,56,103,194,371,721

162,4,10,22,43,6513,26,47,86,160,304

173,5,9,14,23,38,6514,29,54,100,187,357,694slowerconvergence

183,7,16,33,6617,34,65,122,233

194,8,18,35,6520,39,73,138,263

203,6,12,23,45,6515,29,53,97,182,348

211,2,5,8,15,28,51,6514,29,54,100,187,358,695,1373slowerconvergence

220,0,2,4,8,18,36,6514,27,50,92,171,325,629,1242

233,7,15,32,6515,29,55,101,191

243,7,16,32,6615,31,59,109,205

251,4,7,12,20,35,5815,31,59,109,205,393,765slowerconvergence
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ConjecturedconvergenceratesofI17,I21,I25

Letω:=
2π

h
whereh>0isthestepsize.

ObservederrorofthetrapezoidalsumT(h)intherangeofSlide22:

T(h)−I=O(e−γω/log(cω)
)

wherefor

I=I17:γ=̇2.35,c=̇1.0

I=I21:γ=̇2.21,c=̇5.0

I=I25:γ=̇1.57,c=̇0.28



JörgWaldvogel,ETHZürich24

5.EvaluatingtheFouriertransforms

Errorformulafortransformedintegrals

FromSlides14and12withtransformationx=φ(t),t=φ
[−1]

(x):

I=

∫

∞

−∞
f0(x)dx=

∫

∞

−∞
f1(t)dtwithf1(t):=f0

(

φ(t)
)

φ′(t).

Errorofthetrapezoidalsumsoff1:

Tf1(h)−I=
∑

k6=0

f̂1

(

k
2π

h

)

,

where

f̂1(ω)=

∫

∞

−∞
f0

(

φ(t)
)

e−iωt
φ′(t)dt=

∫

∞

−∞
f0(x)e−iωφ

[−1]
(x)

dx.
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Theasinhfunctioninthecomplexplane

Theprincipalvalue,Asinh(z),isdefinedinthecutplane,cutalong

Re(z)=0,|Im(z)|>1.Valuesonthebranchcut:

lim
ε→±0

Asinh(ε+iy)=







iarcsin(y),|y|≤1

sign(ε)Acosh(|y|)+isign(y)
π

2
,|y|≥1

Allvalues:asinh(z)=(−1)
k
Asinh(z)+ikπ,k∈Z

Seriesexpansions:UseAsinh(−z)=−Asinh(z)and

Asinh(z)=
∞∑

l=0

(

−1/2

l

)

z
2l+1

2l+1
,|z|<1

Asinh(z)=Log(2z)−
∞∑

l=1

(

−1/2

l

)

z−2l

2l
,|z|>1,Re(z)>0
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Example

I=

∫

∞

−∞

dz

1+z2=

∫

∞

−∞

dx

cosh(x)
=

∫

∞

−∞

cosh(t)dt

cosh(sinh(t))
=π

Integrands:

f0(z)=
1

1+z2,f1(x)=
1

cosh(x)
,f2(t)=

cosh(t)

cosh(sinh(t))

Transformations:z=sinh(x)x=sinh(t)

Singularities:z=±i,x=iu
π
2,t=±Acosh(|u

π
2|)+iv

π
2,u,vodd
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Breedingsingularitiesbysinhtransformations,
∫

∞

−∞

dz

1+z
2

−4−2024

−40

−20

0

20

40

Poles of 1/(1+z
2
)

−4−2024

−40

−20

0

20

40

  First sinh transformation  

−4−2024

−40

−20

0

20

40

 Second sinh transformation  

−4−2024

−40

−20

0

20

40

Proliferation of sigularities
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Errorformulas

Error:El(h)=Tl(h,0)−π=
∑

k6=0

f̂l(kω),l=0,1,2,ω=
2π

h

Fouriertransforms:

f̂0(ω)=πe−|ω|,f̂1(ω)=
π

cosh(ωπ/2)
,

f̂2(ω)=

∫

∞

−∞

e−iωAsinh(x)

cosh(x)
dx

Evaluatef̂2(ω)byabranchcutintegralalongtheimaginaryaxis.

