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Chapter 0

Introduction

Solving the quantum-mechanical equations for many-electron systems is a highly
non-trivial task which is feasible only by means of various approximations, such
as the approximation of the Hamiltonian by considering a coulombic potential only
and the Born-Oppenheimer approximation. In most cases (such as Hartree-Fock and
density functional methods), the wave function is approximated by an independent-
electron approach.
But even with these approximations, solving the equations analytically is impossible
and the numerical solution needs a high computational effort. The computer time
needed scales at least cubically (in density functional theory) with the number of
electrons involved. Thus by considering very large systems, the solution cannot be
found within a reasonable amount of time even with the most powerful computers.
To this end, various methods have been developed that have a linear scaling of
the computer time with respect to the number of electrons. In general, they have
a larger prefactor, thus they are suitable for very large systems, but for smaller
systems standard techniques perform better.
The purpose of this thesis is to review the essentials of linear scaling methods and in
particular the density matrix minimization approach in density functional theory.

1
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Chapter 1

Density functional theory

1.1 The electronic Schrödinger equation

A system of M nuclei and N electrons is considered. The nuclei are treated as struc-
tureless particles with charge Zα and spin σα, which is already an approximation
(no nuclear physics).
The time-dependent Schrödinger equation (TDSE) for the system reads

Ĥ(t)Ψ̃(τ, ν, t) = i~
∂Ψ̃(τ, ν, t)

∂t
(1.1)

where
τ = {τ1, . . . , τN} is a 4N -dimensional electronic coordinate and spin vector, and
ν = {ν1, . . . , νM} is a 4M -dimensional nuclear coordinate and spin vector.

Assuming a time-independent Hamiltonian Ĥ(t) = Ĥ yields the time-independent
Schrödinger equation (TISE):

ĤΨ(τ, ν) = EΨ(τ, ν) . (1.2)

Ψ(τ, ν) is the stationary wave function defined by

Ψ̃(τ, ν, t) = Ψ(τ, ν)e−
iEt

~ , (1.3)

where ~ = h
2π and h is Planck’s constant.

As a further approximation, only coulombic interactions are included, while
neglecting relativistic effects, magnetic interactions (spin-spin, spin-orbit and orbit-
orbit) and non-electromagnetic forces (e.g. strong, weak and gravitational inter-
actions). The system is isolated and thus no interaction with external fields is
included, yielding a Hamiltonian of pure electrostatic interaction (in atomic units):

Ĥ =−
N∑

i

1

2
∇2

i −
M∑

I

1

2MI
∇2

I

+

N∑

i

N∑

j>i

1

rij
−

N∑

i

M∑

I

ZI

riI
+

M∑

I

M∑

J>I

ZIZJ

rIJ
,

(1.4)

3
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where MI is the mass, ZI the charge and rI the position of nucleus I, ri

denotes the position of electron i, and rαβ = |rα − rβ | the distance between two
positions.

The so-called Born-Oppenheimer approximation decouples the movement of
the electrons and the nuclei. Knowing that electrons are more than 104 times lighter
than nuclei and thus they move more than 104 times faster, the problem can be
decomposed into an electronic and a nuclear problem, as follows:

• Electronic problem. From the point of view of the electrons, the nuclei are
quasi motionless, hence the kinetic energy of the nuclei can be neglected (more-
over, the repulsion between the nuclei is not included, since this is a constant
energy shift which does not depend on the positions of the electrons):

Ĥe = −
N∑

i

1

2
∇2

i +

N∑

i

N∑

j>i

1

rij
−

N∑

i

M∑

I

ZI

riI
, (1.5)

yielding the electronic Schrödinger equation for a given nuclear configuration
ν:

ĤeΨe,k(τ ; ν) = Vk(ν)Ψe,k(τ ; ν) . (1.6)

Solving the electronic problem gives a set of electronic energy levels {Vk(ν)}.

• Nuclear problem. As the electrons relax instantaneously to the movement of
the nuclei, in the Schrödinger equation the electronic part of the Hamiltonian
can be replaced by the electronic energy levels Vk(ν):

Ĥn = −
M∑

I

1

2MI
∇2

I +

M∑

I

M∑

J>I

ZIZJ

rIJ
+ Vk(ν) , (1.7)

and the nuclear Schrödinger equation reads:

ĤnΨn,kl(ν) = Ekl(ν)Ψn,kl(ν) . (1.8)

Combining the results of the electronic and the nuclear problem yields the solution
of the TISE ĤΨ(τ, ν) = EΨ(τ, ν) within the Born-Oppenheimer approximation:

Ψ(τ, ν) = Ψe,k(τ ; ν)Ψn,kl(ν) (1.9)

Example 1.1 (H2 molecule).
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The electronic Schrödinger equation was solved for different interatomic distances
yielding the effective potential for the nuclei.

From now on, only the electronic Schrödinger equation (for a given nuclear
configuration) is considered, and it will be written as ĤΨ(r1, s1, r2, s2, . . . rN , sN ) =
EΨ(r1, s1, r2, s2, . . . rN , sN ) for convenience.

1.2 Hohenberg-Kohn theory

The electronic Schrödinger equation can be solved by means of the variational prin-
ciple. For a numerical solution, the wave function has to be expanded in a series of
basis functions. However, as the wave function is a function of 4N variables, this
leads to a high-dimensional problem. There is another formulation available, the
density functional theory, where all calculations are based on the electron density,
a function of only 3 variables, rather than the full wave function. The formal basis
for the density functional theory was derived by Hohenberg and Kohn [5].

The ground state of a quantum system is completely determined by its wave func-
tion Ψ0, which is an eigenfunction of the Hamiltonian of the system with energy
E0, i.e. the energy and all properties are determined by the Hamiltonian.
The (electronic) Hamiltonian consists of three parts

Ĥ = T̂ + V̂ee + V̂ext , (1.10)

the kinetic energy

T̂ = −
N∑

i

1

2
∇2

i , (1.11)

the electron-electron interaction

V̂ee =

N∑

i

N∑

j>i

1

rij
(1.12)

and the external potential (the attraction of the nuclei)

V̂ext =
∑

i

v(ri) = −
N∑

i

M∑

I

ZI

riI
, (1.13)
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which is a purely local function.

