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@ Action

Hamilton’s Principle
The physical motion ¢(r) extremizes S(¢) under condition
Q(Ia) = {qa and Q(tb) = (gb-

equivalent: Euler-Lagrange equation

doL_o
dt0qg  Oq
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Hamilton’s Principle
The physical motion ¢(t) extremizes S(q) under condition
Q(Ia) = {qa and Q(tb) = gb-

equivalent: Euler-Lagrange equation

doL_oL
dt 0§  Oq
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tat+h

N—1
S{ato) =Y / L(g(1),4(0), 1t
n=0 v
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where g extremizes the integral with ¢(z,) = gy,
q(tn +h) = qny1-
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Gittelson The physical motion {g,}"_, extremizes, for given gy and gy,

N N-1  opth
Sab) =Y [ Lla(0.a0),)a
yyyyyy n=0 In
where g extremizes the integral with ¢(z,) = gy,
Q(tn + h) = qn+1-

4

ta+h
discrete Lagrangian Ly (qu, gn+1,tn) = / L(q(t),q(t),)dt
I

where ¢ extremizes the integral with ¢(1,) = gy,
q(tn + h) = 4n+1-
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Claude

Gittelson The physical motion {g,}"_, extremizes, for given gy and gy,

m+h
S{anto) Z / (o), )

where g extremizes the integral with ¢(z,) = gy,
q(ty + h) = gnt1.

4

ta+h
discrete Lagrangian Ly (qu, gn+1,tn) = / L(q(t),q(t),)dt
1,

n

Discrete Hamilton Principle

N—1

extremize Sy ({gn}n-0) == Y _ Li(qn: gn+1, 1x) for given qo, qv.
n=0
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ta+h
discrete Lagrangian Ly, (qn, gn+1,tn) = / L(q(1),q(1),t)dt
tn

Discrete Hamilton Principle
N-1

extremize Sy({gn}n-0) == > _ Ln(dn, dnt1,1x) for given qo, gn.
n=0

equivalent: discrete Euler-Lagrange equation

OSh

O p—
gy

= O Ly(Gn—1,9n,ta—1) + O1Li(qns Gnt1,tn)
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ta+h
discrete Lagrangian Ly, (qn, gn+1,tn) = / L(q(1),q(1),t)dt
tn

Discrete Hamilton Principle
N-1

extremize Sy ({ga}h—0) == Y _ Li(qn: gn+1,tx) for given qo, qv.
n=0

equivalent: discrete Euler-Lagrange equation

OSh

O p—
gy

= OLy(Gn—1,9n, ta—1) + 1 Li(qns Gnt1,tn)

forn=1,...,N—1.
~ three-term difference scheme for g, .
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[ tlato. a0, = ~p() (: —%<qn,qn,tn>)
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tath
83; ] L(q(1),4(t), t)dt = —p(tn) (= _Z_I(;(‘lm%tn))

define p,, := —01Ly(qn, nt1:tn)
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tath
ain tn L(q(t), (1), 0)dt = —p(tn) <= —Z—I(;(Clmén,tn))

define Pn = *ath(Qna qn+1, tn)
if 01L1(qn, -, 1,) is bijective

Variational Method
(Pna q;z) — (Qna anrl)

(gn, Gn+1) = (Gns1s Gns2)

(@n+15Gn12) = (Pnt1,qnr1)
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tath
ain tn L(q(t), (1), 0)dt = —p(tn) <= —Z—I(;(Clmén,tn))

define Pn = *ath(Qna qn+1, tn)
if 01L1(qn, -, 1,) is bijective

Variational Method
(Pnaq;z) — (Qnuanrl) DPn = _ath(Qnaq;erlatn)

(gn, Gn+1) = (Gns1s Gns2)

