
 



  



 

The Euler Methods

IVP

Ex. (6)



 

The Euler Methods

Explicit
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The Euler Methods

Implicit
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The Euler Methods

Error
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The Euler Methods

Ex. (9)

We observe that the GTE is directly proportional to the stepsize h, 
although the LTE is proportional to its square....



 

The Euler Methods
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LTE, GTE and order of accuracy



 

Runge‘s Method

IVP

Ex. (10)



 

Runge‘s Method

IVP
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Runge‘s Methods

Ex. (10)



 

Runge‘s Methods
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Runge-Kutta Methods

Nodes

Weights

Runge-Kutta matrix

Stages

Number of statges
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Runge-Kutta Methods

● Explicit Euler

● Implicit Euler

● Runge‘s

● Heun‘s

Zeros usually not written!
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Runge-Kutta Methods

● Implicit Midpoint

● Implicit Trapezoidal

● Classic Runge-Kutta

Zeros usually not written!

Ex. (11)



  

Runge‘s method

Ex. (11)



  

Heun‘s method

Ex. (11)



  

Implicit midpoint method
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Implicit trapezoidal method
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Classical Runge-Kutta (RK4)
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Example

IVP
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Runge‘s & Heun‘s method
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Implicit midpoint & trapezoidal
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Runge-Kutta 4
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Errors
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Stability Region

Stability Regions

Ex. (15)



  

Stability region

Stability Regions

Ex. (15)



  

Stability region

Stability Regions

Ex. (15)



  

Stability region

Stability Regions
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Stability region

Stability Regions
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Stability region

Stability Regions
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Stiff linear IVP

Ex. (16)



  

Stiff linear IVP

Diagonal!

I.e. „from the left“

Ex. (16)



  

Stiff linear IVP
Simple computations (e.g. with CAS!):

Plugging in the IV gives:

Ex. (16)



 

Stiff linear IVP

Ex. (16)



 

Stiff linear IVP
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Stiff equations

Ex. (16)



  

Stiff Nonlinear IVP

Ex. (17)



  

Stiff Nonlinear IVP
N

O
N

-L
I N

E
A

R
! !!

Ex. (17)



 

Local measure of stiffness

Ex. (17)



  

Local measure of stiffness

Constant Matrix Constant Vector

Ex. (17)



  

Stiff Stiff Nonlinear IVP

Stiff?
Let‘s linearize the RHS:

Ex. (17)



  

Stiff Nonlinear IVP

Locally Stiff?
Let‘s linearize the RHS at the initial value:

MATLAB: eig

Yes!!!

Ex. (17)



 

Error control and adaptive step size



 



 

Error control and adaptive step size



  

Error control and adaptive step size

Ex. (18)



  

Adaptive step size
Ex. (18)



  

Adaptive step size
Ex. (18)



  

Adaptive step size
Ex. (19)



  

Adaptive step size
Ex. (19)

!!!



  

Adaptive step size
Ex. (19)

Can be 
very 
stiff!
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