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Problem 10.1 Order and Stability of Multistep Method
Consider the problem

y′(t) = f(t, y(t)), t0 < t < t0 + T

y(t0) = y0
, (10.1.1)

where f ∈ C3([t0, t0 + T ],Rm) satisfies the Lipschitz condition

∀t, y, z : |f(t, y)− f(t, z)| ≤ L|y − z|.

For n ≥ 1 consider the following multistep scheme with constant time step hn = h:

pn+1 = yn−1 + 2hf(tn, yn)

yn+1 = yn−1 +
h

3
[f(tn+1, pn+1) + 4f(tn, yn) + f(tn−1, yn−1)]

(10.1.2)

(10.1a) Study the weak stability of the scheme using the following definition. The 2-step
method (10.1.2) is ’weakly’ stable if there exists a constant C such that for any two sequences
(y2) and (ỹ2) which have been generated by the same formulas but different initial data y0, y1 and
ỹ0, ỹ1, respectively, we have |y2 − ỹ2| ≤ C max{|y0 − ỹ0|, |y1 − ỹ1|} as ∆t → 0. Note that this
definition proves a weaker stability than Definition 4.22 in the lecture notes.

(10.1b) Prove that the order of truncation error defined by

Tn(h) :=
1

2h

[
y(tn+1)− y(tn−1)−

h

3
[f(tn+1, y(tn−1) + 2hf(tn, y(tn))) + 4f(tn, y(tn)) + f(tn−1, y(tn−1))]

]
is at least 3.

(10.1c) We introduce in the scheme an intermediate step:

pn+1 = yn−1 + 2hf(tn, yn)

cn+1 = yn−1 +
h

3
[f(tn+1, pn+1) + 4f(tn, yn) + f(tn−1, yn−1)]

yn+1 = yn−1 +
h

3
[f(tn+1, cn+1) + 4f(tn, yn) + f(tn−1, yn−1)]

Prove that, the order of truncation error of this method is 4.

HINT: Use the result in subproblem (b) and the fact that the error of Simpson’s rule is of order 5,
i.e. ∫ b

a

f(x)dx− b− a
6

[f(a) + 4f((a+ b)/2) + f(b)] = O((b− a)5)
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Problem 10.2 A Complex Hamiltonian Differential Equation
We will look at the complex differential equation

iż = λz + |z|2z, λ ∈ R. (10.2.1)

(10.2a) Show that the function I(z) := |z|2 is an invariant of the differential equation (10.2.1).

(10.2b) Show that the differential equation (10.2.1) for p = Re(z), q = Im(z) is equivalent to
a Hamiltonian differential equation of the form

ṗ = −∂H
∂q

, q̇ =
∂H

∂p
.

(10.2c) We will now look at the following generalisation of the above differential equation with
a real, continuously differentiable function ψ:

iż = −ψ′(|z|2)z.

Write this equation as a Hamiltonian differential equation and find an invariant.

Published on 5 May 2021.
To be submitted by 13 May 2021.
Last modified on April 30, 2021

Problem Sheet 10 Page 2 Problem 10.2


	Problem Sheet 10
	10.1 Order and Stability of Multistep Method
	10.2 A Complex Hamiltonian Differential Equation