Definition 1.1 (Electron density). The electron density is defined as

ρ(r) = N

∫

Ψ∗(r, s1, r2, s2, . . . rN , sN )

×Ψ(r, s1, r2, s2, . . . rN , sN )ds1ds2 . . . dsN dr2 . . . drN ,

(1.14)

where Ψ(r, s1, r2, s2, . . . rN , sN ) is the wave function of the system which is, accord-
ing to the Pauli principle, antisymmetric under interchange of any two electrons,
and it is assumed to be normalized: 〈Ψ|Ψ〉 =

∫
Ψ∗Ψds1 dr1 . . . dsN drN = 1. Thus

it holds
∫
ρ(r) dr = N .

The basic Hohenberg-Kohn theorem states that the ground state electron den-
sity determines – within an additional constant – the external potential.

There is a unique correspondence between the ground state density of a system
and the external potential which fixes – together with the number of electrons, that
can be obtained from ρ by integration – the Hamiltonian of the system and all its
properties.
Thus the energy can, in principle, be expressed as a functional of the electron
density:

E[ρ] = 〈Ψ[ρ]| Ĥ |Ψ[ρ]〉
= 〈Ψ[ρ]| (T̂ + V̂ee) |Ψ[ρ]〉+ 〈Ψ[ρ]|

∑

i

v(ri) |Ψ[ρ]〉

=

∫

Ψ∗[ρ](T̂ + V̂ee)Ψ[ρ]ds1 dr1 . . . dsN drN

+
∑

i

∫

Ψ∗[ρ]v(ri)Ψ[ρ]ds1 dr1 . . . dsN drN

=F [ρ] +

∫

ρ(r)v(r)d3r .

(1.15)

Definition 1.2 (v-representability). A density is called v-representable if it can
be obtained from an antisymmetric wave function that corresponds to the ground
state of a Hamiltonian for which we know the number of electrons, the type of
interaction between the electrons and which contains some kind of local external
potential.

It is, however, a difficult task to check whether a given density is generated by an
external potential or not, i.e. if it is v-representable or not.

Theorem 1.3 (Hohenberg-Kohn variational principle). The energy func-
tional E[ρ] takes its minimum for the true ground state electron density, i.e. for all
v-representable ρ̃ it holds

⇒ E[ρ(r)] ≤ E[ρ̃(r)] . (1.16)

However, if one wants to apply the HK variational principle, one has to make sure
that all trial densities belong to the class of v-representable functions.
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Levy [7] stated in 1979 that the minimization can be performed over allN -representable
densities as well (densities that can be represented by any antisymmetric, normal-
ized N -particle wave function). Fortunately, every ”reasonable” positive function
is N -representable.

The variational principle for the energy functional, together with the con-
straint

∫
ρ(r) dr = N , leads to the Euler-Lagrange equation:

δ

{

E[ρ]− µ
[∫

ρ(r)d3r −N
]}

= 0

µ =
δE[ρ]

δρ(r)
= v(r) +

δF [ρ]

δρ(r)
,

(1.17)

with Lagrange multiplier µ which corresponds to the chemical potential.
Thomas-Fermi and related approaches approximate F [ρ] by means of certain model
systems. However, in practice, this approach leads to rather crude approximations
for the kinetic energy and the exchange energy.

1.3 Kohn-Sham approach

Kohn and Sham [6] proposed a different approach. The central assertion of the
Kohn-Sham approach is:

Assumption 1.4 (Kohn-Sham). For every interacting system with ground state
density ρ, there exists a non-interacting system S with the same ground state density
ρs = ρ.

(Unfortunately, it turns out that this is not the case in general, but exceptions are
rare.)
The Kohn-Sham assumption indicates that we can express the density of the in-
teracting system in terms of the one-electron functions {Ψi} forming a Slater-
determinant which is the ground state wave function for a non-interacting system
S with some kind of local external potential veff(r):

• The non-interacting system.

Ĥs = T̂s + V̂s =

N∑

i

ĥi =

N∑

i

[

−1

2
∇2

i + veff(ri)

]

(1.18)

The ground state wave function of a non-interacting system is a Slater deter-
minant composed of the one-electron functions Ψi (the so-called Kohn-Sham
orbitals) with the lowest eigenvalues ǫi obtained from the one-electron equa-
tion: [

−1

2
∇2 + veff(r)

]

Ψi(r) = ǫiΨi(r) . (1.19)

The ground state density that can be obtained from the one-electron functions
(a closed-shell system is assumed) by

ρs(r) = 2
∞∑

i=1

f(ǫi) |Ψi(r)|2 (1.20)
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Figure 1.1. The Fermi function. At T = 0, it corresponds to a step function.

at a finite temperature T , where f is the Fermi function (cf. Figure 1.1):

f(ǫ) =
1

1 + exp( ǫ−µ
kBT )

, (1.21)

µ is the chemical potential (Fermi level) and kB the Boltzmann constant. At
T = 0, this simplifies to

ρs(r) = 2

N/2
∑

i=1

|Ψi(r)|2 . (1.22)

In the latter case, the energy of this system is the sum of the one-electron
energies:

Es[ρ] =2

N/2
∑

i=1

ǫi = 2

N/2
∑

i=1

〈Ψi| −
1

2
∇2 + veff(r) |Ψi〉

=2

N/2
∑

i=1

〈Ψi| −
1

2
∇2 |Ψi〉+ 2

N/2
∑

i=1

〈Ψi| veff(r) |Ψi〉

=

N/2
∑

i=1

∫

|∇Ψi(r)|2 dr + 2

N/2
∑

i=1

∫

veff(r) |Ψi(r)|2 dr

=Ts[ρ] +

∫

veff(r)ρ(r) dr ,

(1.23)

where Ts[ρ] is the kinetic energy.
The ground state density obtained from the solution of (1.19) is also the
solution of the Euler-Lagrange equation of this system

µs =
δTs[ρ]

δρ(r)
+ veff(r) . (1.24)

Note that in so doing the Euler-Lagrange equation (1.24) can be solved even
though the explicit form of the functional derivative of Ts[ρ] is not known.
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• The interacting system.

The energy of the interacting system can be rewritten as

E[ρ] = Ts[ρ] + Vext[ρ] + J [ρ] + Exc[ρ] (1.25)

where

Ts[ρ]
(1.23)
=

N/2
∑

i=1

∫

|∇Ψi(r)|2 dr ,

Vext[ρ] =

∫

ρ(r)v(r)d3r ,

J [ρ] =
1

2

∫
ρ(r)ρ(r′)

|r− r′| dr dr
′ ,

Exc[ρ] =Vee[ρ]− J [ρ] + T [ρ]− Ts[ρ] .

