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MATLAB-script 12.0.2: Use of MATLABIntegrator ode45 for a stiff problem

1 |fun = @(t,x) 500%x"2x (1-Xx);
2 loptions = odeset (’reltol’,0.1,’abstol’,0.001,’stats’,’on’);

a [[t,y] = oded5(fun, [0 1],y0,options);
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Definition 11.4.9. Explicit Runge-Kutta method

For b;,a;; € R, ¢; := ):: 18 Lj=1,...,s,5 € N, an s-stage explicit Runge-Kutta single step
method (RK SSM) for the IVP (11.1.20) is defined by

[ Bofcher
Seheme |

k; = f(f0+C,'h,y0+hEa,'jk]'), i=1...,s , y1:= y0+hzb,‘k,‘.
j=1 i=1

The vectors k; € R%,i = 1,...,s, are called increments, k > 0 is the size of the timestep.
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Theorem 12.1.15. Stability function of explicit Runge-Kutta methods — [32, Thm. 77.2], [45,
Sect. 11.8.4]

The discrete evolution ‘I’f{ of an explicit s-stage Runge-Kutta single step method (— Def. 11.4.9)

with Butcher scheme e T?IT (see (11.4.11)) for the ODE y = Ay amounts to a multiplication with

the number
¥h = S(Ah) < y1 = S(Ah)y,

where S is the stability function

S(z):=1+42zbT(1—22A)""1 =det(I — 22 + z1bT), 1=1,...,1]T € R°.
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Corollary 12.1.18. Polynomial stability function of explicit RK-SSM

For a consistent (— Def. 11.3.10) s-stage explicit Runge-Kutta single step method according to
Def. 11.4.9 the stability function S defined by (12.1.16) is a non-constant polynomial of degree < s:
S € Ps. '
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Only if one ensures that |Ah| is sufficiently small, one can avoid exponentially increasing approxi-
mations vy (qualitatively wrong for A < 0) when applying an explicit RK-SSM to the model problem
(12.1.3) with uniform timestep 1 > 0,
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Definition 11.4.9. Explicit Runge-Kutta method

For b;,a;; € R, ¢; := ‘:{ij @i, i,j=1,..., s, s € IN, an s-stage explicit Runge-Kutta single step
method (RK-SSM) for the IVP (11.1.20) is defined by

f
L= V }’k

.V')] k,-::f(to+cih,yo+hiaijkj), i=1,...,s , Vi ::yo+hi;b,'k,<.
f =
The vectors k; € R, i =1,...,s, are called increments, h > 0 is the size of the timestep.
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izable matrix M € R%? with eigenvalues Ay, ..., Ay, if and only if it generates uniformly bounded
 sequences for all the scalar ODEs z = A2, i =1,...,d.

_ ,/

Theorem 12.1.46. (Absolute) stability of explicit RK-SSM for linear systems of ODEs

he RK-SSM generates uniformly bounded solution sequences (y);.., for y = My with diagonalw

The sequence (yi), of approximations generated by an explicit RK-SSM (— Def. 11.4.9) with
stability function S (defined in (12.1.16)) applied to the linear autonomous ODEy = My, M € ca

with uniform timestep h > 0 decays exponentially for every initial state yo € C4, if and only if
|S(A;h)| < 1 for all eigenvalues A; of M.

Definition 12.1.49. Region of (absolute) stability

Let the discrete evolution ¥ for a single step method applied to the scalar linear ODE y = Ay,
A € C, be of the form

Yy =S(z)y, ye€C,h>0 with z:=hA (12.1.50)

and a function S : C — C. Then the region of (absolute) stability of the single step method is given
by

Sy:={z€C:|S(z)| <1} CC.
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Bxample - Chemical eachon
reaction: A+B i C A+C % D
k1 k3

. - N —

hytl . v 0]
fast reaction slow reaction

reaction constants: ki,ky > ks, k4

Mathematical model: non-linear ODE involving concentrations y(t)

= (ca(t),ca(t),cc(t)cn(t)”

CA —~kicacp + koce = kscacc + kacp
_ 4 |cs = f(y) := —kicacp + kacc .

