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An iterative method for (approximately) solving the
non-linear equation F(x) = 0 is an algorithm gen- )
erating an arbitrarily long sequence (x("))k of ap- o 7% X
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Definition 2.1.8. Local and global convergence — [ , Def. 17.1]

As stationary m-point iterative method converges locally to x* € IR", if there is a neighborhood

U C D of x*, such that

xO, ., xm D eu = x® welldefined A lim x*

k—yo0

where (x(¥)), ., is the (infinite) sequence of iterates.
If U = D, the iterative method is globally convergent.

:x*

e

A

e, .D ) N Qe}bn/(/{j('(&mf
\ T be vvgtge()rm&%
ol



@) L1 S]Ueac/o/ convegace
"SLOV\) mdMS”:

Definition 2.1.9. Linear convergence

in R" converges linearly to x* € R",

JL < 1: ”x(k"‘l) - x*H < LHx(k) — x*“ Vk € Ny . é"’)

smalioot pass}b& Lin b))« tote of (lehet) g
b 1o bl Unecr . m nomercal fest (x* kacuen)

g = Ix¥-x*] kaqwon

A sequence x¥) k =0,1,2,...,

L.C. =  assume Een L. £ X Lzﬁe, .
= €, = |5¢,
£y, & K % L+ (g€,
L% < 0 {16

log[[e| = ¢,
: = (K (ﬁég)maéhmg/lf he
with .Sop C%L £ D /

From  labluled wadicey :© chedke |1 f

v/
"Fada commaare

o

, Det. 6.1]

/"

Sect. 17.2], [ , Def. 5.14], [

Definition 2.1.17. Order of convergence —|[ |,
, in R™ converges with order p to x* € R", if

A convergent sequence x*), k =0,1,2,...

x’“” < C“x(k) - x*“" Yk € Ny,

3C > 0: Hx(k“) -

and, in addition, C < 1 in the case p = 1 (linear convergence — Def. 2.1.9).
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k x(K) elk) .— x(k) _ /2 log 7 : log Ik ll
0 | 2.00000000000000000 | 0.58578643762690485

1 | 1.50000000000000000 | 0.08578643762690485

2 | 1.41666666666666652 | 0.00245310429357137 1.850

3 | 1.41421568627450966 | 0.00000212390141452 1.984

4 | 1.41421356237468987 | 0.00000000000159472 2.000

5| 1.41421356237309492 | 0.00000000000000022 0.630
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function x = sqgrtit (a)

x_old = -1; x = a;
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x = 0.5%(x+a/x);
end
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— 5[0795 Oiz x—= §(x ) af  bxed WWL crocal ’ [12, Thm. 17.2], [4, Cor. 5.12]
Am/gaw ( §b Steoth ) ng Lor CWIOD asmoond x* If®: U C R" — R", &(x*) = x*, differentiable in x*, and | D®(x*)|| < 1, then the fixed point
® ngﬂtd} iteration (2.2.2) converges locally and at least linearly.
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Lemma 2.2.12. Sufficient condition for linear convergence of fixed point iteration

\
L.F 47 6()‘ ) — 0 —> (m[ quadfabc U’ﬁ Let U be convex and @ : U C R” — IR" be continuously differentiable with

L := sup| DP(x)|| < 1.
xel

If ®(x*) = x* for some interior point x* € U, then the fixed point iteration xkt1) = &(x(*))
converges to x™ at least linearly with rate L. [ 60) Cqﬁ m
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MaTLAB-code 2.3.2: Bisection method for solving F(x) = 0 on [a, b

1 |function x = bisect (F,a,b,tol)

2 | % Searching zero of F in [a,b] by bisection

s |if (a>b), t=a; a=b; b=t; end;

s |fa = F(a); fb = F(b);

s [if (faxfb>0), error('f(a), f(b) same sign’); end;
s |[If (fa > 0), v=-1; else v = 1; end ' -
7|x = 0.5%(b+a); M‘M\Séd JUW)M(%D
s [while ((b-a > tol) && ((a<x) & (x<b)))

if (vxF(x)>0), b=x; else a=x; end;

X = 0.5% (a+b)

n |end
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function x = secant (x0,x1,F,rtol,atol)

fo = F(x0);

for i=1:MAXIT
fn = F(x1);
s = fn*x (x1-x0)/ (fn—-fo); % correction
x0 = x1; x1 = xl-s;