(1.26)

The Euler-Lagrange equation reads as

µ =
δTs[ρ]

δρ(r)
+ v(r) + vcoul(r) + vxc(r) , (1.27)

where

vcoul(r) =
δJ [ρ]

δρ(r)
=

∫
ρ(r′)

|r− r′| dr ,

vxc(r) =
δExc[ρ]

δρ(r)
.

(1.28)

Defining
veff(r) = v(r) + vcoul(r) + vxc(r) , (1.29)

we obtain exactly the same Euler-Lagrange equation as in the case of the
non-interacting system (1.24). The solution of this equation is, as already
pointed out, the density obtained by (1.20), with the one-electron functions
that belong to the lowest eigenvalues of (1.19).
But note that, although the density has been obtained by the one-electron
functions, they have no physical meaning, in particular the energy of the
interacting system is not the sum of the eigenvalues! To see this, we compare
the energy of the non-interacting system (1.23)

Es[ρ] =2

N/2
∑

i=1

ǫi = Ts[ρ] +

∫

veff(r)ρ(r) dr

=Ts[ρ] +

∫

v(r)ρ(r) dr +

∫
ρ(r)ρ(r′)

|r− r′| dr dr
′

+

∫

vxc(r)ρ(r) dr

(1.30)

to the energy of the interacting system

E[ρ] = Ts[ρ] +

∫

v(r)ρ(r) dr +
1

2

∫
ρ(r)ρ(r′)

|r− r′| dr dr
′ + Exc[ρ] (1.31)



10 Version July 13, 2008 Chapter 1. Density functional theory

and obtain

E[ρ] = 2

N/2
∑

i=1

ǫi−
1

2

∫
ρ(r)ρ(r′)

|r− r′| dr dr
′

−
∫

vxc(r)ρ(r) dr + Exc[ρ] .

(1.32)

One may ask what has been gained by this formulation, since the explicit en-
ergy functional is still not known (the unknown parts have just been put into the
exchange-correlation functional Exc[ρ]). The advantage of the Kohn-Sham approach
is that by explicitly separating out the independent-particle kinetic energy and the
long-range coulombic term, the remaining exchange-correlation functional Exc[ρ]
can reasonably be approximated by a local functional of the density, i.e.

Exc[ρ] =

∫

ρ(r)ǫxc(r) dr , (1.33)

thus
δExc[ρ]

δρ(r)
= ǫxc(r) . (1.34)

Approximations of ǫxc are obtained by LDA (local density approximation) [15] or
GGA (generalized gradient approximation) [14].

Summary (Kohn-Sham approach)

1. Use an approximation for Exc[ρ].

2. Solve
[
− 1

2∇2
i + v(r) + vcoul(r) + ǫxc(r)

]
Ψi = ǫiΨi for the N/2 lowest

eigenvalues to obtain the Kohn-Sham orbitals Ψi.

3. Obtain the ground state density from ρs(r) = 2
∑N/2

i=1 |Ψi(r)| (for T = 0).

4. Now the ground state energy can be calculated:

E[ρ] = 2

N/2
∑

i=1

ǫi−
1

2

∫
ρ(r)ρ(r′)

|r− r′| dr dr
′

−
∫

vxc(r)ρ(r) dr + Exc[ρ] .



Chapter 2

Plane wave basis sets

The electronic Schrödinger equation is solved, in the Kohn-Sham approach (c.f.
p.10), by solving the independent particle Schrödinger equation

[

−1

2
∇2 + veff(r)

]

︸ ︷︷ ︸

Ĥeff

Ψi(r) = ǫiΨi(r) (2.1)

numerically by expanding the eigenfunctions in a series of basis functions. In this
chapter the expansion in a plane wave basis set is considered. To proceed, we need
the definition of the Bravais lattice and the reciprocal lattice.

2.1 Structure of crystals

In a crystal, the positions of the nuclei are repeated periodically in space, and thus
all properties follow the same periodicity. The set of all translations that map the
crystal onto itself, written as

T(n) =
∑

i

niai , (2.2)

where the vectors {ai} are the primitive vectors defining the unit cell, forms the
Bravais lattice. Positions and types of atoms in the primitive cell are called the
basis.
The Wigner-Seitz cell of a lattice is a special kind of unit cell, it is defined by the
planes that are the perpendicular bisectors from the origin to all lattice points (cf.
Figure 2.2). It is the most compact unit cell that is symmetric around the origin.
As an example, consider the silicon crystal. In Figure 2.1, a fraction of a silicon

crystal is shown. The primitive vectors are

a1 =a(0, 1/2, 1/2)

a2 =a(1/2, 0, 1/2)

a3 =a(1/2, 1/2, 0)

(2.3)

and the basis is

r0 =(0, 0, 0)

r1 =
1

4
(a1 + a2 + a3) .

(2.4)

11
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Figure 2.1. A fraction of a silicon crystal and its primitive vectors.

v v v v v

v v v v v

v v v v v

v v v v v

v v v v v

Figure 2.2. Wigner-Seitz cell of a 2d structure.

In this framework, also isolated molecules can be considered, by considering an
infinitely large unit cell. However, in practice, this is not possible, and so-called
supercells are introduced, for which periodic boundary conditions are applied. The
size of the supercell has to be chosen large enough such that the influence of the
artificial copies of the molecule is negligible. This is tested by increasing its volume
until the energy has converged. The supercell of a H2 molecule is illustrated in
Figure 2.3, and in Example 2.1, the convergence of the energy with respect to the
size of the supercell is presented.
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Figure 2.3. Supercell of the H2 molecule.

The reciprocal lattice is defined as the set of q that satisfy the condition

q · aj = 2π × integer . (2.5)

The (first) Brillouin zone is the Wigner-Seitz cell of the reciprocal lattice.

