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Outline

◮ power method
◮ subspace iteration
◮ inverse iteration
◮ Rayleigh-quotient iteration



The power method

Input: start vector v0 ∈ {R, C}n, matrix A ∈ {R, C}n×n.
for i = 0, 1, 2, . . . do

vi+1 = Avi

end for

Let λ1, . . . , λn be eigenvalues of A s.t.

|λ1|>|λ2| ≥ · · · ≥ |λn|

with corresponding eigenvectors x1, x2, . . . , xn.

Power method converges to
x1:

θ(x1, vi) = O
(∣∣∣∣

λ2

λ1

∣∣∣∣
i)

Angle between vectors v , w ∈ Cn:

cos θ(v , w) =
|wHv |

‖v‖2‖w‖2



The power method

Input: start vector v0 ∈ {R, C}n, matrix A ∈ {R, C}n×n.
Output: Approximation vi to dominant eigenvector.

for i = 0, 1, 2, . . . do
ṽi+1 = Avi

vi+1 = ṽi+1/‖ṽi+1‖2

end for

To get an approximation to λ1, choose µi s.t.

‖Avi − µivi‖2 → min

 Rayleigh quotient µi := vH
i Avi = vH

i ṽi+1.

|µi − λ1| = O
(∣∣∣∣

λ2

λ1

∣∣∣∣
i)

.

For symmetric A:

|µi − λ1| ≤ |λn − λ1| sin2 θ(x1, v0)

∣∣∣∣
λ2

λ1

∣∣∣∣
2k

.



The power method

Termination? Is |µi+1 − µi | ≈ 0 a suitable criterion?
◮ For symmetric/normal matrices, yes:

|µi+1 − µi | ≤ tol ⇒ |µk − λ| ≤
1

1 − |λ2/λ1|
tol.

◮ For nonnormal matrices, no. Transient growth! Show transient.m

Only reasonable choice: r := Avi − µivi ≈ 0.

Backward error interpretation: (µi , vi) exact
eigenvalue/eigenvector pair of perturbed matrix

A+△A, △A := −rvH
i .

With this choice, ‖△A‖2 = ‖r‖2.



Snippets of perturbation analysis

First-order influence of △A on accuracy of eigenvalues/eigenvectors:

Ax = λx , ‖x‖2 = 1.

⇓

(A+ǫ△A)x(ǫ) = λ(ǫ)x(ǫ), ‖x(ǫ)‖2 = 1.

⇓

λ̇(0) =
yH△Ax

yHx
,

where yHA = λyH .



Accuracy of eigenvalues/eigenvectors

In general:

|µi − λ1| ≤
1

|yH
1 x1|

‖△A‖2 + O(‖△A‖2
2)

and

θ(vi , θ1) ≤ ‖[(I − x1xH
1 )(A − λ1I)(I − x1xH

1 )]†‖2‖△A‖2 + O(‖△A‖2
2).

If A is symmetric:
|µi − λ1| ≤ ‖△A‖2.

and

sin θ(x1, vi) =
1

|µi − λ2|
‖△A‖2.



A posteriori estimates

◮ If A is nonsymmetric, apply power method to A and AH . Obtain
approximations vi and wi to right/left eigenvectors x1, y1. Then

|µi − λ1| ≈
1

|wH
i vi |

max{‖Avi − µivi‖2, ‖wH
i A − µiwH

i ‖2}.

◮ If A is symmetric,

|µi − λi | ≤ ‖r‖2, sin θ(x1, vi) =
1

|µi − λ2|
‖r‖2.

◮ Alternative for symmetric A: Kato-Temple inequality.
Assume ∃ interval (a, b) containing µi , λ1 and no other
eigenvalue of A. Then

−
‖r‖2

2

µi − a
≤ µi − λi ≤

‖r‖2
2

b − µi
.



Subspace iteration

Natural generalization of power method from vectors to subspaces:

Input: Start matrix V0 ∈ {R, C}n×k , matrix A ∈ {R, C}n×n.
for i = 0, 1, 2, . . . do

Ṽi+1 = AVi

Compute QR decomposition Ṽi+1 = Vi+1Ri+1.
end for

Convergence: Consider two groups of eigenvalues

|λ1| ≥ · · · ≥ |λk | > |λk+1| ≥ · · · ≥ |λn|

with corresponding invariant subspaces X1, X2.

