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e matrix X vector multiplication y = aAx + By

xGEMV (TRANS, M, N, ALPHA, A, LDA, X,

INCX, BETA, Y, INCY)

- x € {S,D,C,Z}, scalar type: S = type float, D = type double, C = type complex
— M, N = size of matrix A
— ALPHA = scalar parameter «

— A = matrix A stored in linear array of length M - N (column major arrangement)

(A)ij = AN*(j—1) +1].

— LDA = “leading dimension” of A € K" that is, the number n of rows.
— X = vector x: array of type x

— INCX = stride for traversing vector X

— BETA = scalar paramter

— Y = vector y: array of type x

— INCY = stride for traversing vector Y
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Definition 1.4.1. Computational effort

The computational effort required by a numerical code amounts to the number of elementary oper-
ations (additions,subtractions,multiplications,divisions,square roots) executed in a run.

Exp (§15 « =

The computational effort involved in a run of a numerical code is only loosely related
to overall execution time on modern computers.
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Definition 1.4.3. (Asymptotic) complexity

The asymptotic complexity of an algorithm characterises the worst-case dependence of its
computational effort on one or more problem si7;§ parameter(s) when these tend to 0.
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4.2 Cast of basic cparabion

operation description #mul/div | #add/sub | asymp. complexity ” ) . T T
dot product | (x € R",y € R") — x'ly n n—1 O(n) 6P+ ( o ] a .| 0 | = X
—  tensor product | (x € R™,y € R") — xy'! nm 0 O(mn) {;
matrix product'*) | (A € R™",B € R"*) > AB | mnk |mk(n—1) O(mnk) na}- qﬂl | L L] L
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tensor product

Bx. 44.19  (Hidden sompabon)

{143 THO{(_S functic_m y = lrtrimult (A, B, x) /4 } 8 & /Qn,P 1 P4<‘ f?

Ex. 1Llo.  Explot aceahdy - mvlﬁp&(a/m with faor S [ Model case D=1 ]
_Q,ga‘;w/ &CGRD P:}: s d,

[a1by a1by ... coo @by ] T
0 axby agbs ... ... aby
y= (abT)x. (1.4.11) y = a(b x) . (1.4.12) J — trin(abT —
T = axb’; y = Trx; t = Db'*x; y = axt; : e :
6mp(m§/ 0(5—;‘7) AN | O(h) ., — 0 0 apy | L
y = axb xx !. 1\ A
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2. for j=2,...,k do 3
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P?I: AB = > (/4)_@ (3).€
r ) T | o
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functio_n y = lrtrimulteff(a,B,x) SPGW {gf| ., Qe] — SP“" '{ﬁ(' ”"g£‘}
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{ % Orthogonal projection -C{
(/4) ( T if (g¢/=0) then STOP
.. (8., X
[n,p] = size (A);

else .
I A P M g
" }
if (size (B) ~= [n,p]), error('size mismatch’); end

for /=1,2,...,7j—1 do
p=1 ctse Ookput o net STOP, {4'( -, g"F orthonomal
y = zeros(n,1); MATLAB-code 1.5.3: Gram-Schmidt orthogonalisation in MATLAB

for 1=1:p, y =y + A(:,]1) .xcumsum(B(:,1).*x, ' reverse’); end . [function Q = gramschmidt ()
2 | % Gram—-Schmidt orthogonalization of column vectors
C:: W O[ ) s | % Arguments: Matrix A passes vectors in its columns
mP n—? 4+ |% Return values: Matrix Q contains the orthornormal basis in its
columns
s [[n,k] = size (A); % Get number k of vectors and dimension n of space
6 |[Q = A(:,1)/norm(A(:,1)); % First basis vector
7 [for j=2:k
8

q=A(:,]) — Ox(Q"*xA(:,]J)); % Orthogonal projection; loop—free
e s implementation v
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. m, 10 | ng < -9) *nhorm HP | ’ reakK; en Safe chec or ==
(0m rg, ls HUMG’?CQ{, O{m’)e, - 4 1 = [Q,9/nql; % Add new basis vector as another column of Q a0

fest t if ”XI a0 i f?_[c{—ﬁw Sense » |end
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4 MATLAB script demonstrating the effect of roundoff on the result of
Gram-Schmidt orthogonalization

format short; % Print only a few digits in outputs

% Create special matrix the so-called Hilbert matrix: (A)i,j= (i+j-1)"1
A = hilb (10); % 10x10 Hilbert matrix

Q = gramschmidt (A); % Gram-Schmidt orthogonalization of columns of A
% Test orthonormality of column of Q, which should be an orthogonal

% matrix according to theory

I = Q' =xQ, % Should be the unit matrix, but isn’t !