Infinitelymanysingularitiescontribute.Irregularbehavior!

Expliciterrorformulasforl=0,1:

T0(h,0)=
π

tanh(π/h)
,E0(h)=

2π

e2π/h−1
,E1(h)=

∞∑

k=1

2π

cosh(kπ2/h)
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Deformationofthepathofintegrationfortheintegralf̂2(ω)
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Acomplicatederrorcurve

I=

∫

∞

−∞

dx

cosh(x)
(

cosh(a)+cos(x)
)

withthetransformationx=sinh(t).

Closedformusingthepolesx1=iu
π
2,x2=vπ±ia,u,vodd:

I=2π
(

∑

∞
k=0

(−1)
k

cosh(a)+cosh(k+
1
2)π+

2cos(a)
sinh(a)

∑

u=1,3,..
cosh(uπ)

cosh2(uπ)−sin2(a)

)

=1.947349986338691954459920653366fora=1

TheerrorT(h)−Iasafunctionofω:=
2π
hisverycomplicated,

neverthelessitdecreasesexponentially.

Conjecture:T(h)−I=O
(

(aω)
1/4

e−2√aω
)

,ω=
2π
h
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A(sketchy)derivationoftheasymptoticerrorf̂1(ω)+f̂1(−ω)

ConsidertheintegralIofSlide30withthetransformationx=φ(t):=

sinh(t),andfindtheFouriertransformf̂1(ω)accordingtoSlide24:

f̂1(ω)=

∫

∞

−∞

e−iωAsinh(z)

cosh(z)
(

cosh(a)+cos(z)
)

dz.

Deform(“pulldown”)thepathofintegration(therealaxis).

ContributionsFktof̂1(ω):

•Lowersemi-circleofradiusR:F1→0asR→∞
•Branchcut,Imz<−1:F2=O(e−ωπ/2

),smallasω→∞
•Polesonbranchcut,zv:=i

π
2v,v<0,odd:F3=O(e−ωπ/2

),

smallasω→∞
•Poleszu:=uπ−ia,uodd:thedominantcontributions,F4:
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Errorlaw,continued

F4=
4π

sinh(a)

∑

u=1,3,...

Re
e−iωAsinh(uπ−ia)

cosh(uπ−ia)
.

Foru→∞thetermsofthesumareapproximatedby

2Reexp
(

−iω
(

log(2uπ)−
ia

uπ

)

+ia−uπ
)

.

Byfurtherapproximatingthesumbythecorrespondingintegralwe

obtain

F4≈
4

sinh(a)

∫

∞

0

exp(−
aω

u−u)cos(ωlog(2u)−a)du.

Estimate:|F4|<̇
4

sinh(a)

∫

∞

0

exp(−
aω

u−u)du
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Errorlaw,final

Thesubstitutionu=√aωe
t

andEqu.9.6.24ofAbramowitz/Stegun

yieldsthefollowingclosedformintermsofamodifiedBesselfunction:
∫

∞

0

exp(−
aω

u−u)du=2
√

aωK1(2
√

aω)

AsymptoticsofK1(Abramowitz/Stegun9.7.2)yieldstheapproximate

inequality

|f̂(ω)|<̇c(aω)
1/4

e−2√aω
,c=

4√π

sinh(a)
.

Theplotonthenextslideshowsthisboundincomparisonwithhalfthe

errorofthetrapezoidalsumwithsteph=2π/ω.Theagreementis

striking!
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Errorandasymptotics(CaseSlide30)asafunctionofω
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Integral over R of 1/cosh(z)/(cosh(1)+cos(z))

ω := 2 π / h

log
10 |T

(h) −
 I|,   log

10 (6.03 ω
1/4 exp(−

2 ω
1/2))
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AnexamplebyTanaka,Sugihara,Murota,andMori

SubmittedtoNumerischeMathematik,2007

I=

∫

1

−1

2(1−z
2
)dz

cosh(2)+cos
(

4Atanh(z)
)

=

∫

∞

−∞

2dx

cosh
4
(x)

(

cosh(2)+cos(4x)
)

transformingz=tanh(x).Difficultfordouble-exponentialformulas!