if ((abs(s) <
max (atol, rtol~min (abs ([x0;x1]))]))
x = x1; return; end
fo = fn;
end
)
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F (x) = xe*~]  x"'=(0 , X 5
k k k) e (k) _ log e 1| —log ™|
k x(k) F(x()) elk) = x(k) — x* logkkH logkk D]
2 0.00673794699909 -0.99321649977589 -0.56040534341070
3 0.01342122983571 -0.98639742654892 -0.55372206057408 24.43308649757745
4 0.98017620833821 1.61209684919288 0.41303291792843 2.70802321457994
5 0.38040476787948 -0.44351476841567 -0.18673852253030 1.48753625853887
6 0.50981028847430 -0.15117846201565 -0.05733300193548 1.51452723840131
7 0.57673091089295 0.02670169957932 0.00958762048317 1.70075240166256
8 0.56668541543431 -0.00126473620459 -0.00045787497547  1.59458505614449
9 0.56713970649585 -0.00000990312376 -0.00000358391394 1.62641838319117
10 0.56714329175406 0.00000000371452 0.00000000134427
11 0.56714329040978 -0.00000000000001 -0.00000000000000 ) l .
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MAPLE code: p := x—> axx"2+bxx+c; > P“Méoh
solve ({p(f0)=x0,p(fl)=x1,p(f2)=x2},{a,b,c});
assign(%); p(0);
(1) _ Fo(Ax = Bx) + Fi(Bxo — Foxg) + B (Foxi — Fix)
F(h-B)+E(E-k)+ KR -h)
(B :=Fx%2), F = Fx* D), B = F(x®), xp 1= 2% xp := 21y .= x(0))
k k k) . (K log [e* 1| —log [e(¥)|
k x (k) F(x( )) ek) .= x(k) _ log |e®] _log [o(1)]
3 0.08520390058175 -0.90721814294134 -0.48193938982803
4 0.16009252622586 -0.81211229637354 -0.40705076418392 3.33791154378839
5 0.79879381816390 0.77560534067946 0.23165052775411 2.28740488912208
6 0.63094636752843 0.18579323999999 0.06380307711864 1.82494667289715
7 0.56107750991028 -0.01667806436181 -0.00606578049951 1.87323264214217
8 0.56706941033107 -0.00020413476766 -0.00007388007872 1.79832936980454
9 0.56714331707092 0.00000007367067 0.00000002666114 1.84841261527097
10 0.56714329040980 0.00000000000003 0.00000000000001 A
O RIE
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24 Newton's method
Mow

As before Wmﬂm mefheel  bawec] on  local

Fix) — Flx) = F(g‘”)+ﬂ717fb<“9(x-z"°’)
Jacobem € ™

Fid ¥'e R”: Faer) =0 |, FD<R"—=>R"

i<0:+ﬂ _ ém — CDF{X(K))"'F:(XCK))

template <typename FuncType,typename JacType,typename VecType>
void newton(const FuncType &F,const JacType &DFinv,
VecType &x,double rtol ,double atol)

{
using index_t = typename VecType::Index;
using scalar_t = typename VecType:: Scalar;
const index_t n = x.size();

VecType s(n); —> Newloh conechan
scalar_t sn;
do {
s = DFinv(x,F(x)); // compute Newton correction
X —= §,; // compute next iterate

sn = s.norm() ;

}

// correction based termination (relative and absolute)

while ((sn > rtolxx.norm()) && (sn > atol)); — concoﬁbn W/ﬁ(-.

)

i Objects of type JacType must provide a method
7= =— VecType operator (const VecType &x,const VectType &f);

> Slwes DPF(x)z =T
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—> Jucoban by pettied  difeenhation (sefe € Yedions )

- Podud wie- Pix— FXI-GG6)Th
= DFLh-Gik)*+ Flx) D6 R

" Genend deavaties — Am%.;i_s'
Glx+h) = @lx) + DPx)h + o(h)

;Zrmha; vecky he &P

P&Pﬁrgzhbn "Jends -7[;[\ fesler than b”/[
Cheun wle
Dix— Flet)ih = DF(6K)DE6IR
pr[ﬁ this o x — x-{x,

(i) Poduct wle © Dix =xxffh= TI-h-lx)+ X D{x=0h
n Clyun ﬂ-‘
Ixlk =V "o xx [ Feo 7 Gé xx ]

)
DIx—=Ualth= Zhy, (Wx4xh) = fg,<7h
(innher ;Muoé’)



Dix—>xlxtdh = Wb+ x gaxh = (AT 351k

> P Flbd = Abls -b Jacobain

— _ X7
DPl<) = T+ Ikl-T + 4
4 Al A
Vf?”%gx]mmﬁfafm {ensor Pm&d: Hen k-1 methix

Cause dvd@ - Matox tovaion a o Newton
A6 R™ wyularr | solves . F(X) =0 FlX}=A-X"
[EA) <A-(A)" = 44=0] [ F:R™ — R™ ]

What 1s DF 7 Pij/‘“
v (X) = X~ &> (X)X = T
mplizdt_diAeafifion £ DinDOHXF (X)) H =D
b)lpm 19174 - - =1
= Div(X\H = - X"H X "=0FX)H

Newobn u/pala/e S solwes + [ DF(X™)S = F/Xm)]
(Xm)-l\s (Xac\)-J = A __(Xm)"’ | Ce R™
X A5t e te)

4>

=> S =

= /VC?/U{O'YJ iﬁaaﬁbn :
ch-i-ﬂ — K[]éj _)({76\/4X(<c}_f_ Xm)
= X{IC)[QI_A)((]C])
X — 47y Ko oo
Mewln ilmbon . x "V = x® - PPOE)TF (M)
2 Newbn vpdide , Neak comecFon
s = DF(x™) FIX™) &> DPx™)s = F(x™)

