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Approximation of functions: Generic view

Given: functionf: D C R" — R? (often in procedural form y=feval (x), Rem. 3.1.4)

Goal:  Find a“simple”*) function f : D — R? such that the approximation error f — fis “small’(®)
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Theorem 4.1.6. Uniform approximation by polynomials

For f € C%([0,1]), define the n-th Bernstein approximant as
n . ny n—j
pu(t) = Yo f(i/n) (]) H1—=8)", pn€Pn. (4.1.7)

It satisfies ||f — pyll, — 0 forn — oo. If f € C™([0,1]), then even H flk

) — p,(,")“ — 0 for
n—oandalll <k <m.
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Definition 4.1.25. Lagrangian (interpolation polynomial) approximation scheme

Given aninterval I C R, n € IN, anode set 7 = {1y, ..., t,} C I, the Lagrangian (interpolation
polynomial) approximation scheme Ly : CO(I) — P, is defined by
L7(f) :==17(y) € Pn  with y:= (f(fo) ----- flta))" € K",

laglargim fuﬁg;a(afbn

&amph‘zg/
News - -7

Gien  fzmi lies DF hode 5éb (3, S papy 5 = 04
= Faml(g of po%ﬂomu(ﬂ S Ly (I)>T,

2 Eme eqLus pace nocles = ("

New anpect Converprce || £ - ngc/} = T(n)

cw mplohc fov n > e
%nii%( degiee |

=a+ (b— )

SI\‘

:j=0,...,n} C1I

Examplt : , e
fl6] = st ° \, _ _::::: ap;rr;;zmahm
T = (0,7] e/ |
equspacid nede)

=t - Lo £

e m&lzﬁmfﬁm

Error norm
3

%

107"

F'rzsm?)lol‘“ (,Ogé'n ~ C - Knh ) K >0

fe ~ ()"

]
Emp?h"c a_(ym//@hd : € :4 O ?”) with  0%a< |
CKPO HQ?M C’Dg .

|f —Lrnfll <CT(n) fornm — oco.

LN

3C # C(n) > 0:

Definition 4.1.31. Types of asymptotic convergence of approximation schemes

Writing T'(n) for the bound of the norm of the interpolation error according to (4.1.30) we distinguish
the following types of asymptotic behavior: r_7 cee Thm u, ' H

: algebraic convergence, withrate p > 0,
: exponential convergence ,

(4.1.30)

dp > o0:
d0<g<1:

T(n) <nF

T(n) < g" Vn € IN .

The bounds are assumed to be sharp in the sense, that no bounds with larger rate p (for algebraic
convergence) or smaller g (for exponential convergence) can be found.
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The main Theorem :

Theorem 4.1.37. Representation of interpolation error [7, Thm. 8.22], [19, Thm. 37.4]

We consider f € C"+1(I ) and the Lagrangian interpolation approximation scheme (—

Def. 4.1.25) for a node set T := {ty,..., T.}. Then, for every t € I there exists a 1, €
|min{t, to,..., tn}, max{t, ty,..., tn}| such that

O — L)) = Lok 4.1.38
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Theorem 4.1.37. Representation of interpolation error [7, Thm. 8.22], [19, Thm. 37.4]

We consider f € C”“(I ) and the Lagrangian interpolation approximation scheme (—
Def. 4.1.25) for a node set T := {ty,...,Tn}. Then, for every t € I there exists a 7, €
]min{t, t(),...,tn},max{t, t() ..... tn}[SUCh that

n
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Definition 5.1.54. Analyticity of a complex valued function

let D C C be an open set in the complex plane. A function f : D — C is called ana-
lytic/holomorphic in D, if f € C*(D) and it possesses a convergent Taylor series at every point
z€D.

