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Definition 3.1.3. Least squares solution

For given A € K" b € K™ the vector x € IR" is a least squares solution of the linear system of
equations Ax = b, if

X € argmin| Ay — b||1 Z (i (4) 19,75 b)
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Theorem 3.1.10. Obtaining least squares solutions by solving normal equations

The vector x € R" is a least squares solution (— Def. 3.1.3) of the linear system of equations
Ax =b, A € R™" b € R™, if and only if it solves the normal equations { A} E)

{ATAx =A'b ] (3.1.11)
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Theorem 3.1.18. Kernel and range of A" A

For A € R"™" m > n, holds
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Definition 3.1.32. Generalized solution of a lineasr system of equations

j 7

The generalized solution x* € R" of a linear system of equations Ax = b, A € R"", b € R™, is
defined as

x := argmin{||x||,: x € Isq(A,b)} . (3.1.33)

Corollary 3.1.22. Uniqueness of least squares solutions

Ifm > nand N'(A) = {0}, then the linear system of equations Ax = b, A € R"" b € R™, has

a unique least squares solution (— 3.1.3)
x=(A"TA)"'ATD,

that can be obtained by solving the normal equations (3.1.11).

(3.1.23)
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Algorithm:  Normal equation method to solve full-rank least squares problem Ax = b

© Compute regular matrix C := AT A € R"".
® Compute right hand side vector ¢ := A 'b.
© Solve s.p.d. (— Def. 1.1.8) linear system of equations: Cx=¢ — §2.8.13

[ X(x = xTAUAx = 4xl)" =0 Vx +0 ]

C++11 code 3.2.1: Solving a linear least squares probel via normal equations

2 |//! Solving the overdetermined linear system of equations

s|//! Ax=Db by solving normal equations (3.1.11)

4« |//! The least squares solution is returned by value

s | VectorXd normegsolve(const MatrixXd &A,const VectorXd &b) {

6 if (b.size() != A.rows()) throw runtime_error("Dimension mismatch");
7 // Cholesky solver

8 VectorXd x = (A.transpose()*A). It ().solve(A.transpose()*b);

9
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Exp. 1.5.35: If § ~ \/EPS, then 1+ 6~ 1in M. Hence the computed A " A will fail to
be regular, though rank(A) = 2, cond,(A) ~ v/EPS.
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Idea: If we have a (transformation) matrix T € R satisfying

Tyl, = llyll, Yy €R™,

then  argmin| Ay — b||,=

yER”

yER”

where A =TA andb = Tb.
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Definition 3.3.4.

and orthogonal matrices — [?, Sect. 2.8]

(3.3.3)

e Q c K" necN,is unitary,if Q71 =
e Q € R™ n € N, is orthogonal, if Q!

QH
= Q.

" Theorem 3.3.5. Preservation of Euclidean norm

A matrix is unitary/orthogonal, if and only if the associated linear mapping preserves the 2-norm:

QeC™ unitary & |Qx|,=|x|l, ¥xe€K".
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. Theorem 3.3.7. Span property of G.S.
1: ql:= —l-lail”— % 1st output vector vectors
2
2: for j=2,.. .k do If {a!,...,ak} is linearly independent,
. { f’ Or th]pgona/ projection then Algorithm (GS) computes orthonor-
3: q :=a , mal vectors q',. .., q" satisfying
4: for €_= 1,2, o 1 do (GS)
S: { ¢ +q —(a, 99" } Span{q!,...,q‘} = Span{al,...,a‘},
6: it (qf=0) then STOP (1.5.2)
7: else —
Cd ||‘1’||z } foralll € {1,...,k}.
8: }
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Thus, by (3.3.8), we have found an upper triangular R := T~ € R™" such that
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Theorem 3.3.9. QR-decomposition — [?, Satz 5.2], [?, Sect. 7.3]

For any matrix A € K"* with rank(A) = k there exists
(i) a unique Matrix Qo € [K™* that satisfies Q}'Qy = I, and a unique upper triangular Matrix
Ry € K** with (R);; > 0,i € {1,...,k}, such that

A =Qp-Ryp (“economical” QR-decomposition) ,

(ii) a unitary Matrix Q € K™" and a unique upper triangular R € K™k with (R)i; > 0,1 €
{1,...,n}, such that