s kicacp — kace = kacacc +kacp (12.2.3)

D kacacc —kacp

Chemical reaction: stepsize
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Notion 12.2.9. Stiff IVP
An initial value problem is called stiff, if stability imposes much tighter timestep constraints on explicit
single step methods than the accuracy requirements.
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For b; a;j € R, ¢; := '{j @jjs i,j =1,...,5,s € N, an s-stage explicit Runge-Kutta single step
method (RK-SSM) for the IVP (11.1.20) is defined by

i=1

i—1 8
ki := flo—+eh, yo+h ) aik;), i=1,..., s , yi:=yo+h)_ bk;.
j=1

The vectors k; € R i=1,...,s, are called increments, h > 0 is the size of the timestep.
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for small timestep the behavior of an explicit RK-SSM applied to y = f(y) close to the state y*
is determined by the eigenvalues of the Jacobian D f(y*).

How to distinguish stiff initial value problems

An initial value problem for an autonomous ODE y = f(y) will probably be stiff, if, for substantial
periods of time,

min{ReA: A € o(Df(y(t)))} <0, (12.2.15)
max{Re/\)D:/\ e o(DEf(y(t))} =0, (12.2.16)

where t + y(t) is the solution trajectory and o(M) is the spectrum of the matrix M, see Def. 7.1.1.

Ei)@mF[&S "
. )( tly) += ﬂf[( )/)
CDH)/) = o’Z?}y(/—y) /'))/{

ode45 for dyy = 500.000000 y (1 -y)

A >

<< C nay"’(
{:O’V)/AO

1.4
==yl
~ ode45
1.2f 4
+|:-+ 4 f +,___,i 94. #'.'
i #fmﬁfwwﬁ?m%
0.8f ,i
> :
0.6 v
\
0.4 L
0.2 "l
_+_-+-il‘l, | !
00 0.2 0.4 0.6 0.8 Fip. 3¢
t
0 -1
et Qyrra-Ry A=

ory) = [0 [+ Adawm+ (-1 ]



L

@
Ixl, = 4. == o(0PG)) = - +Ja7- ]

¥ o= Ay (1-y ), lithhess condifional om A

ZE

2.3 ImplizitRonge -kottasintr skep methods
12.3.1. The impheoit Boley metted v ShEE IPs

Imp. Bol. . Ve = Y * Y,
Linear meelel  pioblem dmlym . applg fo ?}=ﬂ)(

= >/k+: B (fi-hﬂJ K onilom hirep o ]
o e
= YW-; = [ [—hA ] yb
£2<0 = |Tm |42 = lin v = O
Loy (
= Nb- slabilily wdiscad Kinestp conshedr’ al_h=01

Lgm eovlf Gy al‘nm DES ;4 = My - Me R

by c(/fajpm&zahbn

For any timestep, the implicit Euler method generates exponentially decaying solution sequences
(Vi) reo for y = My with diagonalizable matrix M € R%4 with eigenvalues A1, ..., Ag, ifReA; < 0
foralli=1,..., d.
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Theorem 12.3.17. Order of collocation single step method [13, Satz .6.40]

10

Provided that f € CP(I x D), the order (— Def. 11.3.21) of an s-stage collocation single step
method according to (12.3.11) agrees with the order (— Def. 5.3.1) of the quadrature formula on

[0, 1] with nodes c; and weights b;, j =1,...,s
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a,-,- = /0 L](T) dt ’
1

bi = A L,'(T) drt.

S
k; = f(to+cih,yo+h 'y, aik;) ,

=1 (12.3.11)

where

S
yi:=yu(t1) =yo+h)_ bk;.
i1

Definition 11.4.9. Explicit Runge-Kutta method

For b;, aij € R, ¢; == ; %al], i,j = s, s € IN, an s-stage explicit Runge-Kutta single step

method (RK-SSM) for the ODE y = f(t y), f: 0 — RY, is defined by (yo € D)

i—1 s
k; := f(f[) Sis C,‘}‘l,y() +h Z a;_’;k]’) , S , Y1 =Yyo+ h Z bik; .

i=1,..