Exleasion fo & Reinlecpel F T c /F? > KR o
a kstnction +:PDed —> € t6 TTeD
[ 40‘51‘ vse +he same o éa”]
[ l

- a tahoml foackon ,oma%h'c IR AR EIN

Enhie forchons e® sz, s = czna(g/fc w C
= X+ : R @
. e z_‘x y,lxye
Bample | f(z) e =
€%=€X_€L?(;._._/ - ex] = | o X = O
ety =] & = (.Zla-l)rr , k& Z
= Mdlyffc v O\ {@ktoe . ke Z2 }



OExam)p[( flz) =

.Aml,g/')c n C\iz=: (A-2T) wt inerfible |
= C\N{Z& s an ajamdféc(ﬂ/ A f
ExamlD(Z :

fl=) = {z+1 " |s analyhe C\l-»,-1[
[ T C\J-» 0] > C cmd%z/fc

Im
' Assumption 4.1.57. Analyticity of inter-
poland
— D

We assume that the interpoland f : I — C
can be extended to a function f : D C C —
C, which is analytic (— Def. 4.1.54) on an
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Theorem 4.1.55. Residue theorem [30, Ch. 13]

Let D C C be an open set, v C D a simple closed smooth curve (in the complex plane), con-
tractible in D, andT1 C D a finite sef® Then for each function f that is analytic in D \ IT holds
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Lemma 4.1.56. Rsidual formula for quotients

let g and h be complex valued functions that are both analytic in a neighborhood of p € C, and
satisfy h(p) = 0, h'(p) # 0. Then
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Optimal choice of interpolation nodes independent of interpoland

Idea: choose nodes f, ..., t, such that  [|w|| ;) is minimall

This is equivalent to finding a polynomial g € Py 41
' * with leading coefficient = 1,
* such that it minimizes the norm [|g|| ;)
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Definition 4.1.66. Chebychev polynomials — [ , Ch.32]

The n™ Chebychev polynomialis Tj(t) := cos(narccost), —1<t<1,n€N.

=~ T, I¥) ] .

Theorem 4.1.67. 3-term recursion for Chebychev polynomials — [19, (32.2)]

The function T,, defined in Def. 4.1.66 satisfy the 3-term recursion

T, (t) = 2t To(t) Ty(t) =
= Ty coetlicient 2"
Proof - Zcosnt-cost - cas(n-)t

—Toa(t) , To=1,
¢ w/ Leacdmj
cos((n+) &)

t, neN. (4.1.68)
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@ Theorem 4.1.72. Minimax property of the Chebychev polynomials [9, Section 7.1.4.], [19,
Thm. 32.2]

The polynomials T, from Def. 4.1.66 minimize the supremum norm in the following sense:
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® f(t)=1+#)"Y, I=[-55] (seeEx. 4.1.34):
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Definition 4.1.66. Chebychev polynomials — [ , Ch.32]

The nth

Chebychev polynomial is Ty (t) := cos(narccos t),

-1<t<1l,neN.
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/M = E('banbzl];’./::/ == @A/]/V ‘f)é C™
C

= Cﬁj}{’

<—>  fonchon space

1 £-pl =
Bacis tep.
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Theorem 4.2.7. Mean square best approximation through normal equations

Given any f € X there is a unique g € V such that
If =allx = infllf = pllx -
{bl,...,bN} of V. (g =

Its coefficients Yj» j = 1,...,N, with respect to the basis By :=
Z}T‘Ll 'yjb ;) are the unique solution of the normal equations

v - (bl, bN)X
M['Yi];'=1 :

=1 ‘
! (bn, b))y ... (bn,bN)x

N (bllbl)
— [(f'bi)x]- , M:= : e KNV, (4.2.8)

/s .
Geome fLe

vie)
Corollary 4.2.12. Best approximant by orthogonal projection
If q is the best approximant of f in V, then f — q is orthogonal to everyp € V:

(f—,l\q,p)x=0 VpeV & f—qlqg.
best aPPbeZn’)aT'lbb 12V

X 7 5—~>I!F-q+§f)l/;"

L, v = P4l - 23 (f-4p)+ 3 Tl

6( pmbo(a UUI‘H') P@cm
A‘t'mt'ng & simple N.E.

