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Abstract

One of the main difficulties in high-frequency electromagnetic and acoustic scat-
tering simulations is that any numerical scheme based on the full-wave model entails
the resolution of wavelength. It is due to this challenge that simulations involving even
very simple geometries are beyond the reach of classical numerical schemes. In this
thesis, we present an analysis of a recently proposed integral equation method that
bypasses the need for the resolution of wavelength, and thereby delivers solutions in
frequency-independent computational times. Within single scattering configurations,
the method is based on the use of an appropriate ansatz for the unknown surface
densities and on suitable extensions of the method of stationary phase. The exten-
sion to multiple-scattering configurations, in turn, is attained through consideration
of an iterative (Neumann) series that successively accounts for multiple reflections.
We show that the convergence properties of this series in the high-frequency regime
depends solely on geometrical characteristics. Moreover, for periodic orbits, we ex-
plicitly determine the convergence rate for two- and three-dimensional configurations.
Finally, we show that this insight suggests the use of alternative summation mech-
anisms that can greatly accelerate the convergence of the series, and that it also

provides connection to classical scattering theory.
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Chapter 1

Introduction

Today, it is virtually impossible to find an area in technology that does not utilize the
principles of electromagnetics and acoustics. Indeed, electromagnetism and acoustics
find applications in a wide spectrum of areas in engineering and industry, including
communications, material science, plasma physics, biology, radar and remote sensing
to name but just a few. Advances in computer hardware and numerical algorithms
during the last twenty years have made it possible to rely on computer simulations to
guide the development of a variety of electromagnetic and acoustic devices. Conse-
quently, computational electromagnetics and acoustics have claimed a central position
in the mainstream of contemporary computational science [63].

Over the last two decades, accurate and efficient direct numerical schemes have
been developed and successfully applied to the simulation of electromagnetic and
acoustic wave propagation [4, 11, 20, 39, 71]. However, all of these methods require
the resolution of wavelength, and this restricts their applicability to moderately low
frequencies. For higher frequencies, accordingly, the only practical recourse is to resort
to asymptotic methods (e.g. ray tracing) as these by-pass the need for frequency-
dependent discretizations [3, 13, 46, 55]. These methods, on the other hand, are
not error-controllable since they solve an approximate model instead of the original

equations (e.g. the eikonal equation instead of the Helmholtz equation or the Maxwell



system). Ideally, then, it would be desirable to design a numerical scheme that
combines the advantages of rigorous solvers (error-controllability) with those of the
asymptotic methods (frequency-independent discretization), and that will therefore
allow for efficient and accurate simulations throughout the frequency spectrum.

Recently, an integral equation method that displays these capabilities has been
proposed for the solution of surface-scattering problems [15, 16, 17, 18]. In single scat-
tering configurations, the method is based on a combination of three main elements:
1) A high-frequency ansatz that captures, with coarse discretizations, the rapidly os-
cillatory progression of the surface currents; 2) A novel numerical integration method
based on localization principle and extensions of the stationary phase method; and
3) A change of variables around shadow boundaries, that produces needed corrections
of the phase extraction ansatz in these regions, and thus allows the method to ac-
count accurately for diffraction effects and creeping waves. The extension to multiple
scattering configurations, in turn, are based on an iteratively computable (Neumann)
series for the currents induced on the scattering surfaces, which accounts rigorously
for multiple scattering; and reduces its treatment to a succession of single-scattering
events.

This thesis is devoted to the analysis of these multiple-scattering iterations, their
convergence properties, possible acceleration strategies and the connection of these
with classical scattering theory.

The main part of the thesis relates to the determination of the rate of convergence
of the iterated series for configurations that consist of several interacting convex struc-
tures. In this regard, we establish that, when a collection of obstacles are transversed
periodically, the ratios of the (asymptotic representations of) iterated currents that
differ by one period converge uniformly to a certain complex number. This number
is independent of incidence, and in the limit of infinite frequency it depends solely on
the geometrical arrangement. To derive these results, our mathematical strategy is

based on the following three steps:



1. Derivation of a high-frequency asymptotic recurrence for the terms of
the series, in terms of the geometrical quantities determined by optical
ray paths. Specifically, we show that if a ray arrives at a point on the
boundary of a scatterer after n-bounces, then (asymptotically) the current
at that point equals the current at the (n-1)-th reflection-point of the
ray times a continued fraction determined by geometric properties of the

corresponding ray path.

2. Analysis of ray paths. Here we establish that if a group of rays traverse
the objects periodically for a large number of reflections, then -except
for the first and last few reflections- their reflection points accumulate on

certain specific regions of the boundaries of the scatterers.

3. Analysis of the recurrence on the iterated currents. Here we use 2)
to derive a rate from 1). More precisely, we demonstrate that, when a
p-periodic orbit is traversed indefinitely, the ratio of iterated currents dif-
fering by one period converges uniformly to the product of a number p
of “limit p-periodic continued fractions”; the convergence rate is then de-
duced appealing to the theory of limit p-periodic continued fractions [44].
As we said, this result shows, for instance, that in the high-frequency
regime the convergence properties of the iterated series depend solely on
the geometrical characteristics of the scatterers. For example, for a con-
figuration consisting of two convex cylindrical bodies K; and Kj, the rate
is

o\ —1/2

1
r=| (14 rd)(1+ Kad) 1+\/1_(1+md)(1+@d)

where k; are the curvatures at the uniquely determined points a; and as
that minimize the distance between K; and Ky, and d = |a; — as|. We
note that, while for practical purposes the analysis of the periodic orbits
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will generically yield a good estimate of the overall convergence rate, a full

demonstration will necessitate an analogous study of non-periodic orbits.

Although, as our work has shown, the series converges spectrally, it is clearly
desirable to design mechanisms to accelerate its convergence. The second part of the
thesis provides an explanation for the enhanced convergence properties of one such
procedure, namely Pade approximation [6] in this context. Indeed, appealing to our
analysis of optical ray paths, we show that the ratio of iterated currents differing by
one period stabilizes after a certain number of reflections. As we demonstrate, once
stabilized, the behavior of the series resembles that of a geometric series which, in
turn, can be exactly represented as a rational function. This observation suggests
that beyond the point where currents become stationary, Pade approximation will
deliver significantly more accurate solutions than those provided by the summation
of the series.

The final part of the thesis relates to consequences of our work on the analysis of
a fundamental operator in classical scattering theory, namely the scattering operator
[75]. As it turns out, in the high-frequency regime, the rate of convergence of the Neu-
mann series is directly linked to the location of the poles of the scattering operator.
As we shall explain, our work on the rate of convergence of multiple-scattering iter-
ations provides a simple method for the determination of the poles of the scattering

operator for two strictly convex obstacles.



Chapter 2

Preliminaries

In this Chapter, we have collected the preliminaries for the thesis. In §2.1, we review
the partial differential equations modelling the propagation of electromagnetic and
acoustic waves. An overview of the state-of-the-art methods relating to the numerical
treatment of these partial differential equations is provided in §2.2. Scattering prob-
lems, which constitute the main topic of this thesis, are discussed in §2.3. Finally,
in regards to our integral equation approach to scattering problems, we display the

classical integral equations for the solution of scattering problems.

2.1 Governing Equations

In this section, we briefly review the mathematical models relating to the propagation
of electromagnetic and acoustic waves. In particular, we explain the fundamental role

played by the Helmholtz equation, upon which we base our further developments.

2.1.1 Electromagnetic Waves

Electromagnetic wave propagation in a medium in R? is governed by the equations



B
V xE+ o8 =0 (Faraday’s law)

ot
D
VxH- aa_t =J (Ampere-Mazwell law)
V-B=0 (absence of free magnetic poles)
V-D=p (Coulomb’s law)

known as Mazwell equations [43]. The scalar field p is the electric charge density,
and the vector fields E, H, D, B, and J are, respectively, the electric field, magnetic
field, electric displacement, magnetic induction, and conduction current density. In
addition, there are the constitutive relations that express D, B and J in terms of E
and H. In the case of an isotropic medium (i.e. when its physical properties at each
point are independent of direction of propagation), they take on the relatively simple

form

D =¢E,
B =uH,

J=0E. (Ohm’s law)

The scalar fields €, p, and o are, respectively, the electric permittivity, magnetic
permeability, and electric conductivity.

For time-harmonic electromagnetic waves of the form

E(z,t) = Re ((e + Zg) o 6_i“’tE(37)> ,

H(z,t) = Re (u‘l/Qe_mH(:L’))

with frequency w > 0, we deduce that the complex-valued space-dependent parts



satisfy the time-harmonic Mazwell equations

V x E—ikH =0, (2.1.1a)
V x H+ikE =0, (2.1.1b)
V- (eE) = p, (2.1.1c)
V- (uH) =0 (2.1.1d)

where the wave number £ satisfies

with £ chosen such that Imk > 0.

Typically, equations (2.1.1) must be supplemented with appropriate boundary
conditions. For instance, at the interface between two different medium, the tangen-
tial component of the electric field F is ought to be continuous, while the tangential
component of the magnetic field H must be discontinuous by an amount proportional
to the magnitude of the surface current density. In particular, if the second medium
is a perfect conductor, the tangential component of the total electric field F as well
as the normal component of the total magnetic field H must vanish at the interface.

This gives rise to the perfect conductor boundary condition

vxFE=0, v-H=0 on 0K

where v denotes the unit exterior normal vector to the interface K. More general
boundary conditions can also be considered. For example, when the second interface
is not perfectly conducting but does not allow the electromagnetic wave to penetrate

deeply into the medium, then an impedance boundary condition of the form

vX (VX E)—iANvx E)xv=0



must be imposed at the interface K with an appropriately chosen positive constant
A

Naturally, studying Maxwell equations with constant coefficients is a prerequisite
for studying them in general. In the case that the medium is homogeneous (i.e. €, pu,
and o are constant) and free of charges (i.e. p = 0 ), the time-harmonic equations

reduce to

V x E—ikH =0,
V x H+1ikE = 0.

In this case, £ and H are divergence-free and satisfy the vector Helmholtz equation

AE 4+ kK’E =0,
AH + k?H = 0.

Conversely, if E (or H) is a solution to the vector Helmholtz equation satisfying
V-E=0(orV-H =0), then Eand H = (1/ik)VxFE (or H and E = (—1/ik)V x H)

satisfy the time-harmonic Maxwell equations [25].

2.1.2 Acoustic Waves

Consider the propagation of sound waves of small amplitude in a homogeneous isotropic
medium in R? viewed as an inviscid fluid. Let v = v(z,t) be the velocity field and
let p = p(z,t), p = p(x,t) and S = S(z,t) denote the pressure, density and specific
entropy, respectively, of the fluid. The motion is then governed by the Fuler equations

[25]:



(equation of conservation of momentum)

ot
dp , o
a5 + V- (pv) = (equation of continuity)
p=f(p,S) (state equation)
oS L ,
o +v-VS=0 (adiabatic hypothesis)

where f is a function depending on the nature of the fluid. We assume that v, p, p
and S are small perturbations of the static state vy = 0, pg = constant, py = constant

and Sy = constant and linearize to obtain the linearized Fuler equations :

ov 1
a%—%Vp—O,
dp
E‘FPQV'U—O,
dp Of dp

% a—p(Po,So)§~
From this we obtain the wave equation
1 0%p
o AP
where the speed of sound, c, is given by

0
02 = 6_£(p07 SO)

From the linearized Euler equations, we observe that there exists a velocity potential

U = U(x,t) such that

1 ou
N d p=——.
v pOVU and p 5



Clearly, the velocity potential also satisfies the wave equation

1 9*U

2az AU

For time-harmonic acoustic waves of the form
U(z,t) = Re (e”“"u(z))

with frequency w > 0, we deduce that the complex-valued, space-dependent part u

satisfies the Helmholtz equation
Au+ k*u =0 (2.1.2)
where the wave number k is given by the positive constant
k=w/c.

As with the electromagnetic waves, equation (2.1.2) must be coupled with suitable
boundary conditions. For instance, when the pressure of the total wave u vanishes

on the interface 0K between two different medium, the Dirichlet boundary condition
u=0 on 0K

must be imposed. Similarly, if the normal velocity of the acoustic wave vanishes on
the interface 0K, then the appropriate boundary condition is the Neumann boundary
condition:

Ou/ov =0 on OK.

More generally, allowing interfaces on which the normal velocity is proportional to

10



the excess pressure leads to an impedance boundary condition of the form

du

+idu=0 on 0K
ov

where, again, A is a positive constant.

2.2 Computational Electromagnetics/Acoustics

Although the principles of electromagnetics and acoustics are well understood (cf.
§2.1), their application to practical configurations of current interest is significantly
complicated and far beyond manual calculation in all but the simplest aspects. The
significant advances in computer modelling of electromagnetic and acoustic interac-
tions that have taken place over the last two decades have made it possible to shift the
classical “trial and error” design paradigm for electromagnetic and acoustic devices
to one that heavily relies on computer simulation. Computational Electromagnetics
(CEM) and Computational Acoustics (CA) have thus taken on great technological im-
portance and, largely due to this, they have become a central problem in present-day
computational science [63].

The continuously increasing industrial and engineering demands for sophisticated
electromagnetic and acoustic modelling, have made CEM and CA into industries
of their own, involving a large number of researchers in academic, government and
industrial laboratories. Not surprisingly then, the number of methods, or variations
thereof, is almost as large. Still, the most successful methodologies can be broadly

categorized as belonging to one of the following classes:

1. Differential (DE) equation methods: These algorithms are based on direct dis-
cretization of differential formulations of electromagnetic and acoustic equa-

tions, e.g. finite difference time-domain method (FDTD) etc.

2. Variational formulation (VF) methods: These methods are based on the solution

11



of weak formulations of the equations. Examples of VF methods include method
of moments (MoM), finite element methods (FEM), and finite volume methods
(FVM).

3. Integral equation (IE) methods: These schemes are based on the discretization
of integral equation formulations of the problems, e.g. the boundary integral

equation method (BIEM), the boundary element method (BEM), etc.

4. Asymptotic Methods (AM): In contrast with the methods above, these do not
solve the full Maxwell or acoustic equations, but rather an approximation of
them (e.g. the eikonal equation instead of the Helmholtz equation). Examples of
AM algorithms include ray-tracing methods, shooting-and-bouncing-ray method

(SBR), etc.

Each of these display advantages and shortcomings. DE methods, for instance,
are easy to implement and they are, therefore, extensively used for computing elec-
tromagnetic/acoustic scattering by general objects [50]. However, they typically re-
quire 10-20 grid points per wavelength to obtain sufficiently accurate solutions of
the scattered fields [74]. Such requirements inhibit the use of the DE methods for
accurately computing electromagnetic/acoustic scattering by large objects. In addi-
tion, DE methods are not very versatile as they are constrained to use structured
grids [61]. Variational formulation methods, on the other hand, are better adapted
to simulations involving complicated geometries [41, 45].

When using DE or VF methods in scattering simulations, an artificial surface must
be introduced at a finite distance from the scatterers in order to limit the computa-
tional domain. As a result, proper boundary conditions, known as artificial boundary
conditions (ABC), enforcing the condition that the scattered field be outgoing, must
be introduced on this surface. In fact, the imposition of ezact ABC’s is possible via
Dirichlet-to-Neumann (DtN) maps [37, 41]. However, the resulting boundary condi-

tions are non-local, since they are expressed as surface integrals, and consequently,

12



the linear systems that arise upon discretization are partially dense. This, in turn,
can significantly add to the computational cost for DE and VF methods.

The design of efficient and accurate local ABC’s is a complex exercise, that still
attracts significant attention as it constitutes one of the main challenges in the im-
plementation of DE and VF algorithms. A characteristic type ABC, requiring the
scattered field to vanish at the artificial surface, has often been used (see [38] and
the references therein). However, this causes significant reflections from the artificial
boundary that pollute the computational results unless the surface is placed very far
away from the scatterer (i.e., at a distance of 10-20 wavelengths). To alleviate this
problem, a number of high-order local ABC’s have been proposed [36, 37, 56]. With
the same objective, a different approach was introduced by Berenger [8, 9] which by-
passes the need for ABC, replacing them by a suitably constructed absorbing medium
known as a perfectly matched layer (PML). In its initial form, Berenger’s PML uti-
lized a non-physical splitting of the electromagnetic field which led to instability [1];
stable versions of the PML approach have since been proposed [26, 31, 32, 38].

It is partly due to these difficulties in enforcing the radiation condition that IE
methods constitute an advantageous approach for scattering simulations. Indeed, in
integral equation formulations, the radiation condition is explicitly enforced by simply
choosing an appropriate (“outgoing”) fundamental solution [24, 25]. Moreover, the
solution space is confined to the scattering obstacles and the number of unknowns
arising when discretizing such equations is relatively small compared to those of DE
and VF methods, especially in surface scattering applications. However, in general,
the discretization of integral equation formulations leads to dense matrices [57]. As
is well known, inversion of a dense n x n matrix with a direct solver, such as the
LU decomposition, is an O(n®) operation [60]; an iterative method can decrease
this to O(n?) [34]. Still this, however, can quickly become prohibitive in scattering
applications. In fact, a significant part of all recent efforts relating to the numerical

solution of integral equations in this context has focused on the design of fast methods,

13



i.e. methods that perform the matrix-vector multiplications in O(n") operations, with
7 less than 2.

Indeed, a number of fast methods for IE simulations have been proposed in the
past. These include the wavelet expansion method (WEM) [72, 77], the impedance
matriz localization scheme (IML) [21], the adaptive integral method (AIM) [11], and
fast multiple methods (FMM) [64]. The basic idea behind these methods is to obtain
a sparse matrix starting with the classical method of moments (MoM) solution pro-
cedure. In WEM and IML, the generation of a sparse matrix is achieved by utilizing
a special set of basis functions to represent the unknown quantity, while in AIM and
FMM, this is achieved by handling the influence of the kernel function in a novel
way. The use of wavelet basis functions in WEM reduces the solution time by a
constant factor but not the computational complexity. The IML technique, on the
other hand, allows the MoM matrix to be replaced by a matrix with localized clumps
of large elements, but it achieves modest sparsity and only for simple geometries.
The AIM, in turn, utilizes fast Fourier transforms (FFT) to reduce the computa-
tional cost to O(n*?logn) and O(nlogn) complexities for surface and volumetric
scattering problems, respectively. The FMM algorithm was originally proposed by
Rokhlin for solving static problems [64] and then for particle simulations [35]. Its
use can dramatically reduce the time and memory required to compute interactions.
The method was extended again by Rokhlin [65] to solve acoustic wave scattering
problems in 2-dimensions and then to solve electromagnetic scattering problems by
a number of researchers in both 2-dimensions [23, 53] and 3-dimensions [22, 70]. A
two-level FMM algorithm reduces both the complexity of a matrix multiplication and
memory requirement from O(n?) to O(n%?) [66], while multilevel FMM algorithm re-
quire O(nlogn) operations [71]. However, as has been shown [29, 51], while FMM is
well adapted to the solution of low-frequency problems, it becomes unstable at higher
frequencies.