(@n+15Gn12) = (Pnt1,qnr1)
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tath
ain tn L(q(t), (1), 0)dt = —p(tn) <= —Z—I(;(Clmén,tn))

define Pn = *ath(Qna qn+1, tn)
if 01L1(qn, -, 1,) is bijective

Variational Method
(Pnaq;z) — (Qnuanrl) DPn = _ath(Qnaq;erlatn)

(@n,qn+1) — (gn+1,q90+2) discrete Euler-Lagrange equation
ath(qna qn+1, tn) + ath(qn-H y dnt+-2, tn-l-l) =0

(@nt15Gn12) = (Pnt1,qnr1)
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tath
ain tn L(q(t), (1), 0)dt = —p(tn) <= —Z—I(;(Clmén,tn))

define Pn = *ath(Qna qn+1, tn)
if 01L1(qn, -, 1,) is bijective

Variational Method
(Pnaq;z) — (Qnuanrl) DPn = _ath(Qnaq;erlatn)

(@n,qn+1) — (gn+1,q90+2) discrete Euler-Lagrange equation
ath(qna qn+1, tn) —+ ath(qn-H » dn+2,5 tn-l-l) =0

(@n+1,qns2) = (Pnt1,Gni1) Pni1 = —ath(CIn+17Qn+2,fn+l)

4
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if 01L(qn, -, 1,) is bijective

Variational Method
(Pns@n) = (Gn,Gns1) Pn= _ath(Qna‘bH-l:tn)

(qn,qn+1) — (gn+1,q042) discrete Euler-Lagrange equation
O2Li(Gn; Gn1, tn) + O1Lin(Gnt1, Gna2, tar1) = 0

(Gnt1,Gnt2) = Prt1,qnt1) Prn1 = —O1Lp(Gnt1, Gnt2s tat1)
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Variational Method
(Pns Gn) = (Gn, gns1) Pn = —01Lp(Gn, Gns1, )

(qn,qn+1) — (gn+1,q042) discrete Euler-Lagrange equation
O2Li(Gn; Gn1, tn) + O1Lin(Gnt1, Gna2, tar1) = 0

(Gn+1,qn+2) = (Pnt1,Gn+1) Pnt1 = —O1Lp(@nt1, Gnt2s tat1)

Variational Method (simplified)
(P> @n) = (Gn, @nt1) Pn = —O01Ln(qn;s Gur1;5 tn)

(qna QnJrl) — (pn+l s Qn+l)
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Claude if 81 Lh(qn7 ) tn) IS bIJeCtlve
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Variational Method
(Pns Gn) = (Gn, gns1) Pn = —01Lp(Gn, Gns1, )

(qn,qn+1) — (gn+1,q042) discrete Euler-Lagrange equation
O2Li(Gn; Gn1, tn) + O1Lin(Gnt1, Gna2, tar1) = 0

(Gn+1,qn+2) = (Pnt1,Gn+1) Pnt1 = —O1Lp(@nt1, Gnt2s tat1)

Variational Method (simplified)
(P> @n) = (Gn, @nt1) Pn = —O01Ln(qn;s Gur1;5 tn)

(@ns @nr1) = (Pnt1,Gnt1) Potr1 = O2Lu(Gn, Gni1, tn)
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Gittelson @ The one-step method
®p 2 (Pnsqn) = (qn, Gnt1) = (Pnt1,qn+1) given by

Pn = _81Lh(Qn7Qn+la tn) and Pn+1 = aZLh(qu qn+1, tn)

is symplectic.
© Every symplectic method is a variational method.
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Gittelson @ The one-step method
@ 2 (Pnsqn) — (qn, Gnt1) — (Pnt1,gn41) given by

Pn = —O01Lp(qn, gnv1,t2) @A pui1 = GLy(qn, quti,tn)

is symplectic.
Symplecticity of 0 . . .
© Every symplectic method is a variational method.

Q v = —01Li(qns Gnt1, 1), Prt1 = O2Ln(qn, gnt1, tn) iMply
®,, symplectic with generating function Lj,.

