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Approximation of functions: Generic view

Given: function f: D € R” — R? (often in procedural form double £ (double), Rem. 5.1.4)
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~ Theorem 6.1.6. Uniform approximation by polynomials

For f €.€%([0,1]), define the n-th Bernstein approximantas/ Bernncioin po[gnomf'd CS

Pn(t) = 2720“ “;/H) (”) t]<1 — t)”_j ’ pn E Pn .

(6.1.7)
]

It satisfies ||f — pull, — 0 forn — oo. If f € C"([0,1]), then even Hf(k) — p,(,k)‘
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Theorem 6.1.15. L* polynomial best approximation estimate

If f € C"([—1,1]) (r times continuously differentiable), r € IN, then, for any polynomial degree
n>rt,
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Definition 6.1.32. Lagrangian (interpolation polynomial) approximation scheme

Given aninterval I C R, n € IN, anode set 7 = {f,..., tn} C I, the Lagrangian (interpolation
polynomial) approximation scheme L7 : C°(I) — P, is defined by

L7 (f) :=Ir(y) € P, with  y:= (f(to),...,f(ty))T € K",
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Interpolating polynomial, n = 10

Theorem 6.1.44. Representation of interpolation error [?, Thm. 8.22], [?, Thm. 37.4]
We consider f € C"*1(I) and the Lagrangian interpolation approximation scheme (— Def. 6.1.32)

for a node set T/~ {ty,...,ty} C I. Then,
for evefy t € I there exists a7, €| min{t, ty, ..., tn}, max{t, to, ..., tn }| such that
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Optimal choice of interpolation nodes independent of interpoland

Idea: choose nodes fy, . . ., t, such that ||w||Lm(I) is minimal!

This is equivalent to finding a polynomial g € P,
4+ with leading coefficient = 1,
+ such that it minimizes the norm ||q|| ;«(;).
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Definition 6.1.75. Chebychev polynomials — [?, Ch. 32]

The n'™ Chebychev polynomial is Tu(t) := cos(narccost), —1<t<1,nelN. oL X = 0 &= X s (,?W+/) Z
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Theorem 6.1.81. Minimax property of the Chebychev polynomials [?, Section 7.1.4.], [?,
Toi1(t) =2tT,(t) — T, 1(t) , To=1, Ty(t)=t, neN. (6.1.77) Thm. 32.2]

Theorem 6.1.76. 3-term recursion for Chebychev polynomials — [?,(32.2)] | :
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The function T,, defined in Def. 6.1.75 satisfy the 3-term recursion

The polynomials T,, from Def. 6.1.75 minimize the supremum norm in the following sense:
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C++11 code 6.1.99: Definition of class for Chebychev interpolation

class Cheblnterp {

private:

// various internal data describing Chebychev interpolating
polynomial p

public:
// Constructor taking function f and degree m as arguments
template <typename Function>

Polylnterp (const Function &f ,unsigned int n);

// Evaluation operator: y;=p(xj), j=1,...,m (m “large”)
void eval(const vector<double> &x,vector <double> &y) const;
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n

Cheby'chev  expansion pb)

0437; [+)

Fast  evalivakbon
|dect

p(x) =
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(x) + an(2xT,—1(x) — Ty—2(x))
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C++11 code 6.1.103: Recursive evaluation of Chebychev expansion (6.1.100)

© «© ~ o wn e w N

// Recursive evaluation of a polynomial pzz;'+11a]T] 1 at point x

// based on (6.1.102)

// IN : Vector of coefficients a
// evaluation point x
// OUT: Value at point x

double recclenshaw(const VectorXd& a, const double x) {
const VectorXd::Index n = a.size () — 1;

if (n == 0) return a(0) ; // Constant polynomial
else if (n == 1) return (xxa(1) + a(0)); // Value a;*x+ a9
else {

VectorXd new_a(n);

new_a << a.head(n — 2), a(n — 2) — a(n), a(n — 1)+ 2xxxa(n) ;

return recclenshaw(new_a,x); // recursion

}

) = (st = O[Q)
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l. C_(—-;b p(ty) = f(ty), k=0,...,n, for t:=cos (%n) : (6.1.106)
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Trick Trodrze D % T 14) = casth cos )

q(s) :=p(cos2ms) = Z“jTj(COSZHS) Def. 6.1.75 Z“j cos(2717s)
j=0 j=0
=Y uj(exp(271js) + exp(—27m1js)) [bycosz = 5(e* +e77)]
=0

(6.1.107)
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MATLAB-code 6.1.111: Efficient computation of Chebychev expansion coefficient of Cheby-
chev interpolant

2 |// efficiently compute coefficients o in the Chebychev expansion
n
3 |// p= YL a;jT; of p€ P, based on values Yy,
j=0
// k=0,...,n, in Chebychev nodes t;, k=0,...,n
// IN: values Yy passed in y
// OUT: coefficients o
VectorXd chebexp(const VectorXd& y) ({
const int n = y.size() — 1; // degree of polynomial
const std::complex<double> M_I(0, 1); // imaginary unit

10 // create vector z, see (6.1.109)

T VectorXcd b(2x(n + 1));

12 const std::complex<double> om = —M | (M_Plxn) /((double) (n+1)) ;

13 for (int j = 0; j <=n; ++j) {

14 b(j) = std::exp(omxdouble(j))*y(j); // this cast to double is
necessary!!

15 b(2xn+1—j) = std ::exp(om«double(2xn+1—j))*xy(j);

16 }

18 // Solve linear system (6.1.110) with effort O(nlogn)
19 Eigen ::FFT<double> fft; // Eicen’s helper class for DFT

2 VectorXed ¢ = fft.inv(b); // -> ¢ = ifft(z), inverse fourier

transform
21 // recover Bj, see (6.1.110)

2 VectorXd beta(c.size());

2 const std::complex<double> sc = M Pl 2/(n + 1)xM_I;

24 for (unsigned j = 0; | < c.size(); ++j)

2 beta(j) = ( std::exp(scxdouble(—n+j))xc[j] ).real();
2 // recover aj, see (6.1.107)

2 VectorXd alpha = 2xbeta.tail(n); alpha(0) = beta(n);
28 return alpha;
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Terminology:
+ xj = nodes of the mesh M,
4+ [xj_1,x[ = intervals/cells of the mesh, a b

General local Lagrange interpolation on a mesh

© Choose local degree nj € INg for each cell of the mesh,j =1,...,m.
® Choose set of /ocal interpolation nodes

T = {t],...,tflj} Clj:=[xj-1,x], j=1,...,m,

for each mesh cell/grid interval I;.
® Define piecewise polynomial interpolant s : [xg, xn] — K:

sj == s|,€ Py; and si(t)y =f(t) i=0,...,n;, j=1,...,m.

Owing to Thm. 5.2.14, s; is well defined.

(6.5.5)

4+ hjy = max|x; — x;_1| = mesh width, o v v n o on o r x v e x
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