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Geometrical numerical integration for ODEs

e Geometric integration: numerical integration of a differential equation,
while preserving one or more of its geometric properties exactly.

® Geometric properties of crucial importance in physical applications:
preservation of energy, momentum, volume, symmetries, time-reversal
symmetry, dissipation, and symplectic structure.

® Hamiltonian systems and methods that preserve their symplectic
structure, invariants, symmetries, or volume.
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Geometrical numerical integration for ODEs

® Structure preserving methods for Hamiltonian systems
Hamiltonian systems: important class of differential equations with a
geometric structure (symplectic flow);

® Preservation in the numerical discretization of the geometric structure —
substantially better methods, especially when integrating over long times.

® |n general, most geometric properties: not preserved by standard
numerical methods.

® Motivations to preserve structure:

(i) Faster, simpler, more stable, and/or more accurate for some
types of ODEs;

(i) More robust and quantitatively better results than standard
methods for the long-time integration of Hamiltonian systems.

Numerical methods for ODEs Habib Ammari



Geometrical numerical integration for ODEs

® Symplectic methods: Consider the Hamiltonian system

do_ OH
at _ dq P, q),
dg OH

a—afp(PMI),

p(0) = po, q(0) = qo,

Po, o € R9: Hamiltonian function H : RY x RY — R: C* function.
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Geometrical numerical integration for ODEs

® Hamiltonian systems:

e DEFINITION:
e Hamiltonian system with Hamiltonian H: first-order system of
ODEs d oH
p
ar = *afq(P, q),
dg OH
a& %(Py q).
o EXAMPLE:
e Harmonic oscillator with Hamiltonian
1 P2 1, 5
H = -—— + -kq";
(P,q) = 57—+ 5ka';

m and k: positive constants.
e Given a potential V, Hamiltonian systems of the form:

1+
H(p.q) = 5p" M~ 'p+ V(a);

M: symmetric positive definite matrix and T: transpose.
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Geometrical numerical integration for ODEs

® Equivalent expression for Hamiltonian systems:

e x=(p,q)" (p,qgeR?);

= (5 )

I: d x d identity matrix.
o JTL=JT,
o Rewrite the Hamiltonian system in the form
dx

- = -1
T JT VH(x).
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Geometrical numerical integration for ODEs

® |nvariant for a system of ODEs:

e DEFINITION:
e Q=/xD;/CRand DCR¥,
e Consider dx
Tl f(t,x(t));
o f:Q— R
e F: D — R: invariant if F(x(t)) = Constant.
e LEMMA:
e Hamiltonian H: invariant of the associated Hamiltonian
system.
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Geometrical numerical integration for ODEs

e DEFINITION Symplectic linear mapping

e Matrix A € R?? x R?9 (linear mapping from R?9 to R29):
symplectic if AT JA = J.

e DEFINITION Symplectic mapping

e Differentiable map g : U — R?9: symplectic if the Jacobian
matrix g’(p, q): everywhere symplectic, i.e., if

g'(p.q) Jg'(p.q) = J.
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Geometrical numerical integration for ODEs

e THEOREM:

o If g: symplectic mapping, then it preserves the Hamiltonian
form of the equation.
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Geometrical numerical integration for ODEs

e DEFINITION:

o Flow:
®(po, go) = (P(t, po. go), q(t, Po, Go));

(] ¢t: U—>R2d, UCRZd,
e po and qo: initial data at t = 0.

e THEOREM: Poincaré’'s theorem

o H: twice differentiable.
e Flow ¢;: symplectic transformation.
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Geometrical numerical integration for ODEs

® Symplecticity of the flow: characteristic property of the Hamiltonian

system.
e THEOREM:
e f: U — R?: continuously differentiable.
o & = f(x): locally Hamiltonian iff ¢¢(x): symplectic for all

x € U and for all sufficiently small t.
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Geometrical numerical integration for ODEs

e DEFINITION:

e lLet J:= (OI (I)

e Numerical one-step method

(karl7 qk+1) _ d)At(pk7 qk)

symplectic if the numerical flow ®a;: symplectic map:

ae(p, @) SO (p.q) = J,

for all (p, q) and all step sizes At.
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Geometrical numerical integration for ODEs

e THEOREM:

o |mplicit Euler method:

OH
k1 gk AT gkl gk
p p 94 (P, q"),
oOH
k1 gk g AL (kL gk
q q-+ 8p(p ,q7),

symplectic.
e Moreover, if H(p,q) = T(p) + V(q) is separable, then the
scheme: explicit.
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Geometrical numerical integration for ODEs

e PROOF:
o Op;: numerical flow
(g = 2E L9
a(p*. q~)