Example 2.1 (Isolated molecule).
Convergence study of the size of the supercell (cf. figure 2.3) for an isolated H2

molecule with respect to the atomization energy and the interatomic distance. The
size of the supercell is varied from 9×9×9 Bohr3 to 16×16×16 Bohr3. The relative
error is calculated with respect to the value obtained from the 40 × 40 × 40 Bohr3

supercell.
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2.2 The Bloch theorem

In a crystal, the effective potential is a periodic function, i.e. invariant under all
lattice translations veff(r + T(n)) = veff(r), where T(n) =

∑

i niai and the vectors
{ai} are the primitive vectors defining the unit cell with volume Ωcell. The crystal
under consideration consists of N1 ×N2 ×N3 cells.
It follows that also the Hamiltonian is invariant under lattice translations and thus
the eigenfunctions have to be periodic too and can be expanded in the complete set
of Fourier components

Ψi(r) =
∑

q

ci,q |q〉 , (2.6)

where |q〉 are the (orthonormal) plane wave basis functions

|q〉 = 1√
Ω

exp(iq · r) . (2.7)

Inserting (2.6) into (2.1) and multiplying from the left by 〈q′| leads to the discrete
formulation

∑

q

〈q′| Ĥeff |q〉 ci,q = ǫi
∑

q

〈q′|q〉 ci,q = ǫici,q′ . (2.8)

As the plane waves are eigenfunctions of the momentum operator, for the first part
of the matrix element 〈q′| Ĥeff |q〉 it holds

〈q′| − 1

2
∇2 |q〉 =

1

2
〈q′| p̂2 |q〉 =

1

2
q2δq,q′ . (2.9)
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Expressing the effective potential in a Fourier series yields (by summing over all
vectors Gm of the reciprocal lattice)

veff(r) =
∑

m

veff(Gm) exp(iGm · r)

〈q′| veff(r) |q〉 =
∑

m

veff(Gm) 〈q′| exp(iGm · r) |q〉

=
∑

m

veff(Gm)
1

Ω

∫

Ω

exp(i(Gm − (q′ − q)) · r) dr

=
∑

m

veff(Gm)δGm,q′
−q

(2.10)

Thus for the matrix element we get

〈q′| Ĥeff |q〉 =
1

2
q2δq,q′ +

∑

m

veff(Gm)δGm,q′
−q . (2.11)

It vanishes unless q and q′ differ by a reciprocal lattice vector, so we can uniquely
define q = k + Gm and q′ = k + Gm′ for a k in the Brillouin zone, and the
Schrödinger equation for any given k ∈ BZ can be written as

∑

m′

Hm,m′(k)ci,m′(k) = ǫi(k)ci,m(k) , (2.12)

where

Hm,m′(k) = 〈k + Gm| Ĥeff |k + Gm′〉

=
1

2
|k + Gm|2 δm,m′ + veff(Gm −Gm′) ,

Ψi,k =
∑

m

ci,m(k) |k + Gm〉 .
(2.13)

The Schrödinger equation is defined for each k separately and thus eigenfunctions
can be found for each k in the Brillouin zone. This was a simple derivation of the
Bloch theorem:

Theorem 2.1 (Bloch theorem). Each eigenfunction of the Schrödinger equation
(2.13) for a given k is given by

Ψi,k = exp(ik · r)ui,k(r) , (2.14)

where ui,k(r) is a cell-periodic function.

To calculate properties of a crystal, an integration over the Brillouin zone has to be
performed. In particular, the electron density reads as (cf. (1.20))

ρ(r) =
∑

i

Ncells

ΩBZ

∫

f(ǫi,k)ρi,k(r)dk ,where ρi,k(r) = 2 |Ψi,k(r)|2 , (2.15)

where Ncells is the number of primitive cells in the crystal, ΩBZ is the volume of the
Brillouin zone and f(ǫi,k) is the Fermi function, cf. (1.21).
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For a numerical integration, Monkhorst and Pack [11] proposed the following grid
of k points:

kn1,n2,n3
=

3∑

i=1

2ni −Ni − 1

2Ni
qi , (2.16)

where the qi are the primitive vectors of the reciprocal lattice.

Example 2.2 (k-point sampling).
Convergence study of the total energy with respect to the sampling of the Brillouin

zone. The number of sampling points is varied from 2 × 2 × 2 to 8 × 8 × 8. The
relative error is calculated with respect to the total energy obtained with 16×16×16
sampling points.
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2.3 Pseudopotential approximation

The valence electron wave functions typically have rapid oscillations in the core
region. Since plane waves are not well suited to this oscillations, it needs a very
large number of these basis functions to expand the wave functions of the valence
electrons in these regions.
Pseudopotentials are an ansatz to solve this problem: In the pseudopotential ap-
proximation, the core electrons are removed, and the strong ionic potential is re-
placed by a weaker pseudopotential that includes the ion and the core electrons (cf
[4]).
Potentials are defined by two different approaches: Most modern pseudopotential
calculations are based on ”ab initio” potentials that are constructed to fit the valence
properties of the atom, but also empirical pseudopotential methods are known.

2.4 Matrix diagonalization procedure

In Figure 2.4, the computational procedure using conventional matrix diagonal-
ization techniques is presented. Since the ground-state electron density enters the
potential, a self-consistent procedure is required: First, a trial density is chosen as
input. Then the effective potential is calculated with that trial density. The Hamil-
tonian matrix for each of the k values in the Brillouin zone needed for numeric
integration is calculated and the corresponding Schrödinger equations are solved by
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Pick a cutoff |k + G| for the plane wave basis set

?

Pick a trial density ρ(r)

?

Calculate veff (Gm) (cf. (2.10))

?

Calculate the matrix elements Hm,m′(kn1,n2,n3
) (cf. (2.13),(2.16))

?

Solve the Schrödinger eq. (2.12) ∀kn1,n2,n3
by matrix diagonalization

?

Calculate new ρ(r) (cf. (2.15))

?

Is the solution self-consistent?

YES?

Compute total energy (cf. (1.25))

NO

�

Figure 2.4. The ordinary computational procedure using matrix diagonalization.

matrix diagonalization. From the eigenvectors of the Hamilton matrices, the elec-
tron density is calculated and used as a new input density. This process is iterated
until self-consistence.
This procedure has certain drawbacks, in particular because all eigenvalues of the
Hamiltonian are calculated, whereas only the lowest ones are actually used for the
calculation of the density (at least at T = 0).
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Chapter 3

O(N) strategies

Many O(N) algorithms are based on the density matrix due to its decay properties.

3.1 Density matrix

Definition 3.1 (Density matrix). The (spinless) density matrix is defined as

ρ(r, r′) = N

∫

Ψ∗(r, s1, r2, s2, . . . rN , sN )

×Ψ(r′, s1, r2, s2, . . . rN , sN )ds1ds2 . . . dsN dr2 . . . drN ,

(3.1)

with the same assumptions as in Definition 1.1.

