Structured eigenvalue condition numbers and
linearizations for matrix polynomials*
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Abstract. This work is concerned with eigenvalue problems for structured matrix polynomials,
including complex symmetric, Hermitian, even, odd, palindromic, and anti-palindromic matrix poly-
nomials. Most numerical approaches to solving such eigenvalue problems proceed by linearizing the
matrix polynomial into a matrix pencil of larger size. Recently, linearizations have been classified
for which the pencil reflects the structure of the original polynomial. A question of practical impor-
tance is whether this process of linearization significantly increases the eigenvalue sensitivity with
respect to structured perturbations. For all structures under consideration, we show that this cannot
happen if the matrix polynomial is well scaled: There is always a structured linearization for which
the structured eigenvalue condition number does not differ much. This implies, for example, that
a structure-preserving algorithm applied to the linearization fully benefits from a potentially low
structured eigenvalue condition number of the original matrix polynomial.
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1 Introduction

Consider an n X n matrix polynomial
P(A) = Ao+ A1+ N Ay + - + A" Ay, (1)

with Ao, ..., Ay € C"*". An eigenvalue A € C of P, defined by the relation det(P(X\)) =0,
is called simple if A is a simple root of the polynomial det(P())).

This paper is concerned with the sensitivity of a simple eigenvalue A under perturbations
of the coefficients A;. The condition number of X is a first-order measure for the worst-case
effect of perturbations on A. Tisseur [35] has provided an explicit expression for this condition
number. Subsequently, this expression was extended to polynomials in homogeneous form by
Dedieu and Tisseur [10], see also [1, 5, 9], and to semi-simple eigenvalues in [24]. In the
more general context of nonlinear eigenvalue problems, the sensitivity of eigenvalues and
eigenvectors has been investigated in, e.g., [3, 26, 27, 28].

Loosely speaking, an eigenvalue problem (1) is called structured if there is some distinctive
structure among the coefficients Ao, ..., A,,. For example, much of the recent research on
structured polynomial eigenvalue problems was motivated by the second-order T-palindromic
eigenvalue problem [20, 29]

Ao+ AA; + 22 AL,

where A; is complex symmetric: AT = A;. In this paper, we consider the structures listed
in Table 1. To illustrate the notation of this table, consider a T-palindromic polynomial
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Structured Polynomial P(\) = >"1" ) A"4;

’ Structure Condition ‘ m=2
symmetric PT(\) =P()\) P(X) = A240 + AA; + Ao,
Al = Ay, AT = Ay, AT = A,
Hermitian PH(N) =P()) P(A) = A240 + AA; + As,
Al = Ag, Al = Ay, AE = A
*-even P*(\) =P(=X\) P(A\) =X A+ \B+C,
A*=A,B*=-B,C*=C
*x-odd P*(A\) = =P(-)) P(A\) =X A+ \B+C,
A*=—-A,B*=B,C*=-C
*-palindromic P*(A) = A"P(1/)) P(A\) =\N2A+A\B+ A*,B*=B
x-anti-palindromic | P*(A) = A™P(=1/)) | P(\) = M2A+ \B — A*, B* = —-B

Table 1: Overview of structured matrix polynomials discussed in this paper. Note that
* € {T,H} may denote either the complex transpose (*x = T') or the Hermitian transpose
(x=H).

characterized by the condition PT()\) = A™P(1/)\). For even m, P takes the form
P(A) = Ao+ -+ X2 Aoy + N2 Ay + NMPHAL 4 4 ATAT,
with complex symmetric A,, /7, and for odd m, P takes the form
P(A) = Ag+ -+ AV 2A Gy 4 AHDZAT 4 AT AT

In certain situations, it is reasonable to expect that perturbations of the polynomial respect
the underlying structure. For example, if a strongly backward stable eigenvalue solver was
applied to a palindromic matrix polynomial then the computed eigenvalues would be the
exact eigenvalues of a slightly perturbed palindromic eigenvalue problems. Also, structure-
preserving perturbations are physically more meaningful in the sense that the spectral sym-
metries induced by the structure are not destroyed. Restricting the admissible perturbations
might have a positive effect on the sensitivity of an eigenvalue. This question has been studied
for linear eigenvalue problems in quite some detail recently [8, 14, 23, 21, 22, 24, 31, 32, 33].
It often turns out that the desirable positive effect is not very remarkable: in many cases
the worst-case eigenvalue sensitivity changes little or not at all when imposing structure. No-
table exceptions can be found among symplectic, skew-symmetric, and palindromic eigenvalue
problems [23, 24]. Bora [7] has identified situations for which the structured and unstructured
eigenvalue condition numbers for matrix polynomials are equal, see also Section 2.

Throughout this paper, we consider complex structured perturbations despite the fact that
the coefficient matrices A; are typically real. This is mainly for convenience; the expressions
for real structured condition numbers can be expected to be quite technical, which would
complicate the subsequent analysis. Moreover, existing results [8, 24, 33] indicate that there
is often no or little difference between real and complex structured condition numbers.

Due to the lack of a robust genuine polynomial eigenvalue solver, the eigenvalues of P
are usually computed by first reformulating (1) as an mn X mn linear generalized eigen-
value problem and then applying a standard method such as the QZ algorithm [13] to the
linear problem. This process of linearization introduces unwanted effects. Besides the obvi-
ous increase of dimension, it may also happen that the eigenvalue sensitivities deteriorate.
Fortunately, one can use the freedom in the choice of linearization to minimize this deteri-
oration for the eigenvalue region of interest, as proposed for quadratic eigenvalue problems



in [11, 19, 35]. For the general polynomial eigenvalue problem (1), Higham et al. [18, 16] have
identified linearizations with minimal eigenvalue condition number /backward error among the
set of linearizations described in [30]. For structured polynomial eigenvalue problems, rather
than using any linearization it is of course advisable to use one which has a similar structure.
For example, it was shown in [29] that a palindromic matrix polynomial can usually be lin-
earized into a palindromic or anti-palindromic matrix pencil, offering the possibility to apply
structure-preserving algorithms to the linearization. It is natural to ask whether there is also
a structured linearization that has no adverse effect on the structured condition number. For
a small subset of structures from Table 1, this question has already been discussed in [18]. In
the second part of this paper, we extend the discussion to all structures from Table 1.

The rest of this paper is organized as follows. In Section 2, we first review the derivation
of the unstructured eigenvalue condition number for a matrix polynomial and then provide
explicit expressions for structured eigenvalue conditions numbers. In Section 4, we apply
these results to find good choices from the set of structured linearizations described in [29].

2 Structured condition numbers for matrix polynomials

Before discussing the effect of structure on the sensitivity of an eigenvalue, we briefly review
existing results on eigenvalue condition numbers for matrix polynomials. Assume that A is a
simple finite eigenvalue of the matrix polynomial P defined in (1) with normalized right and
left eigenvectors x and y:

PNz =0, y"PA) =0, [zl2=yl2=1. (2)
The perturbation
(P + AP)(A) = (Ao + Eo) + AM(A1L + E1) + -+ + A (Am + Eny)
moves A to an eigenvalue X of P+ AP. A useful tool to study the effect of AP is the first
order perturbation expansion

~ 1
A=X— myHAP(A):c+0(||AP||2), (3)
which can be derived, e.g., by applying the implicit function theorem to (2), see [10, 35]. Note
that yP’(\)x # 0 because A is simple [3].
To measure the sensitivity of A we first need to specify a way to measure AP. Given a
matrix norm ||-|jm on C"*™, a monotone vector norm |- ||y on C™*! and non-negative weights
W, - . - W, we define

1 1 1
AP = H [||E0||M» —||E1l[m; -- -, |EmM]
wo w1 Wm

R

A relatively small weight w; means that ||E;|m will be small compared to [|AP[|. In the
extreme case w; = 0, we define ||E;|jm/w; = 0 for ||E;||m = 0 and || E;||m/w; = oo otherwise.
If all w; are positive then (4) defines a norm on C"*™ x --- x C"*" see [2, 1] for more on
norms of matrix polynomials.

We are now ready to introduce a condition number for the eigenvalue A of P with respect
to the choice of |AP|| in (4):

. A=A
we () o= lim sup { 24y < o), (5)

where A is the eigenvalue of P + AP closest to A. An explicit expression for xkp(A) can be
found in [35, Thm. 5] for the case || |v = || - |lco and || ||m = || - ||2- In contrast, the approach



used in [10] requires an accessible geometry on the perturbation space and thus facilitates the

norms || - |lv=|- |l and || - |lm = || - ||#- Lemma 2.1 below is more general and includes both
settings. For stating our result, we recall that the dual to the vector norm || - ||v is defined as
lwlo == sup |w”z],
ll=llv=<1
see, e.g., [15].