Unexpected“closed“formbyresidues,usingthepoles

x1=iu
π

2
,x2=v

π

4±
i

2
,u,vodd:

I=
8/3

sinh(2)

(

1+4π
∞∑

k=1

(−1)
k

e−2kk+4k
3

sinh(2kπ)

)

=0.71194382297059827888

21termsyield67digitsin1.4ms(1.6GHzprocessor).
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6.Saddlepointasymptotics

RichardVarga’sexample

I=α!=

∫

∞

0

e−z
z

α
dz=

∫

∞

−∞
f(x)dxwithf(x)=exp

(

(α+1)x−e
x
)

,

usingthetransformationz=e
x
.

Fouriertransform:

f̂(ω)=
∫

∞
−∞f(x)e−iωx

dx=
∫

∞
0e−z

z
α−iω

dz=(α−iω)!

(∗)=
∫

∞
−∞exp

(

g(x)
)

dxwithg(x):=(α+1−iω)x−e
x

Saddlepointsinx:
d
dxg(x)=0,

=⇒x=xk:=Log(α+1−iω)+2kπi,k∈Z

Considertheparticularcaseα=0.Dominantsaddle:k=0.
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Thesaddlepointtechnique

Step1:Expandginthedominantsaddlex0,

g(x0+ξ)=(x0−1)(1−iω)+s

where

s=c
2
(ξ

2
+

ξ
3

3
+

ξ
4

12
+...)withc

2
:=

1

2
g′′(x

0)=−
1

2
(1−iω)

Step2:Writetheintegral(∗)intermsofs;expandinpowersofs
1/2

,

√s

c
=ξ+

ξ
2

6
+

ξ
3

36
+...,ξ=

s
1/2

c−
1

6

s

c2+
1

36

s
3/2

c3+...,

dξ=

(

s−1/2

2c−
1

6c2+
1

24

s
1/2

c3+...

)

ds
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Step3:Deformthepathofintegrationintoasaddlepathandfurther

intoloopsalongthebranchcut.Theintegral(*)becomes

f̂(ω)=(1−iω)
1−iω

e−(1−iω)

∫

Γ

e
s
(

lastparenthesisofSlide37
)

ds,

wherethepathΓencirclesthenegative-realaxiscounterclockwise.

Using
∫

Γe
s
s

ν
ds=−2isin(νπ)ν!finallyyields

f̂(ω)=
√

2π(1−iω)
1
2−iω

exp
(

−(1−iω)+
1

12
(1−iω)−1

−...
)

,

whichisexactlytheStirlingseriesfortheclosedformofSlide36.

Exercise:FindtheconvergencerateofthetrapezoidelruleT(h)applied

totheintegralIofSlide36.
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Conclusions

•Ingeneral,forafiniteintervalthetrapezoidalrulewithstephhasa

discretizationerrorofO(h
2
).Practically,thisisrarelygoodenough.

•Intwoexceptionalcasesofanalyticintegrandsthetrapezoidalrule

hasanexponentiallysmallerroroforderO
(

exp(−γ2π/h)
)

,γ>0:

1.Aperiodicfunctionintegratedoverafullperiod.

2.Allderivativesoftheintegrandvanishatbothintegrationlimits,

whichincludesintegrablefunctionstobeintegratedoverR.

•Transformationssuchasx=sinh(t)inintegralsoverRenhancethe

decayrateoftheintegrand,thussimplifyingtruncationoftheinfin-

itetrapezoidalsums,butbearthedangerof“breeding“singularities.

•AsymptoticsoftheFouriertransformoftheintegrandyieldsthe

discretizationerror.Wellunderstoodforfunctionsanalyticinastrip.

Otherwise,trapezoidalrulemaystillbeuseful,errortheorydifficult.