For non-interacting particles (such as in the Kohn-Sham approach), the density
matrix reads as

ρ(r, r′) =

∞∑

i=1

f(ǫi)Ψ
∗

i (r)Ψi(r
′) (3.2)

for finite temperatures and

ρ(r, r′) =

N/2
∑

i=1

Ψ∗

i (r)Ψi(r
′) (3.3)

for T = 0, respectively.
In a closed-shell system, the electron density ρ(r) can be obtained from the diagonal
elements of the density matrix:

ρ(r) = 2ρ(r, r) . (3.4)

At T = 0, the density matrix is a projection operator onto the space of occupied
states, which satisfies the idempotency constraint:

∫

ρ(r, r′′)ρ(r′′, r′) dr′′ = ρ(r, r′) . (3.5)

19
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The density matrix operator in the non-interacting case reads as:

ρ̂ =

∞∑

i=1

f(ǫi) |ψi〉 〈ψi| = f(Ĥ) , (3.6)

which is, in space representation, simply the density matrix (3.2):

〈r| ρ̂ |r′〉 =
∞∑

i=1

f(ǫi)Ψ
∗

i (r)Ψi(r
′) = ρ(r, r′) (3.7)

The eigenvectors of the density matrix operator are the eigenvectors |ψj〉 of the
Hamiltonian with eigenvalues f(ǫj):

ρ̂ |ψj〉 =

∞∑

i=1

f(ǫi) |ψi〉 〈ψi|ψj〉 =

∞∑

i=1

f(ǫi) |ψi〉 δij = f(ǫi) |ψj〉 . (3.8)

For numerical calculations, a finite dimensional basis {φi(r)} is introduced and the
corresponding approximations of the density matrix and the Hamiltonian are:

ρi,j =

∫ ∫

φi(r)
∗ρ(r, r′)φj(r

′) dr dr′ ,

Hi,j =

∫

φi(r)
∗

[

−1

2
∇2 + veff(r)

]

φj(r) dr .

(3.9)

3.2 Locality

In contrast to traditional chemistry, quantum chemistry is a non-local theory. How-
ever, the principle of nearsightedness introduced by Kohn [17] ensures that many
important properties can be found without calculating the eigenstates and using
only local information. It is the physical basis of the existence of computational
methods scaling linearly with the number of electrons. This principle is a conse-
quence of wave-mechanical destructive interference, and it states that in equilibrium
systems consisting of many quantum mechanical particles moving in an external po-
tential veff local electronic properties depend significantly on the effective potential
only at nearby points.
As an example, the density matrix ρ(r, r′) is diagonally dominant and its off-
diagonal elements decay with increasing distance from the diagonal:

ρ(r, r′)→ 0 as |r− r′| → ∞ . (3.10)

As pointed out by Goedecker [1], the decay properties are different in insulators and
metals. In a metallic system at zero temperature, the density matrix decays only
algebraically with respect to |r− r′|

ρ(r, r′) ∝ kF
cos(kF |r− r′|)
|r− r′|2 , (3.11)

where kF = |kF | and kF is the Fermi wave vector. In insulators at zero temperature,
the decay is exponentially, namely: For any r and for any s inside the primitive
cell, there exist constants C and γ such that

C exp(−γ|r|) ≥ |F (s, s− r)| . (3.12)
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Due to this rapid decay, a localization region can be introduced outside of which the
density matrix is assumed to vanish. To obtain linear scaling, the basis set has to
be chosen such that the matrix elements ρi,j reflect the decay properties of ρ(r, r′),
which is possible only when the basis set consists of localized functions.
As for the purely local one-electron Hamilton operator Ĥeff =

[
− 1

2∇2 + veff(r)
]

in
the independent-particle approximation, its representation in any localized basis is
sparse since 〈φi| Ĥeff |φj〉 is nonzero only if φi and φj have a non-vanishing overlap-
ping region.
Examples for localized basis sets are atom-centered Gaussian-type functions or ap-
proximations of exponentially localized Wannier functions.
Wannier functions are a unitary transformation of Kohn-Sham orbitals:

Ψnew

n (r) =
∑

m occ

Un,mΨm(r) , (3.13)

where U is a unitary N ×N matrix (only T = 0 is considered). Since the occupied
orbitals are eigenfunctions of the density matrix with eigenvalue one, the same is
valid for the transformed functions, and they can be used to build the density matrix
as well:

ρ(r, r′) =
∑

m occ

Ψ∗

m(r)Ψm(r′) =
∑

n

Ψnew
∗

n (r)Ψnew

n (r′) . (3.14)

Any set of functions that span the space of occupied space are called Wannier
functions. The usual way to define the Wannier functions in an insulating crystal
is:

Wn(r−R) =
Ωcell

(2π)3

∫

BZ

dk exp(−ikR)Ψn,k(r) . (3.15)

For crystalline solids such a transformation can be used to generate exponentially
localized Wannier functions.

In the following some important linear scaling methods based on the density
matrix are outlined, cf. [1]. In the next chapter the density matrix minimization
method is presented in a more detailed fashion.

3.3 Fermi operator expansion

In the Fermi operator expansion method an approximation p(H) ≈ f(H) of the
expression for the density matrix (cf. Section 3.1)

ρ = f(H) =
1

1 + exp
(

H−µ
kBT

) (3.16)

is calculated.
In the Chebyshev Fermi operator expansion, the density matrix is approxi-

mated by a Chebyshev polynomial representation:

p(H) =
c0
2
I +

npl∑

j=1

cjTj(H) , (3.17)

where the Chebyshev polynomials fulfill the recursion relation

T0(H) =I ,

T1(H) =H ,

Tj+1(H) = 2HTj(H)− Tj−1(H) .

(3.18)
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The coefficients of the expansion have to be chosen such that the polynomial p(ǫ)
approximates f(ǫ) for scalar ǫ.
Since the Chebyshev polynomials are defined only in the interval [−1, 1], the Hamil-
tonian first has to be scaled and shifted.

In the rational Fermi operator expansion, a rational representation of the den-
sity matrix is used:

p(H) =
∑

ν

wν

H − zν
. (3.19)

The parameters wν and zν can be obtained, for example, from the discretization of
the contour integral

f(ǫ) =
1

2πi

∮
dz

ǫ− z =

{
1
0

(3.20)

which is 1 if ǫ is inside the area enclosed by the contour and 0 otherwise and thus
represents the Fermi function at T = 0 if the integration path contains all energies
of the occupied states.
Once the parameters are known, expression (3.19) can be evaluated by solving

(H − zν)Fν = I (3.21)

for all ν and building the sum

ρ =
∑

ν

wνFν . (3.22)

3.4 Fermi operator projection

The Fermi operator expansion method computes the full density matrix, which is
sometimes inefficient when the number of basis functions per atom is very large.
The Fermi operator projection method uses another approach which is based on the
fact that the density matrix is a projector onto the space of occupied orbitals (in
the zero temperature case). Once the expansion parameters of (3.17) or (3.19) are
known, the density matrix operator is applied on a set of trial functions to generate
a set of functions that span the space of occupied states, i.e. Wannier functions.
In the case of rational expansion, the generation of the Wannier functions W̃n from
the trial functions Ṽn is calculated by solving:

