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An iterative method for (approximately) solving the
non-linear equation F(x) = 0 is an algorithm gen-

erating an arbitrarily long sequence (x) of

xk) = k-th iterate
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Definition 8.1.8. Local and global convergence — [?, Def. 17.1]
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= = k’—‘?w' X ;- !X As stationary m-point iterative method converges locally to x* € IR”, if there is a neighborhood
e, U C D of x*, such that
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If U = D, the iterative method is globally convergent.
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Definition 8.1.9. Linear convergence
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\ A sequence x¥) k = 0,1,2,..., in R" converges linearly to x* € R,
\‘ LZ Y ] JL < 1: Hx(k“) —x*” < L”x(k) — x*H Vk € Ny .
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Definition 8.1.17. Order of convergence — [?, Sect. 17.2], [?, Def. 5.14], [?, Def. 6.1]

A convergent sequence xX) k = 0,1,2,. .., in R" with limit x* € R” converges with order p, if
iC > 0: Hx(k“) - x*” < CHx(k) —X*HP Vk € Ny, (8.1.18)

and, in addition, C < 1 in the case p = 1 (linear convergence — Def. 8.1.9).
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9 | 0.000416343852458 | 0.000000000000000 | 0.357777386500765
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' N\ Lemma 8.2.10. Sufficient condition for local linear convergence of fixed point iteration —
— ’ . [?, Thm. 17.2], [?, Cor. 5.12]
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Flx*) =0 & FT—>IR

Input: a,b € I suchthat F(a)F(b) < 0 (dif-
ferent signs !)

3 x* €| min{a, b}, max{a, b}:

F(x*)=0,

as we conclude from the intermediate value theo-
—rem.
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C++11 code 8.3.2: Bisection method for solving F(x) = 0 on [a, b]

// Searching zero of F in [a,b] by bisection
template <typename Func>
double bisect(Func&& F, double a,

{

double b, double tol)
if (a > Db) std: swap(a b); // sort interval bounds
double fa = F(a), fb = F(b);
if (faxfb > 0) throw "f(a)
int v=1; if (fa > 0) v=—1;
10 double x = 0.5x(b+a);
11 // termination, relies on machine arithmetic if tol = 0

12 while (b—a > tol && ((a<x) && (x<b))) //
13 {

and f(b) have same sign";

© @ ~ (=] v £ w N

// determine midpoint

14 // sgn(f(x)) =sgn(f(b)), then use x as next right boundary
15 if (vxF(x) > 0) b=x;

16 // sgn(f(x)) =sgn(f(a)), then use x as next left boundary
17 else a=x;

18 x = 0.5x(a+b); // determine next midpoint

19 }

20 return x;
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Convergence of Newton’s method in 1D
Newton's method locally quadratically converges (— Def. 8.1.17) to a zero x* of F, if F'(x*) # 0
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C++11 code 8.3.25: Secant method for 1D non-linear equaton —' g

2 |// Se
s |// initial guesses Xp,Xi,
4 |// toleranc
s |template <typename Func>

s |double secant(double x0, double x1, Func&& F,

19
= |}

nd method for solving F(x)=0 for F:DCR—>R,

es atol (absolute), rtol (relative)

| Frenmbraation

double rtol, double atol, unsigned int maxlt)

| poy e
9 double fo = F(x0); \S P

for (unsigned int i=0; i<maxlt; ++i) {
double fn = F(x1);
double s = fnx(x1—x0)/(fn—fo); // secant correction
x0 = x1; x1 = x1—s;
// correction based termination (relative and absolute)
if (abs(s) < max(atol,rtolsmin(abs(x0),abs(x1))))
return x1;
fo = fn;
}

return xi;
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2 0.00673794699909 -0.99321649977589 -0.56040534341070
3 0.01342122983571 -0.98639742654892 -0.55372206057408 24.43308649757745
4 0.98017620833821 1.61209684919288 0.41303291792843  2.70802321457994
5 0.38040476787948 -0.44351476841567 -0118673852253030  1.48753625853887
6 0.50981028847430 -0.15117846201565 -0.05733300193548  1.51452723840131
7 0.57673091089295  0.02670169957932  0.00958762048317  1.70075240166256
8 0.56668541543431 -0.00126473620459 -0.00045787497547  1.59458505614449
9 0.56713970649585 -0.00000990312376 -0.00000358391394  1.62641838319117
10 0.56714329175406  0.00000000371452  0.00000000134427
11 0.56714329040978 -0.00000000000001 _-0.00000000000000
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Assume:

F: I C R+~ R one-to-one (monotone)

Fx')=0 = F(0)=x".