A=Q-R (full QR-decomposition) .
IfIK = R all matrices will be real and Q is then orthogonal.
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C++-code 3.3.34: QR-decompositions in EIGEN

# include <Eigen/QR>

// Computation of full QR-decomposition (3.3.3.1),

// dense matrices built for both QR-factors (expensive!)

std :: pair <MatrixXd , MatrixXd> qr_decomp_full(const MatrixXd& A) {
Eigen : : HouseholderQR<MatrixXd > (A) ; .
MatrixXd Q = qgr.householderQ(); ./ expen\swe
MatrixXd R = qr.matrixQR () .template triangularView<Eigen
return std :: pair<MatrixXd , MatrixXd >(Q,R) ;

} s (st = O(mn?) - Uhaar in m

// Computation of economical QR-decomposition (3.3.3.1),

2 Upper>() ;

// dense matrix built for Q—factor (possibly expensive!)

std :: pair <MatrixXd , MatrixXd> qr_decomp_eco(const MatrixXd& A) {
using index_t = MatrixXd :: Index ;
const index_t m = A.rows () ,n = A.cols () ;
Eigen :: HouseholderQR<MatrixXd> ar (A) ; |
MatrixXd Q = (qr.householderQ () = - (m,n)) ;
MatrixXd R = qr.matrixQR () . block(0,0,n,n) .template

triangularView<Eigen :: Upper>(); //

return std :: pair <MatrixXd , MatrixXd >(Q,R) ;
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Normal equations vs. orthogonal transformations method

Superior numerical stability (— Def. 1.5.85) of orthogonal transformations methods:

B Use orthogonal transformations methods for least squares problems (3.1.38), whenever A <
IR"™" dense and n small.

SVD/QR-factorization cannot exploit sparsity:

B> Use normal equations in the expanded form (3.2.8)/(3.2.9), when A € IR"" sparse (—
Notion 2.7.1) and m, n big.
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Theorem 3.4.1. singular value decomposition — [?, Thm. 9.6], [?, Thm. 11.1]

Forany A € K™" there are unitary matrices U € K™, V € K"" and a (generalized) diagonal
") matrix X = diag(cy,...,0,) € R™", p :=min{m,n}, oy > 0o > --- > 0, > 0 such that
g p p p
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0;“ = = O.P =0 __; Qank(/”“’-??mﬂ((f) =} Lemma 3.4.11. SVD and rank of a matrix — [?, Cor. 9.7]
—— J

If, for some 1 < r < p := min{m, n}, the singular values of A € K"™" satisfycy > --- > 0, >

V—

Orp1=---0p =0, then
Wzh:
A B v U] r 0 Vi e rank(A) = r (no. of non-zero singular values) ,
. 1 2 0 0 V;I - N(A) o Span{(v):,r+lr- -~r(V)1,ﬂ} ’
e R(A)=Span{(U).1,...,(U).,} .
- _ | - _ -

: L, 0 ..
| - _ 3.2 SVD Efjen
| AN
! 0 C++-code 3.4.13: Computing SVDs in EIGEN
| |

A _ U | VI{_I__ . [# include <Eigen/SVD>
| ' 3
| VEI s |// computation of (full) svD A=UXVH 5 Thm. 3.4.1
| 0 0 s | // SVD factors are returned as dense matrices in natural order
I E - = s | std :: tuple <MatrixXd , MatrixXd , MatrixXd> svd_full (const MatrixXd& A) {
I ' Eﬂ‘{n,n 7 Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen :: ComputeFullU |
I Eigen : : ComputeFullV) ;
' ! 8 MatrixXd U = svd.matrixU(); // get unitary (square) matrix U

-, - - & -, 9 MatrixXd V = svd.matrixV(); // get unitary (square) matrix V
61137”'" Eﬂi;"’" e]ﬁ(m,n 10 VectorXd sv = svd.singularValues(); // get singular values as vector
= (3.4.22) 1 MatrixXd Sigma = MatrixXd::Zero(A.rows (), A.cols ());
r o 12 const unsigned p = sv.size(); // no. of singular values
13 Sigma.block(0,0,p,p) = sv.asDiagonal(); // set diagonal block of %L