% MATLAB’s internal Gram-Schmidt orthogonalization by QR-decomposition
[Q1,R1] = gr(A);

D = A - Ql%R1, % Check whether we get the expected result
I1 = Q1’"=*Q1, % Test orthonormality

1.0000 -0.0000 0.0000 -0.0000 0.0C00 -0.0000 -0.0000 -0.0000 -0.0000
0.0000 -0.0000 0.0000 -0.0000 0.0C00 -0.0000 -0.0000 -0.0000 -0.0000
-0.0000 1.0000 0.0000 -0.0000 0.0000 -0.0000 -0.0000 -0.0000 -0.0000
0.0000 0.0000C 1.0000 -0.0000 ¢.0C00 -0.0000 -0.0000 -0.0000 -0.0000
-0.0000 -0.0000 -0.0000 1.0000 0.0000 -0.0008 -0.0007 -0.0007 -0.0006
0.0000 0.C¢00¢C 0.0000 0.0000 40000 -0.0540 -0.0430 -0.0360 -0.0289
-0.0000 -0.0000 -0.0000 -0.0008 -0.0540 1.0000 093999 09588 0.999%
-0.0000 -0.0000 -0.0000 -0.0007 -0.0430 0.9999 1.0000 1.0000 0.9999
-0.0000 -0.0000 -0.0000 -0.0007 -0.0360 0.9998 1.0000 1.0000 1.0000
-0.0000 -0.0000 -0.0000 -0.0006 -0.0289 0.9996 0.9999 1.0000 1.0000
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OO0 0000 00

.0000 0.0000 0.0000
.0000 1.0000 0
.0000 0 1.0000
.0000 -0.0000 0.0000
.0000 -C.0000 0.0000
.0000 -C.0000 0.0000
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.0000 0 0.0000
.0000 -C.0000 0.0000
.0000 0 0
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0.0000 0.0000 -0

-0.0000 0.0000
0.0000 0.0000 0
0.0000 -0.0000 0
0.0C00 0.0000 0
1.0000 -0.0000 -0
-0.0000 1.0000 0
-0.0000 0.0000 1
0.0C00 0.0000 0
0 -0.0000 -0
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D = 1.0e-15 =

0.2220 0.4441 0.3331 0.3053 0.2220 0.1388 0.1665 0.1249 0.1110 0.1388
0 0.0555 0.0555 0 0.0278 0 -0.0278 -0.0139 0 0.013¢
-0.0555 0.0555 0 0 0 0 0 -0.0139 0.0278 0
0 0.0278 0.0278 0 0 0 -0.0278 0 0 0

0 0.0278 0.0278 0.0139 0 0.0278 0 0 0.013¢% 0.0278
-0.0278 0.0278 0.0278 0 0.0139 0.0139 0.0139 -0.0139 0.013¢% 0.013¢
0 0.013% 0 0 0 0 -0.0139 0.0139 0 0

0 0.0278 0.013¢ 0 -0.0139 -0.0139 -0.0138 0.0278 0.0278 0.00868
0.0139 0.0278 0.0278 0.0139 0.0139 0 0 0 0 0.013¢
0 0.0278 0 -0.0139 -0.0139 0.0139 0 0.00€89 -0.006¢8 0
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Definition 1.5.23. Correct rounding

Correct rounding (“rounding up”) is given by the function

d:4 R = M
| x — maxargming.n|x —X]|.
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* machine Peo{zS‘('On

>> format hex; eps, format long; eps
ans = 3cb0000000000000
ans 2.220446049250313e-16