Even with the present day super-computers, DE, VF and IE methods can reach

14



their limits of capabilities at modest frequencies. For example, the most advanced
implementations of these methods can compute radar cross section (RCS) of fighter
aircraft up to only a few GHz. For higher frequencies, the state-of-the-art relies on

AM methods.

2.3 Scattering Problems

One of the basic problems in electromagnetics/acoustics is the scattering of time-
harmonic waves by impenetrable obstacles [25]. To formulate the problem, let K C R?
be a compact set with smooth boundary, and consider an incoming wave impinging
on the obstacle K.

In electromagnetics, the incoming wave (E™¢, H™) corresponds to a free space

solution to the time-harmonic Maxwell equations
V x B —ikH™ =0, VxH"™4+ikE™ =0 in R3 (2.3.1)

which generates a scattered field (E*, H®) in a manner so that the total electromag-
netic field
(E,H) = (E™, H™) + (E*, H?) (2.3.2)

satisfies the time-harmonic Maxwell equations
VXxE—ikH=0, VxH+ikE=0 (2.3.3)

in the exterior domain 2 = R3\ K.

As with any exterior problem, the solution of the problem (2.3.1)-(2.3.3) is not
unique unless a condition at infinity is imposed [25]; here the relevant condition is
the Silver-Muller radiation condition

lim (H* xz—rE°) =0

r—00
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or equivalently
lim (E* x x4+ rH®) =0

r—00

where r = |z| and where the limit is assumed to hold uniformly in all directions z/|z]|.
In the acoustic counterpart of the problem (2.3.1)-(2.3.3), the incident filed u™*

is a free space solution to the Helmholtz equation
(A+F)u™ =0, (2.3.4)

while the total field
u = u™ 4 u’ (2.3.5)

must satisfy the Helmholtz equation
(A+F)u=0 in Q. (2.3.6)

The physical condition ensuring the uniqueness of solutions to the acoustic prob-

lem (2.3.4)-(2.3.6) is the Sommerfeld radiation condition

lim r <8u — ikus) =0

r—00 or

where, again, r = |z| and the limit is assumed to hold uniformly in all directions
x/|z|. In fact, for solutions to the time-harmonic Maxwell equations in a homogeneous
medium with no charges, the Silver-Muller radiation condition is equivalent to the
Sommerfeld radiation condition for the Cartesian components (see [25] Theorem 6.7).

For the existence and uniqueness of solutions to the electromagnetic scattering
problem (2.3.1)-(2.3.3) as well as that of the acoustic scattering problem (2.3.4)-
(2.3.6), we refer to [25] and the references therein.

Finally, we note that mathematical treatment of the scattering of time-harmonic

electromagnetic and acoustic waves by infinitely long cylindrical obstacles with a
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bounded cross-section K C R? also leads to exterior value problems for the Helmholtz
equation in = R?\K with wave number k& > 0 [12, 43]. So, the problem (2.3.4)-
(2.3.6) is also relevant to electromagnetic scattering problems in two-dimensions.
However, in two dimensional problems, the Sommerfeld radiation condition must

be modified to

lim rl/Q(aal —iku®) =0

7—00 r

where r = |z| and the limit is assumed to hold uniformly in all directions z/|z|.

2.4 Integral Equations

A potential theoretic approach to scattering problems begins with a representation
of the field in the form of a double- or single-layer potential [25]. For instance,
considering the acoustic scattering problems (2.3.4)-(2.3.6), when the scattered field

u® is represented as a double-layer potential

w(z) = — /M( %u(y)ds(y), req, (2.4.1)

where ,
THO(klz = yl) in R,
O(x,y) = (2.4.2)
1 etklz—yl
Sl in R3,
A |z —y|
is the free-space outgoing Green’s function for the Helmholtz equation (here, Hél) is

the Hankel function of the first kind and of order zero [24, 25]), the density u must

be south to satisfy the integral equation of the second kind

%,u(x) + /81( %u(y)ds(y) =u"(z), x¢€dK. (2.4.3)
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On the other hand, if u® is represented as a single-layer potential

w@w) == [ Sapnmis). v e, (2.4.4)

then 1 must satisfy the integral equation of the first kind

/aK ®(z,y)n(y)ds(y) = v (x), z € K. (2.4.5)

As it turns out, the density 7 is a physical quantity. For instance, when the Dirich-
let boundary condition u = 0 is imposed on 0K, i coincides with the normal velocity
of the total field du/0v which is known as the surface current in electromagnetics.
Indeed, for z € Q, taking advantage of the fact that v is a free space solution to the
Helmholtz equation (so, in particular, in K') yields via an appeal to Green’s second

theorem that

/BK (um(y) 835@? = 82? (y)®(z, y)) ds(y)

= / (W™ AP — PAU™) dz = / U™ (A® + k*®) dx = 0. (2.4.6)
K

K

On the other hand, since ® is radiating, we also have

s/ g O0P(z,y)  Ou’
ww - [ ( ) - 2 <y><b<x,y>> ds(y), weQ (247

Therefore, when the Dirichlet boundary condition is imposed, equations (2.4.6) and

(2.4.7) give

sin u(22@:y)  Ou . .
u’() —/M( (y)—ay(y) 5, W) ,y)) ds(y)
— [ Sreepise), ae (249
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Comparing (2.4.4) with (2.4.8), we conclude via uniqueness of solutions that

n=— on 02,
v

that is, the density 7 in the single-layer representation of the scattered field u* is the
physical surface current.

Although it differs significantly from that in (2.4.3), an integral equation of the
second kind can also be derived for the current. Indeed, taking the exterior normal
derivative in (2.4.8) using the jump relation for the derivatives of the single-layer

potential (cf. [25] Theorem 3.1) yields

ou _10u / 8®(x,y)@<y)d8(y)’ v c 0K
0

ov (=) = 200 x Ov(x) Ov

or equivalently

18u(x) / 0P (z,y) du Ou z € 0K (2.4.9)
o)

20v x Ov(x) ay(y)ds(y): ov (z),

which is an integral equation of the second kind. Yet, the solution of the integral
equation (2.4.9) is not unique if k is a so-called irregular wave number or internal
resonance, i.e., if there exist non-trivial solutions u to the Helmholtz equation in the
interior domain K satisfying homogeneous Neumann boundary conditions du/dv = 0
on 02 [25]. This non-uniqueness problem can be avoided by combining the integral
equations (2.4.5) and (2.4.9) with a real coupling parameter (3 # 0 yielding a uniquely
solvable integral equation of the second kind for the surface current on 0K (see [47]

for an investigation on the proper choice of the coupling parameter f3):

%%(1‘) +/8K (% +iﬁ@(m,y)> %(y)ds(y) = agl:c () + iBu™(x). (2.4.10)
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Chapter 3

A High-frequency Integral
Equation Method (HF-IEM)

Although the problems (2.3.1)-(2.3.3) and (2.3.4)-(2.3.6) are perhaps the simplest
examples of physically realistic problems in scattering theory, they still cannot be
considered completely solved, particularly in the high-frequency regime, and remain
the subject matter of copious ongoing research [25, 63]. A major advance in this
direction was recently attained in [15, 16, 17, 18] where a novel integral equation
method for high-frequency scattering was developed. A central characteristic of this
scheme is that it allows for the evaluation of solutions within any prescribed accuracy
to be obtained in frequency-independent computational times. In this Chapter, we
review the basic ideas behind this approach, whose analysis is the subject of this
thesis. The details of this procedure in single-scattering configurations is provided
in §3.1. As we show in §3.2, the extension to multiple-scattering configurations is
naturally attained through an iteratively computable series. As will be clear from the

discussion, the basic ideas naturally extend to other types of boundary conditions.
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3.1 Single-scattering Configurations

As was mentioned in Chapter 1, the algorithm proposed in [15, 16] in connection with
the single-scattering configurations is based on three main elements.

The first main element provides the correct choice between the integral equations
utilizing the physical intuition that the density used to represent the scattered field
as a layer potential should oscillate along with the incident field. Accordingly, the
density must allow an ansatz in the form of a slowly varying envelope modulated by
a highly-oscillatory phase term provided by the geometrical optics solution [46]. The
slowly varying amplitude can then be represented by a number of degrees of freedom
independent of the frequency. Moreover, the algorithm presented in [15, 16] accounts
rigorously for the fact that the ansatz is only valid in certain regions of the scattering
surface.

The second main element of the algorithm is a localized integration method re-
lated to the method of stationary phase [10]. This localized integration scheme, which
reduces the support of integration to a small subset of the scattering surface, can be
seen as a natural link between high-frequency approximate, nonconvergent methods
such as the Kirchhoff approximation, and a direct integral equation method. As dis-
cussed below, the size of the reduced integration support is related to the wavelength,
leading to a number of integration points independent of frequency, and thus, to a
frequency-independent overall computational complexity.

The third main element is a change of variables around shadow boundaries in order
to represent the slowly varying envelopes within a fixed error tolerance by means of a
frequency-independent discretization density. Indeed, these slowly varying envelopes
possess boundary layers of cubic order in wavelength around shadow boundaries, and

the change of variables is based on the asymptotic expansions provided in [55].
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Figure 3.1: Real (top left) and Imaginary (top right) parts of u/ku™*; Real (bottom
left) and Imaginary (bottom right) parts of n/ku™e.

3.1.1 High-frequency Ansatz

As we said, based on the physical intuition, one expects the unknown densities p and
n in (2.4.1) and (2.4.4) to oscillate along with the incident field. This gives rise to

the ansatz

ika-x

w(z) = /lslow(x)e )

and

() = Nstow(z)e™™, (3.1.1)

when the incident field is given by the plane wave

u'™(x) = e g e R" (3.1.2)

with direction «a, |a| = 1. We display the graphs of these functions in Figure 3.1.
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Interestingly, only the normalized density of n in (2.4.4) oscillates slowly, indicating
that the function p in (2.4.1) does not oscillate like the incoming field. These results
can be easily explained. Indeed, as we showed in §2.4, the density 7 represents a
physical quantity, namely the surface current; on the other hand, it was shown in [15]
that the double-layer density i has no such physical meaning. The advantage, then,

that n delivers is that the slowly varying envelope

P = Nslow

can be represented by a number of degrees of freedom independent of frequency.

As will be explained in §3.2, the convergence analysis of our multiple scattering
approach for the calculation of the surface current will be based on integral equations
of the second kind. As we mentioned in §2.4, when the wave number k is an internal
resonance, the solution 7 = du/Jv of the integral equation (2.4.9) is not unique, and
equation (2.4.10) must therefore be used. On the other hand, the ideas in what follows
do not depend on the particular integral equation utilized. Therefore, for simplicity of
our presentation, we will assume that the wave number k£ is not an internal resonance

and work with the integral equation (2.4.9). Note that, with

G(.f,y) = —2®(I,y), x 7é Yy in IRn7

the equation (2.4.9) can be written for 1 as

o) = [ T st = 2% @), weoki (3

and this, in turn, gives rise to the integral equation

P(x) - /8K % eika.(y—r)p(y)ds(y) = 2%ika - ,/(x)’ r e K (3.1.4)

for the slowly oscillating density p when the incidence is given by (3.1.2).
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3.1.2 Localization Principle

Despite the fact that the unknown in the modified boundary integral formulation
(3.1.4) is a slowly oscillating function, a direct numerical evaluation of the integral
in (3.1.4) would still require a number of quadrature points proportional to the wave
number k. The method developed in [15, 16] reduces this requirement to a number in-
dependent of frequency by introducing an error-controllable extension of the classical
method of stationary phase [10].

To this end, the approach begins evaluation of the critical points of the integral

in (3.1.4) for each target point x. Clearly, the critical points are
1. the target (observation) point z itself, where the kernel is singular; and

2. the stationary points of the phase

oy) =a-(y—x)+ |y — 2. (3.1.5)

These stationary points, which are given by the solution of a nonlinear sys-

tem of equations, can be evaluated easily by means of Newton’s method.

In view of the method of stationary phase, we know that, asymptotically, the only
significant contributions to the integral in (3.1.4) arise from values of the slow in-
tegrands and their derivatives at the critical points. To derive an error-controllable
(rather than asymptotic) integration strategy with a frequency-independent compu-
tational cost, the authors of [15, 16] introduce an approach based on localization
around these critical points. Physically, for an observation point located away from
the scatterer’s surface, the critical points correspond to the points of specular reflec-
tion: there is only one such critical point on the surface of a convex scatterer. The
critical points mentioned above constitute a generalization of this concept to the case
in which the observation point lies on the scatterer’s surface.

The concept of localized integration can be understood by considering the problem

ikxP

of integration of the one-dimensional smooth function f4(x)e depicted in Figure
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ikxP

Figure 3.2: Real parts of functions fa(z)e®*® and f.(z)e®*® with upper envelopes

fa(z) and f.(x), respectively; p = 2 [15].

3.2. This discussion applies to the integral in (3.1.4) rather directly, since, via expan-
sion of the phase ¢ in Taylor series, the oscillatory behavior of the integration kernels
around their critical points is well captured by an exponential of the form e**" with
p = 1 (around the kernel singularity), p = 2 (around the stationary points other than
the shadow boundaries), or p = 3 (around the shadow boundary stationary points,

provided the curvature does not vanish). The basic result is the following.

Lemma 3.1.1 [15] Given positive real numbers A, €, ¢ and p with € < A and ¢ <

1 < p, denote by fa(x) and f.(x) the upper enveloping curves in Figure 3.2. Then

A €
/ fa(z)e™™ dox = / fe(x)e™™ dz + O ((ke")™), Vn>1.
—A —€

That is, under certain conditions on the product keP, the integral between —e and € of

fo(x)e**” is a good approxvimation of the integral of fa(z)e™™™ between —A and A.

Error estimates for the integral (3.1.4), similar to that of Lemma 3.1.1, which can
be obtained by Taylor-expanding the phase ¢ in (3.1.5) around the critical points,

provide the criteria for the localized integration. For each target point the correspond-
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ing set of distinguished points is covered by a number of small regions, as indicated

in what follows:

1. the target point is covered by a region U, of radius proportional to the

wavelength A (p = 1);

2. the [-th stationary point is covered by a region U! of radius proportional

to VA (p=2) or >/ (p = 3, at the shadow boundaries).

A partition of unity [19, 20] is used to smoothly split the integral over OK into
a number of integrals over subsets of 0K. This partition of unity is taken to be
subordinated to the covering by open sets U; and U! and the complement V of a
closed set which is contained in and closely approximates the union of the set U; | U’
(in other words, the set where each of the functions making up the partition of unity
is not zero is contained in one of the sets U or V). The integral over all of 0K is then
split as a sum of integrals over V' and each one of the U sets, with integrands which
include the corresponding partitions of unity. The integral in the outside region V' is
neglected. Note that, for sufficiently small wave numbers, the U intervals cover the
scatterer completely, and this high-frequency integral formulation reduces seamlessly
to the original integral equation.

This localized integration scheme is exemplified in [16] by computing the following

integral on a circle of unit radius, centered at the origin:
2 )
1(6p) = / [Hy (k|r(0) — 7(8))]) e* O] cos(6)dp), (3.1.6)
0

with 7(0) = (cosf,sin ). Equation (3.1.6) corresponds to the two-dimensional single
layer potential in the integral equation (3.1.3), with the unknown density substituted
by cos(f). Table 3.1 demonstrates the fixed accuracy of the integrator for 6, = 0 and
a = (1,0) throughout the frequency spectrum, using a fized number of integration

points for all values of k.
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k N € Error

1000 2100 1 1.5e-6
2000 2100 0.5  4.8e-8
4000 2100  0.25  1.2e-7
8000 2100 0.125  9.8e-7
16000 2100 0.0625 1.5e-6

Table 3.1: Localized integrator, sinusoidal slow density. Error on I(6y = 0) using N
integration points [15].
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Figure 3.3: Real (left) and Imaginary (right) parts of p/k%3 for k = 600, 1500 and
3000.

3.1.3 Change of Variables around Shadow Boundaries

While the illuminated region (where o - v << 0) can be treated as explained above,
shadow boundaries (where o - v = 0) require special consideration (cf. Figure 3.3).
Indeed, in order to represent p within a fixed error tolerance by means of a frequency-
independent discretization density, a cubic root singularity inherent in the slow den-
sity around such boundaries needs to be accounted for appropriately. This can be
done by means of changes of variables which compensate for the k/? increase of the
slopes of the slow density phases ¢ = x(f) around the shadow boundaries as k

increases (cf. Figure 3.4); see [15] for details.
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Figure 3.4: A convex obstacle illuminated by a plane wave (top); change of variables
around shadow boundaries (bottom).

In view of the above discussions, p in (3.1.4) can be obtained, within a prescribed
error tolerance, through interpolation from a fixed (independent of frequency) number
of discretization points. In implementations, these points are associated with the
nodes of Cartesian grids discretizing one or more (overlapping) patches covering the
scatterer surface, as proposed by [19, 20]. Fast interpolations of very high order can
then be obtained using refined FFTs and polynomial off-grid interpolation [14].

The integral in the region U;, which contains the kernel singularity, is evaluated
by means of a discretization with a mesh-size proportional to \; the choice of singular

integrator is that described by [25] in the two-dimensional case and by [19, 20] in the
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three-dimensional case. These methods provide high-order quadrature for the singular
integrands arising in the integral equations under consideration. The integral in the
region U! | in turn, is evaluated by means of the trapezoidal rule with a discretization
mesh-size proportional to v/A or 3v/\. In all cases, the values of the slow densities at
the integration points are obtained through interpolation from the fixed discretization
mesh mentioned above. Note that, because of the smooth cut-offs used, all integrands
are smooth periodic functions for which the trapezoidal rule gives rise to high-order
convergence. Also note that a special procedure is necessary to guarantee that the
nonempty intersections occurring between the various U sets defined above do not
cause difficulties: if the sets have identical discretizations, they are simply merged
and the corresponding elements of the partition of unity are summed; otherwise, in a
recursive manner, the integral on the set having the finer discretization is computed

completely, and its partition of unity subtracted from the other sets.

