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Setting: A spd but does not admit exact inverse. Eigenvalues

A2 — N1
M <A< < A, ~ 0.
1 2 > >~ \n >\n _ )\2
Want to compute ;. Convergence of Lanczos slow.
Basic idea: replace A~1 by B~ with preconditioner B ~ A.

But: If immediately plugged into power method ~~ smallest
eigenvalue of B instead of A.

Inject information on A via residuum.

[=Av — Vi, =V AV, [vi]2=1.

Inexact solution of refinement equation AAV; = —rj ~
AV, = —B_l(AVi — /LiVi),
Vipr = Vit AV =V — BT AV — i)
Vitr = Vigr/||Vigall2-

Convergence analysis

Interpretation as perturbed inverse iteration:

\7i+1 — ,uiA‘lvi -+ (| — B_lA)(Vi — MA_lvi)

Show ppd.m.

Theorem [Neymeyr]: If ||| - B~1A||a < v < 1 then the sequence ;
decreases monotonically and (u;, vi) converges to an eigenpair of A
(usually to the smallest). Provided pj — A1, we have

A2 — Ui
Hit1 — M1 < 1_(1_72)2A—zu

pi— AL T 14 (1—~)? (Mi_A;zE\Z\Z_Mi)

< 1.

~ Convergence rate asymptotically bounded by

(1-— ’}/2))\1 + v\
Ao '

~ Convergence rate independent of A\p!



Consider symmetric positive definit A. Then
X T AX
xTx *

2SS in p(x), p(x):=

Basic idea: Given previouse iterate v, and search direction px choose
new iterate

Xk+1 = Xk + Ok Pk

such that p(xx+1) — min. Strictly convex problem ~- step size é is
uniquely determined.

Choice of search direction as in CG for linear systems:

Pk LA Pk—1.

Convergence rate: (v/x — 1)/(v/k + 1) with

R = (/\n — )\1)/()\2 — )\1)

Depends on !

LOPCG

WanttoincorporatepreconditionerB  —! ~A —!. Idea: Throw in all
available (local) information to minimize Rayleigh quotient:

min B~ 1. Vi_ V. min .
aER,ﬁERp( | avi 1+B I)—>

» «, (3 can be determined by choosing minimal Ritz vector of A
w.r.t. span{B=1r,vi_1,v;};

» not worse than preconditioned inverse iteration; show runiopcg

» numerical experiments reported by [Knyazev'01] reveal little
benefit when taking “older” v; into account;

» straightforward to generalize to subspaces ~~ LOBPCG.



Basic idea: Temporarily assume exact knowledge of (simple)
eigenvalue X\ of A. Correction equation for approximate eigenvector u
with [ju|2 = 1:

AlU+v)=AXu+vVv), ulwv. (1)

Constraint u 1 v ~» unique solvability; u + v is exact eigenvector!

Components in the direction of u are irrelevant in (1) ~
(I —uu™)(A=XD)(I —uu )W = —(A—phu =: —r, p=u"Au.

Replace unknown X by 1 ~~ Jacobi-Davidson correction equation
(I —uu™)(A = p)(1 —uu ) = —r.

Closely related to Rayleigh quotient iteration if correction equation is
solved exactly:
u+v=oalA—pul) tu.

~ local quadratic/cubic convergence.

JD: Subspace acceleration

Input: start vector u; with ||ui]|2 = 1, matrix A, integer k.
Output: Approximate eigenpair (j, Uy ).
Set H1 = U':['AU]_.
forj=1,2,....,k—1do
=AU — 4
Solve correction equation (I — uju™)(A — 41)(1 — wju)v; = —r.
Uj+1 = (U +vj)/[luj + vil2
Hit1 = UfL1 AU
end for
Similar idea as power method — Krylov subspace: Collect all
previously computed corrections in subspace:

V; = span{ui, Vo, Vs, ..., Vj}.

and choose corresponding Ritz pair in next iteration.



Input: start vector u; with ||ui]|2 = 1, matrix A, integer k, target .
Output: Approximate eigenpair (j, Uy ).
Set n1 = U'fAU]_, Vi = [Ul].
forj=1,2,...,k —1do
r= AUj — K U;
Solve correction equation (I — uju/)(A — 41)(1 — uju Vi1 = —r.
Vier = (1 = ViVI)"Vits, Viss < Vi /IVisallz, Vis = [V, V-
Compute j + 1 Ritz values as eigenvalues of Hj 1 = V|, AVj,;.
Set pj41 to Ritz value closest to .
Set uj1 to corresponding Ritz vector.
end for
Remarks:

» H; is not a Hessenberg matrix. H;;1 can be obtained cheaply
from H; (by bordering) provided that AV; is maintained.

» Reorthogonalization of vj 1 may be necessary.

» To avoid erratic global convergence, set 1; = 7 during the first
few iterations.

» Alternative to Ritz vectors: Refined and harmonic Ritz vectors.

JD: Inexact solves

Major feature of JD: robust convergence even with (very) inexact
solves of correction equation. Apply GMRES or MINRES to

(I —uu™)(A— (1 —ud)V =—r, v Lu. (2)
Since r | u, Krylov subspace method will not “see” singularity of
A= (I —uu™)(A = p)(I — uut)

Applying a preconditioner B directly to (2) would destroy this property.
Need to (formally) use modified preconditioner

B = (1 —uu™)B(l — uu").

> BX = y has unique solution x L u providedy L u.

» Denote the solution operator by Bf - y — X (pseudoinverse) ~-
preconditioned correction equation

BTAv = —BIr.



Typically only B~ and not B is available. To compute Bty for some
y Lu:
~ uiB-ly
Bly =B~y —aB™lu =_——
y y-a YT URBLy
Further remarks:
» Restarts are simple: compress V; to Ritz vectors of interest.

» If several eigenvalues are needed: Collect converged f Schur
vectors in basis Qs, replace correction equation by

(I —uu™) (I = QrQf (A — ph)(I = QrQf )(I — uu™)v = —r,

with the constraints v | u, v L span(Qs). Extend search basis
Vi to [Qs, Vi]. ~» JDQR.

Run jdgr.m
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» The definitive guide to the preconditioned inverse iteration is Neymeyr’s
series of papers on this subject.

» The description of CG and LOPCG is taken from [Templates for the
Solution of Algebraic Eigenvalue Problems. SIAM, 2000]. A more
detailed description can be found in Knyazev's original paper.

» The description of Jacobi-Davidson is taken from [Peter Arbenz. Lecture
notes on solving large-scale eigenvalue problems].

» A derivation of Jacobi-Davidson from the Newton method can be found
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