Lemma 2.1 Consider the condition number kp(X) defined in (5) with respect to (4). For
any unitarily invariant norm || - ||m we have

llwo, wi[Al, - - -, wm[A™]llo
[y P (A)|

where || - ||p denotes the vector norm dual to || - ||v.

Kkp(A) = (6)

Proof. Inserting the perturbation expansion (3) into (5) yields

1
A) = o TAP(N)z|: AP < 1}.
ke (N) = gy e Iy AP(al - [ AP] <1} @
Defining b = [||Eo|m/wo, - -, ||Em||M/wm]T, we have ||[AP|| = ||b|lv. By the triangular in-
equality,
ly" AP(Nal <Y APy Eial. (8)
i=0

With a suitable scaling of E; by a complex number of modulus 1, we can assume without loss
of generality that equality holds in (8). Hence,

sup |y AP(\)z| = sup Z|)\|l sup  |yP E;x). (9)
lAP[I<1 Hb\|v<1 |2: Im=wib;

Using the particular perturbation E; = w;b;yz, it can be easily seen that the inner supremum
is w;b; and hence

m} H

sup |yHAP()\)x| = sup Hwo7w1|)\|, . 7wm|)\|m]b‘ = ||[wo, w1, -+ wm|A|
[IAP|I<1 [lollv<t

which completes the proof. 0O
We refer to [1] for a general setting which allows some of the matrices A; to remain
unperturbed. From a practical point of view, measuring the perturbations of the individual

coefficients of the polynomial separately makes a lot of sense and thus the choice ||-||v = |- ||oo
seems to be most natural. However, it turns out — especially when considering structured
condition numbers — that more elegant results are obtained with the choice || - |lv = || - |2,

which we will use throughout the rest of this paper. In this case, the expression (6) takes the

form
||[WQ, W1>\, e ,wmAm]Hg

[y P’ (A)z| ’

rp(A) = (10)

see also [1, 4].
If A = oo is a simple eigenvalue of P, a suitable condition number can be defined as

kp(00) 1= 111r(1)sup{1/|3\6\ : JAP|| < €}
and, following the arguments above,

kp(00) = win /|y A 1|



for any (Holder) p-norm || - |lv. Note that this discrimination between finite and infinite
eigenvalues disappears when homogenizing P as in [10] or measuring the distance between
perturbed eigenvalues with the chordal metric as in [34]. In order to keep the presentation
simple, we have decided not to use these concepts.

The rest of this section is concerned with quantifying the effect on the condition num-
ber when the perturbation AP is restricted to a subset S of the space of all n x n matrix
polynomials of degree at most m.

Definition 2.2 Let A be a simple finite eigenvalue of a matriz polynomial P with normalized
right and left eigenvectors x and y. Then the structured condition number of A with respect
to S is defined as

A=
€

Kp(\) == lii%sup{ : AP €S, ||AP|| < e} (11)

For a simple infinite eigenvalue \, k% (o0) = llir(l) sup{1/|Xe| : AP €S, ||AP| < €}.

If S is a star-shaped set [12] with respect to 0, the expansion (3) can be used to show

1
S = —— H : <
Kp(A) TP O] sup {|[y" AP(A\)z|: AP €S, [|AP|| <1} (12)

and
kp(00) = —————sup{|[y"Epz|: AP €S, [|Enlw <wm}. (13)
[yH A 12|
The formulation (12) is the starting point to derive explicit expressions for mls; under
particular choices of S. To proceed, one can employ results by Karow [21] on the geometry
of the set {y’Ez : E € E, ||E||m < 1} with respect to some matrix structures E C C"*"
induced by the polynomial structure S. Such an approach was proposed by Bora [7], who
also derived explicit expressions and bounds on /ils:) for the structures considered in this paper.
Our expressions are of a similar nature and we therefore defer the derivations to Appendix A.
The major difference is that we use || - |[v = || - ||]2 while [7] uses || - |lv = || - [|oo for combining
the norm of perturbations in the polynomial coeflicients, see (4). We deliberately choose the
2-norm setting as this allows simpler explicit expressions for structured eigenvalue condition
numbers. This in turn enables easy comparison of structured eigenvalue condition numbers
of structured polynomials with those of the structured linearizations discussed in Section 4.

2.1 Complex symmetric matrix polynomials

No or only an insignificant decrease of the condition number can be expected when imposing
complex symmetries on the perturbations of a matrix polynomial.

Lemma 2.3 LetS denote the set of complex symmetric matriz polynomials. Then for a finite
or infinite, simple eigenvalue X of a matriz polynomial P,

1. kp(N) = kp(A) for || - [lm = || - ||2, and

1+|yTx|2
2. k50 = Y (V) for || =11+ -

2.2 T-even and T-odd matrix polynomials

To describe the structured condition numbers for T-even and T-odd polynomials in a conve-
nient manner, we introduce the vector

A, = [wm)\m7 W1 AT Wi, wo]T (14)



along with the even coeflicient projector
m m—2 2 T : :
M, : Ay e TL(Ay) = [wm)\ , 0, wp—2A , 0, ..., wad®, 0, w%] , if m is even, (15)
[O,wm,l)\mfl, 0, W3 A3, ..., 0, wo] , if m is odd.
The odd coefficient projection is defined analogously and satisfies TI,(A,) = A, — I (Ay).

Lemma 2.4 Let S denote the set of all T-even matriz polynomials. Then for a finite, simple
eigenvalue A of a matriz polynomial P,

)= /1= 7o e o () for |- =) [l2, and

I, (Aw)||2—||He(Aw
2 K%wzﬁw—\yw“ DRI o0 () for |- fw =11 [l

For an infinite, simple eigenvalue,

Kp(00), if m 1s even,
3. kp(c0) _{ s ! for I-Im =1l ll2, and

1 —|yTz|> kp(o0), if m is odd,
? 1+ [yTz|?kp(c0), if m is even,

1 —|yTx|?2kp(c0), if m is odd,

for I-lim=1-1lr

Remark 2.5 Note that the statement of Lemma 2.4 does not assume that P itself is T-even.
If we impose this condition then, for odd m, P has a simple infinite eigenvalue only if also
the size of P is odd, see, e.g., [24]. In this case, the skew-symmetry of A,, forces the infinite
eigenvalue to be preserved under arbitrary structure-preserving perturbations. This is reflected
by k(o) = 0.

Lemma 2.4 reveals that the structured condition number can only be significantly lower
than the unstructured one if |y 2| and the ratio

e PRl

o w 7 O 7 even

T3 N RN
1=0,...,m 1=0,...,m

are close to one. The most likely situation for the latter ratio to become close to one is when
m is odd, wy, does not vanish, and || is large.

Example 2.6 ([33]) Let

0 1—-¢ 0
POA)=T+XN+NT+N| -1+6 0 i
0 -i 0

with 0 < ¢ < 1. This matriz polynomial has one eigenvalue Ao, = 00 because of the highest
coefficient, which is — as any odd-sized skew-symmetric matriz — singular. The following table
additionally displays the eigenvalue Ayax of largest magnitude, the eigenvalue Aynin of smallest
magnitude, as well as their unstructured and structured condition numbers for the set S of

T-even matriz polynomials. We have chosen w; = ||A;||2 and || - |Im = || - ||2-
y ¢ | 10° 1077 1077 |
K(Aoo) 1 14x10° 1.4 x10°
K5 (Aoo) 0 0 0
[Amax| | 1.47 224 2.2 x10%
kp(Amax) | 112 3.5 x10° 3.5 x 1017

P
KD (Amax) | 112 25 x 10 2.5 x 10'3
[Amin| | 0.83 0.99 1.00
kp(Amin) | 0.45 5.0 x 102 5.0 x 10®
K5 (Amin) | 045 3.5 x 102 3.5 x 10®




The entries 0 = Kp(Aoo) < kp(Aoo) Teflect the fact that the infinite eigenvalue stays intact
under structure-preserving but not under general perturbations. For the largest eigenvalues,
we observe a significant difference between the structured and unstructured condition numbers
as ¢ — 0. In contrast, this difference becomes negligible for the smallest eigenvalues.

Remark 2.7 For even m, the structured eigenvalue condition number of a T -even polynomial
is usually close to the unstructured one. For evample if all weights are equal, ||T1,(A)]|3 <

IA113/2 implying k5 (A) = kp(X)/V2 for ||+ llm = | - -

For T-odd polynomials, we obtain the following analogue of Lemma 2.4 by simply ex-
changing the roles of odd and even in the proof.