2 2
o %, qu, and a G evaluated at (pk*1, g):

? 9°H
I+ At 0 I —AtZH
0p0q ne(p*, q") = -
9*H S W als.
fAt—ap2 / dpdq

e = Symplecticity condition holds by computing ®/y.(p¥, g*).
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Geometrical numerical integration for ODEs

® Variant of Euler scheme:

OH
K1 ok A¢ Kk _k+1
p p é)q(p 24,
oH
kel gk A9k kL
q q + 8p(p ,q)

® Symplectic and explicit for separable Hamiltonian functions.
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Geometrical numerical integration for ODEs

e THEOREM:

e Composition of two symplectic one-step methods: also
symplectic.
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Geometrical numerical integration for ODEs

e PROOF:

o Cb(Alg and ¢(A22: numerical flows associated with two symplectic
one-step methods.

o dpri= 0% o0l
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Geometrical numerical integration for ODEs

e Compute: x* = ¢(AIZ(X),
(®h:(x) JOh(x) = (S (x)(@L)) (x)) TH@R)) (x*)(®R)) (x)
= (@R N (@D (x)) T H@L)) (x") (@R (x)
= (@8 (x)) T H(®R)) (x)= J.

® = Composition of symplectic one-step methods: symplectic one-step
method.
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Geometrical numerical integration for ODEs

® Leapfrog method (Verlet method and Strémer-Verlet method):

K+l _ «  AtoH K+l K
p P faq(p g,
OH OH , ;.1
k+1 _ ok At +1 k1
q q + 2<ap(p )+8p( . q )>,
K+l ktd _EOH K+l kel
P p 3 *aq( g ).

e THEOREM:
o |eapfrog method: symplectic.
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Geometrical numerical integration for ODEs

e PROOF:
o Leapfrog method: composition of the symplectric Euler
method
At OH 1
k+i k __ =220 k+5 ok
P > 9 (P2, 4"),
At OH 1
kL gk k3 ok
g e Tt o, (P72, q"),
and its adjoint
At OH 1
k+1  _ k+3 k+3  k+1
q q > 6p( q7),
At OH 1
k+1 okt k+3 gktly.
p p 5 aq(/o g )

e Symplectic methods = composition: also symplectic.
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Geometrical numerical integration for ODEs

e DEFINITION:
¢ Adjoint method ®}, of a method ®4;: inverse map of the
original method with reversed time step:

* L —1
Gp, = P4,

® Replace At by —At and exchange k and k + 1.
® Properties:

o (Pp)" =Pas

o (0570 0h)" = (9h])" o (9R)";

* (Parpo qJ*At/2)* =®arp0 q)*At/2'
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Geometrical numerical integration for ODEs

® Preserving time-reversal symmetry and invariants
® Preserving time-reversal symmetry:

o Leapfrog method: symmetric with respect to changing the
direction of time;

e Replacing At by —At and exchanging the superscripts k and
k 4+ 1 results in the same method.
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Geometrical numerical integration for ODEs

® Symmetry property for the numerical one-step map
Pae s (P, %) = (P, g
e DEFINITION:

o Numerical one-step map ®a;: symmetric if

dar = q):lAt(:: (D*At)'

® Symmetry property: does not hold for the symplectic Euler methods.
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Geometrical numerical integration for ODEs

® Implicit Euler method:

OH

k+1 k k+1 _k

p = p —At—(p

9q( » d )7
oH

k+1 t k+1 k .

q = ¢+A 8p( ,q")

® Variant of Euler scheme:

k+1
p

I
‘G

\
>
~+
S
ﬁ
Q

k+1

k
q = ap

I
Q
_l’_
>
~
=
Q

L

x

=
-
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Geometrical numerical integration for ODEs

® Time-symmetry of the leapfrog method = important geometric property
of the numerical map.

® &, Symplectic Euler method,;

® |eapfrog method: composed method:

Ppts2 0 Parso.
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Geometrical numerical integration for ODEs

Assume that
H(=p,q) = H(p, q).

H(p,q) = 3p M~ 'p+ V(q).
® = Hamiltonian system: has the property that inverting the direction of
the initial po does not change the solution trajectory.

Flow ¢; satisfies:

#t(po; qo) = (P, q) = é+(—p,q) = (—po, qo)-

® = ¢, reversible with respect to the reflection (p, q) — (—p, q).
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Geometrical numerical integration for ODEs

e DEFINITION:

e Numerical one-step map ®a;: reversible if

q)At(p: q) - (:6‘ q\) = (DAt(ip\? a) - (7p q)7

for all p, g and all At.