3.1.4 Numerical Tests

In [16], a matrix free iterative solver was implemented by utilizing the two-dimensional
version of the high-frequency integrator described above in conjunction with the
GMRES algorithm [68]. Table 3.2 shows results produced by means of this two-
dimensional solver on a 1.5GHz PC, applied to a circular cylinder of radius a. Errors

are computed by comparison with an exact solution for the integral equation, and

defined as

(faK | ot (z) — p(x) | ds<x>>”2
Jore | pezact(w) 2 ds(x) '

This example illustrates the asymptotically bounded complexity of the approach: the
error for k = 1000 is almost identical to that for £ = 100000, using the same number
of unknowns and the same number of integration points. The high-frequency solver
is well conditioned and requires a small number of GMRES iterations for arbitrarily

large wave numbers, leading to nearly identical computation times for all values of
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25 unknowns, € = €.y

ka GMRES Iteration FError CPU Time

1 9 1.0e-12 <1s

10 11 1.6e-4 <1s
100 13 9.3e-4 3s
1000 13 8.3e-3 s
10000 15 1.0e-2 6s
100000 14 1.1e-2 6s

100 unknowns, € = 5¢,.¢

ka GMRES Iteration Error CPU Time

1 9 1.0e-12 < 1s
10 17 3.0e-11 5s
100 22 1.5e-5 11s
1000 25 3.1e-5 2m30s
10000 27 8.4e-5 3ml2s
100000 30 8.8e-5 3m43s

Table 3.2: Scattering of an incident plane wave on a circular cylinder of radius a [15].

k > 1000. The results given in the upper half of Table 3.2 are obtained using 25
discretization points for the slow density p and a local integration interval size €.y =

600(ka)~t, with 800 integration points.

3.2 Multiple-scattering Configurations

In this section, we review the basic ideas introduced in [17, 18] that allow for the

extension of the approach explained in §3.1 to multiple-scattering configurations.

3.2.1 Multiple-scattering Formulation

Mathematically, the observations that enable the extension of the HF-IEM approach
of [15, 16] to multiple-scattering configurations begins by noting that if the obstacle
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K is decomposed into a collection of disjoint sets K = Uf\; K;, then (3.1.3) can be
written as
n; — Ryn; — ZRijnj =f;, on 0K;, 1<i<N (3.2.1)
i
where, for 1 <7 < N, and z € 0K;

) = i),
filz) = 28;21(;(?
Ron) = [ 2w

The diagonal operators R;; correspond precisely to the scattering problems for each
isolated sub-surface OK; and are therefore invertible (away from internal resonances).

Accordingly, (3.2.1) can be written for 1 <7 < N on 0K; as

i = Z([ — Ra) "' Rijn; = (I — Ru) ™' f; (3.2.2)
i#i
or equivalently
i — Z Aiiny = gi. (3.2.3)
J#i

For 1 <i < N, the operators A;; are defined on JK; by the identities

(I—Ry)'Ry if 1<i#j<N
0 if 1<i=j<N

Aij -

and the functions g; are the unique solutions to (I — R;;)g; = f; on 0K, that is

gi=(I — Ry)"'fi.
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Alternatively, (3.2.3) can be written as
(I —An=g ondK (3.2.4)

with 7 = [ 72 ... nn]", A = [A;] and ¢ = [g1 g2 ... gn]". The series solution to

(3.2.4) is given by the Neumann series

Z oy o]t on 0K (3.2.5)
n=0

where the terms are inductively defined as

T
g k) =lg1 g2 .- gn)" (3.2.6)

and

n n n n— n— n— T
[771 My - nN]T = A [771 ! Ub) b N 1} . (3.2.7)

More explicitly, relations (3.2.6) and (3.2.7) can be written in the form

o) = [ T ists) = 2% ) (3.28)

and

77?(90)—/8 ,&?) Z/ Gz y 7 y)ds(y)  (3.2.9)

i OK; al/

respectively, fori = 1,..., N. At this stage, and using (3.2.8)-(3.2.9), it can be readily
verified that, the n-th order correction [} 5% ... n%]" in (3.2.5) corresponds precisely
to the current generated on each structure by the n-th order reflection, that is, by the
field generated after the incidence 4™ has undergone n bounces. Indeed, on the one
hand, equations (3.2.8) correspond to the solution of the scattering problems for each

isolated sub-surface in response to the incoming radiation, ignoring interactions. And,
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on the other hand, the right-hand sides of (3.2.9) are precisely the fields scattered by
each sub-surface at the (n - 1)-st stage, evaluated on the complementary part of the
structure. Thus the n-th order correction corresponds to the current generated by
this latter incidence and this, in turn, can be used to inductively show that it also
corresponds to the n-th order reflection.

Evidently then, for a fixed surface 0K, the n-th correction n' is the sum of
(N —1)" corrections corresponding to each obstacle path of length n terminating
precisely at 0K;. Accordingly, the total surface current 7 is the sum over all infinite
sequences of obstacle paths (K,),,~, (i-e. each K, is one of the objects in consider-
ation, and no two consecutive objects are the same) of the solutions of the integral

equations

no(ac)—/aK0 % mo(y)ds(y) = 28;1:—(;(?) — 2ike* T q.p(x), xe€ Ky (3.2.10)

and form =1,2,...

mio) = [ S wasty)

B 0G(z,y)
_ /BK ooy M ds(y), € 0Ky (3211

3.2.2 Generalized High-frequency Ansatz

The significance of the formulation in §3.2.1 stems from the fact that it guarantees that
each of the problems in (3.2.10)-(3.2.11) entails the solution of problems within single
scattering configurations for which the methods described in §3.1 provide an error-
controllable scheme with fixed computational complexity. To apply this procedure,
however, we must first identify the phase of each correction 7,, to the current, to
derive a representation analogous to (3.1.1). But this, once again, is facilitated by
the interpretation of these corrections as corresponding to successive wave reflections,

which suggests that the highly-oscillatory part of their phases must coincide with that
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provided by a geometrical optics solution.

For instance, when the obstacles are convex and “visible” (in the sense that none
of them meets the convex hull generated by any other pair of objects), the geometrical
optics solution provides a sequence of phase functions {gpm}ng measuring the optical
distance travelled by a ray arriving at z,, € 0K, after m reflections. More precisely,
depending on x,, € JK,,, the geometrical optics solution provides uniquely deter-
mined points (xg, z1, -+, Tpm_1) € 0Ky X K3 X -+ X 0K,,_1 on the optical ray path
arriving at x,, after m reflections. The m-tuple (xg,z1,- - ,z,_1) is characterized,

for m > 1, by the following principles:

1. Rays bounce off illuminated regions:

a- vy <0, and (ZCZ'+1—.Z’,L'>‘VZ'>0, 1=1,....m—1

2. Law of reflection:

LT o(a w)e,
Ty — X
and
Tit1 — X5 Ty, — Ti—1 Ty — Tj—1 .
= — (—-I/i)l/i, 1=1,...,m—1.
’$U¢+1 - $z| ‘xz - 4171'71| |33z - 1’171‘

Here, we have chosen v; = v;(z;) to denote the outward unit normal to the surface

OK; at the point x;. In this case, the phase at the point z,, is defined to be

Q- X if m=0,
Pm = Pm(Tm) = (3.2.12)

a-zo+ S0 i — x| if m > 1;

see Figures 3.5 and 3.8 for examples. Using (3.2.12) and similar to (3.1.1), we write

N (X)) = py () eFPm @), (3.2.13)
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and equations (3.2.10)-(3.2.11) read:

po(x) — / 9G(w.y) R0 =00 @) po (1) ds(y) = 2ika - v(x), = € 0K, (3.2.14)
oK, ()

and form =1,2,...
9G(z,y)

— 2\ I ik(em (y)—pm (@)
pute) = [T e puly)ds(y)

G (z,y)

_ ik(om—1(y)—pm(z)) d 0K 3.2.15
— e m—1Y)as\y), T & m: o
/aKml e pm-1(y)ds(y) ( )

3.2.3 Extension of the Single-scattering Algorithm

As we said, the slowly oscillatory character of the quantities p,, follows from the
interpretation of the right-hand side of (3.2.11) as the normal derivative of the field
scattered by 0K, after (m — 1) reflections, so that its phase is precisely given by
¢©m- Equation (3.2.15) is then amenable to the treatment described in §3.2 the only
difference being that the evaluation of the right hand side of (3.2.15), for m > 1,
entails an integral of a highly oscillatory function. This, however, can again be
treated with the aforementioned strategies of localized integration. In fact, in this
case the integrand is regular and only integrations around stationary points of the
overall phase must be performed. Moreover, as is to be expected from the asymptotic
limit, for any given target point z,, € 0K, there will be exactly one stationary point
Tm_1 € OK,,_1 of the corresponding integral. Indeed, this point will coincide with the
point in 0K, 1 from which a geometrical ray that has experienced (m — 1) reflections

goes through x,, upon an additional reflection at x,,_1.

3.2.4 Numerical Tests

In Figures 3.6 and 3.7 (taken from [62]), we exemplify this procedure in the specific

instance of Figure 3.5 for the wave number £ = 40. In Figure 3.6, we display the
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graphs of the functions n™(z), p™(z) and ¢™(z) on the obstacle K, namely the ellipse
located on top, (left, middle and right panels, respectively) for different values of m
(m =0, 10, 20, 40 in the first, second and third rows, respectively). In particular, the
figure demonstrates the slowly oscillatory character of the envelopes that result from
the generalized phase extraction described above. Indeed, the figure shows that the
functions p™(x) are slowly oscillatory throughout the region of K; that is illuminated
after m reflections, that they vanish in the corresponding deep shadow zones, and
that they exhibit sharp transitions (of the order of k~'/3) about shadow boundaries,
exactly as in the single scattering case. Finally, Figure 3.7 illustrates the convergence
properties of the series (3.2.5). More precisely, there we display the values of truncated

approximations n*?"°* and of the error
1 approxr
Max. Error = 7 maz | n(x) — nPPre®(x) |,

where 7 is the solution (converged to machine precision) obtained by means of the
algorithm proposed in [25], and where the error is normalized by the wave number
since the solution 7 grows linearly with k. In addition, Figure 3.7 demonstrates the
spectral rate of convergence of the series which, in this case, translates in an error of
less than 1% in less than 15 iterations.

A similar example is provided in Figures 3.8, 3.9 and 3.10.
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Configuration First reflections

:
5 5
0 —_— of —p
—_— —_—
5 -5
—_— —
10 10
—_— —_—
15 15
—1‘5 -10 -5 0 5 10 15 —1‘5 10 15
Second reflections
50 sk
of oF
5t sl
Lo ok
15+ 15F
*1‘5 10 15 -15 10 15

Figure 3.5: A configuration consisting of two ellipses, and the corresponding geomet-
rical rays.
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Current: No reflections Slow envelope Phase

15 0.3
1 0.25
0 0.15
05 0.1 -2
-1
0.05 -4
-1.5
0 -6

o N A O
N
IN

0 0 2 4 6 0 6
Current: correction 5th reflection x 10°° Slow envelope Phase
0
0.01 15
0.005 2
10
-4
0
-6 5
-0.005
-8
-0.01 0
-10
0 2 4 6 0 2 4 6 0 2 4 6
Cugregtcorrection 10th reflection x 107° Slow envelope Phase
15 20
12
1
10 15
0.5
8
0
6 10
-0.5
4
-1 5
2
-15
0
0 2 4 6 0 2 4 6 0 2 4 6
CugregtScorrection 20th reflection x 1078 Slow envelope Phase
1 2 25
0 1.5 20
-1 1
15
- 0.5
10
0
0 2 4 6 0 2 4 6 0 2 4 6

Figure 3.6: Corrections 7,,(left), slow envelopes p,, (middle), and phases ¢,, (right)
corresponding to reflections m = 0, 10, 20, 40 for the configuration in Figure 3.5
(data corresponds to the ellipse on top).
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Approximate Current: No refl. Approximate Current: 5 refl. Approximate Current: 10 refl

2
1.5 15
! 1
0.5 05
0 0
05 -05
-1 a
-1.5 -15
0 0 6
Approximate Current: 15 refl. Approximate Current: 20 refl. Exact Current
2 2 2
1.5 1.5 1.5
1 1 1
0.5 0.5 0.5
0 0 0
-0.5 -0.5 -0.5
-1 -1 -1
-1.5 -1.5 -1.5
0 2 4 6 0 2 4 6 0
2

log, , (L™ Error)

-14 L L L L L L

0 5 10 15 20 25 30 3!
Number of Reflections

Figure 3.7: Top and middle rows: Approximate current ™ for reflections m = 0, 10,
20, 30, 40; middle right is the exact current; Bottom: Number of reflections versus
the L error (data corresponds to the upper ellipse in Figure 3.5).
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Configuration First reflections

d=(1,0) & k=200
—_—

L L
-2 -1

Figure 3.8: A configuration consisting of two circles, and the corresponding geomet-
rical rays.
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Current: No reflections

Slow envelope

Phase

0.08
0.06 05
0.04 0
0.02
-0.5
0
-1
0 2 4 0 4 6
Current: correction 5th reflection x 10~ Slow envelope Phase
0.3 0
0.2 3.5
-2
0.1
3
0 -4
01 -6 25
-0.2
-8
-0.3 2
0 2 4 6 0 2 4 0 4 6
Current: correction 10th reflection x 1072 Slow envelope Phase
0.03 3 5
0.02
25
0.01 4.5
2
0
1.5
-0.01 4
1
-0.02
008 05 35
' 0
0 2 4 6 0 2 4 4 6
CugregtScorrection 20th reflection x 107> Slow envelope Phase
1
10
8
0.5 8
75
0 6
4
7
-0.5
2
-1 0 6.5
0 2 4 6 0 2 4 4 6

Figure 3.9: Corrections 7, (left), slow envelopes p,, (middle), and phases ¢, (right)
corresponding to reflections m = 0, 5, 10, 20 for the configuration in Figure 3.8 (data

corresponds to the upper circle)
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Approximate Current: No refl. Approximate Current: 5 refl. Approximate Current: 10 refl.

2
15
1 1
0.5
0
0
-0.5 _1
-1
-15 -2
0 2 4 6 0 2 4 6 0 2 4 6
Approximate Current: 15 refl. Approximate Current: 20 refl. Exact Current
2 2 2
1 1 1
0 0 0
-1 -1 -1
-2 -2 -2
0 2 4 6 0 2 4 6 0 2 4 6

Il
0 5 10 15 20 25 30 35
Number of Reflections

-6 I I

Figure 3.10: Top and middle rows: Approximate current n™ for reflections m = 0, 5,
10, 15, 20; middle right is the exact current; Bottom: Number of reflections versus
the L error (data corresponds to the upper circle in Figure 3.8).
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Chapter 4

Asymptotic Expansions of the
Two-dimensional Multiple

Scattering Iterations in HF-IEM

In this Chapter, we derive the asymptotic expansions of the solutions 7,, of the
integral equations (3.2.10)-(3.2.11) in a two-dimensional setting for a finite collection
of convex obstacles. In order to simplify the calculations, we assume the wvisibility
condition, that is, no obstacle meets with the closed convex hull generated by any
other pair of objects. Under these assumptions, and utilizing the notation set in

§3.2.2, the main result of this chapter reads as follows:

Theorem 4.0.1 (Asymptotic Expansions of Iterated Currents) At each reflec-
tion, the asymptotic expansions of iterated currents n, = nm(rn) are given on the

m-th illuminated regions (off the O(k='/3) shadow boundaries) by

N = 2Zkelka " %o a -V (1 + O (k_1>) )
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and form=1,2,...
= /1T = B0t @ Ry gy (140 (571))

where
—1
o Tm — Tm—1 Tm — Tm—1
Qm - *VUm *VUm—1 )
’xm - xmfly ’xm — Tm—1
and R;’s are defined recursively as

—1
Ty — T

Ry =14 2Kp|z1 — 20| (ﬁ'%) ;
1 — o

and, for 1 <i<m—1,

-1
Riv1 =14 2ki|wi01 — a4 (%%) +|L’ (1—§) :

|Tiy1 — 2 |zi — i1

On the other hand, the iterated current m,, vanishes to first order in wavelength on

the m-th shadow region (off the O(k='/3) shadow boundaries).

The proof of Theorem 4.0.1 is based on an analysis of the integral equations
(3.2.14) and (3.2.15). Indeed, the integrals contained in these equations are general-
ized Fourier integrals. Accordingly, their asymptotic evaluations in the high-frequency
regime require the determination of the corresponding critical points (where the kernel
is singular or the phase is stationary); once these points are found, the integrals can
be evaluated appealing to classical techniques relating to the treatment of oscillatory
integrals [10].

One of the key points in determining the critical points is the behavior of creeping
waves as given by the classical geometrical theory of diffraction (GTD): “creeping
waves travel along geodesics into the shadow region” [46]. In particular, then, the
phase functions ¢, must be redefined on the shadow regions of 0K, as follows:
the phase at a point z,, € 0K,, in the shadow region is the phase at the shadow
boundary plus the geodesic distance in between. Using this new definition, in §4.1.2,
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0Q 0Q

Figure 4.1: Stationary points.

we characterize the stationary points. As it turns out, for a target point x,, € 0K,,,
the phase is stationary at a point x,, 1 € 0K,,_; if the ray that bounces off z,,_; at

the (m - 1)-th reflection arrives x,, in one of the following ways (cf. Figure 4.1):

1) the ray bounces off the point x,, 1 in accordance with the law of reflection;
2) the ray passes through x,, 1 without altering its direction;

3) the point x,,_; is in the (m - I)-th shadow region, and the ray is a creeping ray
that leaves 0K,,_1 at x,,_; making a tangential contact with the corresponding

geodesic.

These classify all the stationary points of the right-hand side (RHS) integrals in
(3.2.14)-(3.2.15).