The vectors k; € IRd, i=1,...,s, are called increments, h > 0 is the size of the timestep.

Definition 12.3.18. General Runge-Kutta single step method (cf. Def. )

For b;,a;; € R, ¢; := }:;zl aij, 1,j =1, s, s € N, an s-stage Runge-Kutta single step method
(RK-SSM) for the IVP (11.1.20) is defined by

S
S, yii=Yo+h) bk;.

s
k; = f(to -{-C,’h,y() +h Ea,]k]) , i=1,...
i=1

j=1

As before, the k; € R? are called increments.

General Butcher scheme notation for RK-SSM

C1 |41 a1s
Shorthand notation for Runge-Kutta methods cl|l A : . |
Butcher scheme > b . Cs | 851 " Ass .
Note: now 2 can be a general s X s-matrix. | by e bs
(12.3.20)
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where 0

s 1
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(12.3.11)
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Definition 12.3.18. General Runge-Kutta single step method (cf. Def. )

For b;,a;; € R, ¢; := ZS 14ij; 4,7 =1,...,s,s € N, an s-stage Runge-Kutta single step method
(RK- SSM) for the IVP (11 1. 20) is deflned by

s
k;:= f(t0+cih/y0+hzaijkj) , 1=1,..., s , y1:= yO-l-thiki .

As before, the k; € R are called increments.
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Satz 6.44]

— . explicit Euler (11.2.7 . explicit trapezoidal meth : classical RK4 meth +— —_
SY expiicit Euler ( ) ST expiict trapezoidal method SY classica sthod s-stage Gauss collocation single step methods defined by (12.3.11) with the nodes cs given by the

s Gauss points on [0, 1], feature the “ideal” stability domain:

01“6{!(' 5? S { Sy =C". (12.3.34)

In particular, all Gauss collocation single step methods are A-stable.




® A-steble = wmcondibondlly dable v dery eqi.

Definition 12.3.32. A-stability of a Runge-Kutta single step method

C :={z€C:Rez< 0} CSy.

A Runge-Kutta single step method with stability function S is A-stable, if

(Sy = region of stability Def. 12.1.49)

The aafch
Exampfe :
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Yy = —Ay + Bsin(2mt) ,

yH)

A-stable Runge-Kutta single step methods will not be affected by stability induced timestep constraints
when applied to stiff IVP (— Notion 12.2.9).

A=105pB8=10°% y(0)=1,

~

z

=["

Az, +fsn @z,

1

N

)]z

t

L &= sw(rt)
wild ¢ho 9,
atact s

= ohift pzablzm

=[]

4
== =yl
3 B ket P = Impliziter Euler
** ** Kollckations RK-ESV s=1
** * * Kollokations RK-ESV s=2 -GMJ
= ** . T L ® o Kollokations RK-ESV s=3 ol
** - ® % Kolloxations RK-ESV s=4 \ SS /ﬂ{
i
- ,0’* - \'\’- *-’. -*
n + ' .
‘d ** \*\ ** " &* . i # **
OoF + * # = a = = -
! ' ' W -4 P -
= - - + . * * - 4
+ + ey N * *?’*#
-1+ + Qs S TETE 2
+ i
- i
- +
ok b 4 & 8 i il
_3 1 1 1 .
0 0.2 0.4 0.6 0.8 Fiby. 31
¢ 3.
For Gavss colh. SSM Lin {S(Z) } .
[ZRE]—> =2

Ah[=4 = 152 =1

k.,-———s.f'—M

y =/
= \/m)/glaw c&cag o{ the SSM so[aﬁ 4
Vewy fent decary o{ t = yit)



e vt 5(”0-0//) = —> &C’SS///{ ”)/ 7
/)\/L Salihed fov mpl. Evler

Leatable v wty SHHF PTD(?[Zm_S

Definition 12.3.38. L-stable Runge-Kutta method — [ ,Ch.77]

A Runge-Kutta method (— Def. 12.3.18) is L-stable/asymptotically stable, if its stability function (—
Thm. 12.3.27) satisfies