#® Interpolate F~! by polynomial p of degree m — 1 determined by

p(F(x(k_j))) = x*) j=0,....m—-1.

® New approximate zero x*+1) := p(0)

The graph of F~! can be obtained by reflecting the
graph of F at the angular bisector. >

F(x*)=0 &< F10)=x"

Case m = 2 (2-point method)
> secant method

The interpolation polynomial is a line. In this case
we do not get a new method, because the inverse
function of a linear function (polynomial of degree 1)
is again a polynomial of degree 1.

m=3 :

B k) = F(Rx - Bn) + F (R - Fv) + B (Fon - Fix)
Fg(Fl _P2)+F12(FZ_FO)+F22(F0—F1)
P(x(k—]))'FZ = F(x(kv)),xo = x(k_z),m = x(k_l-),xz =

(Fy:=F(x*2)F =

k) )



F(x)=xe* -1, x0=0,xV)=25x2) =5,
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B> Economical correction based termination criterion for Newton's method: PG —}'7
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STOP, as soon as HA)’(“”H < Trelux(k)H or HAX“’A’H < Tabs »
(8.4.42)

with simplfied Newton correction A := D F(x=1)~1F(x%)),




B> we observe “overshooting” of Newton correction

Idea: damping of Newton correction:

with A®) > 0. xD .= x0 _A® D p(xO)1p(x®)) . (8.4.47)

]
Terminology: A" = damping factor ,//]“c S JO, ]]
o)

Affine invariant damping strategy

Choice of damping factor: affine invariant natural monotonicity test [?, Ch. 3]: ( /V/MT)

choose “maximal’ 0 < A < 1: HM(A(’O)H <(1- Q)HAN)HZ (8.4.49)

Ax® := D F(x®))~1F(x*)) — current Newton correction ,

AX(AW)Y .= D F(xW) TE(x®) + A0 Ax®)) s tentative simplified Newton correction .
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C++11 code 8.4.50: Generic damped Newton method based on natural monotonicity test

template <typename FuncType,typename JacType,typename VecType>
void dampnewton(const FuncType &F,const JacType &DF,
VecType &x,double rtol ,double atol)
{
using index_t = typename VecType:: Index;
using scalar_t = typename VecType:: Scalar;
const index_t n = x.size();
const scalar_t Imin = 1E—8; // Minimal damping factor
scalar_t lambda = 1.0; // Initial and actual damping factor
VecType s(n),st(n); // Newton corrections

VecType xn(n) ; // Tentative new iterate
scalar_t sn,stn; // Norms of Newton corrections
| do {
auto jacfac = DF(x).lu(); // LU-factorize Jacobian
s = jacfac.solve(F(x)); // Newton correction
sn = s.norm() ; // Norm of Newton correction
lambda += 2.0; bntahvely teduce dzm,o:‘rg/
— do {

lambda /= 2; &
if (lambda < Imin) throiw "No convergence: lambda —> 0";
xn = x—lambdaxs; // Tentative next iterate
st = jacfac.solve(F(xn))); // Simplified Newton correction
stn = st.norm() ;
}
J__ while (stn > (1—lambda/R)*sn); // Natural monotonicity test
X = XNn; // Now: xn ac\Jepted as new iterate
lambda = std ::min(2.0xlambda,1.0); // Try to mitigate damping

}

// Termination based on simplified Newton correction

 while ((stn > rtolsx.norm()) 8& (stn > atol));
}




