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Abstract

Quaternions,introducedbyW.R.Hamilton(1844)asageneralization

ofcomplexnumbers,leadtoaremarkablysimplerepresentationofthe

regularizationofthespatialcaseofbinarycollisionsincelestial

mechanics.ThetransformationsuggestedbyKustaanheimoandStiefel

(KS)in1964maybehandledincompleteformalagreementwiththe

planarcaseregularizedbyLevi-Civita(1920)bymeansofaconformal

squaring.
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1.KeplerMotion
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Explicitsolution,Keplerformulas

a=majorsemi-axisr=radialdistancep=semilatusrectum

e=eccentricityϕ=polarangleE=eccentricanomaly

x1=a(e+cosE)

x2=a
√

1−e
2
·sinE






=⇒r=|x|=a(1+ecosE)

t=

√

a
3

µ·(E+esinE),dt
dE

=
√

a
µ·r



JörgWaldvogel,ETHZürich6

Furtherexplicitformulas

Orbitinpolarcoordinates

r=
p

1−ecos(ϕ)
,p=a(1−e

2
)

tan(
ϕ
2)=

√
1−e
1+etan(E

2)

Conservationofenergy:
1

2|ẋ|
2
−

µ
r=−h,h=

µ
2a

Conservationofangularmomentum:|x×ẋ|=√µp
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2.Levi-Civitaregularization

Conformalsquaring:x=u
2
∈C

x=x1+ix2=a
(
e+cosE+i

√
1−e

2
sinE

)
⇐=

u=
√

a(1+e)cos(
E

2
)+i

√

a(1−e)sin(
E

2
)

Regularizationprocedure

Step1.Timetransformation:dt=c
−1

rdτ,c>0

Case1:c=1,τ=fictitioustime,Sundmantransformation

Case2:c=
√

2h,τ=E=eccentricanomaly

Step2.Conformalsquaring:x=u
2
∈C

Step3.Usetheenergyintegralforeliminatingu
′
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Theformalregularizationprocedure,c=1

ẍ+µ
x

r
3=0,

1

2|ẋ|
2
−

µ

r
=−h,r=|x|

Step1:
d
dt=r

−1d
dτ,

d
2

dt
2=r

−2d
2

dτ
2−r

′
r
−3d

dτ,()
′
=

d
dτ()

=⇒rx
′′
−r

′
x
′
+µx=0,

1

2

r
−2

|x
′
|
2
−

µ

r
=−h

Step2:x=u
2
,x

′
=2uu

′
,x

′′
=2(uu

′′
+u

′2
),r=uū,r

′
=u

′
ū+uū

′

=⇒r·2uu
′′

+r·2u
′2
−u

′
ū·2uu

′

︸︷︷︸

0

−uū
′
·2uu

′
+µu

2
=0

Energyequation=⇒
1

2

r
−2

·4uu
′
ūū

′
−

µ

r
=−hor2u

′
ū
′
=µ−rh
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Theformalregularizationprocedure,continued

Step3:Eliminationofu
′
fromthelasttwoequationsanddivisionbyru:

2u
′′

+hu=0,u∈C

•Aharmonicoscillatorin2dimensions,frequencyω=
√

h/2

•AllKeplerformulasmaybeconvenientlyderivedfromtheabove

ODEandthetransformationrules

•Initialconditionsfromacomplexsquareroot,e.g.

u=
√

x=
x+|x| √

2(|x|+Rex)
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3.TheKustaanheimo-Stiefel(KS)regularization

ẍ+µ
x

r
3=0,

1

2|ẋ|
2
−

µ

r
=−h,r=|x|,x∈R

3

Step2:TheKStransformation(Hopfmap)

u=(u0,u1,u2,u3)
T
∈R

4
7→x=(x0,x1,x2)

T
∈R

3

x0=u
2

0−u
2

1−u
2

2+u
2

3

x1=2(u0u1−u2u3)

x2=2(u0u2+u1u3)

withthebilineardifferentialrelation

u3du0−u2du1+u1du2−u0du3=0



JörgWaldvogel,ETHZürich11
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4.Quaternions

W.R.Hamilton(1844):Onquaternions,oranewsystemof

imaginariesinalgebra.Philos.Mag.25,489-495.

Threeindependentimaginaryunits,i,j,k,satisfying

i
2

=j
2

=k
2

=−1

ij=−ji=k,jk=−kj=i,ki=−ik=j.

