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ODE-based model: - autonomous Lotka-Volterra ODE: (o€, ﬁ h d >0 )
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Definition 11.1.8. Autonomous ODE

An ODE of the fromy = f(y), that is, with a right hand side function that does not depend on time,
but only on state, is called autonomous.
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Definition 11.1.39. Evolution operator/mapping

Under Ass. 11.1.38 the mapping

(D_{IRXD — D
(t,yo) — ®@yo:=y(t) ’

where t — y(t) € C!(RR,RY) is the unique (global) solution of the IVP y = f(y), y(0) = yo, is
the evolution operator/mapping for the autonomous ODE y = f(y).
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Definition 11.3.5. Single step method (for

Given a discrete evolution ¥ : Q0 C R x D ~ RY an initial state y,, and a temporal mesh
M:={0=:ty <t <--- < ty:= T} the recursion
(11.3.6)

Vir1 := Y(ter1 — b i)

defines a single step method (SSM) for the autonomous IVP y = f(y), y(0) = yp on the interval
0, T).
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Consistent discrete evolution
The discrete evolution ¥ defining a single step method according to Def. 11.3.5 and (11.3.6) for the
autonomous ODE y = f(y) invariably is of the form

Yp:IxD— R? continuous,
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g #(0,y) =£(y).
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Quadrature formula = trapezoidal rule (7.2.5):

a .
Q(f) =2(f(0)+ f(1)) « s=2 c1=0,c0=1, by=by= 5 (11.4.5)
and y(t;) approximated by explicit Euler step (11.2.7)
ki = f(to,yo), ko =f£(to+h,yo+hky), y1=yo+ 1_21(k1 +kj). (11.4.6)

(11.4.6) = explicit trapezoidal method (for numerical integration of ODEs).
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Definition 11.4.9. Explicit Runge-Kutta method

For b,’,[l,'j e R, ¢

Zj} 1a,], ,j=1,...,8,8 € N, an s-stage explicit Runge-Kutta single step
method (RK-SSM) for the ODE y = f(t,y), f: ) — RR?, is defined by (yo € D)
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Consistent discrete evolution

The discrete evolution ¥ defining a single step method according to Def. 11.3.5 and (11.3.6) for the
autonomous ODE y = f(y) invariably is of the form

Yp:I1xD— R? continuous,

Yy =y + hy(h, ith
Y=y+hplhy) wih 0y =£(y).

(11.3.9)
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@% Obtain recursion for error norms ¢, := ||e|| by A-inequality:

erp1 < (L+hL)e+ o, pr:=3m max |y(7)] |

(11.3.30)
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Taking into account €y = 0, this leads to > bbmd (v om-'gé()
ek<ZH1+Lh k=1,...,N. (11.3.31)
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Use the elementary estimate (1 + Lh;) < exp(Lh;) (by convexity of exponential function):
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This is a apecial case of an “oscillating” Zhabotinski-Belousov reaction [?]:

BrO; + Br™

HBrO, + Br™

BrO; + HBrO,

2HBrO;

Ce(IV)
y1:=¢(BrO3): 1 =
Ya:=¢ Br™): Yo =
y3:= c(HBrOy): y3 =
ya:=c(Org): Y4 =
ys = c(Ce(IV)): 5 =

11111

HBrO;
Org

2HBrO; + Ce(1V)
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Br—
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—kiy1y2 — ksy1ys

—k1y1y2 — kayays + ksys ,

kiy1yz — kayays + ksy1ys — 2kay3 ,
kayays + kay3

k3y1ys — ksys ,
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107
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107k

107"

(11.5.2)

(11.5.3)

Concentration of HBrO2
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We return to the “explosion ODE” of Ex. 11.1.35 and -2 I
consider the scalar autonomous IVP: sor ‘
y=v", y(0)=yy>0. N | |

y(®)

501

< 1/3/0.

~ /o
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As we have seen a solution exists only for finite time  sf |

and then suffers a Blow-up, thatis, lim y(t) = o0 |
t—=1/yp ‘

J(yo) =] — 00,1/o]! 1of

Stepsize adaptation for single step methods

o . max_[|y(tc) — y|| <TOL
Objective: N as small as possible & k=1, , TOL = tolerance
or ||y( ) — yn| < TOL
Policy:  Try to curb/balance by

Tool:

4 adjusting current stepsize hy, } stepsi ze cpntrol
4+ predicting suitable next timestep /i1

Local-in-time one-step error estimator (a posteriori, based on yy, hj_1)

)

Expl. Evlec § vniform time Skp == 1o " ormertaad blowr-2p”

solution by oded5
100 T T

T
. Yp=1
al - y0=0.5
. y0=2

Simulation with MATLAB's ode45:
MATLAB-code 11.5.5:

fun = @(t,y) v."2;

2 [t1l,yl] = oded5 (fun,

s | [t2,y2] oded45 (fun,
21,0.5);

