CONQUERING ROUNDOFF EFFECTS IN THE CONJUGATE GRADIENT AND LANCZOS-TYPE METHODS

Martin H. Gutknecht Seminar for Applied Mathematics, ETH Zurich ETH-Zentrum HG, CH-8092 Zurich, Switzerland

mhg@sam.math.ethz.ch, http://www.sam.math.ethz.ch/∼mhg

Abstract

Algorithms based on the Lanczos process — these include the celebrated conjugate gradient method — are quite important in many areas of computational science and engineering, both for computing part of the spectrum of a large sparse matrix A and for solving linear systems with such a coefficient matrix. Their main feature is that a three-term (or two coupled two-term) recurrences for building up the Krylov subspace basis exists, which means small computational cost and small memory requirements. As for all Krylov space methods, only a procedure for the product Ay has to be provided; the individual matrix elements need not be available.

While the treatment of Hermitian (that is, selfadjoint) eigenvalue problems and Hermitian linear systems has been well established for quite some time, much development on non- Hermitian problems has taken place in the last twelve years. For linear systems a large number of algorithms have been proposed, including some that converge nearly as fast as ideal GMRES, but at much lower cost. However, roundoff errors may cause serious problems.

Therefore, some of the recent work — even for the Hermitian case — concentrates on making these methods more reliable. This requires, on the one hand, roundoff error analyses for these algorithms, and, on the other hand, well chosen numerical experiments. Both lead to quite remarkable findings and make us reevaluate some of the algorithms.

References [1] A. Greenbaum, Estimating the attainable accuracy of recursively computed residual methods, SIAM J. Matrix Anal. Appl., 18 (1997), pp. 535–551. Received Apr. 21, 1995.

[2] A. Greenbaum and Z. Strakoš, Predicting the behavior of finite precision Lanczos and conjugate gradient computations, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 121–137.

[3] M. H. Gutknecht, Lanczos-type solvers for nonsymmetric linear systems of equations, Acta Numerica, 6 (1997), pp. 271–397.

[4] M. H. Gutknecht and M. Rozložník, By how much can residual minimization accelerate the convergence of orthogonal residual methods?, Numerical Algorithms. Submitted.

[5] , Residual smoothing techniques: do they improve the limiting accuracy of iterative solvers?, BIT, (2001), pp. ...–...

[6] M. H. Gutknecht and Z. Strakoš, Accuracy of two three-term and three two-term recurrences for Krylov space solvers, SIAM J. Matrix Anal. Appl., 22 (2000), pp. 213–229.

[7] G. L. G. Sleijpen, H. A. van der Vorst, and J. Modersitzki, Differences in the effects of rounding errors in Krylov solvers for symmetric indefinite linear systems, SIAM J. Matrix Anal. Appl., 22 (2000), pp. 726–751.