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Abstract - For MinRes and SymmLQ it is essential

to compute a QR decomposition of a tridiagonal

coefficient matrix gained in the Lanczos process.

This QR decomposition is constructed by an up-

date scheme applying in every step a single Givens

rotation. Using complex Householder reflections

we generalize this idea to block tridiagonal ma-

trices that occur in generalizations of MinRes
and SymmLQ to block methods for systems with

multiple right-hand sides. Some implementation

details are given, and we compare the method

with an algorithm based on Givens rotations used

in block QMR. Our approach generalizes to the

QR decomposition of upper block Hessenberg

matrices resulting from the block Arnoldi process

and is applicable in block GMRes.

Keywords— block Lanczos process, block Krylov
space methods.

I. The symmetric Lanczos algorithm

In 1975 Christopher Paige and Michael Saunders
[PAI 75] proposed two iterative Krylov subspace meth-
ods called MinRes and SymmLQ for solving sparse
Hermitian indefinite linear systems

Ax = b (1)

with A = AH ∈ C
N×N , x ∈ C

N and b ∈ C
N . An

orthonormal basis for the Krylov subspace

Kn (A, r0) := span
{
r0,Ar0, . . . ,A

n−1r0

}

= span {y0,y1, . . . ,yn−1}

is constructed by the Lanczos process.
The smallest index n with n = dimKn (A, r0) =
dimKn+1 (A, r0) is called the grade of A with re-
spect to r0 and denoted by ν̄ (A, r0).

Algorithm 1 (Sym. Lanczos algorithm).

Let a Hermitian matrix A and a vector y0 with
‖y0‖2 = 1 be given. For constructing a nested set of
orthonormal bases {y0,y1, . . . ,ym−1} for the nested

Krylov subspaces Km(A,y0) (m = 1, 2, . . . , ν̄(y0,A))
compute, for n = 1, 2, . . . , the following:

1) Apply A to yn−1 ⊥Kn−1 (A,y0):

ỹn := Ayn−1. (2)

2) Subtract the projections of ỹn on the last two basis
vectors:

ỹn := ỹn − yn−2βn−2 if n > 1, (3)

αn−1 := 〈yn−1, ỹn〉 , (4)

ỹn := ỹn − yn−1αn−1 . (5)

3) Normalize the vector ỹn ⊥Kn (A,y0) if ‖ỹn‖ > 0:

βn−1 := ‖ỹn‖ , (6)

yn := ỹn/βn−1 . (7)

The method stops when ‖ỹn‖ = 0. Then n =
ν̄ (A,y0).

For a basis of Kn (A, r0) we start with y0 = r0/‖r0‖2.
The coefficients of the recurrence relation in the Lanc-
zos process are the entries of a tridiagonal matrix.

Theorem 1. The vectors
{
y0,y1, . . . ,yν̄(A,y0)−1

}

constructed by this algorithm are orthonormal. For
every n = 1, 2, . . . ν̄ (A,y0) the first n vectors are a
basis for Kn (A,y0) Moreover, for n < ν̄ (A,y0)

AYn = Yn+1Tn, (8)

where
Yn =

(
y0 y1 . . . yn−1

)
,

Tn =




α0 β0

β0 α1
. . .

. . .
. . .

. . .

. . .
. . . βn−2

βn−2 αn−1

βn−1




∈ R
n+1×n

(9)



and βi > 0 for all i = 1, 2, . . . n − 1.

In MinRes and SymmLQ a QR decomposition of Tn

is used to construct approximations for the solution of
the linear system (1). However, it is enough to apply
an update scheme exploiting the tridiagonal structure
of Tn. In every iteration only one Givens rotation has
to be constructed.

II. A block Lanczos process

The Lanczos process can be generalized for multi-
ple initial vectors, both in the Hermitian [CUL 74],
[UND 75], [GOL 77], [LEW 77], [O’L 87] and the non-
Hermitian case [O’L 87], [ALI 00], [BAI 99], [FRE 97b].
This idea is of interest when a linear system with s

right-hand sides has to be solved or when eigenvalues
of geometric multiplicity at most s have to be com-
puted – an application not treated here. Approximat-
ing all systems in the same large space may accelerate
convergence a lot. Usually that space is a direct sum
of the corresponding Krylov spaces:

Bn (A, r0) :=
s⊕

i=1

Kn

(
A, r

(i)
0

)

= block span
{
r0,Ar0, . . . ,A

n−1r0

}
.