Numerical methods for ODEs Habib Ammari



Geometrical numerical integration for ODEs

® Symmetry of the leapfrog method < reversibility:
®ae(p,q) = (p,4) = ®-ne(—p,q) = (-5, 9).

e THEOREM:

o If H satisfies: H(—p, q) = H(p, q), then Leapfrog method:
both symmetric and reversible.
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Geometrical numerical integration for ODEs

® Preserving invariants
e DEFINITION:

e Numerical one-step method: preserve the invariant F if
F(®a:(p,q)) = Constant for all p, g and all At.
o |f F = H, then scheme preserves energy.

e THEOREM:

o Leapfrog method: preserves linear invariants and quadratic
invariants of the form

F(p.q) =p' (Bq+b).
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Geometrical numerical integration for ODEs

e PROOF:
e Linear invariant F(p,q) = b g+ c'psit.

roH

b

oH
(p.q) — cTafq(/m q) =0,

for all p, q.
e Multiplying the formulas for ®a.(p, q) by (c,b)T =
conservation of linear invariants.
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Geometrical numerical integration for ODEs

e Conservation of quadratic invariants of the form F(p,q) = p' (Bq + b)
< Leapfrog method: composition of the two symplectic Euler methods.

® For the first half-step,

(P"2)"(Bg"*? + b) = (p*) T (B4* + b).

® For the second half-step,

(pk+1)T(qu+1 +b)= (pk+%)T(qu+% 1 b).
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Geometrical numerical integration for ODEs

® |n general: energy not preserved by the leapfrog method.

Consider H(p,q) = 2(p* + ¢°).

pk+1 - 1_— (A21r)2 fAt(l B (A:)Z) pk
)| A 1 @ q)

t
2

® Propagation matrix: not orthogonal = H(p, g): not preserved along
numerical solutions.
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Geometrical numerical integration for ODEs

® Consider the Hamiltonian
1 _
H(p.q) == 5p" M 'p+ V(q).

M: symmetric positive definite matrix and the potential V: smooth
function.

® |eapfrog method reduces to the explicit method
1 At
pk+§ _ pk - TVV(qk)’
qk+1 _ qk + Athlkara

pk+1 _ pk+% - %vv(qkﬂ)'

Numerical methods for ODEs Habib Ammari



Geometrical numerical integration for ODEs

® Hamiltonian: invariant under p — —p and the corresponding Hamiltonian
system: invariant under the transformation

R}

® Time-reversal symmetry: preserved by leapfrog method.
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Geometrical numerical integration for ODEs

® Preserving volume

Equality of mixed partial derivatives = f := J~*VH: divergence-free

V- f_zax,

® Associated flows of divergence-free vector fields: volume preserving.

e Given a map ¢ : R¥* — R?*® and a domain Q, by change of variables
vol(6() = [ |detd'(v)] dy.

¢’: Jacobian of ¢.

® ¢ preserves volume provided that

|deto'(y)| =1 fory e Q.
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Geometrical numerical integration for ODEs

e THEOREM: (Liouville's theorem)

e Vector field f: divergence-free.
e Flow ¢¢: volume preserving map (for all t).
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Geometrical numerical integration for ODEs

® Flow ¢; satisfies

d¢t( )

= f(¢e(y))-
® Jacobian ¢’ satisfies

YN _ (ol )eniy).

® Assume ¢;: invertible =

{d¢> ey)

6i(y) } = trF (e(y)).
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Geometrical numerical integration for ODEs

e Combining trf’ = V - f = 0 and Jacobi's formula for the derivative of a
determinant =

doi(y) 1 d
| 229007 | = Gy e ) =0

det ¢ (y) = det ¢_o(y) = 1.
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Geometrical numerical integration for ODEs

® Jacobi's formula:

d _1dA
pr det A(t) = det A(t) tr(A(t) E(t))A

® Application:

tB ttrB
dete™ = ™",
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Geometrical numerical integration for ODEs

e DEFINITION:
e Numerical one-step method: volume preserving if
|det &'y, (p, q)| =1 for all p,q.

® Hamiltonian system: any symplectic numerical method preserves the
volume.