The characterization of the stationary points for the left-hand side (LHS) integrals,
on the other hand, is more complicated. Indeed, appealing to the rules above, we see
that the LHS integral has no stationary point when the target point x,, is located in
the m-th illuminated region, and has only one stationary point when the target point
is in the m-th shadow region (cf. Figure 4.1). As we show in §4.3, however, for a
target point x,, € 0K, in the m-th shadow region, the contribution coming from the
stationary point x,,_; of the RHS integral cancels to first order in wavelength that of
the stationary point (located in the m-th illuminated region) of the LHS integral.
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Kernel singularities are characterized easily appealing to (2.4.2) and (3.2.13): both
the kernels of RHS and LHS integrals in (3.2.14)-(3.2.15) are singular at the shadow
boundaries on account of a discontinuity in the third derivative of the phases; and the
LHS integrals are singular at the corresponding target point x,,,. However, as we show
in §4.2, the integrals in a neighborhood of the singular points behave asymptotically
as 1, O(k™1), and therefore their contributions can be neglected.

As a consequence, at each reflection, the only important contributions to the
asymptotic expansions come from the stationary points of the phases. In §4.3, we use
the method of stationary phase [10] to evaluate the integrals around stationary points
which require the calculation of the second derivatives of phase functions. These

calculations are performed in §4.1.3.

4.1 Properties of Phase Functions

The aim of this section is two fold. First, in §4.1.2 we characterize the stationary
points of the phase functions. Then, we use this characterization to calculate the
second derivatives of these functions explicitly.

To begin, suppose that we are given a sequence of obstacles {Km}mz(r We assume
that the boundary curves 0K, possess regular analytic and 27-periodic parametric

representations of the form
T (tm) = (xin(tm%‘rzn(tm))v 0<t<2nm

in counterclockwise orientation. For a fized 11 = Tpmy1(tme1) € OKpyr, with

m > 0, consider the phase functions
Ptmt1 (tm) =Ty + Z ’xiJrl — X, (4.1.1)
i=0

of the RHS integrals in (3.2.15) where the points zo, . .., z,, are assumed to be on the

46



same optical ray path and belong to the illuminated regions of their corresponding

boundary curves; and

tm

b
U

where we assume that %% = z,,(t%) € 9K, is at the m-th shadow boundary, and
the points z,, € 0K, belong to the m-th shadow region. The functions ¢} . (tn)
correspond to the creeping rays, and are utilized in §4.1.2 to deduce that creeping rays
diffract tangentially while travelling along the geodesics. An immediate consequence of
this result is that, the visibility condition ensures that, in the high-frequency regime,

contributions to asymptotic expansions coming from creeping rays are negligible.

4.1.1 First Derivatives

In the rest of the Chapter, we use the notation:
Lemma 4.1.1 Derivatives of the phase functions (4.1.1) are given by

igptl(to) _ (a _ M)  Zo, (4.1.3)

dto ’31;1 - 3:0‘
and
— m) — — * T, m -~ 1. i
dtm SDtm_H ‘xm - .Tm,ﬂ ’xm+1 - xm’

On the other hand, the derivatives of the phase functions (4.1.2) are

d .m m - 4m :
_()OZVH»I <tm> - ( & & +1 ’ ) : xm; m Z 0 (415)

dt,, (2| [ Tmt1 — Tl
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Proof. The proofs of (4.1.3) and (4.1.5) are straightforward. To obtain (4.1.4), we
differentiate (4.1.1) with respect to t,:

d (t ) 1 — 2o . dto
dtm SDtm_H |.771 — mo‘ Odtm

Tiy1 — Tiyo — Tiq1 . dbi
+ § i
|xz+1 - xz ] ) dtm

|xz+2 - xz+1|
Tm — Tm—1 Tm+1 — Tm :
+ — * T
’xm - xmfll ‘merl - :Cm|
Since the points xg,...,x, are assumed to be on the same optical ray path, this

equation reduces to (4.1.4). B

4.1.2 Characterization of Stationary Points

The first result of this section states that the phase function ¢, ., (t,) is stationary
at a point x,, if and only if the points zy, ..., 2z, 11 are on the same optical ray

path.

Lemma 4.1.2 i) (First Reflections) For m = 0, the phase given by (4.1.1) is

stationary at a point xo with xo = xo(ty) if and only if

Iy — 1’0| |$1 — Xo
or
1 — X
— =q. 4.1.7
P— (4.1.7)

ii) (Further Reflections) For m > 1, the phase given by (4.1.1) is stationary at a

point T, with &, = xy(t,) if and only if

= + 2 “Vm VUm

Tm+1 — Tm Tm — Tm—1 Tm+1 — Tm (418)
‘merl - xm‘ ’xm - xmfl‘ ’merl — Tm
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or
Tm+1 — Tm _ Tm — Tm—1 ' (419)
’merl - xm' |$m — Tm-1

Proof. Equation (4.1.3) implies

d Tl — Xy
—y(tg) =0 & a= Ay +
dto%l< 0) 0~0 |131 — 20
for some Ag. Also, since |a| = 1, we have
1:()6'Oé:>\g+2)\0 117 1o ‘V0+1
|1 — @0l
so that
)\0 = —QM 70 or /\0 = 0.
|71 — o
Similarly, for m > 1, equation (4.1.4) gives
d Tm — Tm—1 Tm4+1 — T
— Pt (tm) =0 & |— = Al + ——————

dtm Tm — xm—ll |xm+1 — Tm

for some J,,. Since

Tm — Tm—1 T —

Tm—1 Tm+1 — X
1: . m :>\3n+2)\mu.ym+17
|xm - xm—1| ’xm - xm—ll |xm+1 - 'rm’
we get
Tm+1 — T
Ay, = —2— =, or Am =0,

|Tmt1 — Tl .

completing the proof. l
The next result states that a ray incident precisely on the shadow boundary (as-
suming that it travels along the geodesics into the shadow region as in GTD) diffracts

tangentially along its path.

Lemma 4.1.3 (Creeping Rays Diffract Tangentially) For m > 0, the phase
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given by (4.1.2) is stationary at a point x,, with T, = x,(t,,) if and only if

Tm Tm4+1 — T

- = 0.
(2| |Tma = T

Proof. Immediate from (4.1.5). W

4.1.3 Second Derivatives at Stationary Points

In this section, we derive explicit formulas for the second derivatives of phase func-
tions given by (4.1.1). These formulas will be used in §4.3 to obtain the asymptotic
expansions of iterated currents appealing to the method of stationary phase. The

formulas will be stated in terms of the quantities S,, defined by the identities

d? | T |2 Tmi1 — Tm 2
—_— ‘[;m = * I/m Sm,
ar, P ) = ] s — 2l

for m = 0,1,.... With this notation, our main result reads:

Theorem 4.1.4 i) (Second Derivatives in First Reflections) For m = 0, if

(4.1.6) holds, then

-1
S() =1+ 2H0|l'1 - ZL‘0| (H . l/()) s (4110)
1= 40

while if (4.1.7) holds, then
So = 1. (4.1.11)

ii) (Second Derivatives in Further Reflections) For m > 1, if (4.1.8) holds,
then ,
S = 26m|Tma1 — T (M . Vm) + T, (4.1.12)

|xm+1 - xm|
while if (4.1.9) holds, then
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where

|[Tmi1 — T ( 1 )
Tyn=14+4——(1- . 4.1.14
|xm _xmfl‘ Smfl ( )

Proof. Differentiating (4.1.3) yields

. . 2
d2 ( 1 — X ) . ’Qfo|2 r1 — X Zo
o lte) = (o — "0 ) gy 1 -
dt%gptl( 0) ’.271 — .To‘ 0 ‘1'1 — [L'Q’ ‘1'1 — [L'[)’ ’1’0|

. ( Ty — To ) . ’5'50|2 ( T1 — To )2
= (a—- 2" ) g+ -
|21 — 20| |1 — 20| \ |71 — 20
from which (4.1.11) is immediate in case (4.1.7) holds. On the other hand, if (4.1.6)
holds, then

d2 . L2 . 9
—a¢n(to) = Aovo - 2o + o (561 el -1/0>

dt% |.I'1 —l'o’ |£L'1 —£C0|
_ ) 2 o 2
_9 T1 — Xo _V0H0|x0‘2+ |$0| (% Zo ‘Vo) 7
|$1 - Io’ |l‘1 - $0| |$1 - $0|

from which (4.1.10) follows at once. H
To prove the result for further reflections we need several additional lemmas. We

begin by proving a simple geometrical identity which will be very useful in the sequel.

Lemma 4.1.5 Let u, v and w be three unit wvectors, and let © be the matrix of

rotation by 7/2 radians in the counterclockwise direction. Then

Ou-0v— (w-Bu) (w-6Ov)=(w-u)(w-v). (4.1.15)

Proof. Let a; = cos™'(w - u) and ay = cos™ (w - v). Then, (4.1.15) is equivalent to

the trigonometric difference formula

cos(ay — (g) — sin ay sin ay = €os a €os .
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The next result provides a representation for the second derivatives of phase func-
tions in further reflections in terms of the relative coordinate derivatives dt,,_1/dt,,.

To this end, for m > 1, we denote by V,, the quantities defined by the identities

: -1
dtmfl o ‘xm| Tm — Tm—1 Tm — Tm—1
- " Um *VUm—1 Vm

dtm ’xmfly |xm - xmfl‘ |xm - xmfl‘

Lemma 4.1.6 (Second Derivatives in terms of Coordinate Derivatives) For

m > 1, if (4.1.8) holds, then

-1
S = 28m|Tima1 — T (M . ym) + U, (4.1.16)
‘xm+1 - xm’
while if (4.1.9) holds, then
Sm = Um7
where
Up = 14 1Bt =@l gy (4.1.17)

|$m - xm—l’

Proof. Differentiating (4.1.4) yields

_d2 Otrsr (tm) = (Im—xm—1 — :Em+1—xm) T
m - m
dez, |Tm — Tm1| | Tma1 — T

. . 2
+ |:Bm|2 1— Tm — Tm—1 . T
|xm - xm—ll |xm - xm—1| |1’m|

. . 2
+ |Im|2 1— Tm+1 — T . Tm
[ Zmg1 — T | Tmt1 — T |xm|

|$m—1||xm| dtm—l

B |Tm — To1| dtp,

( Tm—1 Tm Tm — Tm-1 Tm—1 Tm — Tm-1 Tm >

B I I o L R P
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Appealing to Lemma 4.1.5 for the last term, we obtain

d2 _ _ — .
_2<10tm+1 (tm) — ( Tm Tm—1 . Tm+1 Tm ) T
dtz, [Zm — Tmea|  |Tma1 — T
+ ‘xm|2 ( Tm — Tm-1 u )2
’xm - xmfll ‘xm - .Tm,1| "
. 2 2
4 |xm| < Tm+1 — Tm u )
’merl - xml ‘xm+1 - xm| "
. |xm—1||xm| T — Tm—1 T — Tm—1 dtm—l

|Im - xm—1| |xm - 'Tm—1| ol |xm - 'Tm—1| o dtm

Now, if (4.1.8) holds, then

d2 Tm+1 — Tm :
- t ) =9 mrl wm 2
dt%n SOth( m) |.],’m+1 _ J,’m‘ le‘fm|xm’
. 9 2
+ ‘xm‘ ( T — Tm—1 U )
| AN |
. 9 2
+ ‘xm| ( Tm+1 — Tm Cu )
’merl - xml ‘merl - xm‘ "
N |Im—1||xm’ Tm — Tm-1 Tm — Tm-1 dtm—l

|xm - xmfl‘ |xm - xm71| ot |xm - xm*1| o dtm
Tm+1 — Tm

=2

: Vm"im|:tm|2
|xm+1 - mm|

1 1 T - 2
+ ’xm|2 ( + ) ( m+1 m_ Vm)
|'Tm - l‘m—1| |$m+1 - xm' |'Tm+1 - 'Tm|

N |$m—1||xm| Ty — Tm—1 Ty — Tm—1 dtm—l

|xm - CUm—1| |xm - xm—1| et |~rm - xm—1| o dtm

_ |$m’2 Tm+1 — T . ? 2/€m|xm+1 - xm‘ + U
|$m+1 - xm| |Im+1 - xm' " Tmtl — Tm "
_— . Vm
|xm+1 - wm’

Note that the term next to U,, vanishes in case (4.1.9) holds. This completes the
proof. W
Finally, on account of the previous lemma, to obtain the explicit expressions in
(4.1.12) and (4.1.13), we need only determine the coefficients V,,, in (4.1.17). This is
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provided by the next two lemmas.

Lemma 4.1.7 (Time Derivatives in First Reflections) For m = 1, if (4.1.6)

holds, then
1\ L
Vi = <]_ + 2K0|ZE1 - I0| (H : V()) ) > (4118)
1 — 40

while if (4.1.7) holds, then
V=1 (4.1.19)

Proof. Differentiating the identity

(a-=iy)
o0o————]-290=0
’$1—$0|

with respect to t; yields

_ i} |2 _ 2\ dt
0 — (Q_ 1 xO)-x(ﬁ— |0 <371 Zo 'Vo) ato
‘1'1 — i['o’ ’Q?l — .1'0‘ |Z'1 — ill'o’ dtl

_ ’$0||.’E1| io ) Ltl _ 1 — 2o ] Zi’() 1 — 2o ) ﬂél
20— 2ol \|zo| |29 |z =@l |zl lor — w0l |z
( Ir1 — X ) . |‘f0|2 ( Iy — X )2 dto
= o——— | -2+ "W e
|.’13‘1 — LU()’ ’.361 — Io‘ |.T1 — LU()’ dtl
[zollz1| @1 -0 w -

f— . 0 . Vl
|21 — 20| [71 — w0 |71 — @0
where we made use of Lemma 4.1.5 in the last identity. Therefore

dty |wo||z1] @1 — w0 1 — Xo

— . By
dtl |3§'1 — 370’ |£L'1 — £C0| 0 ’1'1 — .1'0‘ !

( Ty — T ) . |zo|? ( T — To )2
o—— | -2+ )
|71 — 20 |z1 — 20| \ |21 — 0]

-1
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Now, if (4.1.6) holds, then

%_ |f0||f1| T — Zo T — Zo

— . i
dtl |I1—JIO| ]a:l—x0| O|.T1—I0‘ !
1 — 2o © 9 ’..%0|2 1 — X 2\
22— I/QI{0|£I§'Q| + ) .
|21 — o |1 — wo| \ |71 — 20

Rearranging the terms in this identity yields (4.1.18). On the other hand, if (4.1.7)
holds, then

Co . -1
dty  |wollz1| 21 — w0 T, — To |zo|? ( T — T )2
_ = .VO .]/1 .]/0
dt1 |I‘1 — CL‘0| |£L‘1 — 1’0| |£L’1 — $0| |ZL‘1 - $0| |$1 — [L’()l
. |i1\ Ty — To (iUl—xo )1
= ]/1 e VO
|| |71 — 2ol |21 — o

completing the proof. B

Lemma 4.1.8 (Time Derivatives in Further Reflections) Form > 1, if (4.1.8)
holds, then

-1 -1
V., = <2ﬁm1|xm — 'Tm71| (ﬁ# . Um1> + Um1> (4120)
m — 4m—1
while if (4.1.9) holds, then
Vo = UL, (4.1.21)

where Uy, is as given in Lemma 4.1.6.

Proof. Differentiating the identity

< Tm—1 — Tm—2 Tm — Tm—1 ) N
- *Tm—1 = 0
‘Im,1 - xm72| |xm - mmfll
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with respect to t,, yields

0= Tm—1 .T dtm—l Tm—2 .I dtm—? dtm—l
- thm—1 - Chm—17 T 5,
|xm—1 - xm—2| dtm |xm—1 - Tm—2 dtm—l dtm

Tm—1 — Tm—2 - dtmfl

+ " Tm—1
|xm71 - xme‘ dtm
Tm—1 — Tm—2 : Tm—1 Tm—1 — Tm—2 dtm—l

j— . xm—l . d
|xm—1 - xm—2| |xm—1 - xm—2| |xm—1 - xm—2| tm
Tm—1 — Tm—2 : Tm—2 Tm—1 — Tm—2 dtm72 dtmfl

+ - :
|xm71 - xme‘ ‘xmfl - xm72| "me,l - $m72’ dtmfl dtm

Tm—1 : dtm—l T : Ty — Tm—1 - dtm—l

+— T d - Tyl — T ° Z'm_ld—
|Im - xm—1| tm |xm - xm—1| |xm - xm—1| tm
T — Tm—1 : Tm—1 Tm — Tm—1 dtmfl

— e " ITm—-1 : d
‘xm - xm71| |$m - $m71’ |xm - xmfl‘ tm
Tm — Tm—1 : Tm Ty — Tm—1

+ *Tm—1

|xm - CUm—1| |~Tm - xm—1| . |Im - xm—l' '

Rearranging the terms gives

0= < Tm—1 — Tm—2 Ty — Tm—1 > I dtm—l
= — . —
|xm—1 - xm—2| |xm - xm—1| " dtm

1 : 2 Tm—1 — Tm—2 : )2 dtm—l
+ Tp—1|" — C Ly
|$m—1 - xm—2| (l " 1| ('xm—l - xm—Ql ml dtm

1 . 2 Tm — Tm—1 . 2 dtm_l
+ |$m - xm—1| (lxm_1| (ll‘m - a'/'m—1| xm_l) ) dtm

1 At o dt, 1
|$m—1 - $m—2| dtm—l dtm
: : Tm—1 — Tm—2 : Tm—1 — Tm—2 :
XN\ Tm—2 " Tm—-1 — " Tm—2 * Tm—1
|xm71 - xm72| ‘xmfl - xm72|

1 . . Ty — L1 - Ty — Tm—1 -
Tl Ty — 7 Ty 7 Ty |,
| T

|Tm — T T — Tp1]
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or equivalently

0 = ( Tm—1 — Tm—2 Ty — Tm—1 ) JZ dtm—l
= — . _1
|$m—1 - zm—2| |xm - xm—1| " dtm
. 1 1 Ty — Tm—1 >2 dtm_l
+ Loy 2 Uy S —
| " 1| (lxml - ZEme‘ ‘xm - xm1|> (lxm — Tm—1 mel dtm
o |l.'m—2||1.7m—1| dtm—2 dtm—l
|xm—1 - xm—2| dtm—l dtm
« :-Um—2 . djm—l . Tm—1 — Tm—2 . :-Um—2 Tm—1 — Tm—2 . -j:m—l
e B B AL B PO | e R e R Y
. |xmlexm‘ ( -i'mfl . xm T — Tm—1 j:mfl Ty — Tm—1 :Cm

|$m - xm—l’ |l.'m—1| |$m| |

) |

LTy — xm—1| |im—1| |xm - xm—ll |(L‘m|

Appealing to Lemma 4.1.5 once more yields

Tm—1 — Tm—2

X

+ |Tm1]? <

|:.Emf2||3.7m71| Tm—1 — Tm—2

_ Am = Tmd ) o Bt
|Tm1 — Tma|  |Tm — Tm_1] g
1 1 ) (xm—:cml » )2dtm1
|Tm—1 — Tm-a|  |Tm — Tm_1] |Tm — T m-l dt,,

Tm—1 — Tm—2 dtm72 dtmfl

B ’xmfl - xm72| ‘xmfl - xme‘ '

_ |5.Um—1||a.7m| Tm — Tm—1

Therefore, if (4.1.8) holds, then

Tm — Tm—1

|xm - xm—1|

0=2

+ | Tm1]? (

mee |~Tm71 - xm72| = dtmfl dtm
Tm — Tm—1
Um—17 7 "VUm
|xm - xm—ll |mm - xm—1| |$m - xm—1|
VU 1Km_1|T |2dtm_1
m—1"vm—1|4Ym—1 dtm
1 1 Tm — Tm—1 ? dtm—l
+ *Um—1
|xm—1 - ajm—2| |'rm - xm—1| |Im - xm—1| dtm

|im—2||im—1| Tm—1 — Tm—2

Tm—1 — Tm—2 dtm—2 dtm—l

- |xm—1 - -rm—2| |xm—1 - xm—2|

_ ‘xmfl‘|xm| T — Tm—1

*Vm—1
’zm - xmfll ‘xm - ZL'm,ﬂ

*VUm—2

. ]/ ]
|Im—1 - Im—2| " 1dtm—l dtm
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which is equivalent to

o |J.;m—1|2 T — Tm—1 ? 2Km—l’xm - xm—l‘ dtm—l
0= |z Tmo1| \ |z x mel

m — 4m—1 m — 4m—1

N |xm—1||xm| Tm — Tm—1 Tm — Tm—1

. mel— .
‘xm - Im71| |'Tm - xm71| |'Tm - Im71|

Simplifying this last expression yields (4.1.20). In this last identity, in case (4.1.9)
holds, the curvature term should be dropped from which we get (4.1.21). This com-
pletes the proof. B

Finally, combining Lemmas 4.1.6, 4.1.7 and 4.1.8, we deduce that, in each case,

Vi, =81 m > 1. (4.1.22)

m—1 >

Therefore, using (4.1.22) in (4.1.17), we obtain the equations (4.1.12) and (4.1.13).