Assumption 1.5.28. “Axiom” of roundoff analysis

There is a small positive number EPS, the machine precision, such that for the elementary arithmetic
operations x € {+, —, -,/ } and “hard-wired” functions* f € {exp, sin, cos, log, ...} holds

x%y = (xxy)1+0) , F(x) = fx)(1+6) VryeM,

with |§| < EPS. /‘\
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MaTLAB-code 1.5.36: Discriminant formula for the real roots of p(&) = & + af + B

function z = zerosquadpol (alpha, beta)

¢ MATLAB function computing the zeros of a quadratic polynomial
% §—)§2+a6+5 by means of the familiar discriminant

$ formula &1p = 3(—a+ /a2 —4B) However

¢ this implementatlon is vulnerable to round-off!
¢ returned in a column vector

D = alpha*“2-4xbeta; % discriminant

if (D<0), z=1[];
else

The zeros are

% No real zeros

w ™ ~ @ w a w N .

Caunse :

(absolute) errors

L‘

Cancellation

= Subtraction of almost equal numbers

(™ extreme amplification of relative errors)

(< Roundoff error introduced by subtraction itself is negligi-
ble.)

end

wD =

% The famous discriminant formula
sqrt (D) ;

z = 0.5x[-alpha—-wD;-alpha+wD];
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EX

D = alpha”2-4xbeta; % discriminant
if (D <0), z = []; % No real zeros
else

¥ big - - v( bz

% The famous discriminant formula
wD = sqrt(D);
z = 0.5%x[-alpha-wD;-alpha+wD];

end 4
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relative error

EX N "F()() = @X ,X =0 ) 1("'[0) = i 10810(}_’)

1 0.05170918075648
h =0.1; x = 0.0; 2 0.00501670841679
for i = 1:16 3 0.00050016670838
G = ok () cexp (2) ) {2 o —> 4 Soxteotenns
fprintf (‘%d %16.14f\n’,1i,df-1); Q.Cona-,f céﬁf},g -6 0.00000049996218

7 0.00000004943368

h = hx0.1; -8 -0.00000000607747
end -9 0.00000008274037

10 0.00000008274037
11 0.00000008274037

‘ 12 0.00008890058234

?00"5[0# ooV dﬂd%& S 13 -0.00079927783736
14 -0.00079927783736

15 0,11022302462516
-1.00000000000000

Sh—epg

M) -e* ()
af = = 1.0
= ex(ey;’ e - ‘52-) e<(1+ §(h))

4
Toylor vl 2> [+ O(h)

)}
AWW?mhbn a4

szoca(,(ah'on oy O(h#])

§*(h) becomen mnimad fov
h =V eps i

Carcellafon 4 aﬁ?o?nadmﬁbn
~P - N _CLL b

M’,akfz’ ﬂprzﬂaﬂ,z/b//
L cumcellatn bee

Px 1,942 ~

/4\/0(‘0&?? caticellahion
Ex 1548« Stable disecnminant fommula
p(E) = Z+a3+f3 | 2000 T, 5,
> 53 =
e : (¢} Comlpufc
(57 3 = Ps,

D = alpha”2-4xbeta; % discriminant
it (D<0), z = 1[];
else
wD = sqrt(D);
$ Use discriminant formula only for zero far away from 0

"ot (m medalus) 3,

% in order to avoid cancellation. For the other zero
% use Vieta’s formula.
if (alpha >= 0)

& no calcelabion

t = 0.5« (—alpha-wD);
z = [t;beta/t];
else
t = 0.5« (-alpha+wD); & ho CaﬂCKMOU
z = [beta/t;t];
end

end
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Approximation exp(x)

exp(x)

| exp(x)—exp(x)|
exp(x)

MATLAB-code 1.5.52: Summation of expo-

nential series 'fg
s [function y = expeval (x,tol) -16
2 |% Initialization -14
s |ly=1; term=1; k=1; -12
4+ |¥ Termination -10
s |{while -8

(abs (term) >tol*/m/(y/f) )

6
6 [¥ Next summand g
B term = term*x/k; h
8 | ¥ Summation 2
o y =y + term; % 4
10 k = k+1; 6
n (end 8