The block Lanczos process creates in exact arithmetic
the block vectors (which is just a fancy word for a
”high and skinny” matrix to emphasize its character
as a list of a few columns) y0,y1, . . . ,yn−1. Their
orthonormal columns are a basis for Bn (A,v0).

Bn (A, r0) = block span {y0,y1, . . . ,yn−1} .

Deflation is crucial in the underlying Lanczos process
but not investigated in this paper. Deflation means to
delete those columns of yn which are already contained
in Bn (A, r0). The block vector yi has si columns,
where s0 ≥ si ≥ si+1, i = 1, 2, . . .
We denote by tn (A,v0) the dimension of Bn (A,v0),
which implies

tn (A,v0) =
∑n−1

i=0
si.

Definition 2. The smallest index n with

tn (A,v0) = tn+1 (A,v0)

is called the block grade of A with respect to v0

and denoted by ν̄ (A,v0).

Algorithm 2 (Hermitian Block Lanczos algo-
rithm).

Let a Hermitian matrix A and an orthonormal block
vector y0 be given. For constructing a nested set
of orthonormal block bases {y0,y1, . . . ,ym−1} for the
nested Krylov subspaces Bm(A,y0) (m = 1, 2, · · · ≤
ν̄ (A,y0)) compute, for n = 1, 2, . . . , the following:

1) Apply A to yn−1 ⊥ Bn−1 (A,y0):

ỹn := Ayn−1. (10)

2) Subtract the projections of ỹn on the last two basis
block vectors:

ỹn := ỹn − yn−2β
H

n−2 if n > 1, (11)

αn−1 := yH

n−1ỹn , (12)

ỹn := ỹn − yn−1αn−1 . (13)

3) QR factorization of ỹn⊥B�
n (A,y0) with rank ỹn =

sn ≤ sn−1:

ỹn =:
(

yn y∆
n

) (
ρn ρ�

n

0 ρ∆
n

)
πT

n

=:
(

yn y∆
n

) (
βn−1

β∆
n−1

)
, (14)

where:

πn is an sn−1 × sn−1 permutation matrix.

yn is an N × sn block vector with full nu-
merical column rank, which goes into
the basis.

y∆
n is an N × (sn−1 − sn) matrix that will

be deflated,

ρn is an sn × sn upper triangular, nonsin-
gular matrix.

ρ�
n is an sn × (sn−1 − sn) matrix.

ρ∆
n is an upper triangular (sn−1 − sn) ×

(sn−1 − sn) matrix with ‖ρ∆
n ‖F =

O(σsn+1), where σsn+1 is the largest
singular value of ỹn smaller or equal to
tol.

The permutations are encapsulated in the block coef-
ficients βi. Let

Pn :≡ block diag (π1, . . . ,πn)

be the permutation matrix that describes all these per-
mutations. Note that PT

n = P−1
n . If tol = 0 we speak



of exact deflation. The algorithm uses block permu-
tations as well as deflation. It is therefore not imme-
diately apparent that the fundamental Lanczos rela-
tionships still hold.

Theorem 3. With exact deflation the columns of the
block vectors y0,y1, . . . constructed by Algorithm 2 are
orthonormal. For every n = 1, 2, . . . , ν̄� (A,y0) the
columns of the first n block vectors are an orthonormal
basis for Bn (A,y0). Moreover, for n < ν̄� (A,y0)

AYn = Yn+1Tn, (15)

where

Yn =
(

y0 y1 . . . yn−1

)
,

Tn =




α0 βH

0

β0 α1
. . .

. . .
. . .

. . .

. . .
. . . βH

n−2

βn−2 αn−1

βn−1




∈ C
tn+1×tn

(16)
and αi = αH

i for all i = 1, 2, . . . n − 1.

III. An update scheme for the QR decomposition
of block tridiagonal matrices

The subdiagonal blocks of TnPn are upper trape-
zoidal. This is used to construct an update scheme
for this block tridiagonal matrix.

Let TnPn = Qn+1Rn be the QR decomposition of
TnPn so that Qn+1 is a unitary matrix and Rn is an
upper triangular matrix with full column rank. The
block tridiagonal matrix TnPn is

TnPn =




α0π1 βH

0 π2

β0π1 α1π2
. . .