Lemma 2.8 Let S denote the set of all T-odd matriz polynomials. Then for a finite, simple
eigenvalue A of a matriz polynomial P,

)= /1= a2 o () for |- = |- [l2, and
T (AL) |12 =TT (AL) |2 _
2. HI%(A):ﬁwf\yTxF“ Aol BB 1 () for |- lw = 1|+ 1
For an infinite, simple eigenvalue,
S | kp(0), ifm is odd, e—.
5. ih(o0) = { (PR B oI = 1o and

1+ |yTx|2kp(00), if m is odd,
if m is even,

L
4- Kp(00) = { J? for [ -lm=1-1lr
Similar to the discussion above, the only situation for which £ ()) can be expected to become
significantly smaller than rkp()\) when |[yTz| ~ 1 and A ~ 0.

2.3 T-palindromic and T-anti-palindromic matrix polynomials

For a T-palindromic polynomial it is sensible to require that the weights in the choice of
[|AP], see (4), satisfy w; = wp—;. This condition is tacitly assumed throughout the entire
section. The Cayley transform for polynomials introduced in [29, Sec. 2.2] defines a mapping
between palindromic/anti-palindromic and odd/even polynomials. As already demonstrated
in [24] for the case m = 1, this idea can be used to transfer the results from the previous
section to the (anti-)palindromic case. For the mapping to preserve the underlying norm we
have to restrict ourselves to the case || - |[m = || - ||r. The coefficient projections appropriate
for palindromic polynomials are given by Iy : A,, — I+ (A,) with

m m/2+41 4 ym/2—1 m/2 3 ym/2T . .
wdiEL W AT R AT AT if m is even
A [ 073 sy Wm/2—-1 s Wm /2 D) )
H:I:( w) = A1 AmAD 2y (m=1)/21T . . (16)
[wo 7z w(m71)/2T] ) if m is odd.

Note that [[TLy (Aw)[13 + ITT- (Aw)|3 = [[Au 3.

Lemma 2.9 Let S denote the set of all T-palindromic matriz polynomials. Then for a finite,
simple eigenvalue A of a matriz polynomial P, with || - |m = || - |7,

2 _ 2
Hp \f\/1+| T |2|| +( w)|:|2Aw|:|§H—(Aw)H2 kp(N).

For an infinite, simple eigenvalue, IiP(OO) = kp(00).




From the result of Lemma 2.9 it follows that a large difference between the structured
and unstructured condition numbers for T-palindromic matrix polynomials may occur when
lyTz| is close to one, and ||ILy(A,)|l2 is close to zero. Assuming that all weights are positive,
the latter condition implies that m is odd and and A &~ —1. An instance of such a case is
given by a variation of Example 2.6.

Example 2.10 Consider the T-palindromic matriz polynomial

1 1—¢ 0 1 1—¢ 0
PAN=| -14+¢ 1 i |+M+XNT-X]| -1+¢ 1 i
0 -i 1 0 -i 1

with 0 < ¢ < 1. An odd-sized T-palindromic matriz polynomial, P has the eigenvalue A\_1 =
—1. The following table additionally displays one eigenvalue Acjose closest to —1, an eigenvalue
Amin of smallest magnitude, as well as their unstructured and structured condition numbers for
the set S of T-palindromic matriz polynomials. We have chosen w; = || A;||Fp and ||-|lm = ||-||F-

y ¢ [1071 1077 1078 |
( 1) ] 209  22x10T  22x10°
Ky(A_1) 0 0 0

11 + Aelose| | 0.39 1.4 x 1072 1.4 x 10714

)
)

1.1 1.1x10* 1.1x108

Kp(Acose) | 6.38 2.5 x 102 2.6 x 104
|1 + Amin| | 1.25 1.41 1.41
kp(Amin) | 792 79x10> 7.9 x 107
KS(Amin) | 575 5.6x10% 5.6 x 107

( close

The entries 0 = k$(A_1) < rkp(A_1) reflect the fact that the eigenvalue —1 remains intact

under structure-preserving but not under general perturbations. Also, eigenvalues close to —1
benefit from a significantly lower structured condition numbers as ¢ — 0. In contrast, only a
practically irrelevant benefit is revealed for the eigenvalue Apin not close to —1.

Results analogous to Lemma 2.9 hold for T-anti-palindromic matrix polynomials.

Lemma 2.11 Let S denote the set of all T-anti-palindromic matriz polynomials. Then for a
finite, simple eigenvalue A of a matriz polynomial P, with || - ||m = || - || 7,

”P f\/ |yTx|2 (1L w)|:|2A:|:|§H(Aw)“2 kp(A).

For an infinite, simple eigenvalue, £ (00) = kp(00).

2.4 Hermitian matrix polynomials

For reasons explained in Section A.2, the structured eigenvalue condition numbers for Hermi-
tian matrix polynomials do not admit a simple explicit expression. Therefore, the following
lemma rather presents a bound implying that the unstructured and structured eigenvalue
condition numbers are nearly the same.

Lemma 2.12 Let S denote the set of all Hermitian matriz polynomials. Then for a finite or
infinite, stimple eigenvalue of a matriz polynomial P,

1\/1 = glyHa?* sp(N) < wp(N) < kp(N) for || lm = |- [l2, and

2. 5p(N)/V2 < Kp(N) < sp(A) for || - Im =1+ |IF



Remark 2.13 Since Hermitian and skew-Hermitian matrices are related by multiplication
with i, which simply rotates the first-order perturbation set by 90 degrees, a slight modification
of the proof shows that the statement of Lemma 2.12 remains true when S denotes the space
of H-odd or H-even polynomials. This can in turn be used — as in the proof of Lemma 2.9
— to show that also for H-(anti-)palindromic polynomials there is at most an insignificant
difference between the structured and unstructured eigenvalue condition numbers.

3 Condition numbers for linearizations

As already mentioned in the introduction, polynomial eigenvalue problems are often solved by
linearizing the matrix polynomial into a larger matrix pencil. Of the classes of linearizations
proposed in the literature, the vector spaces introduced in [30] are particularly amenable to
further analysis, while offering a degree of generality that is often sufficient in applications.

Definition 3.1 Let A,y = A™71, Am=2 . X\ 1]T and let P be a matriz polynomial of
degree m. Then a matriz pencil L(X) = AX +Y € C™*™" s in DL(P) if there is a so called
ansatz vector v € C™ satisfying

L) - (A1 @) =v®@P(N) and (AL _, ®1I)-L(\) =ovT @ P(\).

It is easy to see that the ansatz vector v is uniquely determined by L € DL(P). In [30,
Thm. 6.7] it has been shown that L € DL(P) is a linearization of P if and only if none of the
eigenvalues of P is a root of the polynomial

p(;v) = v p™ oo™ A v U (17)

associated with the ansatz vector v. If P has eigenvalue oo, this condition should be read
as v; # 0. Apart from this elegant characterization, probably the most important property
of DL(P) is that it leads to a simple one-to-one relation between the eigenvectors of P and
L € DL(P). To keep the notation compact, we define A,,—; as in Definition 3.1 for finite A
but let A,,—1 = [1,0,...,0]T for A = cc.

Theorem 3.2 ([30]) Let P be a matriz polynomial and L € DL(P) with ansatz vector v.
Then x # 0 is a right eigenvector of P associated with an eigenvalue A if and only if Ay, 1 @x
is a right eigenvector of L associated with A. Similarly, y # 0 is a left eigenvector of P
associated with an eigenvalue \ if and only if Ay—1 ® 1y is a left eigenvector of L associated
with A.

As a matrix pencil L(A) = AX +Y is a special case of a matrix polynomial, we can use the
results of Section 2 to study the (structured) eigenvalue condition numbers of L. To simplify
the analysis, we will assume that the weights wy, . .. ,wp, in the definition of || AP|| are all equal
to 1 for the rest of this paper. This assumption is only justified if P is not badly scaled, i.e.,
the norms of the coefficients of P do not vary significantly. To a certain extent, bad scaling
can be overcome by rescaling the matrix polynomial before linearization, see [6, 11, 16, 18, 19].
Moreover, we assume that || - ||m is an arbitrary but fixed unitarily invariant matrix norm.
The same norm is used for measuring perturbations AL(A) = AX +AAY to the linearization
L. To summarize

IAPI = Bl + 1Bl + -+ [ B, (18)

VIAXIR + [AY [, (19)

IAL]

for the rest of this paper. For unstructured eigenvalue condition numbers, Lemma 2.1 together
with Theorem 3.2 imply the following formula.