2. 1. 2.

ngnns ilafion &y Flx] =0 a5 ixed  point
XN = x @ — DER™) F(x™)

= P (x®)  D(x) = x- DFIxI"F(x)

DL = F = Dix ekl o Flx) - DF] O )

[ prducct wle | ] - D130 - Flx )

Flx*) =0 = p¢i*] = O

Lemma 2218 => | Local  quadizhi g {

Comvergenee of Nowtn’s method

s 5 e

\



2.1.3  “leemination OF NMeaoton itz fion
(Lol ) . ¢

AP 2 S|
= ﬂx“‘”)—yc“")) 2 |x%-x*)
<> (onechin based  ferminahen

b re2o fom e wdundat skp !
> ldew: vse Jznyhﬁed /Vcw/m wnechon

AxcH = :pF{;ﬁ“"’] Fix™) = et o)

only fea Step arll soflice
- a Single Skp is cxpensile]

[n‘>7}

LU- hon v lable
STOP i f L ARM | £ T, [x®]
or | Ax™) = Vas

Noke: — Afbae iwanant | becatise Hhis is e oy A"

02 yY CDam?ped Newton Nethod
covagence ggl% (bcal I

S fvc(g i [ -
X o) 4 . ]
x— xe* —1 Xuc) > oo
"w oy Anieckion”
ho p eless
15 . DIiverging Nlewton iteraltion for F(’.() = arctan Ix ,
1 | wwbwﬁ% N
0 x(k—+— 1 (k— /1), //]x (k
05} v,-" / |
Ve
Ak /./'/ ' ‘_4_'_'________‘_-_-_




B> we observe “overshooting” of Newton correction

Idea: damping of Newton correction:

Terminology: AK) = damping factor ) O < A(\n f:':‘{

A hime - feskd  hevnshis 6'7"}’”&"”/ Hewlen conechion

with A® > 0. x*+1) .= x®) _A®) p p(x®)~1Fx®)

Affine invariant damping strategy I

Choice of damping factor: affine invariant natural m/(notonicity test [7,Ch. 3]:

(k)
choose “maximal” 0 < A®) <1 HAi(A("))H <(1- ’\T)HAx(")”2 (2.4.49)
Ax®) .= D F(x®))~1F(x®)) — current Newton correction ,

where
Ax(A9)) := DF(x®))~1F(x®) =~ 1D AxH®))  — tentative simplified Newton correction .

Packte . 1t (2449) kals = A <« X%
£ (R.4.49) Jdlshed - - !ukp with dzmp/nafl facky
- oz A for next S&p

@ é ilsc(mwgtr)d monter - W uger ,when methed

k Ak x(k) p(x(k))

F(x) = arctan(x) ,
0 =20 2. ~1 003125 0.94199967624205 0.75554074974604
o X 2 2 0.06250 0.85287592931991 0.70616132170387
°*q=3 g? 0.12500 0.70039827977515 0.61099321623952
® LMIN = 0.001 4 0.25000 0.47271811131169 0.44158487422833
We observe that damping '2‘ 0.50000 0.20258686348037 0.19988168667351
is effective and asymptotic 6 1.00000 -0.00549825489514 -0.00549819949059
quadratic  convergence s 7 1.00000 0.00000011081045 0.00000011081045
recovered. 8 1.00000 -0.00000000000001 -0.00000000000001

C++11 code 2.4.50: Generic damped Newton method based on natural monotonicity test

© @@ N o 0 A W N =

template <typename FuncType,typename JacType,typename VecType>

void dampnewton (const FuncType &F,const JacType &DF,

{

}

VecType &x,double rtol ,double atol)

using index_t = typename VecType::Index;

using scalar_t = typename VecType:: Scalar;

const index_t n = x.size () ;

const scalar_t Imin = 1E—3; // Minimal damping factor
scalar_t lambda = 1.0; // Initial and actual damping factor
VecType s(n) ,st(n); // Newton corrections

VecType xn(n); // Tentative new iterate

scalar_t sn,stn; // Norms of Newton corrections

do {

auto jacfac = DF(x).lu(); // LU-factorize Jacobian
s = jacfac.solve(F(x)); // Newton correction
sn = s.norm() ; // Norm of Newton correction

lambda *= 2.0;
do {
lambda /= 2;

if (lambda < Imin) throw "No convergence: lambda — 0";

xXn

stn = st.norm() ;

= x—lambdaxs; // Tentative next iterate
st = jacfac.solve(F(xn)); // Simplified Newton correction

std::cout << "Inner: |stn| = " << stn << std::endl;

}

while (stn > (1—lambda/2)xsn); // Natural monotonicity test
X = Xn; // Now: xn accepted as new iterate

lambda = std ::min(2.0xlambda,1.0); // Try to mitigate damping

}

// Termination based on simplified Newton correction
while ((stn > rtolxx.norm()) && (stn > atol));
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