This completes the proof of Theorem 4.1.4.

4.2 Integration around Kernel Singularities

As was mentioned above, the kernels of RHS integrals in (3.2.15) are singular only
at the shadow boundary of 0K, 1, and these singularities are due to a discontinu-
ity in the third derivative of the phases. However, the visibility assumption ensures
that, in sufficiently high frequencies, the rays bouncing off O(k~'/?) neighborhoods of
the shadow boundary of 0K, 1 at the m-th reflection never reaches 0K,,. Accord-
ingly, the contributions of the RHS integrals around shadow boundaries of 0K,
to the asymptotic expansions of p,, in (3.2.15) are negligible. Indeed, smoothing the
phase functions around shadow boundaries if necessary, and utilizing the method of

stationary phase, it can be easily verified that these contributions are of the form

Pr—1(Tm—1)O(K71).
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Note that the asymptotic expansion proposed in Theorem 4.0.1 relates to target
points z,, € 0K, off the corresponding O(k~'/3) shadow boundaries. As with the
RHS integrals, then, the contributions of LHS integrals (in equations (3.2.14)-(3.2.15))
coming from O(k~1/3) neighborhoods of the m-th shadow boundaries for such target
points are of the form p,,(x,,)O(k™'), and are therefore negligible.

All of the kernel singularities discussed so far relate to singularities of phase func-
tions. In addition to these, the kernels of LHS integrals are singular at the target
points z,, € 0K,,. When the target point x,, is located away from shadow bound-
aries, one can choose a small enough neighborhood 0K:, (of the order O(1) with
respect to k as k — oo) around z,, containing no stationary points and no other
kernel singularities. More precisely, we choose K7 to be a subset of JK,, in which
k|lx, —y| > 1, and let

OK:, = 0K, — OK2.

As we show next, the LHS integrals on 0K, are negligible too.

Lemma 4.2.1 For a target point x,, € 0K, located off the m-th shadow bound-
aries (that are of order O(k=Y/3)), the LHS integrals in equations (3.2.14)-(3.2.15)
restricted to OKE, are of the from pp,(x,)O(k™1) .

Proof. We will present the proof for target points located in illuminated regions as
the proof for points in shadow regions follow the same lines.
Suppose now that the boundary 0K, is parametrized by x = z(7), that x,, = x(t),

and write the integral in parametric form:

aG m ) t+e
[ Bl tenwennp asty) = [ F(erpu(ar (420
OKe, o (Tm) t

where we used the notation

F(t,7) = G H (ka(r) = a(0)) 0= 2k (e ensn e ()] (1.22)



We will consider the integral on [t,¢ + ] as its analysis is the same as that of the
integral on [t — e, t].

To this end, first we introduce the change of variables

u = klz(r) —2(1)];

we shall expand z(7) in a Taylor series around x(t), and use this expansion to ap-
proximate function F given by (4.2.2). To complete the proof, we shall calculate the
exact integral of this approximate quantity, and appeal to the asymptotic expansions
of generalized hypergeometric series [69] to obtain the desired result.

Indeed, the Taylor expansion of x(7) around z(t) reads

2 2(1)

(1) —z(t) = (1 —t)a(t) + (7t — t) 74— ,
so that, near u = 0, we have
—t~ 'u
K|z (t)|

It follows that

x(7>_x<t)-y :E x(t)—=x v

v = 4 ) =l vl

LE g ) R G0 vl salt)
u 2 u k% 2lz(t)2 2 k-

The term |z(7)] is simply approximated as |2(7)| ~ |#()|. It remains to approximate

the exponential term in (4.2.2). Indeed,

Pm(2(7)) = pm(2(t)) = ola - (z(7) — (1))

where we have set
Tin—1(t) — xp (1)
[T (t) — 2 ()]
60
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and where z,,_1(t) € 0K,,—1 is on the geometrical optics path arriving at z,,, = x(¢)

after (m - 1) reflections. Consequently, we have

ik (om(2(7)) = Pm(x(t))) ~ ik a - (z(1) — 2(t))
: : x(t) . a(t) x(t) wu
~ik | a-x(t o —=(1t—1 T—t)~tila—4+a-————|u.
( e )> Y ( o) 2P ’f)

These calculations complete the approximation of the function F in (4.2.2) yielding
m(t) |o(t . o(t vt
Pt 7) ~ O 00 e [ <a SR “) u] 2y

4i w0 ek

On the other hand, as we did for |z(7)|, the last term in the integral (4.2.1),
namely p,,(7), is approximated as p,,(7) ~ p,(t). Finally, the approximation of dr/

du is found as follows:

du_ 202 oy o ey —a) it
) a ) — ) ~ P — 1) ~ P = Ka(r)] . (4.24)
u u o)

We conclude appealing to (4.2.3) and (4.2.4) that the integrals (4.2.1) are approx-

imately equal to

IS

i/{ ekl (t)| Dy 0 oxo | (o z(t) .. x(t) AT Y
o m(t)pm(t)/o Hy7(u) p[ ( |:fc(t)|+ 2@@”2]{;) ]d . (4.2.5)

Therefore, it remains to prove that the integral in (4.2.5) is of O(1). To this end, we

ekla(t)] c ckla()]
/ = / + / (4.2.6)
0 0 C

where the constant C' is chosen so that 1 < C' and is independent of k. In partic-

write this integral as

ular, asymptotically, we may assume that C' < ¢k|z(t)|. The integrand in (4.2.6) is
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asymptotically independent of k on the interval [0, C], and accordingly the integral
on [0,C] is of O(1).
Concerning the integral on the interval [C, ek|z(t)| ], we recall that [10] the Hankel

function Hl(l)(z) possesses the asymptotic expansion

o\ 2
iV = (2) e o (42.7)

w4

as z — oo with |arg z| < m. Therefore, the integral on [C, ek|z(t)| ] is approximately

equal to the integral

. 9\ /2 pekla(t)]
672371'/4 <_> / u 1/2 exp
n c

On the other hand, as z(t) is away from the shadow boundaries, and u/k < e|z(t)|

x(t) x(t) u
1+a- - — | u|du . 4.2.8
( T 2|o’c<t>|2’f) ] 29

on [C, ek|x(t)| ], the exponential in (4.2.8) behaves like exp(iwu) for some positive w

(independent of k). Since we have

a 1
/ ul et dy, = al/z/ ulZei i dy = a? | Fi(3/2,3/2 + 1, iaw)
0 0

C2aMP & (3/2+n)/T(3/2)  (iaw)"
3 & TB/2+14n)/T(3/2+1) nl

202 K 3/2 (jaw)" (iaw)"
s >

3 “3/2+n nl 3/2+n n!

iaw_l -1
frg 1/2 g
“ O( 1aw > O(z’wﬁ) ’

where 1 F} is a generalized hypergeometric series [69], we conclude that the integral

on the interval [C,ek|x(t)|] is of O(1). B
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4.3 Integration around Stationary Points

In this section, applying the method of stationary phase to the integrals in equations
(3.2.14) and (3.2.15), we obtain the asymptotic expansions of the LHS and RHS
integrals in equations (3.2.10) and (3.2.11).

As we explained above, the integrals in (3.2.14) and (3.2.15) being generalized
Fourier integrals, the only important contribution to their asymptotic expansions
come from the critical points of the corresponding integration kernels. As was proved
in §4.2, however, among these critical points the only points that contribute to the
asymptotic expansions are precisely the points where the phases ¢,, are stationary.
These stationary points were characterized in Lemma 4.1.2.

As we explained, when the LHS integrals are considered, whether there is a station-
ary point or not depends on where the target point is located. More precisely, if the
target point x,, € 0K, is located in the m-th illuminated region, then the correspond-
ing LHS integral has no stationary point. On account of the method of stationary
phase and of Lemma 4.2.1, then, the LHS integral is of the form 7,,(z,,)O(k™).

On the other hand, when the target point =7, € 0K, is located in the m-th shadow
region, the corresponding LHS integral has a point z,, € JK,, located in the m-th
illuminated region as its only stationary point. Moreover, for these two points, the
corresponding RHS integrals have the same stationary points, say z,, 1 € 0K,,_1.
Interestingly, as we shall see next, for the target point 7 , the contribution of the
RHS integral coming from the stationary point z,,_; cancels the contribution of the
LHS integral coming from the stationary point x,,. It follows that the iterated current
Nm vanishes to first order in & on the m-th shadow region (off the O(k~'/3) shadow
boundaries).

Let us consider the RHS integral in equation (3.2.15) for an arbitrary target point

T € OK,,. On account of the asymptotic expansion (4.2.7) of the Hankel function
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Hl(l)(z), equation (2.4.2) yields

0G(x,,y) (Pm—1 (4)—Pm (wm))
M 1 (y) et Pm—t mEmlds
/aKm_1 8l/(xm) P 1(9) (y)

k

~ _e—i(ksom($m)+7r/4)/ Z(xm,y)pm_1(y)eikqu_ylﬂ"m—l(y))ds(y)
271' OKm—1

where we have set

Im — Y

1 m
VTm =yl 1Tm — Yl

By Lemma 4.1.2, the only stationary point of the combined phase function ¢y, (t;,—1) =

Z(xrrwy) = : V<xm)7 ye aKm—L

|Tm — y(tm—1)| + ©m-1(y(tm-1)) is T;»—1. Thus, utilizing the stationary phase method

gives

/ Z (2, y) i (y) e Imm =y em1 W) g5 (y)
8I<'m—1

. . . k |d? trm—
~ Z(wmaxm—l)pm—l(xm—1)|xm—1|elk¢m(xm)em/4 {% %

}—1/2

on account of the fact that v, () = |Tm—Tm-1]|+Ym-1(Tm-1). Thus, using Theorem

4.1.4 together with the relation (3.2.13) completes proof of the part of Theorem 4.0.1
concerning illuminated regions.

For the second part, we begin with proving that pg in (3.2.14) vanishes to first order
in k£ in the shadow region. To this end, for a target point z{ € 0K, in the shadow
region, we shall denote the corresponding stationary point of the LHS integral in

(3.2.14) by xy. By what we have shown above, we have

po(z0)(1 4+ O(k™1)) = 2ika - vp.

Therefore, using the method of stationary phase, we see that the LHS integral in
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(3.2.14) satisfies

/ G (x5, y) ekl =e0(@t) oo (1) s (y)
0

Ko ov(x)
2 ~1/2
i kil | Pt .
Rl V()| d—%|x3 “woll polme) + OGTY
2 —1/2
5 — ) s\ | d Dis (to) s . B
ZM'”<xO>|xO| d—gg|$0—$0] 2Zk05'Vo+O(k 1)
0 s 5| —1/2
= 00 ) o] |fol? (M . VO) sike- v + O
% = % 75— 20

= —a-v(zy)(a-v) 2ika - vy + O™

= —2ika - v(x) + O(k™).

Thus equation (3.2.14) implies

po(zg) = O(k™"),

and thereby proves the second part of Theorem 4.0.1 for m = 0.

Let us now consider the evaluation of the integrals in (3.2.15) in the first reflection
and for a target point z7 € 0K in the shadow region. Let xy and x; be the stationary
points of the RHS and LHS integrals. Then the RHS integral is given up to an error
of magnitude py(z9)O(k~') by

I‘i — Xo SN\ dZ(Pti(to) s _1/2
T8 — 0| -v(])|zol d—zfglxl — o po(Zo)
~1/2
_ T o NP o [ T1— To 2 2k 7] — 0l
- m”(%”xd ol M'Vo 1+W po(zo)
28 — x| Yo
1
] — To (a?) ~1/2
:|$T—ZL’0| : 1+M (o)
] — To x5 — g Po(To
S— . VO S— . VO
2] — @0 |25 — o]
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On the other hand, the LHS integral is given up to an error of magnitude p; (z§)O (k™)
(and up to a phase term) by

—1/2
r] — 1 o | (t),
Rl v(ai)la] i’ 2§ —21|]  pi(21)
Ly TLTTO e
T — x1 o(2) i dﬁpti(l)’ - |z1 — 20| 1+ 2K0|T1 — T0| (20)
|z5 — 21| VI dt? L T1 — Xo T1 —Xo Polxo
-]/O . VO
|1 — 20 |1 — @0
¥ — 1
o G
1
-1 -1/2
S 2 S
_ , _ 2 _
Tom L |1+ 2§ — 21| || [ 2rola1 — ol
|z — 1] |x1 — o] T1 —Xo
S VO
|1 — 20|
Tr1 — X0 —1/2
S ——— .l/
|$1 - ZL‘0| ! 1+ 2’%0"%.1 - SC()‘ ( )
Tr1 — X r1 — X0 PolZo
—_— . I/O —_— . VO
|21 — @o w1 — @0
T3 — a1
‘x% _J;l’ ' I/(.ﬁU'{)
- Ir1 — X0 y
L0y,
|21 — o
—1\ 7 —1/2 —-1/2
i — 11 2K0lx1 — 0 2K0|lx1 — T
1+Ix1—ml L= «7?1’—900 | 1+ 901|—960 | po(o)
1 0 — . 1/0 —— 1/0
w1 — o w1 — o
‘T? — 1 . V(st) —1/2
w2 | ! 14 2kolT1 — 0| 2ko|T — 21| (z0)
B 1 — Xo xr1 — Xo T1 — Tg pPoTo
—_— . VO —_— . I/O —_— . VO
|1 — 20 |1 — 20 |z1 — @0
z5 — a1 s —1/2
HEn ey (0,
__lz - | 4 2rolai — ol (20)
] — xo ] — xo potxo)-
—_— . VO —_— . VO
2§ — o 2§ — o

Therefore, taking into account of the phase terms, we see that the RHS and LHS
integrals cancel each other up to an error of magnitude p;(z5)O(k™'). The proof for

further reflections follows the same lines.
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Chapter 5

Asymptotic Expansions of the
Three-dimensional Multiple

Scattering Iterations in HF-IEM

In this Chapter, we derive the asymptotic expansions of the solutions 7,, of the
integral equations (3.2.10)-(3.2.11) in a three-dimensional setting. As in the previous
Chapter, we will consider a finite collection of convex obstacles satisfying the visibility
condition. We utilize a slightly different notation: indices of the points will be super-

indices instead of sub-indices. The main result of this Chapter reads as follows:

Theorem 5.0.1 (Asymptotic Expansions of Iterated Currents) At each reflec-
tion, the asymptotic expansions of iterated currents n, = Nm(T,) are given on the

m-th illuminated regions (off the O(k='/3) shadow boundaries) by
: 0
7o = 2iketh0 - @ a-v (1+0 (k)

and form=1,2,...

_ikla™ — gmY 2™ — 2™
=¢€ |xm _ $m71|

T VU |det Hy| ™2 ey (1+ O (B71))
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where H;’s are defined recursively as

|
rl — 20 kg O

lezyl'l—,flfo‘l—o'l/g +E1
|zt — 0 K2
and, for 1 <i <m,
. 1 [L'i—ajifl /12-1_1 0
HIZQ |I1—I’Z_ | ﬁ'yi—l
|zt — zi=1 0 kK2,

|wz_$z‘—1| ‘x —.%i_l’ T
+(1+m B i gy i ik

Here we used k) and k? to denote the principal curvatures at the point z*, and set

. 2
7t — il pi-l
1— ( :fll F(tithifl;i - 171)
Ez‘ -

|zi — 21| |%,1

. 2 I
‘ ‘ 7t — i1 xle_ll
F(tio1,1io1;1—1,1) 1— <|xi_xi1’ : ‘xiil

Ti—1

and
F F(tlfg,tlfl,’l—Q,Z—l) F(ti,Q,Tifl;Z'—Q,l-—l)
F(Ti_Q,ti_l;i—2,i—l) F(Ti_Q,Ti_l;i—2,i—1)
where . , , ~
T T A S
F(ti ty; k1) = P g ok — ol it [k — ol g
AT N AN

On the other hand, the iterated current n,, vanishes to first order in wavelength on

the m-th shadow region (off the O(k='/3) shadow boundaries).