/4 [\/)_,Z = /{/{ Z «66 — 0 f-'F [ 7 }’_ : \ return std ::tuple <MatrixXd , MatrixXd , MatrixXd > (U, Sigma, V) ;

v | // Computation of economical (thin) SVD A =UXVH, sece (3.4.4)
[ l >f" 1 (V > { 6 \N(A’) Fﬂ'}’ _f -> I/ 8 | // SVD factors are returned as dense matrices in natural order
1

19 | std :: tuple <MatrixXd , MatrixXd , MatrixXd > svd_eco (const MatrixXd& A) {

\ n“ — Y 20 Eigen ::JacobiSVD<MatrixXd> svd (A, Eigen::ComputeThinU |
(V):;C - Ce W b 6%0?%&& ¢ ]/ Eigen : : ComputeThinV) ;

21 MatrixXd U = svd.matrixU(); // get unitary (square) matrix U
/} 22 MatrixXd V = svd.matrixV(); // get unitary (square) matrix V
s fH 23 VectorXd sv = svd.singularValues(); // get singular values as vector
Z’#‘b l)ﬂ)?l Ue;éy € R 24 MatrixXd Sigma = sv.asDiagonal(); // build diagonal matrix X

25 return std::tuple <MatrixXd , MatrixXd , MatrixXd > (U, Sigma,V) ;
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Theorem 3.4.48. best low rank approximation — [?, Thm. 11.6]

Let A = UZVH be the SVD of A € K™ (— Thm. 3.4.1). For1 < k < rank(A) set U; :=
(w1, ug] € K™ Vioi= [vig,.. vi] € K™, By o= diag(an,..., i) € K*5. Then, for
|-l = 1l and [|-| = |||, holds true
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AsR™ m>n ; Ax =b
NEW . A\b meagmed
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Total least squares problem:
Given: A € R™" m > n,rank(A) = n,b € R",
find: A e R™ b e R" with (35.1)
lia b)-[A B]| —min , BeRA).
F —

A = mnkltﬂﬁ:l)—-—"l’l,
!

Fedenivs onm
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i [ <[]

Linear least squares problem with linear constraint:

Given: A € R™" m > n,rank(A) = n,b € R™,
C e R, p < n,rank(C) = p,d € R?
Find: x € IR" suchthat |Ax —b|l, #min and |Cx=d |.
7 (3.6.1)

Linear constraint
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\/’T—_”
Lagrangion foockiony/ = Ly m) ="00"if Cysd




Idea: coupling the constraint using the Lagrange multiplier m € R? 3 6. ‘Q ‘ \Soéa/ 7b)7 117 \S I/Lp
- - RS U Gndint . Camdd  Condsdekmiect ]
1
| L(x,m) := §||Ax—b||2+mT(Cx—d)- (3.6.4) = X E X, * /V(C) Jwbae Cx, <A
Suddle Pm’nt plvbfcm otm'&/zrbb Hvrogh SVD ¢of <
: i e 6fﬂp}7 0"{ L Ry C _ U U] {}(:), 8} [3;:]
N SRR / "k i the o ]
‘5: N\ Tﬂf.jﬂ 'MK 60%07) Y ) . ! |
'g (Xm) | ol hon )wm’l‘ (zs,m) .
3 ; \L . : : \I]/ | : VH
Y A dorioabien oL | ] e
e = wmesh 2)(3 Yn‘)d{ E 0 0 L - 2
26| Multiplier m a1 | Tstatex § ! e eRm R o (3.4.22)
E?—x(x,q_)zA (Ax—b)—I—C,q..—O, (3.6.6a) »/{/(C) — gg(\/&)
L ! n-
S—(xg)=Cx-d=0. (366b) X = X \4 }( ’ ?C e I P
T diem N(C)
ATA CT A'b Augmented normal equations ”AX’I? }1-2 =mip == /{ A (Xb+ M%&) -fyfz =2 I |
X .
[ C 0 ] [ ,q*_] - l d ] (matrix saddle point problem) (3.6.7) StA - vneonstaned  Linecr &m{ SpamEs P/d;ém .
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A= MTV
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