β1π2
. . .

. . .

. . .
. . . βH

n−2πn

. . . αn−1πn

βn−1πn




(17)

where:

αiπi+1 is an si × si block and

βiπi+1 is an si+1 × si upper trapezoidal block,
βiπi+1 =

(
ρi+1 ρ�

i+1

)

The tn+1 × tn matrix Rn has the form

Rn =




α̃0 β̃0 γ̃0

α̃1 β̃1

. . .

. . .
. . . γ̃n−3

. . . β̃n−2

α̃n−1

0sn×tn




(18)

where:

α̃i is an si × si upper triangular block with
full rank,

β̃i is an si × si+1 block and

γ̃i is an si × si+2 lower trapezoidal block.

We determine the unitary matrix Qn+1 in its factored
form. With

Q1 = Is0
(19)

we introduce the recurrence relation

Qn+1 :=

(
Qn 0tn×sn

0sn×tn
Isn

)
Un (20)

where

Un :=

(
Itn−1

0tn−1×(sn−1+sn)

0(sn−1+sn)×tn−1
Ûn

)
(21)

Here Ûn is a unitary (sn−1 + sn) × (sn−1 + sn) ma-
trix. Given a sequence of unitary transformations
Û1, . . . Ûn it is possible to compute Qn+1 with a sim-
ple scheme. If the matrix Qn has the form

Qn =
(

q0 q1 . . . qn−2 q̃n−1

)

where qi ∈ C
tn×si and

Ûn =

(
Ûn,u

Ûn,d

)
=

(
Ûn,u,l Ûn,u,r

Ûn,d,l Ûn,d,r

)
(22)

where:

Ûn,u is an si−1 × si−1 + si matrix,

Ûn,d is an si × si−1 + si matrix,

Ûn,u,l is an si−1 × si−1 matrix,

Ûn,u,r is an si−1 × si matrix,

Ûn,d,l is an si × si−1 matrix,

Ûn,d,r is an si × si matrix,
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(a) The block tridiagonal structure of a matrix
T

n
Pn. The matrix is not symmetric, but all

subdiagonal blocks are upper trapezoidal.
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(b) The corresponding block structure of the
matrix R

n
.

then

Qn+1 =

(
. . . qn−2 q̃n−1Ûn,u,l q̃n−1Ûn,u,r

Ûn,d,l Ûn,d,r

)

(23)

In particular the matrix Qn+1 has a trapezoidal struc-
ture. The update scheme (23) yields the following al-
gorithm, which we describe using Matlab notation:

Algorithm 3 (Construction of Qn+1).

Let Û1, . . . Ûn be the constructed sequence of unitary
matrices where Ûi is of order si−1 +si and let Qn+1 =
Itn+1

. For the recursive definition of Qn+1, for i =
1, . . . , n:

• Apply the upper part of Ûi:

Qn+1 (1 : ti, ti−1 + 1 : ti+1)

= Qn+1 (1 : ti, ti−1 + 1 : ti) Ûi,u

• Apply the lower part of Ûi:

Qn+1 (ti + 1 : ti+1, ti−1 + 1 : ti+1) = Ûi,d. (24)

The multiplication of TnPn by QH
n annihilates all sub-

diagonal elements except those below the diagonal of
the last sn−1 columns, or if we regard TnPn as a ma-
trix with n block columns, it does not annihilate the
subdiagonal elements in the last block column, i.e.

(
QH

n

Isn

)
TnPn

=




α̃0 β̃0 γ̃0

α̃1 β̃1

. . .

. . .
. . .

. . .

. . .
. . . γ̃n−3

α̃n−2 β̃n−2

µn

βn−1πn




.

(25)

For the entries in the last block column, respectively
the entries in the last sn−1 columns we have




γ̃n−3

β̃n−2

µn


 =

(
Isn−3

ÛH
n−1

)

(
ÛH

n−2

Isn−1

)


0sn−3×sn−1

βH

n−2πn

αn−1πn


 .

(26)

For annihilating all subdiagonal elements we have to
construct a unitary matrix U′

n such that

(
µn

βn−1πn

)
= Ûn

(
α̃n−1

0sn×sn−1

)
, (27)

where α̃n−1 is an upper triangular nonsingular block
vector.