The proof of Theorem 5.0.1 is parallel to that of Theorem 4.0.1, and we shall

skip most of the details in order to prevent repetition. In particular, as in previous

Chapter, it can be shown that the contributions to the integrals in (3.2.10) and

(3.2.11) coming from the critical points other than the stationary points of phases

are of the form 7,,O(k™1), and are therefore negligible. Consequently, the derivation
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of the expansions in Theorem 5.0.1 require only the application of the method of
stationary phase for the evaluation of the integrals in (3.2.10) and (3.2.11), and this,
in turn, entails the characterization of the stationary points and Hessians at these

stationary points of the phases.

5.1 Properties of Phase Functions

This section provides the three dimensional versions of the computations carried in
§4.1. As the ideas behind these calculations is the same in all dimensions, we shall
only state the results, and provide minor explanations so that, if desired, one can fill
in the details.

Now, as in the two-dimensional case, suppose that we are given a sequence of
obstacles {K.},,5o- We assume that the boundary surfaces 9K, possess regular

analytic local parametric representations of the form
ZL’i = in(ti,’fi),

where ¢; and 7; are principle directions. For a fized ™ = 2™ (t,01, Ty1) €

0K 11, with m > 0, consider the phase functions

m
tonirrmss (b Tm) :a-xo—l-ZW“ — ', (5.1.1)
i=0

of the RHS integrals in (3.2.15) where the points 29, ..., 2™ are assumed to be on the

same optical ray path and belong to the illuminated regions of their corresponding
boundary surfaces.

As in the two dimensional case, phase functions corresponding to the creeping

waves can also be considered; these phases must be defined as integrals on the

geodesics along which the creeping rays travel. Calculating the derivatives of these

phases with respect to the geodesic coordinates, it can be easily deduced that these
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phases are stationary at a point if and only if the creeping ray diffracts tangentially
at this point. Consequently, as in the previous Chapter, we shall concentrate on the

phases (5.1.1).

5.1.1 First Order Partial Derivatives

The next result should be compared with Lemma 4.1.1.

Lemma 5.1.1 For m =0, we have

0 xt — 2 0
a—%%l,n(toﬁo) = (04 - m) " Ty, (5.1.2)

a xl _ .TO 0
6_7_0(1)751,7'1 (th TO) = (CY — m) . JTTO, (513)

and, for m > 1, we have
o rm — xm—l xm—&—l —xm .

%¢tm+1,7’m+l (tm7 Tm) = (‘xm . :UTTL71‘ - ’$m+1 _ mm’) ° xt'm (514)

0 rm— xm—l xm+1 —
aTm (ptm-t,-l, m+1( T ) (‘xm _ xmfl‘ ’$m+1 — xm’) x - ( )

Proof. The proofs of (5.1.2) and (5.1.3) are trivial. To prove (5.1.4), first we differ-
entiate (5.1.1):

0 Oto J19
%wtmﬂfmﬂ(tm’ﬂ”) - <$?°(9tm ng%)

m—-1 i
+1 . ) . .
+ Z xt — ' i+1 8t2+1 —|—1‘i+1 87’24_1 i 8t, i 87’1
‘xi—&-l _ I’l’
=0

x) _ x} -zl
titt O, Tt Ot % Ot i Ot
gmtl — gm ( m Otm m aTm>

e s L
|zl — gm| tm A, ™ Ot
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We then rearrange the terms to obtain
%S‘Jtmﬂﬁmﬂ (tm, Tm) = <$to ot + "Em%
A . Ot o
7 (2 7 (2
Z rwl o (“7 Dl T atm>
' 11 Ot; 1 OT;
i+1 i+1 i+1 i+1
+ Z ’xz—i-l :Ui ’ (xti+1 atm +$Ti+1 8tm >

xm—l—l _ < o Otm " 8Tm)

_——_— . x — x —
|zt — gm| tm At ™ Ot

and a further rearrangement gives

0 B zl — 20 0 Oto 0 9070
%gptmﬁ-lyﬂn#—l (tm, Tm) = | @ — m ) to at + xTO%
i+2 i+1 . X
+ Z — — xl — wl . xifl Otis1 + m”l %
xz+1 xz ’xz—l—Q _ w”‘l‘ it+1 8tm Tit+1 8tm

+<:1:m—93m 1 B azm“‘l—azm)'( m@tm+$m 8Tm>'

x
|lgm — gm=1] gmtl — gm| b O, ™ Ot

Therefore, since the points xg, ..., z, are assumed to be on the same optical ray

path, we obtain (5.1.4). The proof of (5.1.5) follows the same lines. H

5.1.2 Characterization of Stationary Points

The following Lemma shows that the characterization of the stationary points in
three dimensions is the same as in two dimensions (see Lemma 4.1.2); that is, the

phase function ¢, (tm, Tm) is stationary at a point 2™ if and only if the points

m+1,Tm+1

2%, ..., 2™ ™" are on the same optical ray path.

Corollary 5.1.2 i) (First Reflections) For m = 0, the phase given by (5.1.1) is

stationary at a point x° with 2° = 2%(to, 70) if and only if

xt — 20 xt — 20
=a+2

m = m Vo Vp (516)
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or

a. (5.1.7)

ot =]~
ii) (Further Reflections) For m > 1, the phase given by (5.1.1) is stationary at a

point ™ with 2™ = x™(t,,, Tm) if and only if

xm—i—l —m rm — xm—l xm-{—l —pm
|zmHl — gm| - |z — 2l +2’xm+1_l.m "Vm Vm (5.1.8)
or
xm+1 — T B rm — xmfl .
|$m+1 _ xml - |xm o .Tm_l . (5 9)

Proof. Using Lemma 5.1.1, we obtain

0 0
(a_togptlﬂj (t()a TO)) 8_7_0%07&,7'1 (t()a TO)) = 0

if and only if
ro—x
zl — 19|

for some A\g; and

0 0
(8T¢tm+1ﬂ'm+1 (tmv Tm)? ?wtm+ly7'm+l (tmv Tm)) =0

if and only if
rm — xm—l xm—&—l —xm

|xm _ xmfl‘ o ’wm+1 _ :Em’ - )\ml/m

for some \,,. The rest of the proof follows the same lines with the proof of Lemma

4.1.2. 1
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5.1.3 Hessians at Stationary Points

For ¢ > 0, we define

0? 92
@@tzlklﬂ'ﬂrl (t“ Ti) W%ptﬂ—lﬂ'ﬂ-l (tlu Ti)

)

|$t 2

Hipi = |2 — 2| ; |, Tl

02 0
W(pti+lﬂ—i+l <t7,7 T’L) ngtiﬁ'lﬂ-i#»l (t'“ TZ)

P

A

7
Ti

In stating the next result, we use the notation in Theorem 5.0.1.

Theorem 5.1.3 i) (Hessian in First Reflections) For m = 0, if (5.1.6) holds,

then
L_ 0 k&0
Hy=Hy =2 o' =2 [ + B, (5.1.10)
|zt — x 0 K2
while if (5.1.7) holds, then

ii) (Hessian in Further Reflections) For m > 1, if (5.1.8) holds, then

m m—1 K

_ r —x
H,, = H,, =2 |2™ — 2™ P

_ xm71| )

1
m—1
Vm—1
0

m—1

‘xm_xm—1| ‘l’m—l’m_1| .
* (1 + |$m_1 — xm_2| Em o |xm—1 _ xm_2|FmHm—1Fm y (5.1.12)

while if (5.1.9) holds, then

FrH,, \F, . (5.1.13)

Hm: <1+ |$m_$m—1’ ) - |$m_$m—1’

|xm—l _ xm—2| |xm—l _ xm—2|

We skip the proof of Theorem 5.1.3 as it is parallel to that of Theorem 4.1.4.
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5.2 Integration around Stationary Points

In this section, we describe the main ideas in applying Theorem 5.1.3 in conjunction
with the stationary phase method to obtain the asymptotic expansions provided in
Theorem 5.0.1. To begin, we note that, in three-dimensions, the integral equations

(3.2.14) and (3.2.15) take on the form

T / (ay+a—y) L= RlT —y| * —y .
polr) — —e "% ety v(x)po(y)dS(y) = 2ika-v(x),
0( ) o Ks ‘x_y|2 ]:c—y! ( ) 0() () ( )

and, for m > 1,

—iklr —yl z—y
lz—yl* |z —yl

_ 1 iken@) / ehonaHep LR =yl 2=y s,
8I<'m—1

V(@) pm(y)dS(y)

1 | 1
() — g kent® / k(o () +z—y)
T OKm

2w [z =yl |-yl
respectively. Asymptotically, these equations can be written as

po(l‘) —+ ie—ik‘opx/ eik(a.y_i_‘z_y‘)i T =Yy .

(z)po(y)dS(y)

~ 2ika - v(z) (5.2.1)

and, for m > 1,

L it Kom()Ha—yl) K T Y
pm(x) + —e Fem(®) / etklem@)Fla—y () pm(y)dS (y)
2m DKo [z —y| |z —yl
1 , _ tk  x—vy
~ ——e ! <Pm($)/ elk(@mfl(y)"’_m yl) _ . V(w)pm_l(y)ds(y) (522)
27T 8Km71 ‘ZL‘ - y‘ |£B - y|

Accordingly, as we explained in Chapter 4, if the target point x = 2™ € 0K,
m > 0, is in the m-th illuminated region off the O(k~'/3) shadow boundary, then
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equations (5.2.1) and (5.2.2) reduce to
po(a®)(1+ O(k™1)) = 2ikar - 12",
and, for m > 1,

- 1 —1 ™
(™) (L+ O()) = —gehente™

/ elk(ﬂpm—l(y)+|x yl) — — Yy . I/(:C )pmil(y)dS(y)’
OK 1 (zm—1) [z —y| [z — y|

m—1

where, for m > 1, the neighborhood 9K, 1(z™ ') of the stationary point x is
chosen so that, except for ™!, it contains no critical points of the integration kernel.

On the other hand, for a target point x = 27" € 0K,,, m > 0, in the m-th
shadow region off the O(k~'/3) shadow boundary, in addition to the stationary point
2™t € OK,,_; of the RHS integral, the LHS integral possesses a stationary point
x™ € 0K, that belongs to the m-th illuminated region. Consequently, for the target

point zI*, equations (5.2.1) and (5.2.2) reduce to

—y|)ik’5’32 —yl 2) —y

20 —y[? |20 -y

1 —ika-z0 ik(a- 29
polal) + pre et [ e aD)n(v)dS ()
™ Ko (x9)

~ 2ika - v(2?),

and, for m > 1,

ik =y

)+ e T Hlom s (&™) p(y)dS
~ ——¢ mi&Lg [ m— s % l’s pm—l y dS y .
27r aK7rL—1(33m71) |Qj;n — y| |xgn _ y| ( ) ( ) ( )

where, as with 0K,,,_;(z™ 1), the neighborhood K, (z™) is chosen so that it contains
no critical points of the kernel of the LHS integral other than z™.

We derive the asymptotic expansions of these integrals utilizing the method of
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stationary phase and appealing to Theorem 5.1.3. More precisely, in evaluating the
RHS integrals, equations (5.1.10) and (5.1.12) must be used. On the other hand,
LHS integrals must be evaluated using equations (5.1.11) and (5.1.13). To exemplify
this procedure, let us consider the evaluation of the RHS integral for a target point
™ € 0K,,, m > 1. Then, writing this integral in parametric form, and applying the
method of stationary phase yields

1 ih(pm @) +Hem—y) K T =y
- e'em= v(@™) o1 (Y)[Yu X yo|dudv
27 JoK 1 (@m—1) lz™ —y[ [z — y| " Lo
k \/| det Hess [¢t,, 7, (-1, Tm—1)] |
ik M — mm—l _ B _
l/(xm)]lenfll X x:':n_lllpm_l(xm 1).

‘xm _ xm—1| ’wm _ wm—l‘ )

Therefore, choosing the directions t,,_1 and 7,,_1 to be the principal directions at

the point ™! gives

1 ek (Pm—1(y)+]2™ —yl) k" -y v(2™) prm—1(yY)[yu X yo|dudv
37 S e E | e
\/’ det Hess [Sptm,rm (tmfla Tmfl)] ‘
1 rm xm—l

v(@™)|af L l2r | pmor (2™ 1)

’xm _ xmfl‘ ‘xm _ xm71| ’
eikcpm(xm) m — pm—l

S (™) pm_1(x
/—| deth| |$m—$m71’ ( )p 1(

The LHS integrals corresponding to target points at the shadow regions are evaluated

m—l).

in a similar manner. As we did in §4.3, it can then be verified that the currents vanish

to first order in wavelength in the shadow regions.
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Chapter 6

Convergence of Multiple Scattering

Iterations in HF-IEM

As is apparent from the asymptotic expansions developed in Chapters 4 and 5, in the
high-frequency regime, the convergence of the Neumann series (3.2.5) depends solely
on the geometrical characteristics of the scatterers. Moreover, appealing to Theorems
4.0.1 and 5.0.1, one can easily find sufficient conditions, in terms of the distances
between scatterers and curvatures of the objects, guaranteeing the convergence of
the series. The natural question that arises is whether one can find a condition that
is both necessary and sufficient for convergence. In this Chapter, we consider this
question in the setting of Chapters 4 and 5. That is, we consider a finite collection
of convex obstacles satisfying the visibility condition.

In this regard, we establish that, when a collection of obstacles are transversed
periodically, the ratios of the (asymptotic expansions of ) multiple scattering iterations
that differ by one period converge uniformly to a certain complex number. This
number is independent of incidence, and in the limit of infinite frequency it depends
solely on the geometrical arrangement.

To derive these results, our strategy begins with the use of Theorems 4.0.1 and

5.0.1 to deduce that if a ray arrives at a point on the boundary of a scatterer after n-
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bounces, then (asymptotically) the iterated current at that point equals the current at
the (n - 1)-th reflection-point of the ray times a continued fraction (of 2x 2 matrices in
three-dimensional case) determined by geometric properties of the corresponding ray
path. Then we analyze optical ray paths to deduce that if a group of rays transverse
the objects periodically for a large number of reflections, then -except for the first and
last few reflections- their reflection points accumulate on certain specific regions of the
boundaries of the scatterers. Finally, we demonstrate that, when a p-periodic orbit is
transversed indefinitely, the ratio of iterated currents differing by one period converges
uniformly to the product of a number p of limit p-periodic continued fractions; the
convergence rate is then deduced utilizing the theory of limit p-periodic continued

fractions [44].

6.1 Rate of Convergence on Periodic Orbits

To clarify the intuition behind these ideas, let us consider a p-periodic orbit { K m}mzo?
that is, K; = K;iqp for i =1,...,p and all ¢ > 0. As is apparent from Figures 3.5
and 3.8, the paths of the reflected rays start to stabilize after a few reflections for a
periodic orbit (p = 2 in these figures). As we shall explain shortly, this is an immediate
consequence of Fermat’s principle which states that “The actual path between two

points taken by a beam of light is the one which is transversed in the least time”.

Indeed, considering the phase function

p—1
o(xy,...,xp) = ]:vp—x1]+2|xm+1—xm (6.1.1)
m=1

defined for (z4,...,2,) € 0K = 0K; X ... x 0K, we have:

Lemma 6.1.1 The tuple (ay,...,a,) € 0K; X...x 0K, minimizing the phase (6.1.1)
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15 uniquely determined, and it satisfies

Ai+1 — Q4 a; — Ai—1 a; — Q;— .
= —2(—-%)%, 1=1,...,p.
|ai+1 - Clz‘| |Clz‘ - Cli—1| |ai - ai—1|

That is, a ray starting from a; and arriving at a;4q1 traverses the path formed by the

points (ay, ..., ap,) indefinitely.
Proof. Suppose that the boundaries 0K; are parametrized by z; = x;(t;). Then

dp _ d
dt;  dt;

(|!L‘i+1 . 5E1| n |$Z . !Ei—1|) _ ( Ty — Ti—1 . Ti4+1 — X4 ) xl
|z; — 21| |Ti41 — 2]

so that dp/dt; = 0 if and only if

Tit1 — T4 Ti — Ti-1 Tit1 — X
= or _—— =
|Tip1 — 4] |zi — i1 |Tip1 — i

Ty — Xj—1

|-CE¢ - 931'—1\

for some \;. The first case is not possible by the visibility assumption. In the second

case,
|- Tl T T Tigd — T :)\2+2<M-yi>)\i+l
[Tip1 — @] i — ] ' |7 — @i
so that
A= 2 it o AN=0.

|7 — @i o
The visibility assumption prevents the case \; = 0. The proof in three-dimensions
follows the same lines. B

Intuitively then, this result combined with Fermat’s principle tells us that, as the
number of reflections m grows, the paths of the rays arriving at any point x € 0K at
the m-th reflection have the property that (except for the first and last few reflections)
they are almost identical with (a4,...,a,); and to a good approximation, the only
difference between the optical path arriving at a point x € 0K at the m-th reflection
and (m+p)-th reflection is the addition of the path formed by the points (ay, ..., a,)

somewhere in the sequence of points.
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Now, for z,, € 0K, let (z¢,...,2m_1) € 0Ky X ... X 0K,,_1 be the uniquely
determined tuple on the optical ray path arriving at x = x,, after m — 1 reflections.

Concentrating, for instance, on a two-dimensional setting, we see that

m—1 —-1/2
N () ~ 2ik(—1)m 2m—TmmL ik (@m) <H le(xm)> Cm>1
i=0

|xm - Im—1|
on account of Theorem 4.0.1. Here, we set

2lio|.l’1 - I0|

R (x,,) =1
0 (Tm) + cos v
26| — Xy i1 — X 1 .
Ry =14 itz ol ezl (0 LNy
cos oy |z; — x| R™ (z)
where

1 [ Tiv1 — T
o 1= COS —_— ;] .
|33z‘+1 - SUz\

Therefore, appealing to the explanations above, for a fixed j with 1 < j < p (assuming
without loss of generality that j is the smallest index such that K; = K, for some

obstacle in the p-periodic orbit {K,,}, ), and for a fixed point z € 0K, we obtain

m+p—1 -1/2 9 1/2
ﬁ;:;(ﬁ) - (_1)pez‘ktp(a1,...,ap) < H R;nﬂ?(iﬂ)) <H RT(JZ)) (6.1.2)

as m = j+qp grows. Accordingly, it is necessary to study the convergence of the ratio
[T25P = R () / T1! Ry () as m — oo. To this end, we choose n with n ~ m/2,

write it as

[ R ™P(x) o R ()
I Re(e) (H (H R () 1))
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Thus, we need to study the convergence properties of the quantities

n Rm+p($) m—1 RTT_p(Qf) n+p
= 1 —P - 1, and RI™P 6.1.3
ISt | Bt L § R (613)

=0 i=n+1 i=n+1
as m = j + ¢p goes to infinity. Indeed, when the sets of points z{, ...,z (with

x = a2 and m = j + ¢p) forming the continued fractions R}*(x) are considered, it

Jj Jtp ,.J+2p : —~
i+ Tiypy Tifops - - converge. Moreover, since n ~

holds that each of the sequences x
m/2, the points forming the continued fractions in the third term of (6.1.3) form
p sequences converging to the points a,...,a,. Accordingly, the analysis of the
quantities in (6.1.3) can be based on an extension of the theory of limit periodic
p-periodic continued fractions.