A- d'ablhly —=> (i) Rez<0 = [S(z)| <1, (12.3.39)
(@)  lm_S(z)=0. (12.3.40)

r—
o~

L *\st’abia'fy
Conchuckion of L-cleble mettacls -

/4*1574251'&'&/ + G('=") =0

Slz) = [+ =p (T-A=z2)"4
|+ b7 ( JaT-A) 1
> Sle2) = [“bTAZ =0
b= (Al Ugth moof AT
= A" ~ e] AL = |

S(=) =0 v all REK-SSA with
Butche scheme ‘.

a11 a1s
cla | s
> b - Cs—1 | Bs—1,1 As—1,s
1 bl bs
by b,
Subis hed v collocaton Rk -SSA with ¢g= T |
ki = flto +cihyyo+h ) aiky) aj= [ Lr)dr
=t where 0 (12.3.11)
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Radau RK-SSM, order 5

Implicit Euler method Radau RK-SSM, order 3
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Class of s-stage semi-implicit (linearly implicit) Runge-Kutta methods (Rosenbrock-Wanner (ROW)
methods):

(1= ha;])k; = £( YO+hE aij +d1])
j=

S
y1:=Yyo+ ijkj .
j=1

Dekemine 6(,;3 A 7 . f)y fom ol conddlions

h]Zd,]k , J=Df(yo),
=1 (12.4.6)

Preichice

From a 2015 paper -

u=F(t,u), u(0)=u,.
A Rosenbrock-Wanner (ROW) method with s internal stages can be formulated by
ki=F (tm + &iTm, ) + tm/ Z yjkj + Tm}’zth(tm' Upn),
_ i-1
Ui=uy + fmzaijkjs i=1,...,5
j=1
s
Upmi1 = Uy + T Z biki,
i=1

where | := 9,F(t,,, u,,) is the Jacobian of F w.r.t. u, aj;, y;;, b; are the parameters of the method, and

i-1 i1
Q= Zaij, Vi :=Zy,',~, yi=v>0 i=1...,s
j=1 j=1

(A1) ibi =1
i=1

\
_— £ Copcdibons oy
(A2) ) bipi = - — ,
= otldé”
: 1
2 _ 1
(A3a) Z biaj = 3 Table 3
Set of coefficients for ROS3PRL2 method.
(A3b) Z: b: ﬂuﬂ) ——y -+ yz y = 4.3586652150845900e—01
ty1 = 1.3075995645253771e-+00 ya1 = —1.307599564525377 1e+00
t31 = 5.0000000000000000e—01 Va1 = —7.0988575860972170e—01
; 1 ¢35 = 5.0000000000000000e —01 Ys2 = —5.5996735960277766e—01
(Ada) Z biej = - ta; = 5.0000000000000000e—01 Yar = —1.5550856807552085¢—01
[ (4 = 5.0000000000000000e—01 Ver = —9.5388516575112225e—01
t43 = 0.0000000000000000e-+00 vas = 6.7352721231818413e—01
(A4b) E by = g —v/3 b, = 3.4449143192447917e—01 By = 5.0000000000000000e—01
=1 b, = —4.5388516575112231e—01 b, = —2.5738812086522078e—01
, 1 b, = 6.7352721231818413e—01 By = 4.3542008724775044e—01
(Adc) Z bifyy = 35 —v/3 bs = 4.3586652150845900e—01 by = 3.2196803361747034e~01

3 3

Ordy 3 ROW methocl
[~ stable

(A4d) Z biBiBiBr =

iJ,k=1

where we use the abbreviations 8 := «y + y; and §; := ):;_} Bij-
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Remark 12.4.7 (Adaptive integrator for stiff problems in MATLAB)

A ROW method is the basis for the standard integrator that MATLAB offers for stiff problems:

Handle of type @ (t,y) J(t,y) toJacobian Df : I x D +— R%4

\

opts = odeset ("abstol’,atol,’reltol’,rtol, " Jacobian™; J)
[t,y] = ode23s(odefun, tspan,y0,opts);

Stepsize control according to policy of Section 11.5:
¥ = RK-method of order 2 ¥ = RK-method of-oreler 3
oqe23sT

integrator for stiff IVP
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