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Overview

1. motivation

2. network modeling

3. device modeling

4. coupling of both systems

5. formulation as abstract differential-algebraic system
6. index fur abstract DAEs

7. Galerkin approach for abstract DAEs
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Circuit Modeling

e Kirchhoff's current law (KCL): A7 =0 DTJ o
e Kirchhoff's voltage law (KVL): ATe = u DTJ v

e circuit elements: g(dqgﬁ’t), dqbéi’t),u,z’,t) — 0, e.g.: DO DTJ—‘

Gi||B

e

— capacitors: § = C%%, = W D15
— inductors: u = L%, u = W Ol

— voltage sources: v =v(t), u=v(i,u,t)

= differential-algebraic equation (DAE) f(%,x,t) = 0 with z = (é)
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Replacement Circuit Models for More Complex Elements

Gate
| Gate

Source Sio, Drain 1
S Source AL L Drain
n } \ n Device- | |
— ——
p Simulation -|- ——— -|-
Si
Bulk
Bulk

L Advantages:

e resulting system is a differential-algebraic system
e fast simulation of the circuit is possible

e circuits with many transistors (> 10°%) can be simulated
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Replacement Circuit Models for More Complex Elements

Gate
| Gate
Source SiO, Drain l
— Source L L Drain
n ) \ n Device- | |
. . —
p Simulation = - =
Si
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Bulk

— Disadvantages:

e interaction between circuit element and surrounding circuit might be insuffi-
ciently regarded (essential for high frequency circuits)
e more detailed models need a multitude of parameters (> 500 per transistor)

—- parameter extraction is very time consuming
= parameter adjustment becomes problematic for optimal circuit design
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Wish: Coupling of Circuit and Device Simulation

o rET = GTte
| \ Source SiO, Drain
L1 —
EN n M
Ot ] Fﬁ —+ P <
0N =
Ol [ Bulk
OAF PDE
= PDAE
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Network Equations by Modified Nodal Analysis

dg(ALe,t . . . .
Ac a di ) + Arg(Ape,t) + Apjr + Avjv + Asjs = — Arig
d¢(jL7t)
T Aje = 0
GIDT]J Q A-‘r/ € p— ’US
| v A= (AC'7AR7AL7AV7A17AS)
e
"""" ,_l T e ¢ - nodal potentials
Ot i
b ES ® jr, jv - currents of inductances and
Ll voltage sources
o] . :
® js - currents of semiconductors
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Index of Network DAEs

e DAE index is always < 2.
[Giinther/Feldmann 96, T. 97, Reissig 98, Estévez Schwarz/T. 00]

e DAE-Index = 2 & (Ac, AR, Ay) has not full row rank and QL Ay has
not full column rank (Q¢ projector onto ker A,).

& The network has an Ll-cutset or
a CV-loop with at least one VS.

‘ 4

o | D

1 s O

[ ‘ bt PR
CV-loop LI-cutset
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Problems of the Simulation of DAEs with Higher Index

e Solution does not depend continuously on the initial data.
e Initial values have to fulfill (hidden) constraints.

e Simulation methods like BDF and trapezoidal rule can collapse.

Example: Integration with inconsistent initial value -

RN
/
2sin(t)

S =
it

v
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Problems of the Simulation of DAEs with Higher Index

e Solution does not depend continuously on the initial data.
e Initial values have to fulfill (hidden) constraints.

e Simulation methods like BDF and trapezoidal rule can collapse.

Example: Integration with consistent initial value 7
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Semiconductor Equations (Drift Diffusion Model)

Gate

| div(egradV) = ¢q(n—p—N)
Souroe — ?io_z — pran — O + %div Jn = R(n,p,Jy, Jp)
L o+ Ldiv], = —R(np, JuJy)
si J, = q(Dygradn — p,ngradV)
> Jp = q(— Dpgradp — pypgrad V)

e |V - electrostatic potential
e n, p - electron and hole concentration

e J,, Jp - current density of electrons and holes
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Boundary and Coupling Conditions

V = e+c-Ale+W on I'gUTs
gradV-v = aV —a(e+c-Ale)+ on T
gradV-v = 0 on I

n. = n, P = Do on I'o
Jn v — qup(n —ng), Jp-v = quy(p—po) onlTs
Jn V= _ quurf(nap)a Jp "V quurf(nap) on FMI
v = 0, Jpov = 0 on I
jsk:/ (Jp+J, —egrad0;V) - v do

'y ejT O

. & : &,
e I'p, I's - Ohmic and Schottky contacts ---——1 |81 *—]

e I'\y - metal-insulator contacts L

e I'| - insulator contacts

e I';, - contacts at the k-th terminal of the jsll
semiconductor ‘
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Homogenization

Let f(z) = (fi(z), ..., fog—1(2))" and g(z) be smooth functions on Q with

1 if '€ (I'oul'sUI'
fk(x)—{ foelyC (ToUTs ) grad f,-v=0onT

0 ifze (Fo Ul's U F|\/||)\Fk,

and
g=WonlgUI%, gradg-v =0 on 'y UT.