As is to be expected then, an analysis of the optical ray paths combined with
the techniques of the theory of limit p-periodic continued fractions can be used to
show that the first and second terms in (6.1.3) do converge to zero uniformly for
x € OK. In the same way, the product of the p (almost) limit p-periodic continued
fractions forming the third term in (6.1.3) can be shown to converge to a limit s.
Note that, however, the behavior of this third term is independent of the direction
of the incidence and of the point z € 0K. Consequently, the limit s is uniform and
is independent of the direction of incidence. In fact, as we shall explain shortly, s
depends only and explicitly on the distances |a;11 — a;|, the curvatures k; at the

ai+1—05

points a; of the surfaces JK; and the scalar products o " Vi (¢=1,...,p) where

(a1,...,a,) € 0K x ... x 0K, are the unique points minimizing the phase (6.1.1).

m

7. and concentrating

Indeed, dropping the upper indices in the representations of R
on the set of points zy, ..., x, where n & m/2, we see that the sequences {xi+qp}q>0
converge to the points a;, ¢ = 1,...,p. Therefore, replacing z;’s with their limiting

values yields the p equations

1<i<p (6.1.4)



where we have set, for 1 < i < p,

2Kilait1 — a; Qir1 — Qi
. +1 ) i+1 )
L;= lim R}, bizl—i—’— c,-—’—

s = s and dZ:bl—f-Cz
m—00 coS la; — a;_1|

Equivalently, equations (6.1.4) can be written, for i = 1,...,p, as

Cit
Li=Lisy = diy — . (6.1.5)

Citp-1

ditp-1 —

Cit1
L;

di+1 -

and equations (6.1.5), in turn, can be used to obtain quadratic equations in L;,
1=1,...,p.

Using the fact that each of the terms R; satisfy R; > 1, it can be easily shown
that L; > 1 for ¢ = 1,...,p, and that this is possible only if L;’s are taken to be the
larger roots of the corresponding quadratic equations.

For instance, when the period is p = 2, solutions of these quadratic equations

yield

L1 = (1 + dlﬁll)

1
1i\/1_(1+d/<;1)(1+d/<;2)]

and

L2 = (1 + dliQ)

1
li\/l_ (1 +drr)(1 + dky) ]

When the signs in these formulas are taken to be negative, the conditions L; > 1 are
easily seen to imply

(1+dr) "+ (1 +dry) ™t >2
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which is not possible due to the convexity assumption. It follows that, for p = 2,

s:f[Li: (vi+ m)Q (6.1.6)

where v = (1 + dr1)(1 + dks).

Using the asymptotic expansions given in Theorem 5.0.1, which is the three-
dimensional analog of Theorem 4.0.1, convergence factors similar to (6.1.6) can be
derived for any periodic orbit in three-dimensions. As is to be expected, the formu-
las for these convergence factors are significantly complicated. Even for a 2-periodic
orbit, they depend on the angle of rotation between the axes determined by prin-
cipal directions at the points a; minimizing the distance between the two obstacles.
Nevertheless, for a two-periodic orbit, when these axes are parallel to each other, the

convergence factor takes on the relatively simple form

s=(vi+vn-1) (VE+ve-1)

where v; = (1 + dk})(1 + dk?), k! and k? are the principal curvatures at the points
a;, and d = |a; — asl.
6.2 Analysis of Products of Continued Fractions

The starting point in the analysis of the first and second quantities in (6.1.3) is the

next recursion.

Lemma 6.2.1 For m > 1, we have:

2Km

2K 2K
Al A e A “).
COS Oy, COS (1 COS (g

‘|‘ |$m+1 - Im| (
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Proof. For m > 0, let

2K 2Km|Tmi1 — T
dm - |xm+1 - xmlu Ym = = 5 ﬁm - e == mdm7
COS iy, COS iy,
and, for m > 1, let
|xm+1 - xm| dm
T = = .
‘xm - xm71| dmfl

With this notation, we have

Ao =1+7do =1+ o

1 1
Ay =14+ vmd +7m (1= =1+ 8, 4+rm|1— , > 1.
+ +r ( Am—l) + B+ 71 ( Am—l) m >

Now, a direct calculation yields

AgAy = (14 B1) Ao + Bor1 = Ao + B1Ao + Bor1 = Ao + 11di1Ag + Yodor

= Ay +1d1 Ao + Yod1 = Ao + di (1140 + T0) -
Then, by induction,

A A

1
= <1+5m+1+7”m+1 (1_A_)>AO"'Am

:AO"'Am+6m+1AO"'Am+Tm+1(Am_1>A0"'Am—1

=Aog- A+ (Bt +rmg1) Ao - Ay =t Ao - A

dpm dpm
=Ag - Ap + (”Ym+1dm+1 + d+1) Ao Ay — d—HAO"'Amfl

o,
:AO"'Am+fVm+1dm+1AO"'Am+ d+1 (AO"'Am_AO"'Amfl)

derl

= Ao A+ Y11 Ao A+ ——d (YmAo - A + - + 1140 + 0)

dp,
=Ay - Ap +dmi1 (Ymi1Ao - A+ YmAo - A1 + - + 7140 + 0)
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finishing the proof. W
Now, fix a point z € 0K, and denote by z; and x; the points in the respective

optical paths used to define
A= AT"P(x)  and  B; = A7(x)

respectively, and utilize the notation

1 T — ~ 1 Tiv1— T~ ~ _ -
a; = cos ! < . 1/@-> , @ :=cos ! (M Ui ), 6; —0; :=cos? (vi - 1)
|Zi1 — i |Zip1 — T4

where v; and v; denote the outward unit normal to 02 at the points x; and x; respec-

tively. Note that then

Ag--+A, — By Bp=Ag-Ap1— By Bp_1

En
+2‘xn+1 _xn‘ < Ao Ap1 — — By Bpo1+
COS (v, COS Qi
K1 El KO E(]

Ao— —=Bo+ - —

COS (1 COS (x1 COS (¢ COS (¢

~ ~ 2Fkn 2K1 2K
+(|$n+1_$n‘_xn+1_xn’)< —Bo---Bp1+--+ — By + =
COoS Qup, CoS a1 Cos

and this yields

K1 %1 RO EO
COS (1 COS (1 COS ¢\ COS (¢

2Kn 2K1 2Ko >

By Buoi 4+ —i By —2
COS (1 COS (¢

T (enss = @al = [Fuss - Fal) ( n
COS Oy,
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or equivalently

Ay Ap— By Ban=Ay - Ap_1— By Bp_1

An 1—Bo-- Bn71)++

+ 2|$n+1 - ZEn
cos ozn cos

COoS Qy, — COS Qi
+2|Zn41 — Tn| | kn——=——By -+ Bp_1+
COS Qy, COS Qi

COS (x] — COS (/]

COS (yg — COS Y
COS (¥1 COS (1] COS (g COS QY
— %n K1 — %1 RQ — Eo
+2|xn+1—xn|(Bo---Bn1+---+ Ly 4 B0 >
COS iy, cos (1 Cos
- - 2kn 2K 2Kg
+(|xn+1—xn|—|$n+1—xn|)( —By---Bp1+ -+ — By + — ).
Cos iy, cos g cos

Therefore, in this last identity, utilizing the approximations

S8 Z BB _ (@ — &) tan g + Oaq — &)?,
coS oy

- - 2
Ei—m:(ﬁi—ﬁi)ﬁ;%—(’)(@—@i) y
and appealing to Lemma 6.2.1 yields

Ag---A, —By---Bp~Ag-+A, 1 — By Bp_1

Kn

(AO“’An—l_BO"‘Bn—1)+"‘+

COoS (i, coS (1

+ 2’xn+1 - xn| <

K tan o ~
+ 2’xn+1 - xn’ nifvn(an - an)BO - Bpoit
Cos O,
r1tan o - ko tan o -
L 0y — ) By + 20 0 )
CcOS (] Cos Q)

!/

K ~
+2’xn+1_xn| < e (971_071) By Bp1+

COS iy,
o (0= 8) Bt 2 (00

(By---Bp—By---By_1).

’xn-l—l - xn| - ‘571—&—1 - 5n‘

+ = =
‘xn—s—l - xn‘

Dividing through by By - - - B,, gives :
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Figure 6.1: Local parametrization of a convex curve.

Lemma 6.2.2 We have

Ag--- A, . 1 <A0"'An1_1)
Bo--- B, B, \ By By_1
+2‘xn+1_xn’ Rn AO"‘An—l_l NI K1 1 (@_1)
B, cosay, \ By Bp_1 cosay B1---B,—-1 Byg
2|Tpt1 — xn| [ Kntan oy, - 1 Ko tan ag -
B, cos Oy, (an = @n) + - + By---B,_1 cosay (a0 = @o)

2|Tpt1 — Tyl K., ( ~ 1 k() ~
(¢ —9) )_ (9 —9)
+ By, cos iy \ n)+ +B()'--Bn,l COoS Q| 0 0

4 |Tni1 — Tn| — |Tna1 — T <1 . 1)
|%n+1 - §n| Bn

Therefore, one needs to find relations among the angles «,,, &, 6, and gn We do

this analysis next.

6.3 Analysis of Reflected Rays

For simplicity of presentation, we shall concentrate on the case p = 2, however, the
techniques and approximations we shall present can be easily carried over to calcula-
tions for larger periods. We begin with a simple lemma concerning local parametriza-
tions of a convex curve.
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Lemma 6.3.1 In Figure 6.1, if g is convex near t =0, then ast — 0

t=—2+00)* and g(t) = O(0(t))*.

Therefore,
0(t) = arctan ¢'(t) = tg"(0) + O(t?) = k(0)t + O(?)
so that
_ 9 2
= m + O(0(1))

That g(t) = O(A(t))* is immediate from this and the Taylor expansion of g. B

We shall concentrate on the rays moving towards the line determined by a; and

ay (see Figure 6.2); analysis for rays moving away from this line is very similar. The

next lemma will be used without any further reference in what follows.

Lemma 6.3.2 In Figure 6.2, the following identities hold:

a; = g1 + 01 + 0, for >0,
i—1

Oéi:O!O—QQ—QZQj—Qi, fO’I"iZ].,
=1

and

040—520250—90,
ai—&i:2i_l<@—6j>+<5i—9i>, for i>1.

j=0
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Proof. Equation (6.3.1a) is just a simple geometrical identity concerning triangles.

Adding these up yields (6.3.1b). Utilizing the second identity, we obtain

wm = o= + (T ) 423 (-0) + (-6) . iz

Jj=1

That ag — ap = 50 — 0y is an immediate consequence of the fact that the incoming

field is a plane wave. W
Lemma 6.3.3 In Figure 6.2, the following identity holds :

{|J]Z‘+1 — Iz| sin o, + tz} COS(&Z' + Qz — fé;) — {|ZEZ'+1 — CL’Z| Cos o; + gz(tz)} sin(&i + 91 — fé;)

= ti41 cos(Qip1 + §i+1 —0it1) + giv1(tig1) sin(@iq + 5i+1 —0i11).

Proof. Using the identity

t; t;
amg| + |zb]  gi(t) + Jwib]

we obtain

t;

|zib| = ——
tan(ozi -+ 91 — 61)

Therefore, on account of the equation

| ;0] + |bc|
—— = Ccosq; ,

‘%’H - le
we get

t;
tan(a; + 0; — 6;)

lbe| = |xip1 — x| cos o — |2;b| = |xip1 — x4] cos oy + gi(t;)
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On the other hand, we have
~ ~ Liv1
tan(aip1 + 01 — 0ip1) =

el

so that

|19 = {gi1(tiva) + lef |} sin(@ir1 + i1 — bi1)

= Git1(tiv1) sin(@ipq + 51‘+1 — 0i41) + tip1 cos(Qupr + gi+1 — 0it1).

This gives

|d«77z‘+1| _ - |xi+1g| _ |xi+1g|

sin[ 7 — (& +6; - 6)  cos(@ + 6 — 6)

_ Gir1(tiy1) sin(Qiy + é;'ﬂ — 0i1) + tip1 cos(Qupr + §i+1 —0it1)
cos(a; + 0; — 6;)

)

so that the identity
|Cd| + |d$i+1| .
——————— =sinq;
i1 — il

implies

led] = |wip1 — 24| sin o — |dxiqq]

. ’xi+1 — l’l| sin a; COS(&i + 61 - é;) — Gi+1 (ti+1) sin(b?i“ + é;drl - 01+1)
cos(q; + 0; — @)

i1 008(@ig1 + Oi1 — 0i1)

cos(a; + 0; — gl)
Finally, utilizing the identity

led| = |be| tan(a; + 0; — 6;) ,
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we obtain

|zi 1 — 24| sin o cos(a; + 6; — 6;)

- gi—i—l(ti—i-l) Sin(&i+1 + §i+1 - 9i+1) —tit1 COS(&Z'+1 + §i+1 - ‘9i+1)

= Sin(ozi + Hz — (9@) |xi+1 - xz‘ cos a; + gl(tl) - ~ Y ’
tan(a; + 0; — 6;)

Rearranging the terms after cancellations delivers the lemma. H

In what follows, we use the notation

1
T = —
R
where k; is the curvature at the point x;.
Corollary 6.3.4 In Figure 6.2, we have :
T; COS &¢;

51‘-1-1 - 9z’+1 = (é; - Qi)

|Tip1 — Ti] + Tig1 COS iy
_ |Tiy1 — i
|Tip1 — 5| + rig1 oS Qg

+ O(0; — 52)2 + 0041 — 5¢+1)2-

(&H-l - CYi+1)

Proof. First we use trigonometric addition formulas to obtain

cos(a; + 0; — 51) = cos @; cos(6; — 51) — sin a; sin(6; — 51)

= COS &z — (91 — é;) sin &z + 0(91 - 51)2 9
and

sin(a; + 6; — 51) = sin q; cos(6; — 52) — cos a; sin(f; — 51)

=sina; + (0; — 51) cosa; + O(0; — 5,)2
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Also, by Lemma 6.3.1, we have

t; =ri(0; — ;) + O(0; — 6,)* and  gi(t;) = O(6; — 0;)*.

Therefore, utilizing Lemma 6.3.3 yields

(|xiv1 — x| sinay + 7r;(0; — 60;))(cos a; — (0; — 5,) sin ;)
— |1 — 23] cos i (sina; + (6; — 51) oS ;)
= 7“1'+1(5i+1 — 0i1)(cos Qg1 — (@'H — 0ip1)sin o)

+O0; — 0;)* + 001 — 0;11)°
so that

|21 — 24|(sin oy cos @; — cos a; sin ;)

+ (Jxip1 — x| (sin oy sin @; + cos «y; cos ;) + r; cos ;) (0; — 0;)

= 741 COS 52¢+1(5i+1 —0i11) +O(0; — @)2 + 0041 — §i+1)2-
This gives

|zi 1 — 4| sin(ay — ;) + (Jzi1 — x| cos(a; — @;) + r; cos &i)(@ —6;)

= 741 €08 Qi1 (Bip1 — Oip1) + O(6; — 91‘)2 + 0041 — 9i+1)2 )
so that, in particular,

o —a; = O0(0; — 51) + O (041 — 51’+1) :
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Therefore

|I’Z’+1 — ZL‘J(O&Z — &Z) -+ (’mlqu — .Tl‘ -+ 1; COS 520((/9: — 01)

= 741 COS 52¢+1(5i+1 —0ip1) +O(0; — @)2 + 0041 — §i+1)2-
On the other hand, appealing to the fact that

cos a; = cos(qy; + a; — o) = cos ; cos(a; — ay) — sinq; sin(@; — o)

=cosay — (a; — o) sinay + O(q; — a;)?
this identity can be written as

|xi+1 — l‘Z’(OéZ — a1> + (’$i+1 — xl\ + 7r; COS Oé»([gvz — 91)

= T’j41 COS Oé¢+1(5i+1 - 91‘+1) + 0(91‘ - 51)2 + O(9i+1 - 51’—}—1)2-
Since
Q= Qg1 + 001 +0; and G = Gy + Oy + 0
we obtain

T; COS O

97L+1 - 9i+1 =

(6; — 6,)

| %1 — | + 7341 cOS Qi
_ |Ziy1 — 2]
|51 — 5| + 7541 cOS Qi

+Ob; — 6:)* + OO 11 — 0:1)?