(H − zν)W̃n,ν =Ṽn ,

W̃n =
∑

ν

wνW̃n,ν .
(3.23)



Chapter 4

The density matrix
minimization approach

In the density matrix minimization approach, the approximations of the density
matrix and the Hamiltonian in a discrete basis (3.9) are needed:
The energy of the non-interacting system (1.19) is

Es =

∞∑

i=1

f(ǫi)ǫi , (4.1)

which can be written as a trace:

Es = Tr f(H)H = Tr ρH . (4.2)

Therefore the density matrix can be obtained by minimizing Es under the constraint
of a fixed number of electrons N −∑

i=1 f(ǫi) = N − Tr ρ = 0. However, it is
more convenient to work at a fixed chemical potential µ and to consider the grand
potential

Ωs = Es − µN = Tr ρ(H − µI) , (4.3)

thus eliminating the explicit constraint on the number of electrons. The Lagrange
multiplier µ corresponds to the chemical potential. However, the idempotency con-
straint still needs to be included.

4.1 Purification function

If (4.3) is minimized without constraint, we will end up with runaway solutions
where eigenvalues corresponding to states below the Fermi level µ tend to −∞, and
eigenvalues corresponding to states above the Fermi level will go to +∞, which is
of course not a physical solution.
Li, Nunes and Vanderbilt [8] proposed a method to obtain the density matrix at
T = 0 by using the idempotency property which is equivalent to require the occu-
pation numbers (eigenvalues) to be 1 for occupied states (below the Fermi level)
and 0 for unoccupied states (above the Fermi level).
The idea is to restrict the eigenvalues to the interval [0, 1], since in this case the
minimization of (4.3) yields the correct result.
To do so, a purification function is introduced, the ”McWeeny purification func-

tion” 3x2 − 2x3 (cf. Figure 4.1). It maps idempotent matrices onto themselves,

23
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Figure 4.1. The McWeeny purification function.

since in this case ρ2 = ρ. If ρ is a trial matrix which is only nearly idempotent,
then 3ρ2− 2ρ3 is a purified version which is even closer to exact idempotency, since
the eigenvalues of the original matrix that are close to zero (one) are even closer to
zero (one) for the transformed matrix. The new eigenvalues lie in the interval [0, 1]
as long as the old eigenvalues were not outside the interval [−0.5, 1.5].
So, instead of the grand potential, we minimize a modified version:

Ωs = Tr(3ρ2 − 2ρ3)(H − µI) . (4.4)

Starting with an initial density matrix with occupation numbers in the interval
[0, 1], the minimization procedure should not lead to a runaway solution.
For the minimization of the grand potential, we need the gradient:

∂Ωs

∂ρ
= 3[ρ(H − µI) + (H − µI)ρ]

−2[ρ2(H − µI) + ρ(H − µI)ρ+ (H − µI)ρ2] .

(4.5)

Note that in the case of the true ground state density, the modified version equals
the original grand potential, and the gradient vanishes (since ρ = f(H) is a function
of H and thus they commute).

4.2 Conjugate gradient minimization

To minimize a function f(x), one can use iterative methods:
Let x(k) be the current approximation of x̂ and d(k) the search direction. The
new approximation x(k+1) is then obtained by minimization of φ(x) along the line
x(k) + αkd

(k), such that:

∂f(x(k) + αd(k))

∂α

∣
∣
∣
∣
α=αk

= 0 . (4.6)

In the method of steepest descent, one searches for the minimum in the direction of
the negative gradient:

d(k) =g(k)

g(k) =− ∇xf(x)|x=x(k) ,
(4.7)
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such that consecutive search directions are orthogonal to each other:

∂f(x(k) + αd(k))

∂α

∣
∣
∣
∣
α=αk

=
∑

i

∂f(x)

∂xi

∣
∣
∣
∣
x=x(k+1)

g
(k)
i

=
∑

i

g
(k+1)
i g

(k)
i = g(k+1) tg(k) (4.6)

= 0 .

(4.8)

To introduce the conjugate gradient method, we consider now a quadratic function
of the form

f(x) =
1

2
xtAx− xtb , (4.9)

where A is hermitian and positive definite, i.e. xTAx > 0 ∀x : x 6= 0.
The following ansatz for the search directions is chosen: The first search direction
corresponds to the negative gradient, and all following search directions are chosen
such that they are mutually conjugate with respect to A, that means they are
”A-orthogonal”:

〈

d(i), d(j)
〉

A
= d(i)∗Ad(j) = 0, i 6= j . (4.10)

With the ansatz:

d(k) = g(k) + βkd
(k−1) , where g(k) = −∇f(x) (4.11)

this yields

βk = −g
(k+1)∗Ad(k)

d(k)∗Ad(k)
for k 6= 0, β0 = 0 . (4.12)

The Polak-Ribiere formula [16] is equivalent to this formulation:

βk =
(g(k+1) − g(k))∗g(k+1)

g(k)∗g(k)
for k 6= 0, β0 = 0 . (4.13)

This formula is now used not only for quadratic forms, but for any kind of formula
for which one searches the minimum.
We apply the conjugate gradient method on the modified grand potential (4.4):

ρ0 ← ρguess ⊲ cf. Comment 2
G0 ← H0 ← −∂Ωs/∂ρ (ρ0) ⊲ cf. (4.5)
for it = 0, ..., itmax do

ρi+1 ← ρi + λiHi ⊲ cf. Comment 1
determine µ ⊲ cf. Comment 2, (4.14)
Gi+1 ← −∂Ωs/∂ρ (ρi+1) ⊲ cf. (4.5)

γi ← Tr(Gi+1−Gi)·Gi+1

Tr Gi·Gi
⊲ Polak-Ribière formula (4.13)

Hi+1 ← Gi+1 + γiHi

end for

Some comments:

1. Line minimization: Ω(ρi + λHi) is cubic with respect to λ, thus finding the
minimum corresponds to finding the zeros of a quadratic form.

2. Since the chemical potential is not known in advance (it corresponds to the
highest occupied energy level at zero temperature), Millam and Scuseria [10]
proposed to reset µ in every step such that the gradient is traceless

µ = −Tr
(
3ρH + 3Hρ− 2ρ2H − 2ρHρ− 2Hρ2

)
/N , (4.14)
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and thus the number of electrons (the trace of the density matrix) is conserved
in every step:

Tr ρi+1 = Tr(ρi + γiHi) = Tr ρi + γi TrHi = Tr ρi . (4.15)

Of course the initial guess of the density matrix has to yield the correct number
of electrons (which can be obtained by scaling, if necessary).

