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Abstract

Thetalkisconcernedwithaspectsofteachingthetheoryof

Keplermotion.Asopposedtotheusualtechniqueofdirectly

solvingtheequationsofmotion,

d
2
x

dt
2+µ

x

|x|
3=0,

weproposetouseregularizationandtheharmonicoscillator

asthebasisfordevelopingthistheory.
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1.Levi-CivitaRegularization

Thetwo-bodyprobleminrelativecoordinatesx

ẍ+µx
|x|

3=0,x=
(
x0

x1

)
∈R

2
orx=x0+ix1∈C

˙ ()=d
dt

(),t=time

µ=gravitationalparameter=gravit.const.timestotalmass

Regularizationprocedure

Step1.Timetransformation:dt=rdτ,r=|x|
(Sundmantransformation,τ=fictitioustime)

Step2.Conformalsquaring:x=u
2
∈C

Step3.Usetheenergyintegralforeliminatingu
′
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Theformalregularizationprocedure

ẍ+µ
x

r
3=0,r=|x|,

1

2|ẋ|
2
−

µ

r
=−h=energyconstant(1)

Step1:
d
dt=r

−1d
dτ,

d
2

dt
2=r

−2d
2

dτ
2−r

′
r
−3d

dτ,()
′
=

d
dτ()

=⇒rx
′′
−r

′
x
′
+µx=0,

1

2

r
−2

|x
′
|
2
−

µ

r
=−h

Step2:

x=u
2
,x

′
=2uu

′
,x

′′
=2(uu

′′
+u

′2
),r=uū,r

′
=u

′
ū+uū

′

=⇒r·2uu
′′

+r·2u
′2
−u

′
ū·2uu

′

︸︷︷︸

0

−uū
′
·2uu

′
+µu

2
=0

Energyequation=⇒
1

2

r
−2

·4uu
′
ūū

′
−

µ

r
=−hor2u

′
ū
′
=µ−rh

(2)
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Theformalregularizationprocedure,continued

Step3:Eliminationofu
′
fromthelasttwoequationsanddivisionby

2ruyields

u
′′

+
h

2
u=0,u∈C

•Aharmonicoscillatorin2dimensions,frequencyω=
√

h/2

•AllKeplerformulasmaybeconvenientlyderivedfromtheabove

ODEandthetransformationrules

•Initialconditionsfromacomplexsquareroot,e.g.

u=
√

x=
x+|x| √

2(|x|+Rex)
,u

′
=

1

2
ūẋ
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2.TheHarmonicOscillatorinn=2Dimensions

ü+ω
2

u=0,u∈C,ω=

√

h

2
(3)

Initial-valueproblem,u(τ0)=u0∈C,u̇(τ0)=u̇0∈C:

u(τ)=u0cosω(τ−τ0)+
u̇0

ω
sinω(τ−τ0).

Theorbitisanellipsecenteredattheorigin.

Ifτ=0correspondstoanapexoftheellipse,wehave

u(τ)=Acos(ωτ)+iBsin(ωτ)withA∈R,B∈R.(4)
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3.TheEccentricAnomaly

TheplanarellipticKeplermotion,basicgeometryandnotation(e=0.9)
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c = a ea

p

r

x=x0+ i x1

µ

a,bsemi-axes,cfocaldistance,psemi-latusrectum,Eeccentricanomaly

(w.r.t.apocenter),µgravitationalparameter,rradialdistance,φpolarangle.
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Eccentricanomaly,continued

ThesquareofEquation(4),p.7,

x=u
2

=
A

2
−B

2

2
+

A
2

+B
2

2
cos(2ωτ)+iABsin(2ωτ),(5)

parametrizestheKeplerianorbit,anellipse.Comparisonwiththefigure

onp.8yieldsthegeometricmeaningoftheangleE,referredtoasthe

eccentricanomaly:

E:=2ωτ=
√

2hτ,(6)

anaturalwayofintroducingthisfundamentalparameter.
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4.TheKeplerianOrbit

Expressthegeometricparametersa,b,cofp.8intermsofA,B:

a=
A

2
+B

2

2
,b=AB,c=ae=

A
2
−B

2

2
.(7)

Sincea
2

=b
2

+c
2
,theoriginisafocusoftheellipse.Eccentricity:

e:=
c

a
=

A
2
−B

2

A
2

+B
2,|e|<1.