(aiJrl - 04i+1)

completing the proof. W

Now, we find a relation between the distances |r;11 — ;| and |7,11 — 74|
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Lemma 6.3.5 In Figure 6.2, the following identity holds :

|11 — x| cos(ay; + 6; — 52) = |zip1 — x| cos a; + g;(t;)

+ Tit1 Sin(ei + 91'4_1) + gi+1(ti+1) COS(@i + 0i+1)-

Proof. It follows from Figure 6.2 that

— |Zis1 — @i cos a; + gi(t;)

+ |z; gtanal+9—9
cos(a; + 6; — 6;) [zis19]tan( )

|§i+1 - Iz

B lit1 B |Zit19|
Sin(&i_H + 67;4_1 - 9i+1) tan(&iH + 91'4_1 - 67;+1)
Equivalently, this equation can be written as

|it1 — @il cos s + gi(ti) tit1
cos(a; + 0; — 6;) sin(@i4+1 + 0iy1 — 0i41)

|Tip1 — T4 =
+ <gi+1(ti+1) sin(@jt1 + 0i41 — Oip1) + tip1 cos(aiqpr + Oip1 — 9i+1))

x(tan(&i—i-@—@)—i- L )

tan(@i+1 + iy1 — Oit1)

_ |wip1 — @il cos ai + gi(ti)
cos(a; + 0; — 6;)

t: _ ~
- ztl (1 — COS2(O£,L'+1 + 611 — 91+1))
sin(@iq1 + 6iy1 — 0iy1)

+tig1 cos(@ig1 + Oi1 — Oig1) tan(d; + 0; — 0;)
+ Gig1 (ti1) Sin(@g1 + Oip1 — Oi1) tan(d; + 6; — 6;)

+ giv1(ti) cos(@i1 + g1 — 0)
_ |migs — @i cos ai + gi(ti)
COS(aZ' +6; — 91)

+ tir1 (tan(&i +0; — 51) cos(@it1 + §¢+1 —0) —sin(a@4+1 + §i+1 — «9))
+ git1(tit1) (tan(az‘ +0; — 51) sin(@;4+1 + @4-1 —0)

+COS(5£¢+1 + §i+1 — 0)) .
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Therefore

|Tig1 — T cos(@; + 0; — 05)
= |Tiy1 — @i cos a; + gi(ti)
+tin1 (Sin(&i +0; — 0;) cos(@gs1 + Ops1 — Oig1)
— cos(&; + 0; — 0;) Sin(Gyp1 + Op4q — eM))

+ giv1(tiv1) (Sin(ai+1 + 041 — Oi1) sin(@; + 0; — 0;)

+ cos(@iy1 + 5@’—&—1 —0i+1) cos(a; + 6; — 5,)) ,
so that, on account of the trigonometric difference formulas, we obtain

|Tit1 — T4] cos(@; + 0; — 6;)
= |@it1 — xi| cos a; + gi(t:)
+ tiy1sin ((5?1 +0; — 0;) — (Gig1 + 051 — 9¢+1))
+ giy1(tiy1) cos ((ai +0; — 0;) — (Qiy1 + Oi1 — 9i+1)> :
Since
&izaz+1+@+1+§i ;

we get

Igi—i—l — 3':z| COS(&Z' + 91 — é;) = |ZL‘Z‘+1 — I’Z| cos a; + gz(tz)

+ ti—i—l sin(@i + 9,‘4_1) + gJi+1 (tz‘-i-l) COS(@Z' + 91'_:,_1).

completing the proof. W
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Corollary 6.3.6 In Figure 6.2, we have

<1 — (5&1 — QG + 91 — @) tan C(i> ’Fl\:lurl — §z|

~ sin(ﬁi + Qi—&-l)

= |zip1 — x| + rig1(0igr — Oiga) + O(0; — 51)2 + O(0;41 — §i+1>2 ;

COS (y;

and

|5i+1 — .’fz| = (1 + (&z — O + 91 — "9‘;) tanozi> |J}Z‘+1 — fL’Z|

~ sin(@i + 9,’4.1)

+ 7i41(0iv1 — Oit1) +O(0; — 51)2 + 0041 — 51‘-}—1)2-

Cos @

Proof. Simply note that

cos(@; + 0; — 6;) = cos(a; + a; — oy + 0; — 6;)
= cos a; cos(q; — a; + 0; — 51) —sinq; sin(a@; — ay; + 6; — 51)

=cosa; — (@; — a; + 0; — 0;) sina; + O(0; — 51)2

and

t; =r:(0; — ;) + O(6; — 0,)* and g;(t;) = O(0; — ;)*.
Therefore, utilizing Lemma 6.3.5 finishes the proof. B

Corollary 6.3.7 For i > 0, we have

i1
~ 2|Tiy1 — x| +1riCc08 0y 20T — T ~
0:1 — 0:q ~ [wir1 — | + i 29._9.+M 0. — 0.
i+1 i+1 7 ? J J
Ti4+1 COS (11 Ti41 COS iy =0

and

Ti41 COS Qujpq

’931'+1 - ﬂfz|

T; COS O/

|Tiy1 — il

Qi1 — Qi1 ~ (1 + (6; — 6,)

) (i1 — Ope1) —
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Proof. Utilizing Lemma 6.3.4, we get

~ T; COS O¢; ~

9i+1 - 9i+1 ~ (‘92' - 91‘)

|51 — 3| + 7541 COS Qi
|37z‘+1 - $z|

B |Tip1 — T3] + 71 cOS Qg (@1 = @ir)

so that, using
Qiy1 — Qi1 = 22 (53 - 9j> + (51'-1—1 - 9i+1> ;
j=0
we obtain

T; COS O¢;

§i+1 —Oip1 ~ (gz —0:)

|Zip1 — @] + 7igp1 cOS Qg

Z; — X ! ~ ~
+ 7i01 | 2 (9j - 9;‘) + <9¢+1 - 6i+1>
|Tip1 — | + 7541 cOS Qi r

2|z — x| + i cos q; =

|Tip1 — 5 + rig1 oS Qg
2|$z 1 —ZL‘Z| - ~
+ : 3 <9j - ej)
|Tip1 — @3] + 71 COS Qi s
+ 21 = i <§i+1 - 91'+1> .
|Tip1 — | + 7341 cOS Qi

Rearranging the terms gives the first result. Note that then

Qip1 — Qg = 222: (53 - 9j> + <§i+1 - 9i+1>
j=0

T'i41 COS (it <9i+1 - 9i+1> — 7 COS (91' - 92‘) ~
~ + <9i+1 - 9i+1>
|Tip1 — 2]

_ (1 . &) Fros — 0,0) — B G gy

|[Tip1 — 4] |Tiv1 — 2]

finishing the proof. B
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Now, let d = |a; — as|, and let r; and 7o denote the radius of curvature at the
points a; and ay for the remaining part of this section. Then, Corollary 6.3.7 can be

used to show that:

Corollary 6.3.8 For large values of ©, we have:

01 — 01 ~ 2l (572—91') +2_d

/r". T“.
i+1 i+1 =0

and an equivalent form of this approrimation is provided by
j=1

where

T 2d
G=—+=
T1 1
d—+r,_ 1 .
P ik S S S S
Ty i1

We also have
Qip1 — Qg1 ~ (50 — 90) ((1 + %) Siv1 — %) ﬁfj-

J=1

Lemmas and Corollaries in this section provide a complete analysis of each one of
the terms involved in Lemma 6.2.2. On account of these results, although we do not

provide the details, we conjecture that

Ag--- A, 1
20 o0 —
By--- B, (3"/2>
uniformly for x € 99. On the other hand, the approximations required for the

analysis of the rays moving away from the line determined by the points a; and
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ay (minimizing the distance between K; and K,) can be obtained by switching the
indices in the approximations obtained above. Consequently, we conjecture that the

approximation

H?:r_z]—j‘,-p+1 AT () 1_0 ( 1 )

H?;n-i-l szn ('T) Smin/z
holds uniformly for z € 0f). Finally, an extension of the theory of limit p-periodic

continued fractions [44] is needed in order to conclude, as we did in §6.1, that

n+p

lim H AP () = s

1=n-+1

uniformly for x € 0€2. We expect that a combination of these will yield a complete

proof that
m+p—1 Am—i—p n+p
lim szen_l @) = lim H AP () =5 (6.3.3)
m—oo [[iL, Af(x) B S

uniformly for x € 9Q2. We numerically verify (6.3.3) in §7.1.
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Chapter 7

Numerical Experiments,
Acceleration of Convergence and
Connections with the Classical

Scattering Theory

7.1 Numerical Experiments

In this section, we exemplify our theoretical developments in Chapter 6. To this end,
we have arranged four examples concerning two-periodic orbits (see Figures 7.1, 7.2,
7.3, 7.4), and one concerning three-periodic orbits (see Figure 7.5).

In Figures 7.1, 7.2, 7.3, 7.4, top rows provide the corresponding geometrical config-
urations; middle rows display the ratios max |1, |/ max |9,,2| on a logarithmic scale of
the iterated currents on the obstacle located on the top left or top of the upper rows;
note that the bottom rows show that these ratios differ from the infinite frequency
limit by an error of O(k~?2).

We also note that the configurations in Figures 7.1 and 7.2 significantly differ from

those in Figures 7.3 and 7.4: the obstacles in the former figures are not occluded with
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Reflection = 50
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(=]
k=l 2
-3.5
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Figure 7.1: A two-periodic example without occlusion; Top: configuration; Middle:
logarithmic ratios of periodically iterated currents; Bottom: errors at the 50th reflec-
tion.
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Configuration
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Figure 7.2: A two-periodic example without occlusion; Top: configuration; Middle:
logarithmic ratios of periodically iterated currents; Bottom: errors at the 50th reflec-
tion.
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Configuration
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Reflection = 50
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Figure 7.3: A two-periodic example with occlusion; Top: configuration; Middle: loga-
rithmic ratios of periodically iterated currents; Bottom: errors at the 50th reflection.
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Figure 7.4: A two-periodic example with occlusion; Top: configuration; Middle: loga-
rithmic ratios of periodically iterated currents; Bottom: errors at the 50th reflection.
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Figure 7.5: A three-periodic example; Top: configuration; Middle: periodic ratios of
iterated currents; Bottom: logarithmic ratios of iterated currents.
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respect to the direction of incidence, while those in latter figures are. As a conse-
quence, the asymptotic expansions provided in Chapters 4 and 5 are not applicable
in the configurations of Figures 7.3 and 7.4. However, in these configurations, similar
asymptotic expansions can be derived appealing to the second derivatives of phase
functions (4.1.2) at the very first reflections. Consequently, our analysis of the rate of
convergence over periodic orbits can be easily extended to include the possibility of
occlusion with respect to the direction of incidence yielding the same rate as before.
Figures 7.3 and 7.4 verify this finding.

Finally, in Figure 7.5, we exemplify our rate of convergence formula on a three-
periodic orbit: we plotted the ratios max |1,,|/ max |n,,,3| of the iterated currents on
the obstacle K1 = K3,,11, m > 0, on the bottom left; bottom right provides the same

plot in a logarithmic scale.

7.2 Acceleration of Convergence

Although, as our work has shown, the series converges spectrally, it is clearly desirable
to design mechanisms to accelerate its convergence. Here, we provide an explanation
for the enhanced convergence properties of one such procedure, namely Pade approx-
imation [6] in this context. Indeed, as is apparent from Figures 7.1, 7.2, 7.3, 7.4
and 7.5, the ratios of iterated currents differing by one period stabilizes after a cer-
tain number of reflections. Accordingly, once stabilized, the behavior of the series
resembles that of a geometric series which, in turn, can be exactly represented as a
rational function. This observation suggests that beyond the point where currents
become stationary, Pade approximation will deliver significantly more accurate solu-
tions than those provided by the summation of the series. Figure 7.6, which displays
the Pade algorithm applied to the configurations given in Figures 3.5 and 3.8, verify
this observation.

Indeed, on account of the approximation (6.3.2), the point where the currents sta-
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Figure 7.6: Series (hollow circles) versus Pade approximants (bold circles) in connec-
tion with the configurations given in Figures 3.5 (top) and 3.8 (bottom).
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bilize can be calculated within a small error. Considering, for instance, a configura-
tion consisting two convex obstacles, denote by r; the radii of curvatures at the points
a; € OK; minimizing the distance between the obstacles K;, and let d = |a; — as].

Then the number n given by

ax lo i
n= max —
log s i=1.2 & 0y’

provides a good approximation for the point of stabilization. Here 6, is a fixed small

angle, and

T2
rl4+ry+d’

1

and 6y = arcsin ——— .
2 rl+mry+d

f; = arcsin

For instance, for the configuration in Figure 3.8, the choice of 8y = 5° gives n = 7.

This should be compared with Figure 7.1.

7.3 Poles of the Scattering Operator

As an interesting consequence of our analysis in Chapters 6 and 7, we shall show
here that Theorems 4.0.1 and 5.0.1 can be used to obtain information on the poles of
a fundamental object in scattering theory, namely the scattering operator which we
now define.

To begin with, we note that the solution v of the exterior boundary value problem

for the Helmholtz equation

(A+F)v=0 in Q (7.3.1)
v=yf on 0K (7.3.2)
Tllrgor (% - ikv) = (7.3.3)

is uniquely determined and belongs to the spaces L2(Q, [(1 + |z[?)}/?]71=°dx), for all
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§ >0, and H:''?(Q) whenever f € H*(0K) with s > 3/2, and k > 0 [75]. Denoting

loc

the solution operator by

v=DB.(k)f,

we note that B, (k) admits an analytic continuation onto the upper half-plane {k :
Imk > 0}. Moreover, the use of single and double layer potentials, as was described in
§2.4 (see equations (2.4.1)-(2.4.5) and (2.4.9)), provides a meromorphic continuation
of B(k); to an operator-valued function on C, with some poles in {k : Imk < 0}.
These poles are known as scattering poles.

An important family of functions, called improper eigenfunctions, corresponding

to the scattering problem (7.3.1)-(7.3.3) are given by
uy (z,8) = et — B, (k)e™* on Q x R?

where k? = |¢[%

On the other hand, the outgoing radiation condition (7.3.3) has a counter part
0
Jim - <8—: + ikv) =0 (7.3.4)

known as the incoming radiation condition, and clearly there is a parallel treatment
of the scattering problem (7.3.1), (7.3.2) and (7.3.4). Denoting the corresponding

solution operator as B_(k), the related improper eigenfunctions are given by
u_(x, &) = e — B_(k)e™* on QxR?

with k2 = |¢]2.
Corresponding to these eigenfunctions, we define the following analogues of the

Fourier transform:

@) = s | w0/ W),

110



for f € C§°(£2), and

(029) (2) = s | s a(6)de,

for g € ngmp(R‘g). These operators extend to surjective transformations

Oy L*(Q) — L*(R?) and &% : L*(R?) — L*(Q)

with the property that
oL = oLl

From these, one constructs the unitary operator
S=o,0" : [*(R*) — L*(R?),

called the scattering operator. This operator too can be continued analytically to
{k : Imk > 0}, and has a meromorphic continuation to an operator-valued function
on C, with poles confined to the set of scattering poles. Moreover, these poles coincide
with the poles of the meromorphic continuations of uy [42, 52, 75|, and they are
precisely the poles arising in connection with the integral equation (3.1.3) for the
family of incident fields

uznc(x) — ez’ka-x7 a € 527

which is precisely the problem we studied in this thesis.

Now, let us see how equations (6.1.2) and (6.1.3) can be used to obtain information
about poles of the scattering operator for a collection of convex obstacles satisfying the
visibility assumption. Indeed, as we observed in §7.1, when the obstacles K7, ..., K,

are transversed periodically, the ratios of the iterated currents stabilizes after a certain
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number of reflections. On account of (6.1.2) and (6.1.3), then, it follows that

Do i i+ iy Y6 =0 ey e e
i=0 i=0

where

£ = (~petors
op =min{p(x1,...,2p) : (¥1,...,2,) € IKy X -+ x K},

and ¢(z1,...,1,) is given by (6.1.1). Now write k = ky +1ik,, and note that 1 —§ =0

if and only if

(—1)p31/26k2“"P — etk1ep

Since the left hand side of this identity is real, so must be the right hand side. But the

right hand side cannot be negative; thus, we deduce that p must be even which implies

first that kyp, = 2mq for some integer ¢, and this, in turn, gives ko, = logs~1/2.
Therefore, 1 — ¢ = 0 if and only if
I (2 L ) (7.3.5)
= — (2mg— =logs ). 3.
¥p 2

Note that when there are more than two convex obstacles, there are infinitely many
periodic orbits, and it is a whole different problem to show that the contributions of
the periodic or non-periodic orbits to the Neumann series (3.2.5) do not cause cancel-
lation of the contributions coming from each one of the periodic orbits. Nevertheless,
when there are only two convex obstacles, there are only two orbits both of which are
necessarily periodic. Since the asymptotic expansions provided in Chapters 4 and 5
are valid for k = ky + iky € C with |ki| > 1, appealing to (7.3.5), we see that the

poles of the scattering operator S are



where |¢| > 1, and s is given by (6.1.6) in two-dimensions (and a similar expression
can be obtained for s in three-dimensional configurations as was explained in Chapter
6).

We note that the poles of the scattering operator are correlated with those of
the scattering matrix, a fundamental object that arises in connection with the wave
equation [52]. Indeed, as was shown by Tkawa [42], the poles of the scattering matrix

for two convex obstacles in two-dimensions are

ki~ % - Z_d1og[(1 trd)(1+ kod)], qE€Z, g > 1.
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Chapter 8

Conclusions and Future Directions

As we hope is clear from the discussions above, this thesis work suggests a number
of interesting and important research directions relating to integral equation formu-
lations of electromagnetic and acoustic scattering problems. More precisely, these

include:

1. Extensions to the full Mazwell system: Although our work to-date has
concentrated on the solution of Helmholtz equation in two- and three-
dimensional settings, we expect that the methodology we developed will

easily extend to the Maxwell system in three-dimensional configurations.

2. Analysis of non-periodic orbits: As was mentioned above, for a complete
derivation of the overall convergence rate in the most general geometrical
setting, an analysis over the non-periodic orbits analogous to those of the
periodic orbits is required. As it turns out, this problem has connections
with the decay of solutions of the wave equation [42], the poles of the
scattering matrix [52], and open billiard flows [73]. We therefore expect
that the study of this problem will produce significant results in connection

with these classical theories.

3. Full-error control: The details of the proof of (6.3.3), and therefore
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of the rate of convergence formula on periodic orbits, is not complete as
given in §6.3. To this end, we need to obtain the error-controlled versions
of Lemma 6.2.2, and Corollaries 6.3.7 and 6.3.8. As we mentioned in
§6.3, once these versions are derived, an extension of the theory of limit
p-periodic continued fractions is needed to finalize the proof of the rate of

convergence formula for periodic orbits.

4. A new Krylov subspace approach: As is apparent form our rate of
convergence formula, the Neumann series is ill-conditioned, for instance,
when the curvatures of the surfaces vanish at the points minimizing the
distance between two obstacles. It is therefore desirable to develop a new
method for the solution of the operator equation (3.2.4) that does not suf-
fer from geometrical constraints, and yet provides solutions in frequency-
independent computational times. As was suggested in [62], one such
approach can be based on the use of Krylov subspaces. Indeed, as we
explained in connection with the Neumann series, for a given right hand
side f in (3.2.4), each one of the scattering returns A" f can be calculated
in an asymptotically bounded computational time; and, in turn, so can

the Krylov subspace

< B, B'f, ... . B"f>

where B = [ — A. We expect that this new approach will remove the

geometrical constraints arising with the use of Neumann series.
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