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Definition 5.1.1. Quadrature formula/quadrature rule

An n-point quadrature formula/quadrature rule on [a, b] provides an approximation of the value of
an integral through a weighted sum of point values of the integrand:

(5.1.2)

[ rmas ~ Qu(s) = 3w )
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w™ : quadrature weights € R v Ca‘f '[L
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Terminology: ¢ : quadrature nodes € [a,b] 4
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struct QuadTab {
template <typename VecType>
static volid getrule(int n,VecType &c,VecType &w, double
a=-1.0,double b=1.0);
}
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The order of quadrature rule Q, : C%([a, b]) — R is defined as

order(Qy) := max{g € Ny: Qu(p) = /bp(t) dt Vpe 'Pq}-i-l , (5.3.2)

that is, as the maximal degree +1 of polynomials for which the quadrature rule is guaranteed to be
exact.
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Theorem 0.3.5. Sufficient order conditions for quadrature rules

An n-point quadrature rule on [a,b| (— Def. 5.1.1)

Qu(f) = i;wjf(tj) , feC(ab),
)2

=
with nodes t; € [a, b] and weights w; € R, j=1,...,n, has ordern, if and only if
b
’w]'=/ L]'_l(t)dt, i=1..., n,
Ja
where Li, k=0,..., n — 1, is the k-th Lagrange polynomial (3.2.11) associated with the ordered
node set {t1,t,..., )
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Theorem 5.3.9. Maximal order of n-point quadrature rule

The maximal order of an n-point quadrature rule is 2n.
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Definition 5.3.1. Order of a quadrature rule

The order of quadrature rule Q,, : C°([a, b]) — R is defined as

order(Q,) := max{g € Np: Qu.(p) = /bp(t) dt Vge P,}+1, (5.3.2)

that is, as the maximal degree +1 of polynomials for which the quadrature rule is guaranteed to be
exact.

Theorem 5.3.9. Maximal order of n-point quadrature rule

The maximal order of an n-point quadrature rule is 2n.
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| Example 5.3.10 (2-point quadrature rule of order 4) |
Necessary & sufficient conditions for order 4 , cf. (5.4.26):
Qn(p) = / p(dtVp ePs & Qu({t— t7}) = —(b" L_ g1y, 4=0,1,2,3.
v
4 equations for weights w; and nodes c; ,j=1,2 (a= —1,b=1), cf. Rem. 5.4.24

1
1dt =2 = 1w, + 1w , / tdt =0 = ciqw1 + cown
1 1

rm- (hecor equ., ;
/ t2dt = 5 = ciw, + csw, , / t2dt =0 = cjw; + cGw> .
1

> weights & nodes: {wz =1,w;=1,c1=1/3V3,cp = —1/3 \/5}

B quadrature formula (order 4): / f(x)dx ~f(\/—> +f< f)
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Theorem 5.3.18. Existence of n-point quadrature formulas of order 2n

Let{P,},.n, be a family of non-zero polynomials that satisfies
e P, € Phn,

1
o / ; q(t)P,(t)dt =0 forallg € Pp_1 (L?([—1, 1)) -orthogonality),

e Theset{c!}7" ,, m < n, of real zeros of B, is contained in [—1,1].
Then

Qn(f) == Yo wl ()
=1

with weights chosen according to Thm. 5.3.5 provides a quadrature formula of order 2n on [—1,1].
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Definition 5.3.23. Legendre polynomials

The n-th Legendre polynomial P, is defined by
o P, € Py,

. /11 Py(t)q(t)dt = 0 Vg € Pp_1,
e P,(1) =1. —=> hauchhvnal nomalizdhe

Y
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Zeros of Legendre polynomials in [-1,1]
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MATLAB-code 5.3.32: Golub-Welsch algorithm
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Theorem 5.3.35. Quadrature error estimate for quadrature rules with positive weights

For every n-point quadrature rule Q» as in (5.1.2) oforderq € N withweightsw; = 0,j=1,...,n
the quadrature error satisfies

b
Eu(f) = / f®) dt—Qn(f)' sﬂb—alp(ir,;f Nf =Plli=gas) Vf €C(ab]) . (5336

By A
best approximation error

abon @
OW

Thm. 4.1 1

=

dPPfD
fe6cC’

han
i ,zo“% Qfgsww

of (2,67
Xq=p?h(

oph  bect
J}S p')bdmmza ﬁ? ph- be

= D (n") [aﬁg. cvg.]

=> ([EG) =0(g") , 0<¢<]
dlyd?w "T!'[r' ost EeJ(?U. cvg]

15,,(#/

Exa mpi pormup
Numerical guadrature of function 1/(1+(51)%) 10° Numerical quadrature of function sart(t)
' ' ' ' ' + Equidistant Newton-Cotes quadrature|
i‘\ —+— Chebyshev quadrature
o N\ — 0" —+— Gauss quadrature
e N \L.,* ~
N, T -
1 S g .
a 0 =™ 7 +— . A~ -
= T \.\_ 6 R
g - gl *
T N 4 [ e~ g
g KN ~* g Tk -+
E ) \ E 10 1\‘_**“
T 10 ~\ .
E \ i
10 - 104
107 ¥ g
! R 10
10 —— Equidistant Newton-Cotes quadrature* \'
Chebyshev quadrature
" + lGauss quadram:'e ; ; ) X
" 2 4 8 8 w0 12 14 16 18 20 10 o ‘6-
Number of quadrature nodes Fig. 173 Number of quadrature nodes
quadrature error, fi (t) ( ez On [0,1]

han am((/h'c exi&mrbv
* nga%e wa'gfnl

quadrature error, f,(t) := 1/t on [0,1]

£, d Ctoil)

mc,rc(ﬁ a%,. cvg.