*emimation  crleron 14

carcellahon

5.6218844674e-09
1.5385415977e-08
1.1254180496e-07
8.3152907681e-07
6.1442133148e-06
4.5399929556e-05
3.3546262817e-04
2.4787521758e-03
1.8315638879¢e-02
1.3533528320e-01
1.0000000000e+00
7.3890560954e+00
5.4598149928e+01
4.0342879295€+02
2.9809579808e+03
2.2026465748e+04
1.6275479114e+05
1.2026042798e+06
8.8861105010e+06
6.5659968911e+07
4.8516519307e+08

= Jox

2.0611536224e-09
1.5229979745e-08
1.1253517472e-07
8.3152871910e-07
6.1442123533e-06
4.5399929762e-05
3.3546262790e-04
2.4787521767e-03
1.8315638889¢e-02
1.3533528324e-01
1.0000000000e+00
7.3890560989e+00
5.4598150033e+01
4.0342879349e+02
2.9809579870e+03
2.2026465795e+04
1.6275479142e+05
1.2026042842e+06
8.8861105205e+06
6.5659969137e+07
4.8516519541e+08

ol =

1.727542676201181
0.010205938187564
0.000058917020257
0.00}0004301 76956
0.000000156480737
0.000000004544414
0.000000000788902
0.000000000333306
0.000000000630694
0.000000000273603
0.000000000000000
0.000000000479969
0.000000001923058
0.000000001344248
0.000000002102584
0.000000002143800
0.000000001723845
0.000000003634135
0.000000002197990
0.000000003450972
0.000000004828738
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Vse T(la)=]

if

(abs (a) < 1lE-4)
(1.0/2 + 1.0/6xa) «a;

v=1.0+
else

v = (exp(a)
end

S

—

-1.0)/a;

= S la)
[no ccmcdiahon]
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A mathematical notion of “problem":

* data space X, usually X C R"
* result space Y, usually Y C R"™

* mapping (problem function) F : X - Y

/A problem is a well defined function that assigns;
o each datum a result.

—
—

XY 2 Cnile- demensional Veo"@ Spaces

1 K"
[eqmﬁw( with norm e.q. Euocudtan nenm
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Definition 1.5.72. Stable algorithm

An algorithm F for solving a problem F : X + Y is numerically stable, if for all x € X its resuft F(x)
(possibly affected by roundoff) is the exact result for “slightly perturbed” data:

w1 VxeX: FKeX: |x-X|, < Cwlx)eps|x|y A F(x)=F().

o

|

backward eroy ana%/ §1S

Stebilily of —mubix xvecloy
furchon

Ex.

g
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vty (A, %) stable 27
F {x K™ K —> Y= K"
(A, %) AX
W heo is thete an ,2/6 K™ such that

S, TA-Al, £ C Al
Possible choice A ~ A+zx" | =z = 2-Ax

Probleen
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Ax = Axs =il = Ax+$ - Ax =
La-Al, = IzX7l, s Jerls — i, 1,
Y LA,
Recall: mutix nom - /l/////z ;-;:g Ix1,
= 5-Axl /i,
WA 2 Coeu if 15-Aul i, £ Co-eps
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6. Direcl Methods for Linear S)/\szfms af E?m/m

Guen A e K" (egutlar) , bk, find xslR": Ax =b
"Our problem” - F = (Ab) = A7b

How tell Hat a sdver By LSE s stable -
> yidd.s XeK?

Ax =b e~ AX = b
{b-b Ih-A%)  _ el g A
b L = Tl = L5 ’;idijg-
[
Shable | 1 £ lr) = Cw EPS bl

. 61. Elmnabhon olvas fov LEE

Never contemplate implementing a general solver for linear systems of equations!