Theobjectu=u0+iu1+ju2+ku3withul∈Riscalleda

quaternion,u∈U.Theabovemultiplicationrulesandvectorspace

additiondefinethequaternionalgebra:

•Multiplicationisnon-commutativeingeneral,butuc=cu∀c∈R

•Multiplicationisassociative,(uv)w=u(vw)
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Miscellaneousdefinitionsandproperties

Conjugation:ū=u0−iu1−ju2−ku3

¯̄u=u

Realquaternion:Aquaternionu∈Uisreal,u∈R,

ifandonlyifu=ū

Modulus|u|:uū=ūu=|u|
2

=
∑3

l=0u
2

l

ucommuteswithū

Conjugationofaproduct:uv=v̄ū
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5.KSregularizationwithquaternions

a)Preliminaries

Letu=u0+iu1+ju2+ku3

Definition:u
?

=u0+iu1+ju2−ku3“starconjugation”

Wehave:u
?

=k
−1

ūk=−kūk

Properties:(u
?
)
?

=u

|u
?
|
2

=|u|
2

(uv)
?

=v
?
u

?
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KSregularization,continued

b)TheKStransformation

Considerthemapx=uu
?

withu∈U

Duetox
?

=(u
?
)
?
u

?
=xweidenticallyhavex3=0;thereforethe

quaternionx=x0+ix1+jx2maybeassociatedwithavector∈R
3
.

Incomponents:

x0=u
2

0−u
2

1−u
2

2+u
2

3

x1=2(u0u1−u2u3)

x2=2(u0u2+u1u3)

TheKStransformationorHopfmap(p.10)!

Modulus:|x|=
√

xx̄=
√

u(u?ū?)ū=
√

|u?|2|u|2=|u|
2
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KSregularization,continued

c)Fibrationinsteadofinversemap

Findalluwithuu
?

=x=x0+ix1+jx2

Firststep:Particularsolutionvwithv=v
?

=v0+iv1+jv2,

inanalogytop.9forthecomplexcase,

v=
x+|x| √

2(|x|+x0)
.

Secondstep:Allsolutionsuofuu
?

=xaregivenby

u=ve
kϕ

=v(cosϕ+ksinϕ),ϕ∈R

Proof(sketch):uu
?

=ve
kϕ

e
−kϕ

v
?

=vv
?

=x2
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KSregularization,continued

d)Differentiation

Wehave

dx=duu
?

+udu
?
.

ThebilinearrelationofKS(p.10),

2(u3du0−u2du1+u1du2−u0du3)=0,

maybewrittenasthecommutatorrelation

udu
?
−duu

?
=0;

therefore

dx=2udu
?

=2duu
?

Remark:Withtheabovebilinearrelationthetangentialmapof

u7→uu
?

behaveslikeatangentialmapinacommutativealgebra.
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KSregularization,continued

e)Theformalregularizationprocedure(cf.p.8)

Step1yields,asonp.8:rx
′′
−r

′
x
′
+µx=0(*)

Energyrelation,asonp.8:

1

2

r
−2

·4u(u
?′

ū
?′

)ū−
µ

r
=−h=⇒2|u

′
|
2

=µ−rh

Step2:Differentiationyields

x=uu
?

r=uū

x
′

=2uu
?′

r
′

=u
′
ū+uū

′

x
′′

=2uu
?′′

+2u
′
u

?′
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Thenon-commutativecomputations

Substitutioninto(*)yields

(uū)(2uu
?′′

+2u
′
u

?′
)−(u

′
ū

︸︷︷︸

2(uū)u
′
u

?′
−2u

′
(ūu)u

?′

=0

+uū
′
)2uu

?′

︸︷︷︸

u
′
u

?

+µuu
?

=0

Togetherwiththeenergyrelation,afterleft-multiplicationbyr
−1

u
−1

andstar-conjugation:

2u
′′

+hu=0,u∈U

inperfectformalagreementwiththeplanarcase,p.9.
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6.TheperturbedKeplerproblem

ẍ+µ
x

|x|
3=εf(x,t),

wherex∈R
3

isthepositionvector,f:R
3
×R7→R

3
isaperturbing

function,andεisasmallparameter.Alternatively,thesymbolsx,f∈U

willbeconsideredasquaternionswithavanishingk-component.

Equivalentregularizedsystem:

2u
′′

+hu=εrf(x,t)ū
?
,r=|u|

2

t
′

=r,x=uu
?

h
′

=−〈x
′
,εf(x,t)〉orh=r

−1
(µ−2|u

′
|
2
)
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7.Regularizingtherestricted3-bodyproblem

•Motionofamasslessparticleunderthegravitationalforceoftwo

heavyprimariesmovingoncircularorbits

•Usearotatingcoordinatesystem,traditionallycenteredatthe

centerofmass,suchthattheprimariesarefixedatthecomplex

positions−µand1−µ,respectively(0<µ<1)