Lemma 3.3 Let A be a finite, simple eigenvalue of a matriz polynomial P with normalized
right and left eigenvectors x and y. Then the eigenvalue condition number ki (X) for a lin-
earization L € DL(P) with ansatz vector v satisfies

1+ [\? A1l 1+ A2 || Ap_ill?
oy = YIEDE A3 VT DR Al

o)l PNzl (s )] [ Amll2
Proof. A similar formula for the case || - [y = || - ||+ can be found in [18, Section 3]. The
proof for our case || - [y = || - |2 is almost identical and therefore omitted. 0O

To allow for a simple interpretation of the result of Lemma 3.3, we define the quantity
— Amall
Ip(A;0)]

for a given ansatz vector v and with p(\;v) defined as in (17). Obviously 6(A;v) > 1. Since L
is assumed to be a linearization, p(A; v) # 0 and hence §(\; v) < oo. Using the straightforward

3(A;v) (20)

bound
1 2|| Az
L VIEDP Il _ 5 o
A2
the result of Lemma 3.3 yields
kL(A)
o(Av) < < V26N 0). 22
(\o) < TES) < V2S0x) (22)

This shows that the process of linearizing P invariably increases the condition number of a
simple eigenvalue of P at least by a factor of §()\;v) and at most by a factor of v/26(\;v). In
other words, §(\;v) serves as a growth factor for the eigenvalue condition number.

Since p(\;v) = AL v, it follows from the Cauchy-Schwarz inequality that among all

ansatz vectors with ||v]js = 1 the vector v = A,—1/||Am—1|l2 minimizes §(A;v) and, hence,
for this particular choice of v we have §(\;v) = 1 and

HP()\) S KL(/\) S 2/-{13()\).

Let us emphasize that this result is primarily of theoretical interest as the optimal choice
of v depends on the (typically unknown) eigenvalue A. A practically more useful recipe is
to choose v = [1,0,...,0]7 if [\| > 1 and v = [0,...,0,1]7 if [\] < 1. In both cases,
d(\;v) = ”Ijr\)&?;)ﬂ\z < /m and therefore rp(\) < k1, (\) < V2m kp(N).

In the following section, the discussion above shall be extended to structured linearizations
and condition numbers.

4 Structured condition numbers for linearizations

If the polynomial P is structured then it is desirable that its linearization also reflects this
structure. It is a fact that structured linearizations impose conditions on ansatz vectors.
These conditions can be found in [17, Thm 3.4] for symmetric polynomials, in [17, Thm. 6.1]
for Hermitian polynomials, and in [29, Tables 6.1, 6.2] for x-even/odd, x-palindromic/anti-
palindromic polynomials with x € {T', H}.

If, for example, a structure-preserving method is used for computing the eigenvalues of
a structured linearization L then the structured condition number of L is an appropriate
measure for the influence of roundoff error on the accuracy of the computed eigenvalues. It
is therefore of interest to choose L such that the structured condition number is minimized.

Let us recall our choice of norms (18)—(19) for measuring perturbations. A first general

REQ) _ R mp () KL .
KSiP(A) = 5 '”vi;(/\) Ki()\) with (22):

St _ _ WSO K
L S VERRE) S0, ey = S B
P

result can be obtained from combining the identity

REE(AN) - 0(Aw) <
K
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We will make frequent use of (23) to obtain tight bounds for specific structures. The general
strategy will be to first show ni—?’t}f’()\) ~ 1, if possible. Then the vector v determining the
linearization is chosen to minimize §(\;v), provided that there is freedom in the choice of v.
All bounds presented in the following are only shown for the case of a simple finite eigenvalue
A. However, since the bounds will not depend on A, they carry over to a simple infinite
eigenvalue by a continuity argument.

Finally, we let the symmetric matrices ¥ € R™*™ and R € R"™*™ be defined by

1
Y =diag{(-1)™ ", (-1)"2,...,(-1)"}, R= - . (24)

4.1 Complex symmetric matrix polynomials

For a complex symmetric matrix polynomial P, any ansatz vector v yields a complex sym-
metric linearization L € DIL(P), see [17, Thm 3.4]. Thus, we are free to use the optimal
choice v = Ayy—1/||Am—1]|2 from Section 3.

Theorem 4.1 Let S denote the set of complex symmetric matrix polynomials. Let A be a
finite or infinite, simple eigenvalue of a matriz polynomial P. Then for the linearization
L € DL(P) corresponding to an ansatz vector v, we have

e
50 < TEY < 55000)
Kp(A)
for[-Im=1-llz and |- |lm = || - |- In particular, for v = Ay_1/||Am—1l|2, we have
rp(N) < KL(A) < V2RE(A).
Proof. Lemma 2.3 shows we have x3(\) = rp(\) and &5 (A\) = kp(A) for ||-[m = | - [|2-
Hence the result follows directly from (23). For ||-|[m = ||| r, the additional factors appearing

in Lemma 2.3 are the same for x3()\) and 7 ()\). This can be seen as follows. According
to Theorem 3.2, the normalized right and left eigenvectors of the linearization take the form

T = Amfl ® x/HAm71”2» 27 = Amfl ® y/||Am71||2 ThUS,

=T
A 1Am—1

~T ~ T
Yy xr= yr=y4I
[Am—1]13

concluding the proof. 0O

4.2 T-even and T-odd matrix polynomials

For T-even and T-odd polynomials it is in general not possible to find a structure-preserving
linearization within the class DIL(P). Following [29], we instead require for a structured
linearization L that (¥ ® I)L € DL(P). Further conditions need to be imposed on the ansatz
vector Yo for (¥ ® I)L, see Table 2.

As a consequence of Theorem 3.2, we have that x € C* and y € C" are right and left
eigenvectors of P belonging to an eigenvalue \ if and only if 2 = A,,,_1 ®z and § = ZA,,,_1 @y
are right and left eigenvectors of L belonging to the same eigenvalue. In particular,

|Ag—12Am—1‘| T |
[Am—1l13

Note that £1(\) = Kngrr(A) because unstructured eigenvalue condition numbers of matrix
pencils do not change under orthogonal transformations. Hence, we obtain from (23),

HSL ()\) ratio . ratio L HSL ()‘) KZP(A)
%P(A) SVZREP() 0 Tw),  KEP(N) = ) SO

"% = (25)

REP(N) - (A D) < (26)

K

g
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Structure of P | Structure of L | Condition on Xv ‘

*-evern *-evern Yv = (v)T
*-odd Yv = —(v*)T
x-odd *-even Yo = —(v*)T
*-odd Yv = (v9)T

Table 2: Conditions on ansatz vector Yo for (X ® I)L € DL(P) such that L is x-even / x-odd
for a x-even / x-odd polynomial P. Taken from [29, Table 6.2].

These results will be instrumental in proving the following bounds on the ratio between the
structured eigenvalue condition numbers for P and L.

Theorem 4.2 Let S, and S, denote the sets of T-even and T-odd polynomials, respectively.
Let \ be a finite or infinite, simple eigenvalue of a T-even matriz polynomial P of degree m.
Then the following statements hold for || - |m = || - ||2-

1. If L, is a T-even linearization corresponding to the ansatz vector Yv = v then

ks (V)
for odd m and |\ < 1: d(Av) <0 =S < 26(N\0)
Kp (A)
K1 (V)
for odd m and |A| > 1: d(Av) <0 =S < V106(\;v)
Ky (A)
K1 (V)
for even m and |\ < 1: d(Av) <0 =S < 26(\0).
Ky (A)
2. If L, is a T-odd linearization corresponding to the ansatz vector v = —v then
A
for even m and |\ > 1: d(hv) <0 =52 < 26(\w).
&g ()

Proof. The proof makes use of §(\; Xv) = §(\;v) when Yv = v and the basic relation

AP ITo(Am)I3
L DY 1

with equality for odd m. (27)

1 (a). Let m be odd. Then (27) implies — together with Lemma 2.4 and (25) — the equality

1— |yTz2- 2L A1 DA ]?
Y T TN T A

I, (Am) |12
\/1 - |yTx\2H”/§7)H2

’"7,”%

1— |yTz2- AL IAf 1 DA ]?
Y T TN T A

)\ 2
1 —|yTz|? 1J|r|‘>\\2

KRBT (A) (28)

The inequality |[AZ YA, 4|
on the other hand,

IN

[Arn—1]|3 implies, on the one hand, % (A) > 1 and,

\/1 DR A 3A, P2 v ;

. TP A1l AL SN,y

KB (A) < e = \/1 + A2 = |)\|2"|L|A—1H4
=05 e

12



For |A\| <1, we clearly obtain /@'S‘tf (A\) € V/2. For || > 1, a tedious algebraic manipu-
lation is necessary to show

A LSNP 9T NN 4 105 A 4 4

14+ A2 =) = ;
[ Am—1ll3 [Am-1l3

which implies 2% (A) < /5.