~

V(w,t):=V(x,t) —elt) - f(z) Age(t) — g(x)
=

~

V=0onToUTIs, egradV-v+aV =p3onTy, gradV -v=0o0nT,

with 3:= 8 —ag —egrad g - v.
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Complete Coupled System

dgc(ALe, t
Ac acl dtC ) + ARg(AJTgG, t)+ Arjr + Aviv + Asjs + Aris = 0
dér(jr,t) ATe —
—A;e = 0
dt .
Aye—vy = 0
div (egrad V) = gq(n —p — N) — div (egrad (f - Age + g))
— O + %div J. = R(n,p,Jn, Jp)
Oip + %div J, = — R(n,p,Jn, Jp)
J, = q(Dy,gradn — u,ngrad (V + f - Age + g))
Jp = q(—Dygradp — pypgrad (V + f - Age + g))

js :/[(Jn+Jp)'VX1—€8th‘ad‘7°l/X2] do
T

~

V =0onToUI%, 8grad\~/-v+a\~/:50nFM|, grad\~/-1/:00nf‘|

+ boundary conditions for n and p as well as J,, and J,
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Coupled System as Abstract Differential-Algebraic System (1)

d g (Adugt)
A—D(u(t), t) + Bu(t),t) = 0 with D(u,t) = | ¢L2?

( ARg(Ahuy )+ Apug+Ayug+Agugt+Aris(t) \
—A}:ul
A_I‘_/ul—vs(t)
div (egrad ug)—q(ug—u7—N)+div (egrad (f-Agul +9))
B(U, t) = —% div ug+R(ug,u7,ug,ug) ,

OOOOOOOOC%>
OOOOOOO~ O
NOOOOOOOo O
OOOONOOO O
OOONOOOO O

% div ug+R(ug,u7,us,ug)
ug—q(Dngrad ug—punuygrad (u5+f-A—IS_«u1 +9))

\ ug—q(—Dpgrad uz —ppuzgrad (us+f-A Gui +9)) )
uUy—r9 (u8—|—ug)

where tv = [pegradv - v x2do, tov = [pv-vxido and

u(t) = (e(t), (), jv(t), is (), V(. 1), (-, 1), (-, ), Ju(e, t), Ip(-, 1))
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Coupled System as Abstract Differential-Algebraic System (1)

Z
A
d ﬂﬁy/ \\
AZD(u(t), 1) + Blu(t), 1) = 0
X =2 %

B(-,t)

9 ns
X=X X; with X, =R"" X,=R"L, X;=R" 6 X,= XRu!
1= l:1

X5 = {’U - l}—él H2(Ql) vy =0onIT')poU FZS},

Xo=Xr= X H'(Q), Xs=Xo= X H(div;Q).

Y = X3 X X9 X X3 X (l>—€1 L2(Ql))5 X X4
Z = R"C x X, x XX (l}_flzarl(szl))2
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Coupled System as Abstract Differential-Algebraic System (1)

AZD(u(t), ) + Blu(t), t) = 0

e X,Y, Z -real Hilbert spaces
e A, D(-,t) continuous operators

e B(-,t) is an unbounded operator!

Z
/N
D('at)
X > Y

B(-,t)
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Index for Abstract DAEs

A%D(u(t), £ + Blu(t). £) = 0 (1)

Assumptions: - 3 Fréchet derivatives By(-,t) and Dqy(-,t) of B(-,t) and D(-, 1)
- ker A @ im Dy(u,t) = 2
- ker Go(u, t) constant for Gy(u,t) := ADy(u,t)
(1) has index 1 if 9 projection operator Qg : X — X onto ker Gy(u,t) with
gl(ua t) L= gQ(U, t) + BO(U, t) QO

injective and cl(im Gy (u,t)) =Y forall u € X, t € [to, T].
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Index for Abstract DAEs
A%D(u(t), t) + B(u(t),t) = 0 (1)

Assumptions: - 3 Fréchet derivatives By(-,t) and Dqy(+,t) of B(-,t) and D(-, 1)
- ker A @ im Dy(u,t) = 2
- ker Go(u, t) constant for Gy(u,t) := ADy(u,t)

(1) has index 2 if 3 projection operators Qp : X — X onto ker Gy(u,t) and
Q1: X — X onto ker Gy (u,t) with codim(cl(im G;(u,t))) > 0 and

Qg(u, t) = gl(u, t) -+ B()(’Lb,t)(I — Qo)Ql

injective as well as cl(im Go(u,t)) =Y forall u € X, t € [tg, T].
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Index of the Coupled System

e DAE index is always < 2.

e DAE index = 2 & (Ac, Ar, Ay, Ag) has not full row rank and
QL(Av, As) has not full column rank,

where ()¢ projector is a onto ker AE.