=> qP
vpeV

(o&'ajmw( M)

Definition 4.2.13. Orthonormal basis

Asubset {by, ..., by} of an N-dimensional vector space V with inner product (— Def. 4.2.1) (-, ),
is an orthonormal basis (ONB), if (bx, b;) ,, = ;-

A basis of {by,..., by} of V is called orthogonal, if (b, b;),, = 0 for k # j.

(%)

b,...,bs3 INWE =

q = = (b)) by



e d/ﬁz@@ feoaw howr fo compule OAB s i
GCram - Schmiot orthorsaralizibion

Theorem 4.2.18. Gram-Schmidt orthnor-

10 by = P1 malization

= ol % 1st output vector
2: for j=2,...,k do
{ % Orthogonal projection
b == p;
for £=1,2,...,j—1 do
{ bj b_"; 7 Pis by) v by }
if (bj =0) then STOP

When supplied with k € N linearly indepen-
dent vectors py, . . ., px € V in a vector space
with inner product (-, -)y,, Algorithm (4.2.17)
computes vectors by, . . ., by with

(bg,bj)v = (5@', g,] € {1,,k} r
else { b+ ﬁ } Span{by,...,bs} = Span{py,..., p¢} U

} forall € {1,..., k}.

~> orfb{fm(, prﬁ\jéd"lbns
A@.%vcompﬁnoa. g U G.S — §b . T
) (#)

(4.2.17)

NoooaR®

UL ’Po%norn!'cu’ Ml SgUae best @fW}M'@'@U
[ X =cltab), V=38 J
e prctucts  (£,g), = [ Pllgtldld - [-LP

Definition 4.2.24. Orthonormal polynomials — Def.

Let (-,-) x be an inner product on P,,. A sequence rq, 71, ..., m provides orthonormal polynomials
with respect to (-, ) y, if

re € Py, (rk,rg)x =0y, Lke€ {0 ..... m} . (4.2.25)

The polynomials are just ortrI!ogonaI, if (r4,7¢) 5 = 0 for k # .
> Ibmz‘@ degiee

{ry, -yt 3 ONPs tritl € RA\R
[/{Jneou%]/ lbd(p 4—] ng(,:% (MIZ/' -+ 0

: )
{ k!m = \fpém {_M’K ,,,'“Q'“ e Do }
l b L Span v, He S
> Tthi

LTL} rﬁé’f’ 2. orH?govM {or%&éf/ﬁéﬂ
| )

I~ (aq <
— Hea . = - S -
Fes) ~ﬁ—”¢mq P th % (hk,r})xz} ()

\A&Ivmp{’l'on.' (tf 5{ )x = (F, ﬁg ))( \’/‘F,g,



®

(‘f:f'k,@\x - (r"’tra )7( = 0 Vﬂf
&5,
= Sum () Co{/(apsas +0 a 3~ ken tecunion

7 ot nomnalized
Theorem 4.2.31. 3-term recursion for orthogonal polynomials

Given an inner product (-, )y on Pp, m € N, define p_1 := 0, po = 1, and

Prs1(t) i= (t — agq)pr(t) — Brpr—a(t) , k=0,1,...,m
2
with oy = 2 POY POy g Pl
Il Ipe-1ll%

Then py € Py with leading coefficient = 1, and {pg, p1, - - -

_1’

K-8 by orfhgm((é//

(4.2.32)

,Pm} is an orthogonal basis of Py,.

function [alpha, beta]l = coeffortho(t,n)

% product, n the maximal index desired

m = nUmel(t); $% Maximal degree of orthogonal polynomial
alpha (1) = sum(t) /m;

% Initialization of recursion; we store only the values of
$ the polynomials at the points in T.

pl = ones(size (t));

p2 = t-alpha(1l);

0 |% Main loop

n |for k=1:min(n-1,m-2)

e p0 =pl; pl=p2;

13 $ 3-term recusion (4.2.32),

14 alpha (k+1) = dot (pl, (t.*pl))/norm(pl)*2;