1 (b). Let m be even and |\| < 1. Inserting HHHO/&\;\T%'@ < 1|+/\|I;|2 < 1 from (27) into (28) yields
ratio

kpr (A) < /2. For the other direction, we note that once again (27) implies

A1 ZAmo1 Ao = 20T (Am-1)[ _ 1= AP

= = for even m. 29)
1113 [Am113 DY (
Combined with
Mo (A3 _ ITo(Am-1)l3 _ [A?  [|Am—1]13 - AP < AP (1= [A?)?
AR 115 [ Amll3 L2 [AnlE — A+ P27 (1T+[N2)3 (’30)

this shows " )
‘)‘|2 |Am—12Amfl| <||HO(Am)||%

LA Amaallz = A3
which implies £57° (X) > 1 by (28).

2. Now, let m be even, |A] > 1, and suppose that a T-odd linearization is used. Then
Lemma 2.8 combined with (29) yields

_|yTpl2 1 AT EAm 1|2 A—N2)?
ratio ()\) \/1 |y x‘ 1+|)\‘2 HAm 1”421 \/1 |yT':E|2 (1_;,_})\}2;3
KPp,L, = .
[1To (Ar)II3 T, (A, |12
VL= e el \/1 —lyTe PR

2
Using HH”"ZSAT"ILQ)M < 1+:|l)\‘2 < %, we immediately obtain /@'P?tf( ) < V2. The other
m |2

direction, £2%° (A) > 1, is shown similarly as in 1 (b) from

Amlz THAR ARE = @+ A2 T 1+ A2

To(Am)I3 _ A Amald o AP (= AP)?

O

By Theorem 4.2, obtaining a nearly optimally conditioned linearization requires finding the
maximum of |p(\;v)| = |[AZ _;v| among all v with v = v and ||v|2 < 1. This maximization
problem can be addressed by the following basic linear algebra result.

Proposition 4.3 Let Iy, be an orthogonal projector onto a linear subspace V of F™ with
F € {C,R}. Then for A € Fx™

max || vz = [ ATy 2.

lvll2<1

For a T-even linearization we have V = {v € C™ : ¥v = v} and the orthogonal projector onto
V is given by the even coefficient projector II. defined in (15). Hence, by Proposition 4.3,

max [p(\;v)| = max (AT 0| = M (A1)
lv H2<1 H H2<1

13



where the maximum is attained by v = II.(A,,_1)/|[Tle(Ap_1)||2. Similarly, for a T-odd
linearization,

max [p(A;v)] = [[To(Am—1)]2

lollz<1
with the maximum attained by v = I, (A1) /||Tlo(Arm—1)||2-
Corollary 4.4 Under the assumptions of Theorem 4.2, consider the specific T-even and T-

odd_linearizations corresponding to the ansatz vectors v = He(Ap—1)/|Te(Apm—1)ll2 and v =
(A1) /I Ho(Am—1)|l2, respectively. Then the following statements hold.

1. Ifmisodd and |\ <1:  Kpr(N\) < n%c (A) < 2V2 K5 (V).
2. Ifmisodd and |\ > 1: & (N) < K2 () < V20 k5 (V).
3. Ifmis even and |\ <1: kgr(\) < IiSLi (A) < 2V2 K55 (V).
4. Ifmis even and |\ > 1: rE(N) < ni"n()\) < 2V2r5(N).

Proof. Note that, by definition, §(A;v) > 1 and hence all lower bounds are direct conse-
quences of Theorem 4.2. To show §(\;v) < v/2 for the upper bounds of statements 1 and 2,
we make use of the inequalities

e (M-Il < [Am—1ll2 < V2ITTe(Am—1)ll; (31)

which hold if either m is odd or m is even and |A| < 1. For statement 4, the bound §(\; v) < V2
is a consequence of (27). O

The morale of Theorem 4.2 and Corollary 4.4 is quickly told: There is always a “good”
T-even linearization (in the sense that the linearization increases the structured condition
number at most by a modest factor) if either m is odd, or m is even and |A| < 1. In the
exceptional case, when m is even and |A| > 1, there is always a “good” T-odd linearization.
Intuitively, the necessity of such an exceptional case becomes clear from the fact that there
exists no T-even linearization for a T-even polynomial with even m and infinite eigenvalue.
Even though there are T-even linearization for even m and large but finite ), it is not advisable
to use them for numerical computations.

In practice, one does not know A in advance and hence the linearizations used in Corol-
lary 4.4 for which 6(\;v) < v/2 are mainly of theoretical interest. Table 3 provides practically
more feasible recommendations on the choice of v, such that there is still at worst a slight in-
crease of the structured condition number. The bounds in this table follow from Theorem 4.2
combined with §(\;v) < 4/m for all displayed choices of v. The example linearizations are
taken from [29, Tables 3.4-3.6].

m A of v Bound on struct. cond. Example
interest of linearization
. R 0 —As 0 0 0 As
odd A <1 em ke (N) < 2¢/m Kt (N) Az A 0 + A 0 —A; —As
or 0 0 Ao Az Ao A
even B
< R Az A Ao As 0 0
odd Al >1 e1 /{‘2‘1 A\ <V IOmn?;F A) —-A; —Ap 0 + A 0 A1 Agp
Ao 0 0 0 —Ap 0
s A 0 A A
even Al >1 e1 KSL"O(A) <2ym n% ) |: 02 Ao ] +A |: 71410 00 :|

Table 3: Recipes for choosing the ansatz vector v for a T-even or T-odd linearization L. or
L, of a T-even matrix polynomial of degree m. Note that e; and e,, denote the 1st and mth
unit vector of length m, respectively.

We extend Theorem 4.2 and Corollary 4.4 to T-odd polynomials.
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Theorem 4.5 Let )\ be a finite or infinite, simple eigenvalue of a T-odd matriz polynomial
P of degree m. Then the following statements hold for || - ||m = || - ||2-

1. If L, is a T-odd linearization corresponding to the ansatz vector v = v then

S
K72 (A
for odd m and |A\| < 1: d(Av) < é"’( ) < V106(\;0)
kp’(A)
r, (V)
for odd m and |\| > 1: d(Av) < =52 < 26(\0)
kP’ (A)
w, (V)
for even m and |\ < 1: d(xv) < =2 < V105(A; ).
k' (A)
2. If L. is a T-even linearization corresponding to the ansatz vector v = —Xuv then
ALY
for even m and |A\| > 1: d(Av) < Se(>\ < V106(\0).
Kp

Proof. Recall that §(\;v) = §(A; Zv) holds for Lv = +w.
1 (a). Let m be odd. Then Lemma 2.8 combined with (25) yields

|AH, EAanlP
1— Tl‘Q 1 m—1
\/ S e oy
T (A3
1— .’L‘QH m )12
\/ ly" 2 =

Let & = A~! and define ©,,_1 = [#™~!, 0™~2 ... 9, 1]7. Then it is not hard to see that

1— |yTz2- L0 |©F 50;-1?
Yy THOZ ~ [©m_1l3
INCHIE
1— T.Z‘ 2 I 1HolYm )3
\/ U e T

The right-hand side coincides with the starting expression (28) in the proof of Theo-
rem 4.2.1 (a), only with A replaced by 6. In particular, this implies 1 < n’at'° (\) <5
for |6] > 1 and 1 < kB (X) < V2 for |0] < 1.

KB, (N) = (32)

KR, (V) = Kl (071 =

1 (b). Let m be even and |A| < 1. Using (29), we obtain

LA SA (=R SR 2N A
TTERE A T T GFDRT T A+ RPP
PR AP
= TERET TR
W ML (bl
e Al

From (32), we therefore obtain

\/1 _ 1 |A771—12A”l 1‘

. 1+‘>\|2 HA7nle‘2L

ratio

KRS () < < V5.

DA | _ ILALI3 -
HAmH%

The other direction, n?ffo (A) > 1, follows from combining (32) with Ilnng’ﬁQ)H"’ > 1+|1>\\2’
see (27).
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2. Now, let m be even, |A| > 1, and suppose that a T-even linearization L, is used. Then
Lemmas 2.4 and 2.8 imply

1 |yTaf2 A2 A ZAm a2
7|y ‘T| T+[N? A 1
[ Am—1ll2
HE(AM)H2
1 — |yT (2 IHe(Am)]l5
\/ R v
oH 0, 1|2
1*|yT(£|2 1 2‘ m—1 41‘
1+16] 1©m—1ll3

2
\/1 — Iyt u@m\P”

REE.(N) =

o AGREE

and hence the result follows from 1 (b).

|

Corollary 4.6 Under the assumptions of Theorem 4.5, consider the specific T-odd and T'-
even linearizations Lo, L. corresponding to the ansatz vectors v = Ie(Ay—1)/[[He(Ap—1)l|2
and v =T, (Apm—1)/||[Ho(Am—1)|l2, respectively. Then the following statements hold.