If possible, use algorithms from numerical libraries! (— Exp. 1.6.25)

cost (.So(m'rg A gere, LSE> = 0(1’?,3) [c%ﬁ;niw]
Cheapoy v special mahces -

diagenil I[KUZ%] ‘ [}E;%'ﬁ” backeacuod ol |
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[ X =A\NB, Bek™ 2 mulfiple rhs. (B)y 470
X = A Ldec> solve (B)

#include <Eigen/Dense>
using namespace Eigen;
using namespace std;

1

|

E1360 ;

// Initialize a special invertible matrices

$ Setting: N>1, large matrix % Sitting: N>1, large matrix
forAj=l:N [L,U]' = lu(Aa);
X = A\b; fOf j—lcN
b = some_function(x); x = U\ (L\Db); ‘
end b = some_function(x);
end

st 0(AR®)

Eign example
template<class VecType, class MatType>
VecType invpowit (const Eigen::MatrixBase<MatType> &A,double tol)

{

Cost O(n’+ An?)

using index_t = typename MatType:: Index;
using scalar_t = typename VecType::Scalar;

MatrixXd mat = MatrixXd:: Identity (n,n) +

VectorXd:: Constant(n,1.0)*RowVectorXd:: Constant(n,1.0) ;
cout << "Matrix mat = " << endl << mat << endl;

// Multiple right hand side vectors stored in matrix, cf.

MatrixXd

MATLAB

// Make sure that
const index_t n =
const index_t m =
eigen_assert(n ==

the function is called with a square matrix
A.cols () ;

A.rows() ;

m) ;

// Solve
MatrixXd
MatrixXd
MatrixXd
MatrixXd
MatrixXd
cout <<
cout <<
cout <<
cout <<

B = MatrixXd ::Random(n,2) ;

linear system using various decompositions

defanclt

X = mat.lu().solve(B);

X2
X3
X4

mat
mat
mat

.fullPivLu () .solve(B);

<

.householderQr () .solve(B);
.11t ().solve(B);

X5 mat
" | X2—X|
" | X3-X|
" | X4—X|
" | X5-X|

J1dit (

<<
" <<
" <<
" <<

) .solve(B) ;

(X2-X).norm() <<
(X3—X) .norm () <<
(X4-X) .norm() <<
(X5-X).norm () <<

endl ;
endl;
endl ;
endl;

Elmnabor solve

(brnylf)d ﬁl

—
S—

wﬁﬁ phase

Xp3)

+  elemination pf?d\S e
v
Xn?)

// Request LU-decomposition

auto A_lu_dec = A.lu(): < O(n3) CQQL

// Initial guess for inverse power iteration

VecType xo
VecType xn

VecType ::Zero(n) ;
VecType : :Random(n) ;

// Normalize vector

xn /= xn.norm() ;

// Terminate if relative (normwise) change below threshold
while ((xo—xn).norm() > xn.norm()x*tol) {

o - A & (oot O)

xn = A_lu_dec.solve(xo0);
xn /= xn.norm() ;

}

return(xn);

Matlab - [L,0]=£(4)

(A= L)

x =M\ (L\D)




6.5, Exp&oi?lirzf Stk of an LSE Ex © LSE with anoo .syskm mahx
o b,ccfﬁb,@e‘@"mo&kfjomé , e R
Tool + “Flock eliminaton o

- {An AIZ] an B12] _ [AuBn + A12By A111312+A121322] .

(1.3.14) [ | 2f

A1 Axn| Bz B2 A21B11 + A»By1 A21Bi2 + A2Bax
o
A
A= D ¢ 6
m n m
M N = M 8
l —
m ::: " i b x|
o . (1.6.94)
7 - — / = e e e e e e e o o o o
: N : % o ! ‘ K ¢ % 2 4 6 8 10 12
K

e 2 2108 - 4]
Rock pauhioned  Linedr System : - b 3 0
[A11A12] lxl} _ lbll Ap € KM, Apy € KM Ay € K% Ap € K, P O —
= p unction x = arrowsys_slow(d,c,b, alpha,
A21A22 X2 b2 X1 € ]Kk; Xp € IKE ;bl € ]Kk; b2 € ]Kg . A = [diag (d),c;traanose(b), alphal; ! (o.s"- O(hs)

A4 - x = Aly;
/4”}()"]‘/412)( '_"b => x)":‘-Ar (b|—/4?2X) - T } T —)
- - ’ \ ’ Smattey . Yleck elimmabn (- b DCc )3 =n-bDy
2’”;_;‘1‘“ (AD = /42? /41; /4{1 J Xe = by - /4sz¢er ) 2 y