@ every symplectic map has a generating function L.
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Approximating the discrete Lagrangian

tht+h
LGy s 1) / L(g(t), 4(1),1)di
th

with the trapezoidal rule,

h 1 — h 1 —
EL (an qn+hqn7tn) + EL <¢]n+17 %7% + h)

for a mechanical Lagrangian

. 1. .
L(g,q,1) = EqTMq —U(q)

leads to
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for a mechanical Lagrangian

) 1. .
L(gq,q,1) = EqTMq —U(q)

leads to

Stormer-Verlet Method

h
Mvyi 10 = pn— EVU(qrt)
Gntt = qnt vy

h
Pn+1 = MVn—H/Z_EVU(CIn-H)




Demonstration
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Mathematical Pendulum with
Stérmer-Verlet method.
@ solve ode

@ add small cubic
polynomials to solution

@ calculate discrete action
of all perturbations

Stormer-Verlet
Method

The numerical solution should
be an extremum.




Partitioned Runge-Kutta Methods for
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Claude . 8H . 8H
Sittelson = 5 P ,t = —— WP, ,t
Gitel q ap(wz) p 8q@vq)
S . S
a1 =qo+hY_ b0 pi=po+hY_ biPi
=1 i=1
lS S
Qi=ro+hZaszj Pi=40+hzflijpj
j=1 j=1
5 OH . OH
0= a—p(Pini,fi) P = —8—q(Pi, Qi, 1)

Symplecticity conditions:

s
Il
§>

ajil;j + &ijbi = bii)j
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® Li(qo,q1,00) = h Y biL(Q:, Oir ;)

i=1

s
@ :to—f-hZa,-j
Jj=1

N
@ 0i=qo +hzaiij
=1
@ O; extremize the first sum under condition
S

a1 =qo+hY b

Formulation as
Variational Methods li 1



Equivalent Formulation as Partitioned RK
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Claude The following methods are equivalent:

Gittelson
Variational Method Partitioned RK Method
® Ly =hY;biL(Qi, Qi 1) ® g1 =qo+h) b0
9 = F h ~biPi
@ Oi=qo+ th aiij p1=Ppo Zt )
® Qi=qo+h);a;0

O?IZQOJFhZibiQi Pi=qo+hY;azP;
@ (Q, extremize : OH
Zi biL(Qi, Qi; ti) o Qi - a_%gpi’ Qi7 ti)
4 Pi:_a_q(PiaQiati)

Formulation as
Variational Methods

] aﬁbj + &,‘jbi = b,‘bj




Noether’s Theorem
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Slude. Let {gc; e € R} be a one-parameter group of transformations
and

1 d

I( 7Q) =D %

E:Oge(q) -

Q Ifforalle, q,qandt

L(gc(q),8:(9)q, 1) = L(g,4,1) ,

then I(p, q) is a first integral of the Hamiltonian system.
Q Ifforalle, q9, g1 and ty

Li(ge(q0),8¢(q1),t0) = Lu(qo, q1,10) ,

Noether's Theorem

then I(p, q) is a first integral of the method ®y,.




Existence of First Integrals
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Theorem

All symplectic partitioned Runge-Kutta methods conserve
integrals of the form

I(p,q) =p"(Ag +w) .

In particular, linear and angular momenta are conserved.

<

For a mechanical Lagrangian L = %qTMq —U(q) , the
Stérmer-Verlet method conserves all first integrals

d

1(p.q) :PT% _8la) -




Summary
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Siaude @ Discretization of Hamilton’s principle leads to the
e discrete Euler-Lagrange equation and variational
methods.

@ Variational methods are characterized by their discrete
Lagrangians.

@ Variational methods are exactly symplectic one-step
methods.

@ Symplectic partitioned Runge-Kutta methods can be
described as variational methods.

@ The discrete Noether theorem describes a connection
between symmetries of the discrete Lagrangian and
first integrals of variational methods.

Summary
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