4 | [t3,vy3] oded5 (fun,

80

0r-

' [0 21,1);
[0

Yi
Y

|IU1||

[0 2],2);

1 i 1 .
-1 -05 0 05 1 15 2 25

Uscm«laz/}l,,c(h
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Estimation of one-step error

. . ~] .
Compare results for two discrete evolutions ¥ ¥ ' of different order over
current timestep h:

If Order(¥) > Order('¥), then we expect

axact Soleetion
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C++11 code 11.5.11: Simple local stepsize control for single step methods

2 |// Auxiliary function: default norm for an EIGEN vector type
s |template <class State>
+ |double _norm(const State &y) { return y.norm(); }

s« |[template <class DiscEvolOp, class State, class NormFunc =
decltype (_norm<State >)>

7 | std :: vector<std :: pair <double, State> >

s |odeintadapt (DiscEvolOp &Psilow, DiscEvolOp &Psihigh,

9 State& y0,double T, double hO,

10 double reltol , double abstol, double hmin,

1 NormFunc &norm = _norm<State >) {

12 double t = 0; // initial time

13 State y = y0; // initial state

14 double h = hO; // timestep to start with

15 std :: vector<std : : pair <double, State>> states; // for output

16 states .push_back ({t, y});

18 while ((states.@k().first <T) & (h >= hmin)) { //

19 State yh = Psihigh(h, y0); // high order discrete evolution "

20 State yH = Psilow(h, y0); // low order discrete evolution ¥"

21 double est = norm(yH-yh); // local error estimate ESTy

= —

23 if (est < max(reltolx (y0), abstol)) { // step accepted

24 y0 = yh; // use high order approximation

25 t = t+min(T—t ,h); // next time #

2 states.push_back ({t,y0}); //

27 h = 1.1xh; // try with increased stepsize

28 }

29 else // step rejected

30 h = h/2; // try with half the stepsize

3 }

32 // Numerical integration has ground to a halt !

33 if (h < hmin) {

En cerr << "Warning: Failure at t=" << states.back() . first

3s << ". Unable to meet integration tolerances without reducing
the step "

36 << "size below the smallest value allowed ("<< hmin <<") at
time t." << endl;

37 }

38 return states;

» |}

Y] =0

Sohingd y=a coe;Lv)2 with a = 40.000000 by simple adaptive timesiepping

Error vs. no. of imesteps ford y= a cos(y)2 with a = 40.000000

121 no. N of timesteps

Solutions for different values of rtol )
(Y o Error vs. computational effort

307 atol , tio( %{ hue Stz of enov

0.05 3
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Solutions (v; ); for different values of rtol Error vs. computational effort

2
Solving d, y =a cos(y)? with a = 40.000000 by simple adaptive timestepping Eror vs. no. of imesteps ford y = a cos(y)” with a = 40.000000
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When EST, > TOL: stepsize adjustment better i, = ?
When EST; < TOL: stepsize prediction good hy, 1 = ?

More ambitious goal !

2
:

p+1

h;\- . hk
b Ty - @yl est, = i

¥ly(h) —@My(h) = Oy ™).
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C++11 code 11.5.22: Refined local stepsize control for single step methods

// Auxiliary function: default norm for an EIGEN vector type

template <class State >

double _norm(const State &y) { return y.norm(); }
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template <class DiscEvolOp, class State, class NormFunc =

decltype (_norm<State >)>

7 |std :: vector<std :: pair <double, State> >

s |[odeintssctrl (DiscEvolOp &Psilow, unsigned int p, DiscEvolOp &Psihigh,

s State& y0O,double T, double hO,

10 double reltol , double abstol, double hmin,

1 NormFunc &norm = _norm<State >) {

12 double t = 0; // initial time

13 State y = y0; // initial state

14 double h = hO; // timestep to start with

15 std : : vector<std : : pair <double, State>> states; // for output

16 states . push_back ({t, y});

17

18 // Main timestepping loop

19 while ((states.back(). first < T) && (h >= hmin)) { //

20 State yh = Psihigh(h, y0); // high order discrete evolution ‘i’h

21 State yH = Psilow(h, y0); // low order discrete evolution ¥"

22 double est = norm(yH—yh); // <> ESTj

23 double tol = max(reltolxnorm(y0), abstol); // effective tolerance

24

25 // Optimal stepsize according to (11.5.21)

26 h = hxmax(0.5 ,min(2. ,pow(tol/est,1./(p+1))));

27 if (est < toi) // step accepted

28 states .push _back ({t = t+min(T—t ,h) ,yO = yh}); // store next
approximate state

2 }

30 if (h < hmin) {

31 cerr << "Warning: Failure at t="

32 << states .back() . first

33 << Unable to meet integration tolerances without reducing
the step”

34 << size below the smallest value allowed ("<< hmin <<") at
time t." << endl;

as }

36 return states ;
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