15 beta (k) = (norm(pl)/norm(p0))"2;

16 p2 = (t-alpha (k+1)).xpl-beta (k) xp0;

w7 |end

©w o ~ o o B w ~ -

% Vector t passes the points in the definition of the discrete L2-inner

Pmohca/( (&sml) (nhet plodicks cétsad'é
(oiven '{'ﬁ&j ({:;6!)1; . ;Z:; TC[@)(?/‘L’J)
— /H leant debivite on &, , K <

equudittant tJ’
£1t) T+ (561

Expm'mcnt i (- ]]

Polynomial fitting of Runge function: equidistant points
T |l T T

10°
i —+—L"-norm, m=50 |
+—L%-norm, m=100 1
#— L™-norm, m=100
L2-norm. m=200
—&— L™-norm, m=200
—e— L%-norm, m=400 B

error norm

L 1 L
0 H 10 15 20 25 30 3s
polynomial degree n

—> expo{?eﬂ#a{
[ £-pll7 =

f2¢C

Z((P p)(ﬁ;))

7=

~ mher Pm’,&co?fs



FeC®(bl), bl g - %@rg;n h£-pl,.

Ty & Chebychey allermarts lell (a5

if and only if there existn + 2 pointsa < o < &1 < + -

13, Uhifrm st - Apiocimation

Theorem 4.3.2. Chebychev alternation theorem

q = argmin||f — p|| (1)
PEPn

Given f € Cla,b], a < b, and a polynomial degreen € IN, a polynomial q € P, satisfies

< €n+1 < b such that

|E(§])| = ||e“L°°([a'b:)l j: o,..., n—+ 1 ’

e(Gj) = —€(Gj+1), j=0,...,n

where e := [ — q denotes the approximation error.

4
e

;J}:l‘.

(Ca, b:{)

Kemez a%oﬁﬁi m :

CAT =
/

— el Lo (a5

Go |\

St bom appm/d‘ma?% allernantc
c Soloe (+) —>

. Check ( \sam/alabg )

- New set of allmantc =

> ft) q(B‘)

- el
v

(158

s

—

————

£{35.), K

=

, --,n+/

/Wdfdws{ly a baic v @ —> [tz 1x(mI) Z_SF

unkasyons =

{P c]//

expansion cfoof g & &

(0]

73 ) 4"’“’0; ,.,D‘T‘/

—> ST&D Lr" szl
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*wrt. foa meh of ab] M =Aa=x,<x,< .. <x,=b}
mesh cell (inwal < Do, X, J n MQ

et e Jp[[na , athc Hemile pw. (theary
Cost OIN) | NE no.of date poids

5.1 Peccuns  Lagtame  Tnbplaton
S Sepuiale Laffunge nfp. om ks

General local Lagrange interpolation on a mesh

© Choose local degree 1; € INg for each cell of the mesh, j =1,..., m.
@ Choose set of local interpolation points (hodbs)

Tj:= {t{) ..... t{l}CI] = [x]'_l,x]'], j:1,...,m,

for each mesh cell/grid interval I;.
©® Define piecewise polynomial interpolant s : [xg, x,] — K:
si=5,€ Py, and s;(t) =f(t]) i=0,...,n;, j=1,...,m. (4.5.5)

Owing to Thm. 3.2.14, s; is well defined.

Ls T 2 inlepolabor opertioy

atan(t)
— piecew. linear
— piecew. quadratic

— piecew. cubic

05

-15 f 1 |
5 -4 3 L 2 -1 N 1 2 3
Xp X, }(B

s & labl) (F t,;; = £ Vy/
[ Assom  €e C%((a,b]) ]

h goneal s ¢ C'
Focus @mpb/fc < ih Maxi mum  hotn
h - cmvegence = ng =n ¥y [bed gl
- fegree ]
(ompiden  Sequeenee of M wi

mehies
méfi) Wfd’fh hk = mg)( r)( %U__ )(303 E_:)'? O



Flood  bertnd
sody asympblics of T By h s 0

Exampe: » f(t) = auetanE) on [-5,67

[ESINTES

[ (e 67

= CT(h.)