To ensure linear scaling, the basis functions need to be localized, as pointed out in
the previous section. Then the sparsity of the density matrix is conserved during
the iteration.



Appendix A

abinit input files

The present examples have been calculated by the use of the abinit code [3, 2],
www.abinit.org, that is based on pseudopotentials and planewaves.

Example 1.1 (From the abinit tutorial.)

# H2 molecule in a big box
#
# In t h i s input f i l e , the l o c a t i o n o f the in fo rmat ion on t h i s or that l i n e
# i s not important : a keyword i s l o ca t ed by the parser , and the r e l a t e d
# in format ion should f o l l ow .
# The ”#” symbol i n d i c a t e s the beg inning o f a comment : the remaining
# of the l i n e w i l l be skipped .
ndtset 21
xcart :

−0.5 0 .0 0 .0
0 .5 0 .0 0 .0

xcart+
−0.025 0 .0 0 .0
0 .025 0 .0 0 .0

nband 1
#−−−−−−−−−−−−−−−−

#De f i n i t i o n o f the un i t c e l l
a c e l l 10 10 10 # The keyword ” a c e l l ” r e f e r s to the

# lengths o f the p r im i t i v e ve c to r s ( in Bohr )

#De f i n i t i o n o f the atom types
ntypat 1 # There i s only one type o f atom
znuc l 1 # The keyword ” znuc l ” r e f e r s to the atomic number o f the

# po s s i b l e type ( s ) o f atom . The pseudopotent i a l ( s )
# mentioned in the ” f i l e s ” f i l e must correspond
# to the type ( s ) o f atom . Here , the only type i s Hydrogen

.

#De f i n i t i o n o f the atoms
natom 2 # There are two atoms
typat 1 1 # They both are o f type 1 , that i s , Hydrogen

#De f i n i t i o n o f the planewave ba s i s s e t
ecut 10 .0 # Maximal plane−wave k i n e t i c energy cut−o f f , in Hartree

#De f i n i t i o n o f the k−point g r id
nkpt 1 # Only one k point i s needed f o r i s o l a t e d system ,

# taken by de f au l t to be 0 .0 0 .0 0 .0

#De f i n i t i o n o f the SCF procedure
nstep 10 # Maximal number o f SCF cy c l e s
t o l d f e 1 .0d−6 # Wil l stop when , twice in a row , the d i f f e r e n c e

# between two consecut i ve eva lua t i on s o f t o t a l energy

27
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# d i f f e r by l e s s than t o l d f e ( in Hartree )
diemac 2 .0 # Although t h i s i s not mandatory , i t i s worth to

# precond i t i on the SCF cyc l e . The model d i e l e c t r i c
# func t i on used as the standard p r e cond i t i on e r
# i s de s c r ibed in the ” d i e l ng ” input va r i ab l e s e c t i o n .
# Here , we f o l l ow the p r e s c r i p t i o n s f o r molecu le s
# in a big box

Results (extracted from the abinit output file):

# d etotal

1 -1.0368223891E+00

1.05 -1.0538645432E+00

1.1 -1.0674504851E+00

1.15 -1.0781904896E+00

1.2 -1.0865814785E+00

1.25 -1.0930286804E+00

1.3 -1.0978628207E+00

1.35 -1.1013539124E+00

1.4 -1.1037224213E+00

1.45 -1.1051483730E+00

1.5 -1.1057788247E+00

1.55 -1.1057340254E+00

1.6 -1.1051125108E+00

1.65 -1.1039953253E+00

1.7 -1.1024495225E+00

1.75 -1.1005310614E+00

1.8 -1.0982871940E+00

1.85 -1.0957584181E+00

1.9 -1.0929800577E+00

1.95 -1.0899835223E+00

2 -1.0867972867E+00

Example 2.1 (From the abinit tutorial, modified.)

# H2 molecule in a big box
#
# This f i l e to opt imize the H2 bond length , compute the a s s o c i a t ed t o t a l
# energy , then to compute the t o t a l energy o f the i s o l a t e d H atom .
# Here , a double loop has been used .
#

ndtset 18 udtset 9 2

#De f i n i t i o n o f the un i t c e l l and ecut ,
#f o r which one w i l l have to make a convergence study

a c e l l 1 ? 9 9 9
a c e l l 2 ? 10 10 10
a c e l l 3 ? 11 11 11
a c e l l 4 ? 12 12 12
a c e l l 5 ? 13 13 13
a c e l l 6 ? 14 14 14
a c e l l 7 ? 15 15 15
a c e l l 8 ? 16 16 16
a c e l l 9 ? 40 40 40
ecut 10

#F i r s t datase t : f i nd the optimal bond length o f H2 , and a s s o c i a t ed t o t a l
energy

natom?1 2 # There are two atoms
ionmov?1 3 # Use the modi f i ed Broyden algor i thm
ntime ?1 10 # Maximum number o f Broyden ” t imesteps ”

tolmxf ?1 5 .0d−4 # Stopping c r i t e r i o n f o r the geometry opt imizat i on
: when
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# the r e s i d u a l f o r c e s are l e s s than tolmxf , the
Broyden

# algor i thm can stop
xcart ?1 −0.7 0 .0 0 .0 # The s t a r t i n g va lues o f the

0 .7 0 .0 0 .0 # atomic coo rd ina t e s
t o l d f f ?1 1 .0d−8 # Wil l stop the SCF cyc l e when , twice in a row ,

# the d i f f e r e n c e between two consecut i ve
eva lua t i on s o f

# f o r c e s d i f f e r by l e s s than t o l d f f ( in Hartree /
Bohr )

nband?1 1 # Just one band

#Second datase t : get the t o t a l energy o f the i s o l a t e d atom
natom?2 1 # There i s one atom

nsppol ?2 2 # Spin−po l a r i z ed c a l c u l a t i o n
occopt ?2 2 # Allow occupat ion numbers to be s e t by hand
nband?2 1 1 # Number o f bands f o r sp in up and sp in down

occ ?2 1 .0 0 .0 # Occupation numbers f o r sp in up s t a t e and sp in
down s t a t e .

t o l d f e ?2 1 .0d−10 # Wil l stop the SCF cy c l e s when , twice in a row ,
# the d i f f e r e n c e between two consecut i ve

eva lua t i on s
# of t o t a l energy d i f f e r by l e s s than t o l d f e ( in

Hartree )
xcart ?2 0 .0 0 .0 0 .0 # The atom i s l o ca t ed at the o r i g i n

sp inat ?2 0 .0 0 .0 1 .0 # I n i t i a l i s a t i o n o f sp in

#De f i n i t i o n o f the atom types
ntypat 1 # There i s only one type o f atom
znuc l 1 # The keyword ” znuc l ” r e f e r s to the atomic number o f the

# po s s i b l e type ( s ) o f atom . The pseudopotent i a l ( s )
# mentioned in the ” f i l e s ” f i l e must correspond
# to the type ( s ) o f atom . Here , the only type i s Hydrogen

.

