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Problem 1
Consider for 7" > 0
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dz
- (t,x), te]0,T7, (1)
z(0) =20 €R

with f € C°([0,T] x R) satisfying the Lipschitz condition

[f(t,2) = f(t, )| < Crle -yl

forany z,y € R, any ¢ € [0, T and some positive constant C'y.

(1a)  Does (1.1) have a unique solution x(t) € C*([0, T])? Please explain why.

(1b)  For k a positive integer, if f € C*([0,T] x R), does x € C*T1([0,7))? If f € C°([0,T] x R), does

x € C>=([0,T])?

(1c) Does f(t,x) = t2x satisfy the Lipschitz condition? Justify.
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(1d)  Solve the equation

dx(t
z(t) =t’z, tc[0,7T], zc€R,
dt
x(0) =z
by the method of integrating factors.
(1e) Solve the equation
dzx(t) 2
——= =tz, te€l0,T], ze€R,
dt
z(0) = xo

by the method of separation of variables.

(1f)  If we regard x(t) also as a function of the initial value xy, what is the differential equation satisfied by the
derivative with respect to ¢ of 0z(t)/0zo? Is it a linear equation?

Problem 2 [20 Marks]
We say that a system of equations is Hamiltonian if there exists a Hamiltonian function H (p, ¢) such that for T > 0
d 0H
Lo e,
dt 0q
2.1)
dg _ oH te0,T]
dt — op’ ’
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(2a) Consider the system of equations for 7" > 0

d

d—p:cosq, t€10,T],

df] 2.2)
— = tel0,T

dt D, S [ ) ]7

with initial value p(0) = pg € R and ¢(0) = go € R. Is (2.2) a Hamiltonian system? Please explain why.

(2b)  Aninvariant for (2.2) is a function F' such that F'(p(t), q(t)) = Constant for all ¢ > 0. Prove that H(p, q) =

% p? — sin ¢ is an invariant.

(2¢)  Now consider a different Hamiltonian I(p,q) = $¢* — $p* + +p>. Find a system of equation for which

I(p, q) is an invariant.

(2d) Is the system from (2c) a Hamiltonian system? If so, please find its Hamiltonian.
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(2e) Let J denote the matrix ( 0 é) Consider the system of linear equations

-1
d
& J e,
dt (2.3)
z(0) = 7o € R?%.
Prove that (2.3) is a Hamilton system associated with the Hamiltonian H (z) = 3||z||?, where ||z|| denotes the norm

of x.

(2f)  Define the flow ®; associated with (2.3) by ®;(x¢) = z(t), where x(t) is the solution to (2.3). Prove that
By (o) = e .
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Problem 3
Let A,B be 2 x 2 matrices.

(3a) Is el(ATB) — A B9

[20 Marks]

3b) Let

Show that z(t) = e*4z solves 9 = Ax.

(3¢c) Show that A is nilpotent, ie that there exists N € N such that A™ =0 forn > N

(3d) Calculate et
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(3e)  Use the result in (3b) and (3d) to explicitly solve

dx
— = Ax.
ar 0"
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