® No standard methods can be volume-preserving for all divergence-free
vector fields.
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Geometrical numerical integration for ODEs

e EXAMPLE:
o Consider the divergence-free problem
dx
— = Ax
dt ’

x(0) = xp € R*,
A € Mpy(R) and trA = 0.
o Explicit and implicit Euler's schemes:
XKL = xk 4 AtAXK,
XKL = xk 4+ AtAxKHL,
volume-preserving if and only if
|det(/ + AtA)| =1,

and
|det(/ — AtA)| =1,

respectively.
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Geometrical numerical integration for ODEs

e Composition methods

® Hamilton system: divergence-free =

2 O
holx) = Ru()+ [ 52 de
xoq s 2d—1 of

= f2d(7)*/7 (Z GIE:-()>dX2d

i=1

X: arbitrary point which can be chosen conveniently (e.g., if possible s.t.
fq(X) = 0).
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Geometrical numerical integration for ODEs

* — J
X1
ax1 - f
dt 1(x),
dxog—1
g = felx);
2d—1
dxaq _ _ 24 Of;(x)
ot = fa(X) - ?:1/7 O dxad.
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Geometrical numerical integration for ODEs

® Splitting as the sum of 2d — 1 vector fields

=0 igjado,

dx;

T; = fi(x),

dX2d . x2d 8f X

o fd(X)0j0d—1 — /; %,) dxaq,

for j=1,...,2d — 1. Here §: Kronecker delta function.

® Each of the 2d — 1 vector fields: divergence-free.

Numerical methods for ODEs Habib Ammari



Geometrical numerical integration for ODEs

® Each of problem: corresponds to a two-dimensional Hamiltonian system

d O0H;
E o 8X2d7
dde o 6HJ
g T oy

with Hamiltonian

X2d

Hj(x) = f4(X)dj,2d—1Xj */ fi(x) dxaa,

treating x; for i # j,2d as fixed parameters.
® Each of the two-dimensional problems: can either be solved exactly (if

possible), or approximated with a symplectic integrator ¢X)t.

® Volume-preserving integrator for f:

pr =00 0d@ o 00,
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Geometrical numerical integration for ODEs

® Splitting methods

e Consider a Hamiltonian system:

dx 1
pr JT'VH(x), H(x)= Hi(x) + Hz(x).

® Suppose the flows

dx -1 %_ —1
e J "VHi(x) and e J " VH(x),

can be exactly integrated.

Define the corresponding flow maps ¢§1) and ¢(tz)_
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Geometrical numerical integration for ODEs

® Exact solution of a Hamiltonian system defines a symplectic map =
(S ) =4 and  ((67)) " I(&) = J.
® Numerical method defined by composing the two exact flows:

dar(x) = 6%} 0 PRN(x).

e Symplectic map: x* = ¢{)(x),

(6% (x")(850) (<)) TH(B%)) () (da)) ()

= (68D (TR (") TI(B%)) (<) (65D (%)
(6% () TH(BR)) ()= J.

e Composition of symplectic maps: again a symplectic map.

(Pae(x)) " JOp(x)
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Geometrical numerical integration for ODEs

e EXAMPLE:
o Consider the separable Hamiltonian H(p,q) = T(p) + V(q).
e Splitting the Hamiltonian H into T and V =
e symplectic Euler method

pitt = pk = AtV V(qh),

g = q" + AtV T(p*);
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Geometrical numerical integration for ODEs

® |eapfrog method
1 At
PH; = Pk - 7vv(qk),
¢t = ¢ + ALV T (P2,

k1 _ pk+% _ EVV(qu).

P 2
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Geometrical numerical integration for ODEs
® Runge-Kutta methods:

Xik = Xk + (At‘) Z a,-jf(xj’k),
j=1

(*) m
S N Z bif (xik)-

i=1
e THEOREM:

(i) All the Runge-Kutta methods preserve linear invariants;
(i) The Runge-Kutta method whose coefficients satisfy the
condition

(**) b,-a,-j+bjaj,-f b,'bj =0, i,j=1,...m,

preserves all quadratic invariants.
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Geometrical numerical integration for ODEs

e PROOF:

e Define ®p; by xkt1 = b, (x¥).
e Let F(x)=d x, d € R¥,
e Compute: d'x: invariant and hence d ' f(x; x) = 0 =

F(®ne(x)) =d" (x + Afz bif (xix))=d ' x".
i—1
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Geometrical numerical integration for ODEs

o Let F(x) = x' Cx; C: symmetric 2d x 2d matrix.
® Finvariant = x ' Cf(x) =0 for all x.

e Compute:

F(®ac(x¥)) = (F+At> bif(xk) C(x + At>  bif(xik))

j=1 i=1

() TOE (A > (x) T Chif (xix)

i=1

+H(A1) Y " bif(x.) " Cx*

j=1

+(At)2 Z b,‘bjf()(j’k)—r Cf(X,'yk).