1. Ifmisodd and |\ <1: k(M) < K72 (A) < V20K (V).
2. Ifmis odd and |\ >1:  kE (A )</€L (A
3

) < 2v2 K5 (N).
If m is even and |\ < 1: kP (A )<I{L (A) < V20 K5 (N).
4. Ifmis even and |\ > 1: kP (A )<I{L (A) < V20 K37 (V).

Proof. The proof is similar to that of Corollary 4.4 and follows from Theorem 4.5 and (31).
O

Finally, we mention that Table 3 has a corresponding analogue for a T-odd matrix polynomial.

4.3 T-palindromic matrix polynomials

Turning to (anti-)palindromic matrix polynomials, we require that a structured linearization
L satisfies (R ® I)L € DL(P) with the flip permutation matrix R, see (24). Again, further
conditions need to be imposed on the ansatz vector Rv for (R ® I)L, see Table 4.

’ Structure of P ‘ Structure of L ‘ Condition on Rv ‘
*-palindromic *-palindromic Rv = (v*)T
*-anti-palindromic Rv = —(v*)T
*-anti-palindromic *-palindromic Rv=—(v*)T
*-anti-palindromic Rv = (v*)T

Table 4: Conditions on ansatz vector Rv for (R ® I)L € DL(P) such that L is x-(anti)-
palindromic for a x-(anti)-palindromic polynomial P. Taken from [29, Table 6.1].

As above, we obtain from Theorem 3.2

AR Ry (m + DA™
BTSSR e
1113 [Am-1l3

where Z = A,,_1 ® ¥ and § = RA,,_1 ® y are the right/left eigenvectors of L corresponding
to right/left eigenvectors z,y of P. Also, (26) has an (anti-)palindromic analogue:

"z = ly"xl, (33)

REE(N) - (s Ru) < HZE ; < V2REFP(A) - (X Ro). (34)
Kp
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This result is again instrumental for bounding the ratio between the structured eigenvalue
condition numbers for P and L.

Theorem 4.7 Let S, and S, denote the sets of T-palindromic and T-anti-palindromic poly-
nomials, respectively. Let \ be a finite or infinite, simple eigenvalue of a T-palindromic matrix
polynomial P of degree m. Then the following statements hold for || - |lm = | - || -

1. If Ly is a T-palindromic linearization corresponding to the ansatz vector Rv = v then

Ky (M)

A

]

for odd m and Re(\) > 0:

< 44(Av)

x
RECRE

B
>

(
7
2 (
e\
(N

2. If L, is a T-anti-palindromic linearization corresponding to the ansatz vector Rv = —v
then

for odd m and Re(\) < 0:

IN

26(\;v)

k]

=

=

BN
s

IN

for even m and Re(\) > 0: 45(\;v).

BN
5

for even m and Re(X\) < 0: < 45(Nv).

Proof. Clearly, §(A\;v) = §(A\; Rv) for Rv = $v.
1 (a). Let m be odd and Re(\) > 0. Lemma 2.9 together with (33) imply

T+AI2—|1=A2 [AF _ RAm_1|?
1 T )21
\/ MR (¢ YO m Vet

- T (A 12— 1T (Arn) ||2
\/1+|yTx|2|| +( )\lﬂimlhg (A3

w2 ()

For ||TLy (Ay,)]13 < I (A,,)]|3, we obtain from Lemma B.1.1 that

ratio \/i ||Am||2 < 2\/5’

KB (N < = <
PoLy \/1+ ”H*(A”)"ﬁ;‘hg’(A’”)”g Ty (Am) |2

where we also used [T (Ar,)||3+ 11— (Am)IIZ = | Am 13- For [T+ (Am)I3 > ITI-(An) |3,
we obtain m?ffp (\) < V2 trivially from (35). Hence, the desired bound follows from (34).

1 (b). Let m be odd and Re(A) < 0. With the notation of Lemma B.1.2, the relation (35)

reads
ratio V 1+ \yTx|2a
P,tLp()‘) = T T
V1t |yTz?p
Since 8 > —1 and |yTz| < 1, the inequality a — 23 < 1 shown in Lemma B.1.2 gives

T
lyTz2a < 1+ 2|yTz|? which is equivalent to % < 2. Hence the desired bound
follows from (34).

1 (c). The case of even m and Re(A) > 0 follows — analogously as in 1 (a) — from Lemma B.1.3.

2. Let m be even, Re(\) < 0, and suppose that a T-anti-palindromic linearization L, is
used. Then Lemma 2.9, Lemma 2.11 and (33) imply

1 — [y 2 AL Ay RA 1 ?
Y 2(1+A1) MAm—111

KL (V) =
e T (A 13— 11— (Am)]I3
\/1+ lyT |2 [Ty I‘llf\m‘”g ( 3
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Since the sign in the numerator is not relevant for the arguments in 1 (a) and 1 (¢), the
result follows in the same way from Lemma B.1.3.

|

Remark 4.8 Similar to the proof of Theorem 4.7, it can be shown that the bound for anti-
palindromic linearization holds for Re(\) > 0 as well, provided that m is even. Further,

ngfg’p()\) > % when Re(A) > 0 and nﬁffa A\ > % when Re(A) < 0.

Motivated by the result of Theorem 4.7, a good linearization should belong to an ansatz
vector that attains a small §(\;v) or, equivalently, a large |p(A; v)|. By Proposition 4.3,

max [p(A; Ro)| = [Ty (A1)l
lvll2<1

where the maximum is attained by v, defined as

[Am_lil AM/2HL gy m/2 0 ym/241 g zm/2 Llil}T
vy | (56)
if m is even and as
P;ﬂ A(m=1)/2 4\ (m—1)/2 Xm—lﬂ]T
s Y s
s Ml 2 7

if m is odd. Similarly,
max |p(A; Ru)| = [T (An—1)]l2,

llvll2<1

with the maximum attained by v_.

Corollary 4.9 Under the assumptions of Theorem 4.7, consider the specific T-palindromic
and T-anti-palindromic linearizations Ly, L, belonging to the ansatz vectors vy and v_, re-
spectively, defined in (36)—(37). Then the following statements hold.

1. If m is odd: Iﬁ:%;()\) < 8\/5/118:,”()\).
2. If m is even and Re(\) > 0: /-@SL’;(/\) < 8\@/@183”()\).
3. If m is even and Re(\) < 0: Hi‘la \) < 8\/5/@%(/\).

Proof. Recall that 6(\;v) = % All results then follow in a straightforward fashion
from Theorem 4.7 and Lemma B.1. D

Again, Theorem 4.7 and Corollary 4.9 admit a simple interpretation. If either m is odd
or m is even and A\ has nonnegative real part, it is OK to use a T-palindromic linearization;
there will be no significant increase of the structured condition number. In the exceptional
case, when m is even and \ has negative real part, a T-anti-palindromic linearization should
be preferred. This is especially true for A = —1, in which case there is no T-palindromic
linearization.

In practice, when A is unknown, it is preferable to work with the heuristic choices listed
in Table 5. The bounds listed in the table are proved in the following lemma. To provide
recipes for even m larger than 2, one would need to discriminate further between |A| close to
1 and |A| far away from 1, similarly as for odd m.

Lemma 4.10 The upper bounds on fii’;()\) and Hi‘: (N) listed in Table 5 are valid.
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m A of v Bound on struct. cond. Example

interest of linearization
1
0 i [ Ag 0 Ao
odd [\ > am : HSLPP(A) < 8ymKP (N) Ay — AT Ag— AT 0 } +
M<ant | o AT a-al 4
1 AT AT — A, A,
Moo Al -4, AT - A, }
At 0 Al
0 A, 0 0 0 —4,
odd Al < am  emo1 RPN < 4V2ZmeP(N) 0 A Ao |+x| AT AT o
Al > o} 2 P | A7 o o0 | | o AT o |
I 7 S < 7 I T T
m=2 Re(A)20 ) R, () < VIR (V) AlfoAZ fxg A ﬁ% AleTAo
M 7 T T
noz moso [N e [LoMe B Te[ A T

Table 5: Recipe for choosing the ansatz vector v for a T-palindromic or T-anti-palindromic

linearization L. or L, of a T-palindromic matrix polynomial of degree m. Note that «,, =
91/(m—1)

Proof. Tt suffices to derive an upper bound on §(\;v) = %.

bound by 4 then gives the coefficient in the upper bound on the structured condition number
of the linearization, see Theorem 4.7.