My = {=-5+ F 10;4=0, 2", b =2

[ * egeadistant mesh "1

llinterpolation errorll

H H - H 1 - H H . 1 H

L S ] L ] ———

Pl : Pl e ;

- : S o —

B . . . __,&-".- . - I

- L e e

Pl ol LT S :

BB IR & *

Lo 4 L

T ol o R

o T : W

o P * i

S / ;

gl : * oo

LA // ot

: x - 7//: .

Pl // :

./’ . - -

G —*— Dog. =3
107 10°

mesh width h

ittt (ocal inkepolatin o
%ﬁ% ! Ck([oca() mfapoldfm pbm{c
14 v% cog

|temrls =

O(h‘“)
£ = ak
Emp?n‘c

Az |

n = leal po[-
degee

Thcap/ :

Kngzon
ea male
D‘J nxaj

max
d”
[ Uni'form loar! degee v |

(4.1.43)

1f = L7 fll ey

”f_S“L X[) Xm] S

£ oo

(,,T)!mrflfﬂ(t—tg) ..... (t—t,i5| 141 ({3)

hn+1

LA

*([x0,Xm))

\ h:= hM‘r'max{|x}-—xj_1|:j=1,...,m}. 1\

Remark -

P"CONWE
U.5.2. (Qubic  Heemite l'rokrpdfzz?)‘oh

Definition 4.5.14. Piecewise cubic Hermite interpolant (with exact slopes) — Def.

Smoothness mgm?emz‘:
M x| reuse ol 5&3&2

{fa=x<x<..
slopes) s : [2,b] — R is defined as

sl:x‘f—llxj: € PS ’ j= 1,...

[Piecewise cubic Hermite interpolant (with exact slopes) Given f € Cl([a, b|) and a mesh M :=
< X1 < Xy = b} the piecewise cubic Hermite interpolant (with exact

m, s(g) =), ) =F5), j=0...,m.




= secC' |

h- Con vegence.
Expm'rrwv[ :

- sup-norm|[iiiiiiiii
* L2-norm

rale Y

norm of interpolation error
S

107 g

10”7 10 10’
) meshwidth h

Theorem 4.5.17. Convergence of approximation by cubic Hermite interpolation

Let s be the cubic Hermite interpolant of f € C*([a,b]) onamesh M :={a=xy < x1 < ... <
Xm—1 < Xm = b} according to Def. 4.5.14. Then

1.a |l e
If =8l oo(rapn) < a1M l'f ||L~([a,bj) ’

with the meshwidth h \4 := max; |x; — x; ;.

feewv = 0 h*)

4.5.3,
Exp.

I1s—fll

fi(t)

107
L*-Norm S -~ = L*-Norm
L2_Norm = 10| L=~ L?-Norm
10 | o
1072k
6
10 _ 10'3 L
s
107 107"
10-5 ;‘:ﬁ,,‘.[w‘:l..l: [‘v\,\‘/,l.‘ll.‘ﬁ Il
P " '_v'\ O
107 77 i
’ad 10-6 :"'i‘:l:ﬂ !
10712 X 107 )
107 10”" 10° 1072 107 10°

Cuebi'c \50&'{7@ o lerpola f1oh
h*co‘&gﬂgg&; F?:x; bc:cf@p&k cubic splhne

-

L]

s(al = f(al

Y 2) 'F]
RO () : (2]

s'(b) = &'[b)
it < -2,
(1+cos(n(t-13)) ,if-2<t<3, eC(l).
otherwise.

fL_4c

1
Cl4e2

ECN(I) / fZ(t)

[l
o= O

Meshwidth h

Ift = sllpeo(—1,1) = O(H*)

vﬂz(g g it o

Meshwidth h

If2— S||L°°([—1,1]) = O(n?)

Alg. 0. Tk 2
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Step of Remez algorithm Fig. 150