Algorithm 4 (An update scheme for the QR
decomposition).

By applying a sequence of unitary matrices
Û1, . . . , Ûm on the matrix TmPm of (17) the
upper triangular matrix Rm of (18) is recursively
constructed as follows. For n = 1, . . . ,m:

1) Let α̃n−1 := αn−1πn, and β̃n−2 := βH

n−2πn if
n > 1.
If n > 2, apply UH

n−2 to the new last column of Tn:

(
γ̃n−3

β̃n−2

)
:= ÛH

n−2

(
0sn−3×sn−1

β̃n−2

)
;

if n > 1, apply UH
n−1 to the last column of UH

n−2Tn:

(
β̃n−2

α̃n−1

)
:= ÛH

n−1

(
β̃n−2

α̃n−1

)
.

2) Let µn := α̃n−1 and compute ÛH
n according to

(27).
3) Compute Qn+1 according to Algorithm 3.

There are various possible ways to construct such a
matrix Ûn. Freund and Malhotra [FRE 97a] apply
Givens rotations since a problem with a single right-
hand side should be a special case of the general block
problem. In the case of one right-hand side it is enough
to apply a single Givens rotation. So the rationale
behind this approach was to generalize this special
case [FRE 04]. For our goals the most efficient way is
to use a product of complex Householder reflections.

IV. Complex Householder reflections

Let y =
(

y1 . . . yn

)T
be a complex vector. The

goal is to construct a unitary matrix U ∈ C
n×n such

that
Uy = αe1

where α ∈ C. As U is unitary we note that |α| = ‖y‖2.
for any nonzero v ∈ C

n the matrix

Hv = In − 2
v vH

〈v,v〉
= In + β v vH, (28)

where β = −2/ 〈v,v〉 ∈ R, is called a Householder
reflection. The matrix Hv describes a reflection at the
complimentary subspace orthogonal to v. We note
that Hv is Hermitian and unitary, i.e. HH

v = Hv and
HvH

H
v = In. The vector y is mapped to

Hvy = y + βv 〈v,y〉 . (29)

Keeping in mind our goal we demand

Hvy = αe1.

This yields

y − αe1 = −β 〈v,y〉v. (30)

In particular v ∈ span {y − αe1}. As Hv = Hλv for
all λ ∈ C − {0} we can choose v = y − αe1 without
loss of generality. By (30) this choice implies

〈v,y〉 = −β−1 ∈ R.

Let y1 = |y1|e
iθ and α = ‖y‖2e

iθα . Then

〈v,y〉 = 〈y − αe1,y〉 = ‖y‖2
2 − ‖y‖2e

−iθαeiθ|y1|.

So either α = +‖y‖2e
iθ or α = −‖y‖2e

iθ. The second
choice is better, otherwise cancellation effects may oc-
cur in the first component of v. Finally we note that

−β−1 = 〈v,y〉 = ‖y‖2 (‖y‖2 + |y1|) .

Algorithm 5 (Implicit construction of Hv).

Let y =
(

y1 . . . yn

)T
be a complex vector. A

Householder reflection Hv of order n with Hvy = αe1

is constructed as follows. Let y1 = |y1|e
iθ.

• Compute α and β:

α = −‖y‖2e
iθ, β =

−1

‖y‖2 (‖y‖2 + |y1|)
. (31)

• Compute the vector v:

v = y − αe1. (32)

It is not necessary to compute the actual matrix Hv.
It is much more economical and accurate to store the
vector v and the coefficient β and apply the identity
(29). Parlett [PAR 71] presents a thorough discus-
sion on the choice of the sign of α when computing
Householder reflectors. Lehoucq [LEH 96] compares
different variants for the choice of the vector v and the
corresponding coefficient β. He specifically compares
the different computations of an elementary unitary
matrix in EISPACK, LINPACK, NAG and LAPACK.
The above scheme is due to Wilkinson [WIL 65, pp.
49-50].

V. QR decomposition of a lower banded matrix

The idea is to use the trapezoidal structure of the ma-
trix νn := βn−1πn in (27). Recall that µn is sn × sn,



while νn is sn × sn−1. For example, if sn−1 = 5 and
sn = 4,

(
µn

νn

)
=




◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦ ◦

◦ ◦ ◦ ◦
◦ ◦ ◦

◦ ◦




.