1. For odd m and |A| > a;, or |A| < 1/a;,, the bound &SL’;()\) < SWK% (M) follows from

Multiplying such a

HAm71||§ 1+a%@+...+a72qﬁ7bn—2
|p()‘1v)|2 - |1 _ 06%71‘2

=1+al + - +a" 2 <4m.

2. For odd m and 1/a,, < |A| < a;,, the bound KSLI; N <2(m+1) KIS:,”(/\) follows from

[Am-ald _ 14ap +-4apm™® 1 2 2m—2
< m m___ e a2m2) < 2,
|p()\,'l))|2 = a%_1 2( +04m+ +0¢m )_ m

3. For m = 2 and Re(X\) > 0, the bound Fc%; (AN <2(m+1) ﬁ;S;.p(A) follows for |A| < 1 from

2 2
a3 _ 1HDE
P 0)[2 [T4+A)R T
and for |A| > 1 from
1
[Am-1l3 _ P pE 1
PN 0)2 AR5+ 12 T

4. The proof for m = 2 and Re(A) < 0 is analogous to Part 3. O

For T-anti-palindromic polynomials, the implications of Theorems 4.7, Corollary 4.9, and
Table 5 hold, but with the roles of T-palindromic and T-anti-palindromic exchanged. For ex-
ample, if either m is odd or m is even and Re(\) > 0, there is always a good T-anti-palindromic
linearization. Otherwise, if m is even and Re(\) < 0, there is a good T-palindromic lineariza-
tion.

4.4 Hermitian matrix polynomials and related structures

The linearization of a Hermitian polynomial is also Hermitian if the corresponding ansatz
vector v is real, see [17, Thm. 6.1]. The optimal v, which maximizes |p(A;v)|, could be found
by finding the maximal singular value and the corresponding left singular vector of the real
m X 2 matrix [Re(A,;,—1),Im(A,,—1)]. Instead of invoking the rather complicated expression
for this optimal choice, the following lemma uses a heuristic choice of v.
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Lemma 4.11 Let Sy, denote the set of Hermitian polynomials. Let \ be a finite or infinite,
simple eigenvalue of a Hermitian matrix polynomial P. Then the following statements hold

for [[-Im=1-1lr-

1. If |\| > 1 then the linearization L corresponding to the ansatz vector v =1[1,0,...,0] is
Hermitian and satisfies k3" (\) < 2y/mrg ().

2. If I\| < 1 then the linearization L corresponding to the ansatz vector v =1[0,...,0,1] is
Hermitian and satisfies 55" (\) < 2y/mrg (N).

Proof. Assume |A| > 1. Lemma 2.12 together with Lemma 3.3 and (21) imply

BO) ek, ) e Al VAT
o SV =V vl S =2

The proof for |A| < 1 proceeds analogously. 0

H-even and H-odd matrix polynomials are closely related to Hermitian matrix polyno-
mials, see Remark 2.13. In particular, Lemma 4.11 applies verbatim to H-even and H-odd
polynomials. Note, however, that in the case of even m the ansatz vector v = [1,0,...,0]
yields an H-odd linearization for an H-even polynomial, and vice versa. Similarly, the recipes
of Table 5 can be extended to H-palindromic polynomials.

5 Summary and conclusions

We have derived relatively simple expressions for the structured eigenvalue condition numbers
of certain structured matrix polynomials. These expressions have been used to analyze the
possible increase of the condition numbers when the polynomial is replaced by a structured
linearization. At least in the case when all coeflicients of the polynomial are perturbed to the
same extent, the result is very positive: There is always a structured linearization such that
the condition numbers increase at most by a factor linearly depending on m. We have also
provided recipes for structured linearizations, which do not depend on the exact value of the
eigenvalue, and for which the increase of the condition number is still negligible. Hence, the
accuracy of a strongly backward stable eigensolver applied to the structured linearization will
fully enjoy the benefits of structure on the sensitivity of an eigenvalue for the original matrix
polynomial.
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A Derivation of results given in Section 2

This section contains the proofs of the results on structured eigenvalue condition numbers
given in Section 2. As mentioned before, the starting point to derive explicit expressions for
structured eigenvalue condition number is the formulation (12).

A.1 Structured first-order perturbation sets

To proceed from the characterization (12) of the structured eigenvalue condition number, we
need to find the maximal absolute magnitude of elements from the set

{y"AP(N)z = y" Egx + A" Erx + - XN"y"E,z: AP €S, |AP| <1} (38)

It is therefore of interest to study the nature of the set {y’Ez : E € E, ||E|m < 1} with
respect to some E C C™*™. The following theorem by Karow [21] provides explicit descriptions

of this set for certain E. Note that the symbol & is used to denote the natural isomorphism
between C and R2.
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Theorem A.1 Let K(E,z,y) := {yEx : E € E, |E|m < 1} for z,y € C" with ||z|2 =
lyll2 =1 and some E C C™*™. Provided that || - ||m € {|| - |2, || - ||7}, the set K(E,z,y) is an
ellipse taking the form

K(E, z,y) 2 K(a,B) = {K(a, )¢ : €€R? ||¢]2 <1}, K(a,B) € R¥, (39)

for the cases that E consists of all complex (E = C™"*"), real (E = R"*™) Hermitian
(E = Herm), complex symmetric (E = symm), and complex skew-symmetric (E = skew),
real symmetric (only for || - |lm = || - ||r), and real skew-symmetric matrices. The matric
K(«, 8) defining the ellipse in (39) can be written as

_ [ cos¢/2 sing/2 ][ Va0
K(Oé,ﬂ)_ —Sin¢/2 cosgb/Q ][ 0 Oz—|ﬁ| (40)

with some of the parameter configurations «, B listed in Table 6, and ¢ = arg(f).

- llm =1+ [l2 [-lm=1-1lr
E Q@ I} Q@ 16}
Cnxn 1 0 1 0
Herm | 1—3ly"af*  3(y"x) 3 3(y"w)?
symm 1 0 11+ yTz?) 0
skew | 1—|yTaxl? 0 11— |yT=z?) 0

Table 6: Parameters defining the ellipse (39).

Note that (39)—(40) describes an ellipse with semiaxes \/a + |3], \/a — |B|, rotated by the
angle ¢/2. The Minkowski sum of ellipses is still convex but in general not an ellipse [25].
Finding the maximal element in (38) is equivalent to finding the maximal element in the
Minkowski sum.

Lemma A.2 Let K(ag, Bo), ..., K(am, Om) be ellipses of the form (39)-(40). Define

0= . sup sup {”5”2 HEERS boK(Oéo,ﬂo) +eee me(amvﬂm)} (41)

using the Minkowski sum of sets. Then

0= ”[K(O‘()vﬂo)’”'7K(amﬂ/8m)]”27 (42)

and
Vag + - Fam <o <V2yVag + -+ am. (43)
Proof. By the definition of K(«;, 3;), it holds that
g = sup sup HbOK(QOa 60)50 +oF me(ama ﬁm)gmHQ
b;ER £, €R2

b3+ 462, <1 g ll2<1

= swp swp ||K(ao, fo)éo + -+ K(am, Bn)m,

b; €R £, €R2
b+ b, <1 &1l <b;
= ~Sup2 HK(O‘O”G’O)&O+"'+K(amaﬂm)£m”2
§i€ER

IéolZ+ +lEmlZ<1

= || [K (@0, B0), - K(ams Bn)] [l
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applying the definition of the matrix 2-norm. The inequality (43) then follows from the
well-known bound

%II[K(aoﬁo), coos K (am, B[P < o < [|[K (@0, B0), - -+ K(@m, Bm)]|| 7

and using the fact that:

1K (@0, Bo)s - K (@, BT = D 1K (i, Bi) |5 = 20
=0 1=0

O
It is instructive to rederive the expression (10) for the unstructured condition number from
Lemma A.2. Starting from Equation (7), we insert the definition (4) of ||AP|| for ||-[|m = |- ||2,
II-Ilv =1l ll2, and obtain
op(A) = sup{|yHAP()\):r| (AP <1}
m
= sup ‘ Z w Nyt B
ba+...+b$n§1 i—0
IB0112<bg, [ Em 12 <bm
m
= sup  sup {|s| DS € Zbiwi)\iK(C"X”,%y)}. (44)
b3+ b2, <1 et

By Theorem A.1, K(C™ " z,y) = K(1,0) and, since a disk is invariant under rotation,
WANK(C™" 2, y) = K(w?|A|*,0). Applying Lemma A.2 yields

op(A) = ||[K (w5, 0), K(Wi|AP,0), ..., K(wp IAP™, 0)] ||, = |[[wo, w1, ..., wmA™] |

27

which together with (7) results in the known expression (10) for £p(A).
In the following, it will be shown that expressions for structured condition numbers follow
in a similar way from Lemma A.2. To keep the notation compact, we define

o (\) =sup {|yAP(\)z|: AP €S, ||AP| <1}.
for a star-shaped set S. By (12), x5(A\) = o5 (\)/|yTP’ (\)x|.