•Wediscussthesimultaneousregularizationofbothtypesof

collisions.G.D.Birkhoff(1915):timetransformation(Step1):

dt=r1r2dτ,wherer1,r2arethedistancesoftheparticlefromthe

primaries

•Coordinatetransformationin2dimensions(Step2):Asequenceof

conformalmappingsv∈C7→u7→x7→y,whereforsimplicitywe

choosey∈Casanormalizedphysicalcoordinatewiththeprimaries

locatedaty=−1andy=1
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TheJoukowsky-Birkhofftransformation

v7→u=
v+1

v−1
u7→x=u

2
x7→y=

x+1

x−1
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Compositionofthethreemappings

Twodimensions:

y=

(
v+1
v−1

)2

+1
(

v+1
v−1

)2

−1
ory=

1

2

(

v+
1

v

)

Threedimensions:v,u,x,y∈U,x=x
?
,y=y

?

v7→u=1+2(v−1)
−1

,u7→x=uu
?
,x7→y=1+2(x−1)

−1

Compositionyields:y=1+(v
?
−1)(v

?
+v)

−1
(v−1)
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Proof

(∗)y=1+2
(
uu

?
−1

)−1
withu=1+2(v−1)

−1

Becauseof

uu
?
−1=(u−1)(u

?
−1)+u−1+u

?
−1

=4(v−1)
−1

(v
?
−1)

−1
+2(v−1)

−1
+2(v

?
−1)

−1

wewrite(∗)as

y=1+2(v
?
−1)(v

?
−1)

−1
(
uu

?
−1

)−1
(v−1)

−1

︸︷︷︸

D
−1

(v−1).

=⇒D=(v−1)
(

4(v−1)
−1

(v
?
−1)

−1
+2(v−1)

−1
+2(v

?
−1)

−1

)

(v
?
−1)

=4+2(v
?
−1)+2(v−1)=2(v+v

?
),

whencethestatementfollows.
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Conclusions

•The“language”ofquaternionsallowsforaconciseformalismfor

developingtheKustaanheimo-Stiefeltheoryofregularizationofthe

perturbedspatialKeplerproblem.

•Theuseof”star-conjugation”,

u=u0+iu1+ju2+ku3,u
?

=u0+iu1+ju2−ku3,

yieldsaspatialregularizationtheoryinperfectformalagreement

withLevi-Civita’splanarregularizationusingcomplexnumbers.

•Bothcollisiontypesinthespatialrestrictedproblemofthreebodies

mayberegularizedsimultaneouslybymeansofageneralizationof

theJoukowsky-Birkhoffmapping,elegantlyrepresentableintermsof

quaternions.
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8.Appendix:MatlabcodeforanimatedKeplermotions

functionind=kepler(e,N,Nrev)%Saveaskepler.m

%e=eccentricity,Nsteps/revol.Call:e.g.,kepler(0.8,160,8)

%Nrevrevol’sofKeplermotioninphys.coord(Nrev/2inreg.c.)

a=1;mu=1;b=a*sqrt(1-e^2);

a1=sqrt(a*(1+e));b1=sqrt(a*(1-e));n1=sqrt(a^3/mu);

N2=2*N;t=n1*[0:N2]’*4*pi/N2;E=t-e*sin(t);E0=1+0*E;

tol=sqrt(eps);ind=0;whileany(abs(E-E0)>tol),ind=ind+1;

E0=E;E=E-(E+e*sin(E)-t)./(1+e*cos(E));end;

x=a*(e+cos(E));y=b*sin(E);

u=a1*cos(E/2);v=b1*sin(E/2);

X=x(1);Y=y(1);U=u(1);V=v(1);

clf;subplot(2,1,1);p=plot(x,y,’b’,X,Y,’LineWidth’,2);

axisequal;holdon;plot(0,0,’ko’,’LineWidth’,6,’MarkerSize’,6);
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title(strcat(’KeplermotionandLevi-Civitaregularization,e=’,...

num2str(e)),’FontSize’,15);

xlabel(’Physicalsystem’,’FontSize’,12);

subplot(2,1,2);q=plot(u,v,’c’,U,V,’LineWidth’,2);

axisequal;holdon;plot(0,0,’ko’,’LineWidth’,6,’MarkerSize’,6);

xlabel(’Regularizedsystem’,’FontSize’,12);

set(p(2),’LineWidth’,6,’Marker’,’o’,’MarkerSize’,6,’Color’,’r’);

set(q(2),’LineWidth’,6,’Marker’,’o’,’MarkerSize’,6,’Color’,’m’);

fork=1:ceil(Nrev/2),

fork=1:N2,

set(p(2),’Xdata’,x(k),’Ydata’,y(k));

set(q(2),’Xdata’,u(k),’Ydata’,v(k));

pause(.0015);

end

end%TemplatebyPeterArbenz,ComputationalScience,ETHZurich


