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Definition 11.1.3. Solution of an ordinary differential equation

A solution of the ODE y = f£(t,y) with continuous right hand side function f is a continuously
differentiable function “of time t" y : ] C I — D, defined on an open interval ], for which y(f) =
£(¢,y(t)) holds for all £ € ].
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Lemma 11.1.4. Smoothness of solutions of ODEs
Lety : I C R — D be a solution of the ODE y = £(t,y) on the time interval I.

Iff: 1x D — R? s r-times continuously differentiable with respect to both arguments, r € Ny,
then the trajectory t — y(t) is r + 1-times continuously differentiable in the interior of I.
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Definition 11.1.7. Autonomous ODE
An ODE of the from y = £(y), that is, with a right hand side function that does not depend on time,

but only on state, is called autonomous.
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Theorem 11.1.30. Theorem of Peano & Picard-Lindelof [4, Satz 1I(7.6)], [54, Satz 6.5.1], [10,
Thm. 11.10], [32, Thm. 73.1]

If the right hand side function f : Q) — R is locally Lipschitz continuous (— Def. 11.1.27) then
for all initial conditions (ty,yo) € ) the IVP (11.1.19) has a solut/on y € C(J(to,y0),R?) with
maximal (temporal) domain of definition J(to, yo) C R. Umtfﬂe
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Definition 11.3.5. Single step method (for ODE) —[ ,Def.11.2]

Given a discrete evoluton ¥ : QQ € R x D +— R¢ an initial state Yo, and a temporal mesh
M= {ty < t; < --- <ty = T} the recursion

Vi+1 = ¥(tee1 — tyx), k=0,...,N—-1, (11.3.6)

defines a single step method (SSM) for the autonomous IVP y = £(y), y(0) = yo.
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SHM am dlso be. defireol though Fikdp - Y, = ¥,

Consistent discrete evolution

The discrete evolution ¥ defining a single step method according to Def. 11.3.5 and (11.3.6) for the
autonomous ODE y = f(y) invariably is of the form
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Idea: approximate the integral by means of s-point quadrature formula (— Sec-
tion 5.1, defined on the reference interval [0,1]) with nodes cj, ..., Cs,
weights by, ..., bs.

y(t) ~y1=yo+h)_ bf(to+ch,| y(to+ch) |), h:i=t —to.
i=1
(11.4.3)

Obtain these values by bootstrapping

Goal - One ~slep -emor- O(H™")
e T i D)

y(%/ﬁqh) appzmamﬁ: b)/ SSH] Oi/ ooy p*/
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e Quadrature formula = trapezoidal rule (5.2.5):

Q(f) = 3(f(0) + £(1))

and y(t;) approximated by explicit Euler step (11.2.7)
ki = f(to,y0), ko= f(to+hyo+hki), y1=yo+ (ki +ks).

(11.4.6) = explicit trapezoidal method (for numerical integration of ODES).

1

b1=b2:2,

& s=2. ¢1=0,00=1,



e Quadrature formula — simplest Gauss quadrature formula = midpoint rule (— Ex.5.2.3) & y(3(t1 +

to)) approximated by explicit Euler step (11.2.7)

ky = f(to,y0) , ko=f(to+ %, yo+14ky), y1=yo+hk.

(11.4.7)

(11.4.7) = explicit midpoint method (for numerical integration of ODEs) [10, Alg. 11.18].

Definition 11.4.9. Explicit Runge-Kutta method

For b;,a;; € R, ¢; == E;:j a;j,1,j = 1,...,s,s € N, an s-stage explicit Runge-Kutta single step
method (RK-SSM) for the ODE y = £(¢,y), f : QO — IRY, is defined by (yo € D)

i—1

]:

k; :=f(t0+Cih,Y()—|—hZa;jkj), i=1,...,8 ,
=1

S
y1 = yo—+—h2biki .
i=1

KN

The vectors k; € IRd, i=1,...,s,are called increments, h > 0 is the size of the timestep.
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Butcher scheme

c

Shorthand notation for (explicit) Runge- !

Kutta methods [10, (11.75)1 cl A 3 2
Butcher scheme > b

(Note: 2 is strictly lower triangular s X Cs

s-matrix)
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(51 te Ags-1
by cos b

(11.4.11)
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e Explicit Euler method (11.2.7): 1
0|0 O
e explicit trapezoidal rule (11.4.6): 111 0
2 2
0/0 0
e explicit midpoint rule (11.4.7): 1110
01
0,0 00O
% 5000
* Classical 4th-order RK-SSM: 50 300
110 010
1 2 2 1
6 6 6 6

order = 1

order =2

order =2

order =4
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[t,y] = oded5 (odefun, tspan,y0),