N . = Xy = /‘D"(%"Qg)
Sehur COmFlfmmJL




function x = arrowsys_fast(d,c,b,alpha,y)
z = c./d; $ z=D"1c

w = y(l:end-1)./d; % w=D"ly

xi = (y(end)-dot(b,w))/(alpha - dot(b,2z));
X = [ w=xi*xc./d;xi);

10" A S S—— S S Wlﬁmfdl

—k— arrowsys low

E e i 5
' ' [ How b k:M _E/Lm
F y@m wnhine clz

0(h3) H 'bi,k Cl’)'bp

w02k /

Cost O(n)

-d
o

tic-toc runtime [s]

pyin toolly logatrtm

plat

10° 10" 102 10° 10*

Low tank matifeation of an LSE
Ax =b  has a(mq/ been wlpe ( S@ﬁﬂp phage clone )
‘ .' berc Gom A by chami
Sor{jH XA = =b %:]Jrg{e m/fy4 ’4):7'4" ]7)’ anig. a

a,',- y if (l/]) 7& (l*,]*) ’
4 +aij s if (l,]) = (i*,j*) ’

= K=A+z-e,~-¢e;.r. .

ks @%*%OP%%

Shmdh} anwr/}v(qﬂc

Ceneal -

$ 08T 14] ~ 1- e
v -] 3 0 - I = X
=  (A+ uv"lx = b
B.E o X: (~1-0"A u) 5 = zzT/ff'b
L aA"b
> X = bl
LS N7 w m D |- Olh?) o
alpha = l+dot (v,w); — -
ifp(abs(ilph;)( . x=A 'p— A" u(v (A b))
eps+norm (U, 1)), (1 + VH(A—lu))
error (' Nearly singular -
matrix’); end; 4

x = z - wrsdot (v, z)/alpha;

losk O(h?)



[ A Spmoe Lonean d)/&Tem
S ma:z‘m’w# &)/dem may =0 "

A € K™" m,n € N, is sparse, if

):i=#{(i,j) € {1,...,m} x{1,...,n}: a;; # 0} < mn..

(21,

Meroary ~ 061112(:4))
Examyle

ran

struct

size_t m,n;
vector<size t> I;
vector<size_t> J;

Spoe denx &'magz
\

m)r(mafnxyvm> ~ O(mz(A))
trfit formuit (00

L{SF}‘ { (/{K'ék/qr ) } =
A n
Yow X ol tulex T enfay Fihons DF X oo
g passz
TripletMatrix {
// Number of rows and columns

// row indices
// column indices

vector<scalar_t> a; // values associated with index pairs

bi

C++-code 1.7.7: Matrix x vector product y = Ax in triplet format

i |vold multTripIMatvec (const TripletMatrix &A,

2 const vector<scalar_t> &x,
3 vector<scalar_t> &y)

«| for (size_t 1=0; I<A.a.size(); l++) {

yIA I[1]]c+=A.a[ ]+ x[A.J[I]];

>/ = >/+/4><
st O(N)

5
o )

CRS [ compiessed row formaty ) format-

Ae K™

vector<scalar_t> wval
vector<size_t> col_ind
vector<size_t> row_ptr

vallk] = a,-j‘ o {

col_ind[k] =7,
row_ptr(i] < k < row_ptr[i+1],

size nnz(A) := #{(i,j) € {1,...,n}?, a;; # 0}
size nnz(A)
sizen+1&row_ptr[n+ 1] =nnz(A) +1

(sentinel value)

1 <k<nnz(A).

v AINNNNNRNNENN
col_ind | }
EuiNERRNNRRRNAR
e ¢ b;fl?E}" on of - Givk rovase
i
[10 0 0 0 =2 07 val-vector:
3900 0 3 1023 /9|3(7(8(7[3..9[13[4|2]-1
A= |0 787 0 0 col_indyarray: 70 77
3 087 5 0 1/6(1]2/6/2|3[4/1...5|6 g\/S\IGJ
0 809 9 13| row ptrtaray: jﬂ\
00400 2 =1 11369131720

[ Maklab r‘nalextrnf
CRS v A"

CCS

/I\

LJ



[? ;2 . %;aﬂe mdf)t((_; hj Mdﬂdb MaTLAB-code 1.7.15: Initialization of sparse matrices: triplet based (ll)