=3 The network has an Ll-cutset or a CVS-loop.
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Coupled System as Abstract Differential-Algebraic System

(1)

p Alézvl gc(ALurt)
A=D(u(t),t) + Blu(t), ) =0 with Avi= | 41, | Dlut) = | L2
g ug
vy u7

(B(u,t),v)y = v, [Arg(Apui,t) + Apus + Avus + Asug + Agig(t)]
— vy Ay + vg Ay Jur + v3vs(t) 4 vyus — vyea(Jn + Jp)

+ /8grad (us + f - Agul + g) - grad vs dz + /q(u6 — u7 — N)vs dx
Q Q
+ %/Q (Jp - grad vg — Jp, - grad v7) do + /QR(ug, wr, I, Jp)(ve + v7) da

+ [ (aus — B)vs do + | Reus(ug, ur)(vs + v7) do + [[vn(us—mno)ve + vp(ur —po)vr] do
NV NV I's

where tv = [pegradv - v x2do, tov = [Lv-vxido and

’U,(t) — (e(t)7 jL(t)a jV(t)v jS(t)a ‘7(7 t)? n('a t)a p('7 t))
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Coupled System as Abstract Differential-Algebraic System

(1)

7 e
V= X Vi with Vi=R"", V,=R", V=R", V= XR"
=1
V5 — {U S lzél H2(Ql) vy =0onT')oU FZS},

Ve = V7 = {’U c l>—51 Hl(Ql) : vy = 0 on FlO}-

Z = R"Cx VoaxVyxVygx V-

= R"C x Vi x Vi X l)_il La(92) x l)_f_l La(92)
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Coupled System as Abstract Differential-Algebraic System

(1)

d
A%D(u(t),t) + B(u(t),t) =0
e / C H C Z* evolution triple
e V real, separable, reflexive Banach space
e A, D continuous operators > Y

e 5 is bounded ! B(-,t)
d

Wy p(to, T;V,Z,H) == {u € La(to, T; V) : gy

—D(u(t),t) € La(to, T; Z*)}

el = Nl aoizvy + 1D )l ygag. iz
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Assumptions

AL Du() + Byulty = qft)

dt
Du(ty) = z9 €7
o A ="D* D is linear, continuous and surjective
e 5(t) is linear, uniformly bounded and strongly monotone V ¢ € [tg, T
© 20 € Z, q€ Lo(ty, T; Z*)
o {wi,wy,...} basisin V, {21, 2o, ...} basis in Z with

Vn €N Elmn c N: {th 7Dwn} C {Zla ”'7Zmn}

® (2n,) €Z: ZzZp, — %o in Z with z,, € span{Dwy, ..., Dw, }
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Galerkin Approach

(A[Du®)), v)v + (B(t)u(t), v)v = {q(t),v)y Vv eV
Zlc

Galerkin equations: Vi =1,...,n

(A[Dun ()]s wi)v + (B(t)un(t), wi)y = (q(t), wi)v

Dun(to) =  Zn0
=
(D lejn(®)Dw;)'[Dw;) , + Y (B(O)wj, wihven(t) = (q(t), wi)y
71=1 71=1
Dun(to) =  Zn0
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Galerkin Equations

A(Dc,(t)) + B(t)c,(t) = r(t)
Dc,(tg) = Day,
with
Cin(t) (q(t), w1)v
cn(t) = . r(t) = ;
Cnn(t) <Q(t)7 wn>V
and
A= (am)?:ll ........ n D = (dkj);;:—ll ........ s B(t) — (bw (t));j
with - mn7 |
Dw; = Z ik 2k
and -

dkj = (Dw]|zk)H and bw(t) = <B(t)wj,’w7;>v
fort,7=1,...nand k=1,...,m,
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Properties of the Resulting DAE

A(Dc,(t)) + B(t)c,(t) = r(t)
Decy,(to) Day,

1. The DAE has a proper formulated leading term, i.e.
ker A im D = R™n,

2. (im A)* =ker D
3. AD is positive semidefinite, B(t) is positive definite.

4. The DAE has maximal the index 1.

||Cn||L2([t0,T],R”) + ||DCnHO([to,T],Rmn)

+ |(Den) 'l 2. gmny < C (1D + HT”LQ([tO,T],R")'
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Existence and Uniqueness of Solutions of the ADAS

Assumptions:
e kerD splits V, i.e. 3 projection operator Q : V — V with im QO = ker D

e basis {wy,ws, ...} of V such that
w; €im I — Q for odd 1,

w; € im O for even 1.

The ADAS

A%(Du(t)) + Bu(t) = q(t), Du(ty) =29 € Z

has exactly one solution u € W21,D(to, T,V,Z, H).
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Summary

e network model — DAE

e semiconductor model — system of parabolic and elliptic PDEs
e coupling over boundary conditions and integral relations

e index is always < 2 (= 2, if there is a CVS-loop or an Ll-cutset)

e Galerkin method converges for linear abstract DAEs of index 1 with monotone
operators if the basis is chosen appropriately.

e Do we have convergence also for the nonlinear coupled system?

e Which index have the Galerkin equations if the network has CVS-loops or
LI-cutsets?

e How should we choose the basis functions for abstract DAEs with higher index?
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