> Sweothness
S mom%('lzﬁ fnﬂtjm?dj by fromstonmefior

of ﬁﬁ«und & cwetal fov st .

= f VG FLE) ol whae £:00,6]>R b
@(knnm,glum ang in_p
hodmoafb — s[m»oc::gl o G.-L.
o ;| Shtbbor 5= > i‘é— W > =245 ||
fﬂ% o = j s £(s*)2s ds = j S e
amlghc nh%vaao( Exp. e of G.L
* bavofomabion T = Vb's
f.L. qgr.on [06] 1 QF(F] = :Z. w205
[ a3 L) = T uf(g)
with Wy = <y = v

The message 02( cwympfah‘c Onvergence

L/Hg ng s
C B =0nT) S RE) % T fon g
qUadmfwr ey /}s& - echimafe (s &hdrp unijr:mun

= /I/o mbraton  abovt | E, (F) fov given 12
ug wba:f acditonal efevt (~ %ﬁ@%) (s

nwf wediece q,dad eToY by a
Cn] AL _,L 1/8 /
T

C gt g

IS —= .hr
Bigqer vale + => {ézssacéi&ma/ laaoute v acliiona?
e feont (dsympzlaﬁcﬂfg)

—

== N

Exp. cvg: N\
EG) = 0" ) = Elf)~ g for la ?v
We aim (v enov  tediechor byafadm#f Laan/
C m 1 N, _ B
Tﬁfﬁ e =S g e > =T, T%_q_

~> ﬁzgafﬂzﬁgt/h?m/ no. of quad . nedo gaud fecky £



5.4 Compasil( quddledivie

m“h le ‘{0( Xo<>(‘< - - <)(h,=\6}
[l - L% [
Lyi—'-——\/"—/

L aply .1 hoe |

General construction of composite quadrature rules

Idea: » Partition integration domain [a,b] by a mesh/grid (— Sec-
tion 4.5)

- M:=={a=x<x<..<xy=>b}
v # Apply quadrature formulas from Section 5.2, Section 5.3 locally
' on mesh intervals I; := [x]-_l, xj],j =, m, and sum up.

— .

composite quadrature rule
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Error equidistribution principle

The mesh for a posteriori adaptive composite numerical quadrature should be chosen to achieve
equal contributions of all mesh intervals to the quadrature error

—> This meh will cepend o

Adaptive numerical quadrature
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The pollcy of adaptive quadrature approximates j f(t)dt by a Quadrature formutd (5.1.2), whose

podeé c’! are chosen depending on the integrand f.
We distinguish

() a priori adaptive quadrature: the nodes a fixed before the evaluation of the quadrature for-
mula, taking into account external information about f, and

(I) a posteriori adaptive quadrature: the node positions are chosen or improved based on infor-
mation gleaned during the computation inside a loop. It terminates when sufficient accuracy

has been reached. d,
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MATLAB-code 5.5.15: h-adaptive numerical quadrature

Adaptation loop for numerical quadrature

(1) ESTIMATE: based on available information compute an approximation for the quadrature error
on every mesh interval.
(2) CHECK TERMINATION: if total error sufficient small — STOP
(3) MARK: single out mesh intervals with the largest or above average error contributions.
— (4) REFINE: add node(s) inside the marked mesh intervals.

function I = adaptquad(f,M, rtol,abstol)

% adaptive numerical quadrature: f is a function handle to integrand

h = diff (M); $ distances of quadrature nodes

mp = 0.5x(M(1l:end-1)+M(2:end)); % positions of midpoints

fx = £(M); fm = £ (mp); % 2

trp_loc = h.x(fx(l:end-1)+2xfm+fx(2:end))/4; % trapezoidal rule
(5.4.4) Ordler

simp_loc = h.*x(fx(l:end-1)+4xfm+fx(2:end))/6; % Simpson rule (5.4.5)

I = sum(simp_loc); % Simpson approximation of integral

estf'lllouce = abs (simp_loc =trplloc); ¢ local error estimate (5.5.11)

err_tot = sum(est_loc); % estimate for quadrature error

% Termination based on (5.5.12) .

if ((err_tot > rtolxabs(I)) && (err_tot > abstol)) % — TE,QMI 41
refcells = find (est_loc > 0.9xsum(est_loc)/length (h)); _5/‘/{4& /VC
I =

adaptquad(f, sort ([M,mp(refcells)]),rtol,abstol); % - REP .
end i

ESTIMATE -

Idea: local error estimation by comparing local results of two quadrature formu-
las Q, Q, of different order — local error estimates

error(Q2) < error(Q1) = error(Q1) ~Qa(f)

heuristics:

- Qu(f) .

Here: (Qq = trapezoidal rule (order 2) <+ (> = Simpson rule (order 4)
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