. . B . 1| dat = [];
Mcakd MDS X 'r”delwfm 2 for i=1:n
3 for j=1:n
= “ ) 4 lf (abS(i—j) - 1)' dat - Edat; L,],l.OJ; end,’
A = sparse(m,n); create empty m X n sparse matrix . if (abs(i-j) == round(n/3)), dat = [dat; i,3,-1.0];
A = spalloc(m,n,nnz); create m X n sparse matrix & reserve memory . ond: end: end:
A = sparse(I,J,a,m,n); initialize m X n sparse matrix from triplets — § 1.7.6 ! ! Lo ) ' . ‘ i(
A = spdiags(B,d,m,n); create sparse banded matrix — Section 1.7.6 ! A2 sparse(dat(:,1),dat(:,2),dat(:,3),n,n); 2 ,gl”u C;Z_f 6
A = speye(n); sparse identity matrix
103 v v v ——— v v v —— v v v —
— _ * Initialization | +=>> m I.¥.Iq " 3
+ Initialization R A ¢ 4 ®
> A taloation ::I-b Cocle 1715 — Oﬁz(ﬂ' 0{ W%m M gd{ 7_/n
N eFayen

3 o L
e th : ? = [Rnl “ %

d=1-1,0,1] L

) : _—
- B lW M?'TJ Uﬁﬁr Wjom'/ - 10° | 8 E
4 ) ' .
> doc spr x |
(1218)  Ffbued mihalizabon ﬂf <pe mechices s ':
MATLAB-code 1.7.14: Initialization of sparse matrices: entry-wise (I) 0L : . : :
e el * * matrix size n * "

for i=1l:n
for j=1l:n
if (abs(i-j) == 1), Al(i,j) = Al(i,]j) + 1; end;
if (abs(i-j) == round(n/3)), Al(i,j) = Al(i,j) -1; end;
¢ | end; end

P -

o

—>  Enormous amovnf o‘/ allscahion @Wmﬁr/ !
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#include <Eigen/Sparse>
Eigen :: SparseMatrix<int, Eigen::ColMajor> Asp(rows,cols); // CRS format

Eigen ::SparseMatrix<dc}>\ubIe, Eigen :: RowMajor> Bsp(rows,cols); // CCS format

scalar
Initilizate - from Fq'PZd formaf (as v Matlab )

unsigned int rows,cols,max_no_nnz_per_row;
SparseMatrix<double, RowMajor> mat(rows,cols);
mat.reserve (RowVectorXi:: Constant (cols ,max_no_nnz_per_row)) ;
// do many (incremental) initializations
for () {

mat.insert(i,j) = value_ij;

mat.coeffRef(i,j) += increment_ij;

}

mat . makeCompressed() ;

+ |std ::vector <Eigen:: Triplet <double > > triplets;

2 |// .. fill the std::vector triplets ..

s |Eigen :: SparseMatrix<double, Eigen::RowMajor> spMat(rows, cols);
s |spMat.setFromTriplets (triplets .begin(), triplets.end());

s |spMat.makeCompressed () ; > build CRS /CCS

unsigned int row_idx = 2;

unsigned int col_idx 4;

double value = 2.5;

Eigen::Triplet<double> triplet (row_idx,col_idx,value);

std::cout << ' (’ << triplet.row() << ’,’ << triplet.col()
<< ’,’" << triplet.value() << ')’ << std::endl;

Remarl . esewe () ~method oy spawe matice

- pmdocaﬁon of space

Ronhimes fov  mihalizabon o/ banded tralix i

105_ T T T T

Triplets
coeffRef with space reserved
coeffRef without space reserveq |

Time in milliseconds

10 10 10 10 10° 10
Size of matrix

=g



|24 Dieck lution of Spavelnear sysforns.
sxstem m\%c’in\&pme ormdt
e Speciad spare elemimation a‘{(ffr%zs
Mafiah - SEU N
Example : Areoww witix [ Recad - Oln)

0

solechon ﬂjod’ ]

A= 6
8..
b’ @ |
(1.6.94)
A = [diag (d),c;transpose(b),alphal; e e e
x = A\y; L? 0((05& % 2 P 6 8 10 12

MATLAB-code 1.7.38: Invoking sparse elimination solver for arrow matrix

function x = arrowsys_sparse(d,c,b, alpha,y)

1

2 |ln = numel(d);

s |A = [spdiags(d, [0],n,n),c;transpose(b),alphal; ....-;\_(W -farmt
« |x = A\y;

tic-toc runtime [s]

109 F

i Ly spape elmniton .

it Arrowsys _parse
s

Ay
%ﬁ%{f pl%gayx

When solving linear systems of equations directly dedicated sparse elimination solvers from
numerical libraries have to be used!

