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Dice marks difficulty of corresponding problem. (-] stands for the easiest, and 3 stands for the

hardest.

Problem 1

Assume that f is C? in [0, 7] x R?. Consider the initial value problem

dz

— = f(t t T
Y f(ra), e 0.7),
x(0)2$0€R2.

For At > 0 small enough, consider the following schemes
P = B (k) = o A (b, 7b),

and
2= Q) (24) = 2F 4 Atf(tpg, 2.

(1a)
(i) D1s ) the adjoint of ®4)? Justify.
(i1) () Prove that (1.2) and (1.3) are consistent with (1.1).

(iii) & Prove that (1.2) and (1.3) are of order one.

(Ib) Let U, = 0% o oY)

2

(i) CJProve that

\I/At(.ilﬁk) = .%’k + g(f(tk, .fl?k) + f(tk_H, $k+1)).

2
(ii) (JIs WA, symmetric?

(iii) CJIs WA, consistent with (1.1)?

[60 points]

(1.1)

(1.2)

(1.3)

(iv) EJProve that WA, is of order 2. Hint: compute f;’““ (t—tgs1)(t—tg)2” (t)dt in two different

ways, using integration by part and the integral mean value theorem.
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(1c)  Suppose that f(x) = J~'Cx, where C'is a real symmetric 2 x 2 matrix and J is the matrix

= (40)

(i) (JProve that (1.1) is a Hamiltonian system associated with the Hamiltonian H (z) = 52" Cz,
where T denotes the transpose.

akarl
oxk ’

/ /
(i) J Compute the Jacobians (@22) = (CD(AQt) ) and (V).

(i11) &J Are any of the schemes defined by @(Alz, (ID(AQQ, WA+ symplectic?
(iv) £J Are any of the schemes defined by @22 , CID(A?, W ¢ volume preserving?

(v) J1Is H an invariant?

(vi) (J1Is H preserved by W, ?

(1d) Let C' = I, the identity matrix.

(i) EJFill in the templates TrapezStep.mand TrapezSolve.m to implement the scheme
W 5, with initial data 2y = (0,1)" and end time T = 27.

(i1) (] Write down the exact solution.

(iii) €J Plot the graphs of the exact and approximate solutions, Figure 1 is in phase space and
Figure 2 shows each component over time using template TrapezScript.m.

(iv) I Plot the graph H (¢) in Figure 3 in template TrapezScript .m.

(v) EJCheck the order of W 5, by filling in the template TrapezOrder .mforend time T = ..
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Problem 2 [40 points]

Consider

dx

— = f(t tel0,T

= f(t.0), £ € [0,T),
:E(O) =X € R,

with f € C*°([0,T] x R) satisfying the Lipschitz condition

2.1

for some positive constant C'.

(2a)

(i) (JDoes (2.1) have a unique solution z(t) € C*°([0,77)?

(i) LI If we regard x(¢) also as a function of the initial value o, what is the equation satisfied
by the derivative with respect to ¢ of 0x(t)/dz¢? Is it a linear equation?

(2b) Consider the numerical scheme

At 3At 2At 2At
o = af e — f (b, 2 + —f | e+ 2"+ (b, 7)), 2.2)
4 4 3 3
where At > 0 is small enough and ¢, = kAt for k € N.
(1) (J Prove that (2.2) is consistent with (2.1).
(i1) ¥ Prove that the truncation error can be expressed as
(At)? A%z, Of 3
Tp(At) = ————(t) =(t t O((At)°).
k(Al) 6 dtz(k)ax(k>$(k))+ ((At)?)
(2¢)  Consider the second order differential equation
(d%x
—— = COsS X
dt? ’
2(0) = g (2.3)
dz
—(0) =1.
( dt( )

(i) () Rewrite the problem into a first-order ODE system.

(ii) EJSolve the problem (2.4) using the scheme (2.2) by filling in the template met hodPrb2c.m.
Plot the solution z(t) for ¢ € [0, 10] with the template RunPrb2c .m.
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(2d) Consider the scheme

At
o= gF g Z(kl + 3k3),

kl - f(tkwrk)a
At At

]€2 = f(tk + ?,xk + ?/ﬁ),
2At 2At

(i) EJ1Is (2.5) a Runge-Kutta method?
(i1) ITIs (2.5) consistent with (2.1)? What is its order?

(iii) (I Ts (2.5) stable? Is it convergent?

(iv) CJImplement (2.5) by filling in the template rk3 .m for the following ODE:

d
d—j :Sil’lt—FQ:(t); te [07 1]7 SC(O) :0’

(2.4)

and check the order of the method by filling in the template RKmethodscript .m.
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