A.2 Proofs

Proof of Lemma 2.3 (S = complex symmetric matrix polynomials) Along the line
of arguments leading to (44),

op(\) = sup {\s\ : s € Zbiwi)\iK(symm,x,y)}
b2+ 40b2,<1 o
for finite A\. As in the unstructured case, K(symm,z,y) = K(1,0) for || - |lm = || - ||z by
Theorem A.1, and thus rp(\) = k3 (\). For || - |[m = | - ||» we have

K(symm, z,y) = K((1 + |y*z|*)/2,0) = ”14;[';%6'2]1{(1,0),

showing the second part of the statement. The proof for infinite A is entirely analogous. 0O
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Proof of Lemma 2.4 (S = T-even matrix polynomials) By definition, the even coef-
ficients of a T-even polynomial are symmetric while the odd coefficients are skew-symmetric.
Thus, for finite A,

ob(A\) = sup  sup {|5| D s€ Z biw 'K (symm, x, y) + Z biwi)\iK(skew,x,y)}.
bg+-+b3, <1 i even i odd
Applying Theorem A.1 and Lemma A.2 yields for || - [[m = || - ||2,
() = [|[man)” ® K100, 1(A)" @ K- [y a2,0)] |

H{w = WL " |
VIAGIE — [T 2o (Au) 13

once again using the fact that a disk is invariant under rotation. Similarly, it follows for

[~ llm = lr that
1
_ T 1|2 T 10T 2 T
Tl [V TR, 1 e |

= I+ e (L) B ~ (0. 19)

7B (A)

The result for infinite A follows in an analogous manner. 0

Proof of Lemma 2.9 (S = T-palindromic matrix polynomials) Assume m is odd.
For AP €8S,

(m—1)/2 (m—1)/2
AP(\) = Z NE; + Z AmiET
(m—1)/2 (m—1)/2

T N AT B+ B X — X By BT
i=0 V2 V2 i=0 V2 V2

Let us introduce the auxiliary polynomial

(m—1)/2 (m—1)/2 T T
AP(/J) = E IuQZSi + E /L21+1Wi, Si=—— W= ——~
i=0 i=0 V2 V2

Then P € g, where S denotes the set of T-even polynomials. Since symmetric and skew-
symmetric matrices are orthogonal to each other with respect to the matrix inner product

(A, B) = trace(B" A), we have [|A[} + AT} = [[(A+ AT)/V2|I% + [[(A — AT)/V2|% for
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any A € C"*" and hence |AP|| = |AP|| for || - |[w = || - || #. This allows us to write

op(A) = sup{ly"AP(\)z|: AP €S, |AP| <1}
B )\i_’_)\mfi - )\i_ m—1i - . AN g AN -
— sup ZTy Six—kZTy Wiz|: AP €S, |AP] <1

1 { . ,
—  sup [s|: s € biw; (A* + X" THK(symm, z, y)
V2 bZ 4402, <1 Z

+ Z bm—1y/2+i(A" = X" )K (skew, z, y)}
1 2| \i m—1i PABY m—1
= 5\/(1 +[yTal) Y WA + N2 (1= [yTaf2) Y w2 [N — A2

= o e I () B+ (1 = Iyl T (A

= VI e (T (A B~ - (1) 1)

where we used Theorem A.1 and Lemma A.2.

For even m the proof is almost identical; with the only difference that the transformation
leaves the complex symmetric middle coefficient A,, o unaltered.

For A = oo, observe that the corresponding optimization problem (13) involves only a
single, unstructured coefficient of the polynomial and hence palindromic structure has no
effect on the condition number. 0O

The derivations above were greatly simplified by the fact that the first-order perturbation
sets under consideration were disks. For the set of Hermitian perturbations, however, y E;z
forms truly an ellipse. Still, a computable expression is provided by (42) from Lemma A.2.
However, the explicit formulas derived from this expression take a very technical form and
provide little immediate intuition on the difference between the structured and unstructured
condition number. Therefore, the result of Lemma 2.12 is based on the bound (43) instead.

Proof of Lemma 2.12 (S = Hermitian matrix polynomials) Let ||-|jm = |- ||#. Then
Theorem A.1 states
K(Herm, z,) = K(1/2, (y"2)*/2).

Consequently, _ _ _
WA'K(Herm, z, y) 2 K(w]|A[*'/2,wi A (" 2)? /2),

which implies

ob(\) = sup {||s||2 :s€ ZbiK(wiQ)\Qi/ZwZ»Q/\Qi(ny)Q/Q)}.
b2+-+b2, <1 s

By Lemma A.2,

1
I Aw

The proof for the case | - [[m = | - || is analogous. 0

B Auxiliary results for T-palindromic matrix polynomi-
als
The following lemma summarizes some auxiliary results needed in the proofs given in Sec-

tion 4.3 concerning the condition number growth for linearizations of T-palindromic matrix
polynomials.
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Lemma B.1 Let A € C and let TIx be defined as in (16). Then the following statements
hold.

1. Assume m is odd. If Re(\) > 0 then ML (Am) 3 > Az 2 8
mll2

1Am 12

2. Assume m is odd and Re(\) < 0. Set

1
3

AR <1 AR AZ RA, 2

T (A1 — T (A (13
2(L+[A]2) Amllz

1A 3

8=

Then o — 23 < 1.

I (A3

3. Assume m is even. Then g - 2 %.
m 2

Proof. We will make use of the polar form A = |\|(cos¢ + isin@), for which \F =
IA*(cos(ke) + isin(ke)).

1. From [A™~F 4 k|2 = |\[2(m=F) £ 2|X|™ cos ((m —2k)¢) + |A|*¥, it follows for odd m that

(m—1)/2 (m—1)/2
2[4 (A) |3 D OATTE NP = A3+ 2N D cos ((2k +1)0)
k=0 k=0
B 9 1 S ((m + 1)(;5)
= Al A" = (45)

Now, assume Re(\) > 0, i.e., ¢ € [—7/2,7/2]. Without loss of generality, we may
assume sin¢ > 0, that is ¢ € [0,7/2], and sin ((m + 1)¢>) < 0. Then the inequality
sin¢ > %qﬁ holds and implies

sin(m+1)¢) _ wsin((m+1)¢) (m+1)r . 3
Snd >3 5 = 5 sinc((m + 1)¢) > —g(m + 1),
where we used the rough lower bound —3/(4w) for sinc(xr) = (sinz)/x. Combined
with (45) and the straightforward bound |A|™ < mil |A,]|3, this inequality yields

3 m
2Ty (A3 2 [[Am ]2 = S(m 4+ DA™ = Z[1Am]l3

-

which proves the first part of statement 1. The second part, when Re(\) < 0, follows
similarly. In particular, instead of (45) we use

S ((m+1)¢
A ()l = [~ DY) (46)
2. Assume Re()\) <0, i.e., ¢ € [1/2,3m/2]. Using |AZ_ | RA,,_1| = |A|™? %’ and
the relations (45)—(46), we obtain
oo A A2 sin(26) |sin(mae) |? b= IA™  sin ((m + 1))
(1+A2) [Apilly sing | sing |’ [ Anmll3 sin ¢
——
=y =:ag =:0)x| =:84

Consider ¢ fixed . Then, by a simple calculation, it can be seen that the function

9s(|Al) = aprjag — 26158
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tends to zero for |A] — 0 and |A\| — oco. Moreover, g4(|A|) is either completely zero or
has precisely one extremum at |[A| = 1. Hence, g4(|A|) is bounded from above by the
maximum between zero and its value at 1:

sin(26) [sin(mo) [* s ((m + 1)9)
2sin ¢ msinqﬁ’ T (m+1)sing

gp(1) =

The maximal value of g4(1) is attained at ¢ = m, for which g.(1) = 1. This proves the
desired result.

. As in part 1, the expression

i +1
2L (A3 = 143 + A" W

can be shown to also hold for even m. As above, we have

W>—z(m+l), for ¢ € [-m/2,7/2]. (47)

Combined with the straightforward bound || < mi_;_QHAmH% < mi_HHAmH%, this shows
the lower bound when Re(\) > 0, as in part 1. It remains to discuss the case Re(\) < 0,
that is ¢ € [r/2,37/2]. Since m is even, it follows for ¢ := ¢—7 € [—7/2, 7 /2] from (47)
that

sin ((m+1)¢)  —sin((m+1)9) _ sin ((m —|: 1)¢) > 7g(m +1).

sin ¢ —sing sin ¢

The desired lower bound follows from this inequality as above.
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