System matrices are passed to these algorithms in sparse storage formats (— 1.7.1) to convey
information about zero entries.




Case \S}Ut% '. STDODHLirﬁ 07{ Cp(dnar) M&n\?ukzﬁbn
Y "o gaps overiap

Fig

Mesh with “illegal” hanging nodes

Definition 1.7.22. Planar triangulation

A planar triangulation (mesh) M consists of a set V' of N € N distinct points € R? and a set 7~
of triangles with vertices in AV, such that the following two conditions are satisfied:
1. the interiors of the triangles are mutually disjoint (“no overlap”),
2. for every two closed distinct triangles € 7 their intersection satisfies exactly one of the fol-
lowing conditions:
(a) itis empty
(b) itis exactly one vertex from N/,
(c) itis a common edge of both triangles

Can,ovkrj}ap/ucs

MATLAB demonstration for visualizing a planes triangular mesh
Initialize node coordinates

First the x—-coordinates

= [1.0;0.60;0.12;0.81;0.63;0.09;0.27;0.54;0.95;0.96];

Next the y-coordinates

= [0.15;0.97;0.95;0.48;0.80;0.14;0.42;0.91;0.79;0.95];

Then specify triangles through the indices of their vertices. These
indices refer to the ordering of the coordinates as given in the

op op S de X o op op

vectors x and y.

|.= 16 2 8p@ 1 Spls 2 Bpy & S5pY B Y @ gooa

4 7 1;9 5 4;4 5 7;9 2 5;10 2 9];
% Call the plotting routine; draw mesh with blue edges
triplot (T,x,y,"'b-"); title (A simple planar triangular mesh’);
xlabel (' {\bf x}’); ylabel (' {\bf y}’);
axis ([-0.05 1.05 -0.05 1.05]); axis equal;
% Mark nodes with red stars
hold on; plot(x,y,’'r*x’);

% Save plot a vector graphics
print -depsc2 ’'meshplot.eps’;
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Definition 1.7.26. Smoothed triangulation
A triangulation is called smoothed, if E_?" Z POSIHDTJ lf M( #u :r

p e #SGpi= Y phd=12, foral ie{1,...,N}\T, (1.7.27)
) j€st)

|
P =55 L

jes(i

that is, every interior node is located in the center of gravity of its neighbours.

/N {3 e S(2)

= X

Moe: — (1Z27) «=> [ SE [ (2=07
| Lo dusorbes o tors of —Uinecy .;}xﬂfm_
n A ool ks nodes c=r™

P,y 12gEY

ze R, =, = { ;
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i)
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The planar triangulation with cells obtained by
- int- splitting all cells of a planar triangulation M

Zy into four congruent triangles is called the reg-
T zbd T ular refinement of M. i} 45
z = z}nt = [Zl,. o1 ZnsZyi1re v 1ZNIEN 417+« 1 ZNAnr EN+n41s 0+ » IZZN]
%d Refined mesh level 1
z oot mi
&2 i
)
Z
— I
Cz =0 <&
- Aint  Apg Z,bd
1| =0.
A t A i‘h'ﬁ
in bd Z.‘Z
| | 2
Za‘_ M

Refined mesh level 2

Mee kacepn —> P SLVAVA
walie b%a [ At I 0 Zibb — [Au "Zbed
0 | A 2t A, 2" ]

L Spltane (et &ys?tm with spase 5)/4699 mdfix

Smoothed mesh level 2




NCSE15
level 1: 30 points, 73 edges, 44 cells - level 2: 103 points, 278 edges, 176 cells 0 level 3: 381 points, 1084 edges, 704 cells
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