#De f i n i t i o n o f the atoms
typat 1 1 # For the f i r s t dataset , both numbers w i l l be read ,

# whi le f o r the second dataset , only one number w i l l be
read

#De f i n i t i o n o f the k−point g r id
nkpt 1 # Only one k point i s needed f o r i s o l a t e d system ,

# taken by de f au l t to be 0 .0 0 .0 0 .0

#De f i n i t i o n o f the SCF procedure
nstep 20 # Maximal number o f SCF cy c l e s
#t o l d f e i s no more def ined , as t o l d f f i s used above . . .
diemac 2 .0 # Although t h i s i s not mandatory , i t i s worth to

# precond i t i on the SCF cyc l e . The model d i e l e c t r i c
# func t i on used as the standard p r e cond i t i on e r
# i s de s c r ibed in the ” d i e l ng ” input va r i ab l e s e c t i o n .
# Here , we f o l l ow the p r e s c r i p t i o n s f o r molecu le s
# in a big box

Results (extracted from the abinit output file):

# acell d/2 eh eh2

9.0000000000E+00 -7.6539544910E-01 -4.7394116070E-01 -1.1114240079E+00

1.0000000000E+01 -7.6090955106E-01 -4.7010531520E-01 -1.1058360646E+00

1.1000000000E+01 -7.5743827221E-01 -4.6859731320E-01 -1.1047427543E+00

1.2000000000E+01 -7.5472306662E-01 -4.6767804802E-01 -1.1039109449E+00

1.3000000000E+01 -7.5423438678E-01 -4.6748802746E-01 -1.1040562185E+00

1.4000000000E+01 -7.5491642761E-01 -4.6743724199E-01 -1.1039012769E+00

1.5000000000E+01 -7.5359545251E-01 -4.6727185267E-01 -1.1039503586E+00

1.6000000000E+01 -7.5427419294E-01 -4.6735895176E-01 -1.1041439326E+00

4.0000000000E+01 -7.5447247224E-01 -4.6736983269E-01 -1.1042220955E+00

Example 2.2 (From the abinit tutorial, modified.)
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# Cry s t a l l i n e s i l i c o n : computation o f the t o t a l energy
# Convergence with r e sp e c t to the number o f k po in t s .

ndtse t 8

#De f i n i t i o n o f the k−point g r i d s
kptopt 1 # Option f o r the automatic gene ra t i on o f k points , tak ing

# into account the symmetry
n sh i f t k 4
s h i f t k 0 .5 0 .5 0 .5 # These s h i f t s w i l l be the same f o r a l l g r i d s

0 .5 0 .0 0 .0
0 .0 0 .5 0 .0
0 .0 0 .0 0 .5

ngkpt1 2 2 2 # De f i n i t i o n o f the d i f f e r e n t g r i d s
ngkpt2 3 3 3
ngkpt3 4 4 4
ngkpt4 5 5 5
ngkpt5 6 6 6
ngkpt6 7 7 7
ngkpt7 8 8 8
ngkpt8 16 16 16

getwfk −1 # This i s to speed up the ca l cu l a t i on , by r e s t a r t i n g
# from prev ious wavefunctions , t r a n s f e r r e d from the old
# to the new k−po in t s .

#De f i n i t i o n o f the un i t c e l l
a c e l l 3∗10.18 # This i s equ iva l en t to 10 .18 10 .18 10 .18
rprim 0 .0 0 .5 0 .5 # FCC pr im i t i v e ve c to r s ( to be s ca l ed by a c e l l )

0 . 5 0 .0 0 .5
0 .5 0 .5 0 .0

#De f i n i t i o n o f the atom types
ntypat 1 # There i s only one type o f atom
znuc l 14 # The keyword ” znuc l ” r e f e r s to the atomic number o f the

# po s s i b l e type ( s ) o f atom . The pseudopotent i a l ( s )
# mentioned in the ” f i l e s ” f i l e must correspond
# to the type ( s ) o f atom . Here , the only type i s S i l i c o n .

#De f i n i t i o n o f the atoms
natom 2 # There are two atoms
typat 1 1 # They both are o f type 1 , that i s , S i l i c o n .
xred # This keyword i nd i c a t e that the l o c a t i o n o f the atoms

# w i l l f o l l ow , one t r i p l e t o f number f o r each atom
0 .0 0 .0 0 .0 # Tr ip l e t g i v ing the REDUCED coord inate o f atom 1 .
1/4 1/4 1/4 # Tr ip l e t g i v ing the REDUCED coord inate o f atom 2 .

#De f i n i t i o n o f the planewave ba s i s s e t
ecut 8 .0 # Maximal k i n e t i c energy cut−o f f , in Hartree

#De f i n i t i o n o f the SCF procedure
nstep 20 # Maximal number o f SCF cy c l e s
t o l d f e 1 .0d−15 # Wil l stop when , twice in a row , the d i f f e r e n c e

# between two consecut i ve eva lua t i on s o f t o t a l energy
# d i f f e r by l e s s than t o l d f e ( in Hartree )

diemac 12 .0 # Although t h i s i s not mandatory , i t i s worth to
# precond i t i on the SCF cyc l e . The model d i e l e c t r i c
# func t i on used as the standard p r e cond i t i on e r
# i s de s c r ibed in the ” d i e l ng ” input va r i ab l e s e c t i o n .
# Here , we f o l l ow the p r e s c r i p t i o n f o r bulk s i l i c o n .

Results (extracted from the abinit output file):

# N_i etotal

2 -8.8662238960E+00

3 -8.8718529095E+00

4 -8.8724909739E+00

5 -8.8725723303E+00
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6 -8.8726017432E+00

7 -8.8725999849E+00

8 -8.8726056405E+00

16 -8.8726067215E+00
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