H. Ammari Spring Term 2019

A. Scapin . ‘ ETH Ziirich
A. Vanel Numerical Analysis II D-MATH
End-term Exam 2019
Problem 1 [28 Marks]

Consider 1
X
T f(t,z), tel0,T] (W

.’L’(O) =x0€R

with f € C* subject to the Lipschitz condition | f(¢,z) — f(t,y)| < C¢lxz —y|forall z,y € R,
forall t € [0,7.

Consider the scheme At
M = oF 4 7(51 + Ka) (1.2)

where

K1 = f(tk7xk)7
Ro = f(tk_H, l‘k + Atlﬁ).

(1a) Is (1.2) explicit or implicit? Is (1.2) a one-step or a two-step method?
Explicit U Implicit O
One-step method [J Two-step Method [

(1b)  Find the coefficients (a;;), (b;), (¢;) such that the scheme (1.2) can be rewritten in the
form

m
ik = a:k + At Z ai,jf(tj,k, .l"j,k)

j=1

m
2R = 2k L At Z bif (tik, Tik)
=1
tig = tr + At

(1.3)
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(1c¢) Is(1.2) consistent? Calculate the order of this Runge-Kutta scheme.

(1d) Recall that the Runge-Kutta method defined by (1.3) is stable if
AtCrp(|A]) < 1 (1.4)

where [A[ = (|a;|); ; and p is the spectral radius of a matrix. Is scheme (1.2) stable? Is (1.2)
convergent?

Now, consider another numerical scheme for (1.1), defined by

ZH =gk 4 A2t [3f (tr, a") — f(tp—1, 2" 1)) (1.5)
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(1e) What kind of method is (1.5)?

Explicit One-step [J Explicit Two-step [J
Implicit One-step [J Implicit Two-step [J

(1f)  Define the truncation error by

(tygr) — a(ty) = 5B3f (b x(tr)) — f (-1, 2(tx-1))]

o (1.6)

Ti(At) =

where tpe1 = t + At.
Is scheme (1.5) consistent with (1.1)?, i.e. , does T (At) = O(At) hold? Prove it.
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Problem 2 [32 Marks]

Let T" and V' be two smooth real valued functions. Consider the system of equations

d

L= (),

Y1) |
dt ’

where 7" and V"' are the derivatives of 7" and V/, and p, g € R.

Consider the numerical scheme (for At > 0)

P =pF — AtV (¢Y), 02
qk-‘rl — qk+AtT/(pk+1) — qk+AtT/(pk . AtV’(qk)), :
and define the numerical flow
Dae: (", ") = (P ). (2.3)

(2a)  Compute the Jacobian ¢y, of the numerical flow ®; defined by

apk+1 apk+1

, (p T, ¢* ) opk ogk
oy, (p*, ") = o ) = | ag+ 8qg+1
OpF gk
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(2b) Is (2.2) symplectic? i.e. does the numerical flow satisfy
( /At)TJqDIAt =J,

0 1

where J = <_1 0

> and " denotes the transpose of a matrix? Prove it.

(2¢) Is(2.2) symmetric, i.e. does
CI)*At — (I)At?

Justify your answer. Here ®%, is defined by @3, = (®_x;) !, i.e. by replacing At by —At and
exchanging k and k& + 1.
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2d)

(2¢)

(2)

(2g)

(2h)

Is ((I)*At/Q)* = Pary2?
Yes U No
The composition ¢}, /2 © Dpgois
symmetric. [J not symmetric. [J
The composition 7}, /20 Dpyyois
symplectic. [J not symplectic. [
The composition (I)*At/2 o ®pyypis
a Symplectic Euler method. [J a Leapfrog method. [
Let x = (p,q)". Rewrite explicitly (2.1) in the form
dx

p— -1
o= 'VH(@).

Is f(z) = J 'V H(z) divergence-free? Is ® o, defined by (2.3) volume preserving? Explain why.
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