1.5, vﬁ’dapﬁva Stepsize Control,

odefun Handle to a function of type @ (t, y) <> r.h.s. f(t,y)
tspan v r (to, T)T, initial and final time for numerical integration . P ) ‘
Sp Sator (fo, £)° Kkal and finel tme fOr numerioal integratio Example . Oscilladry chemical. eachon
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\BZ Gﬁ BrO; +Br~ +— HBrO,
- 3
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sequence (y;), (column vectors) BrO; + HBrO, — 2HBrO, +Ce(IV)
y q (¥k) k=0 2HBrO, + Org
Ce(IV) +— Br-
function wvarargout = oded5 (ode, tspan,y0, options, varargin)
$ Processing of input parameters omitted v
: .:Tnitialize method parameters, c.f. Butcher scheme (11.4.11)
pow = 1/5;
e ? lV) onen~ VT c(BrOy): 1 = —kiyiya—ksy1ys,
1/5 3/40 44/45 19372/6561 9017/3168 35/384 Y2 = C(Brf): V2 = —klylyz - k2y2y3 +k5y5 ’ )
[0} 9/40 -56/15 —-25360/218 -355/33 [0} —— v — _ _
o (o) 32/91 64248/65217 46’5132/5247 Y3 = C(HBrOZ)' y} - k1y1y2 ka%y3+k3yly3 2](43/3'
o so0/itas o [0} 212/729 49/176 125/192 E}W Ei lv y4 =C(Org): ya = k2y2y3+k4y3'
0 0 0 0 -5103/18656 > ys:=c(Ce(IV)): ys = kayiys —ksys,
-2187/6784 (1)@(”
o o [0} o 0 11/84 \S e‘ \1/
o o o o 0 o
17 ) - i
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Be accurate!

\

Be efficient!

Stepsize a&hp{atlon for single step methods \
\
N\ max [ly(t) — yel|<oL
Objective: N as small as possible &  k=1.. , TOL = tolerance
[ Drecam J or fiy(T) — ynll < ToL
Policy:  Try to curb/balance one-step error by o
- , local-in-time

#* adjusting current stepsize hy, stepsize control

* predicting suitable next timestep 7.1
Tool:  Local-in-time one-step error estimator (a posteriori, based on y;, /ix_1)

/

Choase baoy d on Vi)

aod hfz/ a[one
Cheap & ey to mplenart

(T) ESTIMATE of  one-skp evoy

Idea: Estimation of one-step error

" . o~ .
Compare results for two discrete evolutions ¥ ¥ ' of different order over
current timestep h:

If Order(*¥) > Order('¥), then we expect

~h
"y (k) — ¥'y(t) ~ESTy = ¥y (ty) — ¥y(k) .

v
one-step error

(11.5.8)

Heuristics for concrete h
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EST, < rmx(wfa(/, HlOL‘/b/k.ﬂ) 2

Rede .s(cp , K?DoZGUL

with < Jehy

Acaepf J—EJ ,3010 next
6[670 with Ny = 0<}7K
v Some ~ > |

MATLAB-code 11.5.11: Simple local stepsize control for single step methods

EST, hao next fo nothig o do wwith ylée)-y |

> Onlﬁ M one *-._S{‘cp eIToY

No global error control through local-in-time adaptive timestepping

The absolute/relative tolerances imposed for local-in-time adaptive timestepping do not allow to
predict accuracy of solution!

Emm[p(z ‘.

1 |function [t,y] =

odeintadapt (Psilow,Psihigh, T, y0,h0, reltol, abstol, hmin)
2|t = 0; y =y0; h = h0; %

s [while ((t(end) < T) && (h > hmin)) %

yH = Psilow(h, y0); $ low order discrete evolution ¥
est = norm (yH-yh); $ < EST;

if (est < (reltolx (y0),abstol)) %
y0 = yh; y = [y,y0]; t = [t,t(end) + min(T-t (end),h)]; %
10 h = 1.1xh; % step accepted, try with increased stepsize

1t else, h = h/2; end % step rejected, try with half the stepsize
12 [end

. . 3 ! i ~h 3
‘ yh = Psihigh(h,y0); $ high order discrete evolution ¥ } E.ST'MA"TI

; = Cocde U S0 w/
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Adaptive timesiepping, ol = 0.010000, &l = 0.000100, & = 20.000000
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Solutions (y ) for different values of rtol

Q4 EST %

he eroy- at

Gain Hnougfv ac/a(y hvi
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More ambitious goal ! When EST; > TOL:

When EST; < TOL:

stepsize adjustment  better hy = ?
stepsize prediction good .1 =?
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MATLAB-code 11.5.22: Refined local stepsize control for single step methods

1 |function [t,y]

%

(h > hmin)) %
~h
$ high order discrete evolution ¥

$ low order discrete evolution ¥"
% < EST;

2 |1t = 0;
s |while

y = y0; h = hO0;
((t(end) < T) &&
= Psihigh(h,y0);
Psilow (h, y0);
norm (yH-yh) ;

4 yh

yH
est

tol max(reltol*nq;p(y(.,end)) ,abstol); %
h = hx (0.5, (tol/est)~(1/(p+1))));
according to(1152U

(est < tol)

y0 = yh; y = [y,y0]; t =
accepted

if
[t,t(end) + min(T-t(end),h)];

end
end

odeintssctrl (Psilow,p,Psihigh, T, y0,h0, reltol, abstol, hmin)

ESTWATEE

% step

> mﬁﬁwm( cgatnsf acd(,éqh'oady hinesieps

lmpb’l)én{aﬁbn = embeddecl RK wethocln

- g di'Cent b d,tﬂﬁfcng orde )
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