We determine sn−1 Householder reflections
H1,n, . . . ,Hsn−1,n such that

(
α̃n−1

0sn×sn−1

)
= Hsn−1,n . . .H1,n

(
µn

νn

)
, (33)

where α̃n−1 is an upper triangular matrix. In partic-
ular

Ûn = H1,n . . .Hsn−1,n. (34)

Assume that reflections H1,n,H2,n have been com-
puted such that

H2,nH1,n

(
µn

νn

)
=




◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦

• ◦ ◦
• ◦ ◦
• ◦ ◦
• ◦ ◦
• ◦ ◦
• ◦ ◦

◦ ◦




.

The highlighted section of the third column vector de-
termines the next Householder reflection. In step i this
vector has the size

li,n = sn−1 − i + 1︸ ︷︷ ︸
size of upper part

+ min (i, sn)︸ ︷︷ ︸
size of lower part

,

and the last entry is in row

ei,n = li,n + i − 1.

In this example we have

l3,n = 5 − 3 + 1 + 3 = 6, ei,n = 6 + 3 − 1 = 8.

Hence the Householder reflection is given by

Hi,n = diag
(
Ii−1, Ĥi,n, Isn−min(i,sn)

)
,

where Ĥi,n is a Householder reflection in the sense of
our original definition (28): a reflection at a hyper-
plane but in a space of dimension li,n only. When
we apply this reflection we only compute those entries
which are not invariant. In this example the first two
and the last row would be not influenced at all. All we
have to do is to apply the reflection Ĥi,n on the sub-
matrix whose left column is exactly given by the vector
generating Ĥi,n. Here the submatrix is highlighted:




◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ ◦

α • •
• •
• •
• •
• •
• •
◦ ◦




This submatrix is updated and we proceed with the
construction of the next reflection.

Algorithm 6 (Implicit construction of Ûn).

Let µn a sn−1 × sn−1 and νn an upper trapezoidal
sn × sn−1 block. In a implicit way we construct sn−1

Householder reflections such that (33) holds. Let

M =

(
µn

νn

)
.

For i = 1, . . . , sn−1:

• Compute li,n and ei,n:

li,n = sn−1−i+1+min (i, sn) , ei,n = li,n+i−1. (35)

• Create implicitly by Algorithm 5 the Householder re-
flection Ĥi,n, that is compute β and the vector v, using
the vector

yi,n = M (i : ei,n, i) . (36)

• Apply Ĥi,n to the corresponding submatrix of M:

M (i : ei,n, i + 1 : sn−1) = M (i : ei,n, i + 1 : sn−1)

+βv
(
vHM (i : ei,n, i + 1 : sn−1)

)
. (37)

VI. Householder reflections vs. Givens rotations

Given an upper trapezoidal matrix M with s1 = s2 =
w, Householder reflections, applied as described in Sec-
tion IV, are an efficient way to construct the QR de-
composition of M. An alternative are Givens rota-
tions: instead of the Householder reflection of Algo-
rithm 5 a set of w − 1 Givens rotations is applied in
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Fig. 1. Experiment 1: Accuracy of the QR decomposi-
tion of 100 random 10× 5 upper trapezoidal matrices
M. The solid line represents results gained by using
Householder reflections. The dashed line corresponds
to Givens rotations.

an explicit loop. Therefore w − 1 roots have to be
computed. In Algorithm 6 the block-wise update in
(37) by a single Householder reflection (applied to a
whole submatrix of M) must be replaced by apply-
ing the w − 1 Givens rotations to suitable rows of this
submatrix of M. In a first experiment we compare the
accuracy of both approaches.

Experiment 1. We apply both approaches for the QR
decomposition — Householder reflections and Givens
rotations — to a set of 100 random 10×5 upper trape-
zoidal matrices M. The results are shown in Fig. 1.
The accuracy of both methods turns out to be on the
same level: except in a few cases the Frobenius norms
of M − QR and of QHQ − I are for both methods
of the same magnitude. The norm of QHQ − I is
typically slightly smaller if Householder reflections are
used. For the explicit computation of Q we apply the
unitary transformations to I10×10 as in (34).