If θ(X1,V0) < π/2, then

θ(X1,Vi) = O
(∣∣∣∣

λk+1

λk

∣∣∣∣
i)

Angles between subspaces:

sin θ(V ,W) := min
v∈V

‖v‖2=1

min
w∈W

‖v−w‖2.

Given ONBs V , W of V ,W :

cos θ(V ,W) = ‖W HV‖2.



Subspace iteration

Eigenvalue/eigenvector extraction from Galerkin condition

Av − µv ⊥ Vi , v ∈ Vi .

This implies
◮ µ is an eigenvalue of the k × k matrix V H

i AVi (compression of A);
◮ v = Viw with w , ‖w‖2 = 1, eigenvector of V H

i AVi belonging to µ.

µ, v are called Ritz value/Ritz vector.

In the ith iteration, there are k such Ritz pairs

(µ
(1)
i , v (1)

i ), (µ
(2)
i , v (2)

i ), . . . , (µ
(k)
i , v (k)

i ).

The space Vi = span{v (1)
i , . . . , v (k)

i } converges as a whole with rate

|λk+1/λk |. However, some v (j)
i may converge significantly faster than

others. Show ssiter.m.



Let A be symmetric and order eigenvalues

λ1 ≥ λ2 ≥ · · · ≥ λn.

Minimax theorems:

λj = max
dim(V)=j

min
v∈V

‖v‖2=1

vT Av ,

λn−j+1 = min
dim(V)=j

max
v∈V

‖v‖2=1

vT Av .

As a consequence, Ritz values interlace eigenvalues of A:

λj ≥ µ(j) ≥ λn−j+1,

 Ritz values approach eigenvalues from below.



Inverse iteration

Eigenvalue closest to τ ∈ C is dominant eigenvalue of

(A − τ I)−1.

Input: start vector v0, matrix A, target τ ∈ C.
Output: Approximation (µi , vi) to eigenpair closest to τ .

for i = 0, 1, 2, . . . do
Solve (A − τ I)ṽi+1 = vi

vi+1 = ṽi+1/‖ṽi+1‖2

µi+1 = (ṽH
i+1vi+1)

−1 + τ
end for

Not suited for inexact application of (A − τ I)−1!



Inverse iteration

Order eigenvalues

|λ1 − τ | ≥ · · · ≥ |λn−1 − τ |>|λn − τ |.

Convergence to (λn, xn):

|µi − λn| = O
(∣∣∣∣

λn − τ

λn−1 − τ

∣∣∣∣
i)

θ(xn, vi) = O
(∣∣∣∣

λn − τ

λn−1 − τ

∣∣∣∣
i)



Rayleigh-quotient iteration

Tempting idea: Improve convergence by adjusting τ .
Input: start vector v0 with ‖v0‖2 = 1, matrix A.
Output: Approximation (µi , vi) to some eigenpair.

for i = 0, 1, 2, . . . do
Set τ = vH

i Avi .
Solve (A − τ I)ṽi+1 = vi

vi+1 = ṽi+1/‖ṽi+1‖2

µi+1 = vH
i+1Avi+1

end for

Local convergence quadratic or even cubic (when A normal).

Global convergence critical!

Start rqiglobal.m



Grassmann Rayleigh-quotient iteration

Natural generalization to subspaces.
Input: start ONB V0, symmetric matrix A.
Output: Approximate ONB Vi to some invariant subspace.

for i = 0, 1, 2, . . . do
Set T = V H

i AVi .
Solve Sylvester equation AṼi+1 − Ṽi+1T = Vi .
Compute ONB Vi+1 of Ṽi+1.

end for

Local convergence cubic. Advantageous over RQI, when several
eigenvalues are needed:

◮ Avoid repeated convergence to same eigenvalues.
◮ In the limit, effective conditioning of X 7→ AX − XT only depends

on external gap.
◮ Domain of attraction primarily depends on external gap.
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