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Abstract

Some Lanczos-type solvers for non-Hermitian linear systems, such as BiCG and (Bi)CGS,
are prone to an erratic convergence behavior: error norms and residual norms may increase
and then again decrease by several orders of magnitude within just a few iteration steps.

By combining these methods with smoothing processes that replace the iterates by smoothed
ones, one can make the residual and error norm plots look much smoother. Even mono-
tone convergence can be enforced. But does this really mean that the solution is found
sooner? Or that the error can be made smaller? Does the answer depend on how the
smoothing process is implemented?
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Abstract

The erratic convergence behavior of basic Lanczos-type solvers, such as the BiCG and
BiCGS methods, often gives rise to criticism. Since plots of the residual norm are the
most often used measure when algorithms are compared, a method sells well if its residual
norm converges quickly and smoothly. Thus, it is not surprising that there is an interest
in smoothing processes that modify the BiCG or BiCGS iterates so that the residual
norm plot becomes smoother and, hopefully, faster decreasing. One might also hope that
the ultimate accuracy that can be attained with a method is improved by smoothing,
since in the smoothed sequence far outlying iterates and residuals are avoided.

However, these hopes are questionable, and the whole attitude of promoting smoothing is
a bit dubious. In fact, what really counts in practice is that a method finds the solution
(up to a certain error) as quickly as possible, and since the error cannot be checked, the
residual has to be monitored instead. The smoothness of the convergence does not matter
from that point of view.

It can be seen that smoothing processes can speed up the convergence slightly, but only in
the case when the primary process does not converge well. On the other hand, they hide
some useful information: a peak in the residual norm plot indicates a temporary stagna-
tion of convergence, while in the smoothed residual plot we cannot distinguish temporary
from permanent stagnation. Moreover, there is normally virtually no improvement in the
ultimate accuracy that can be attained.

Most of our considerations concern the smoothing process of Schönauer [6] and Weiss [7, 8],
and its enhanced version due to Zhou and Walker [9]. This process in known to trans-
form in theory Conjugate Gradient (CG) iterates into Conjugate Residual (CR) iterates,
and iterates of the Full Orthogonalization Method (FOM or Arnoldi) into Generalized
Minimum Residual (GMRes) iterates. The relevant theoretical relationship between the
convergence behavior of CG and CR, as well as FOM and GMRes is by now well un-
derstood through the work of Brown, Cullum, Freund, Greenbaum, Gutknecht, Weiss,
and others; see, in particular, Cullum and Greenbaum [1], and Gutknecht [2]. This rela-
tionship approximately carries over to BiCG and QMR, and makes us understand why
peaks in the residual norm plot of BiCG are matched by plateaux in the one of QMR.

The new results in this talk on the limitations of smoothing processes (which also apply
to MinRes and, in a certain sense, to QMR) and on the influence of roundoff are joint
work with Miroslav Rozložńık [5, 3], see also [4].
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