Next we compare the computing time of the two ap-
proaches. The time-critical second step involves the
application of the implicitly constructed unitary ma-
trix to the remaining columns. The update in (37),
where a Householder reflection is applied to all these
columns at once, can be done by BLAS2 operations,
whereas with Givens rotations we have to apply the
corresponding BLAS1 operations in a loop from the
bottom row to the top row of the remaining subma-
trix of M.

Experiment 2. In order to compare the speed of the
two approaches we measure the cpu time for construct-
ing the QR decomposition of 100 random matrices M
of size s1 = s2 = w, using Householder reflections or
Givens rotations, respectively. See Fig. 2. For a ma-
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Fig. 2. Experiment 2: Computation time for the QR de-
composition of 100 random 2w × w upper trapezoidal
matrices M. The solid line represents results gained
by using Householder reflections. The dashed line cor-
responds to Givens rotations. In both cases we have
updated the remaining columns simultaneously.

trix M of width 30 the Givens rotations turn out to be
about 70% slower, but for small matrices the efficiency
difference is small.

The block Lanczos process introduced in this paper al-
lows a block-wise construction of Tn as opposed to the
column-wise construction of Ruhe [RUH 79] or Freund
and Malhotra [FRE 97a]. The block-wise construc-
tion of Tn allows us to update its QR decomposition
block-wise. Hence we can profit from the possibility
to update several columns at once in (37). (Recall
that in this application M is a submatrix of Tn.) In
contrast, in the implementation of block QMR by Fre-
und and Malhotra there is only a routine for rotating
a single vector by a set of Givens rotations, since in
block QMR the matrix Tn is generated column-wise,
and its QR decomposition is updated whenever a new
column of Tn becomes available. In particular, in the
first iteration a vector of length s + 1 is obtained as
first column of Tn. A set of s Givens rotations is con-
structed to annihilate all except the first entry. In the
next iteration a second vector of length s + 2 appears
as second column, etc. At every stage we have to ap-
ply the previously constructed rotations or reflections.
Hence, instead of applying a reflection at once on a
matrix of width k < s it is necessary to apply a reflec-
tion or a set of s rotations k times on a column vector.
This is equivalent in theory. However, in practice the
latter is far slower. In a third experiment we compare
the block-wise update of the QR decomposition using
Householder reflections with the column-wise update
of the QR decomposition using Givens rotations.

Experiment 3. We measure the cpu time for con-
structing the QR decomposition of 100 random ma-
trices M of size s1 = s2 = w using Householder re-



0 2 4 6 8 10 12 14 16
0

0.5

1

1.5

2

2.5

width w

cp
u 

tim
e 

in
 s

ec
on

ds
 fo

r 
10

0 
te

st
m

at
ric

es

Fig. 3. Experiment 3: Computation time for the QR
decomposition of 100 random 2w×w upper trapezoidal
matrices M. The solid line represents results gained by
using Householder reflections and block-wise updates.
The dashed line corresponds to using Givens rotations
and column-wise updates.

flections with simultaneous update of the remaining
columns as in (37) on the one hand, and using Givens
rotations with column-wise update (as described above)
on the other hand. See Fig. 3.

VII. Conclusions and generalizations

The symmetric block Lanczos process produces a
growing banded matrix Tn, which consists of a sym-
metric block tridiagonal matrix Tn, extended by some
additional rows, and a permutation matrix Pn. In
a forthcoming paper we will discuss the need for
those permutations and deflations in the symmetric
block Lanczos process and give details and results for
the block MinRes and block SymmLQ algorithms,
which require to compute the full QR decomposition
TnPn = QnRn. The standard approach for this
computation has been an update algorithm based on
Givens rotations, a generalization of the well known
update algorithm for tridiagonal matrices. It was rec-
ommended to compute both Tn and Rn column by
column.
We promote instead a block-wise construction of Tn

and a block-wise update algorithm based on House-
holder reflections for the QR decomposition. It turns
out that our QR decomposition is equally accurate as
the one based on Givens rotations and that even on
a serial computer it is much faster than column-wise
updates with Givens rotations.
At least formally our approach can be generalized
quickly from the symmetric block Lanczos to the un-
symmetric block Lanczos and the block Arnoldi pro-
cesses, and from the QR decomposition of banded sym-
metric block tridiagonal matrices to the one of banded
unsymmetric block tridiagonal matrices or block Hes-

senberg matrices as they come up in block QMR and
block GMRes, respectively.
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