ij=1
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Geometrical numerical integration for ODEs
o (Xi,k)TCf(Xi,k) =0, and

X =xF 4 Atz aif(xjk) — Atz aif(xjk)= ik — Atz aiif(xj,x)
j=1

=1 =1
o —

F(®ar(x")) = (x)TCx* = (A1) > biayf (x.6) T CF(xix)

ij=1

—(81)* Y bjaf(x.) " CF(xik)

ij=1

+(A6)? Y bibif(x50) " CF (xik)

ij=1
= (Xk)TCXk - (At)2 ( Z (b,-a,'j + bjaj,- — b,’bj)f()(j’k)TCf'(th)) .
ij=1

® = Runge-Kutta method: preserves the quadratic invariant F provided

that (xx) holds.
Numerical methods for ODEs Habib Ammari



Geometrical numerical integration for ODEs

® H: invariant. If H is quadratic, then the energy is preserved by the
Runge-Kutta method provided that condition (%) holds.
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Geometrical numerical integration for ODEs

® Characterization of symplectic Runge-Kutta methods:
THEOREM:

e Runge-Kutta method (*) whose coefficients satisfy condition
(*x): symplectic.
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Geometrical numerical integration for ODEs

e PROOF:

Flow ¢;: symplectic transformation (if H: smooth enough).
Let W(t) = 9d:l0) — @i Xo: initial condition.

® Ixp
* dv
Y v
o] G e
W(0) = /.

Apply a Runge-Kutta method to obtain the approximations
Xkt and Wkt from x* and Wk,
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Geometrical numerical integration for ODEs

VT JW: quadratic invariant =
(VT Jw = J for all k.

® Suppose for a moment that

6Xk+1
Oxk

(o % k) Ykt —

[N
) k+1 ) k+1
() g =
Oxk Oxk
® = Runge-Kutta method whose coefficients satisfy condition (xx):
symplectic.
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Geometrical numerical integration for ODEs

® Proof of (x % xx):

o Result of first applying ®a; and then differentiating with
respect to x¥: same as applying the same Runge-Kutta
method to (x * x).

e Differentiation with respect to x¥ =

OXi i u 0xj k
=+ (At);aijf/(@7k) R

Oxk
Oxk+1 Oxi k
W_l‘i_ Atzbflx’k)ak

i=1
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Geometrical numerical integration for ODEs

® Multiplying the first equation in (x) by f'(x;x) = linear system in the
Oxj k .
axk -

unknowns f'(x; x)

8XI k

i=1
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Geometrical numerical integration for ODEs

® Applying the same Runge-Kutta method to (x % ) =

\U,-’k = f/(xk + Atz a,ijk) <I + (At) Z a,-j\llj,k),
j=1

j=1

U =4 (AD)> bV
i=1
® Same system but in the unknowns W; ,,i=1,..., m.
® Uniqueness of a solution for sufficiently small At =
OXi k .
Dk s

Vo= f(xik)

® = (ko xx).
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Geometrical numerical integration for ODEs

® For arbitrary Hamiltonians: only known symplectic one-step numerical
methods are the symplectic Runge-Kutta methods of the form

Xi = X+ (A1) > aif (tk, x5,6);
j=1
)(kJrl = Xk =+ (At) Z b;f(t,-,k,x,',k).
i=1

that satisfy the symplectic condition:

biaj + bjaj — bibj =0, i,j=1,...m.

Numerical methods for ODEs Habib Ammari



Geometrical numerical integration for ODEs

e EXAMPLE:

e Midpoint scheme:

Xk + Xk+1

X = XK+ Atf( 5 ),

symplectic, time-reversible, and preserves linear and quadratic
invariants.
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Geometrical numerical integration for ODEs

® |ong-time behaviour of numerical solutions
® Energy: not exactly preserved by the leapfrog method.
® Approximately preserved.

® Symplecticity of a one-step numerical method = approximate
conservation of energy over very long times for general Hamiltonian
systems.
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Geometrical numerical integration for ODEs

e THEOREM:

e For an analytic Hamiltonian H and a symplectic one-step
numerical method ®a; of order n, if the numerical trajectory
remains in a compact subset, then there exist h > 0 and
At* > 0 s.t., for At < At*,

H(p*,q"*) = H(p°, ¢°) + O((At)"),

for exponentially long times kAt < ent. Here,
(pk+1, qk+1) — ‘DAt(Pk, qk)_
® Proof via backward error analysis.

® |dea: deduce the long-time behavior estimate from properties of the
solution of the equation corresponding to an approximation Ha; of H.
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