Intermsofa,etheparametersA,Bmaynowbewrittenas

A=
√

a(1+e),B=
√

a(1−e).(8)
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Keplerianorbit,continued

Therefore,theparametrization(5)oftheorbitintermsofE,inviewof

x=x0+ix1,becomes

x0=a
(

e+cos(E)
)

,x1=a
√

1−e
2

sin(E).(9)

Furthermore,thisdirectlyyields

r=|x|=
√

x
2

0+x
2

1=a
(

1+ecos(E)
)

.(10)
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5.Energy

Expresstheenergyconstanth(=negativeenergy)fromEqu.(13)in

termsofthemajorsemi-axisa:

Energyequationintheform(2),togetherwith(10)forrand(32)forω:

2|u
′
|
2

=µ−ah
(

1+ecos(E)
)

.

Derivativeu
′
of(4),togetherwith(7)fora,eand(6)forτyields

2|u
′
|
2

=ah
(

1−ecos(E)
)

.

Theseequationsareidenticalinµ,e,Eif

ah=
µ

2
orh=

µ

2a
.(11)
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6.Time

WriteSundman’stransformation(p.4)intermsofEbyusing(6,10,11):

dt=
a

√
2h

(

1+ecos(E)
)

dE=
1

n

(

1+ecos(E)
)

dE.(12)

Here,

n:=

√
µ

a
3=

2π

T
,Ttheperiodofrevolution,

isthemeanangularvelocityoftheKeplermotion(calledmeanmotion

inastronomy),satifyingKepler’sthirdlaw,n
2
a
3

=µ.

IntegrationofEqu.(12)(normalizedfort=0attheapocenter)yields

Kepler’sequation,

t=
1

n

(

E+esin(E)
)

.(13)
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7.Polarcoordinates,x=re
iφ

RewriteEqu.(4)intermsofE,a,ebymeansof(6),(8):

u=
√

x=
√

a(1+e)cos
(

E

2

)

+i
√

a(1−e)sin
(

E

2

)

=
√

re
iφ/2

.

Thisimmediatelyimpliesthefamousrelation

tan
(

φ

2

)

=

√

1−e

1+e
tan

(
E

2

)

.(14)

Solving(14)fortan(E/2)andpassingovertocos(E)yields

cos(E)=
cos(φ)−e

1−ecos(φ)
.
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Polarcoordinates,continued

Substitutingthisinto(10)yields

r=
p

1−ecos(φ)
withp=a(1−e

2
).(15)

piscalledthesemi-latusrectum;itisthevalueofratφ=π/2.
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8.Angularmomentum

InvarianceofangularmomentumvectorC∈R
3

maybederiveddirectly

fromtheequationsofmotionbymeansofthevectorproductC=x×ẋ.

Alternateapproach:ExplicitcomputationsinR
2
,x=x0+ix1:

C=Im(x̄ẋ)(scalar)

Usetheorbit(9)aswellasrfrom(10)anda(1−e
2
)=p:

Im
(

x̄
dx

dE

)

=√ap·r.

Transformingthistotimederivativesbymeansofdt=r
√

a
µdEyields

C=Im
(
x̄

dx

dt

)
=√µp=const.
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ActaSocietatisScientificaeFennicae34,6.

4.J.Waldvogel,2008,QuaternionsforregularizingCelestial

Mechanics:therightway.CelestMechDynAstr.102,149-162.



JörgWaldvogel,ETHZürich18

Conclusions

•Anunconventionalapproachtoderivingandteachingtheclassical

theoryofKeplermotionhasbeensuggested.Itisbasedonthehar-

monicoscillatorintwodimensionsasthesolutionoftheregularized

equationsofmotion.

•Besidesleadingtoanelegantandconcisetheorythisapproachmay

alsosimplifyfurtherapplicationssuchasperturbationtheories,orbit

determination,etc.

•ThegeneralizationtothreedimensionsviaKustaanheimo-Stiefel

regularizationandquaternionsaswellasincludingtheLaplace-

Runge-Lenzvectormayleadtoanextensionofthepresentsketch.


