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Abstract

The recent development of subwavelength photonic and phononic crystals shows the possibility
of controlling wave propagation at deep subwavelength scales. Subwavelength bandgap phononic
crystals are typically created using a periodic arrangement of subwavelength resonators, in our case
small gas bubbles in a liquid. In this work, a waveguide is created by modifying the sizes of the bubbles
along a line in a dilute two-dimensional bubbly crystal, thereby creating a line defect. Our aim is to
prove that the line defect indeed acts as a waveguide; waves of certain frequencies will be localized
to, and guided along, the line defect. The key result is an original formula for the frequencies of the
defect modes. Moreover, these frequencies are numerically computed using the multipole method,
which numerically illustrates our main results.
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1 Introduction

Line defects in bandgap photonic or phononic bandgap crystals are of interest due to their possible
applications in low-loss waveguides. The main mathematical problem of interest is to show that the
spectrum of the defect operator has a non-zero overlap with the original bandgap. Moreover, it is also of
interest to understand the nature and location of the defect spectrum. For previous works regarding line
defects in bandgap crystals we refer to [11}, 23] 24 [13] [14] [15] [16] [18].

In this work, we consider a line defect in a phononic bandgap crystal comprised of gas bubbles in a
liquid. The gas bubbles are known to resonate at a low frequency, called the Minnaert frequency. The
corresponding wavelength is larger than the bubble by several orders of magnitude [I}, [30]. Based on this,
it is possible to create subwavelength bandgap crystals, which operate at wavelengths much larger than
the unit cell size of the microstructured material. One of the main motivations for studying subwavelength
bandgap materials is to manipulate wave propagation at subwavelength scales. A second motivation is
for their use in devices where conventional bandgap materials, based on Bragg scattering, would create
infeasibly large devices [28, B3]. Mathematical properties of bubbly phononic bandgap materials have
been studied in, for example, [II 3] 6] [7, 8, 12], and subwavelength phononic bandgap materials have been
experimentally realised in [25] 26, [27].

Wave localization due to a point defect in a bubbly bandgap material was first proven in [3]. In
[2], where some additions and minor corrections to [3] were made, it is shown that the mechanism for
creating localized modes using small perturbations is quite different depending on the volume fraction of
the bubbles. In order to create localized modes in the dilute regime, the defect should be smaller than
the surrounding bubbles, while in the non-dilute regime, the defect has to be larger. Based on this, in
the case of a line defect, it is natural to expect different behaviour in these two different regimes. This
suggests that different methods of analysis are needed in the two regimes. In this paper, we will mainly
focus on the dilute regime, taking the radius of the bubbles sufficiently small.

If the defect size is small, i.e. if the size of the perturbed bubble is close to its original size, then the
band structure of the defect problem will be a small perturbation of the band structure of the original
problem [4, [9]. This way, it is possible to shift the defect band upwards, and a part of the defect band
will fall into the subwavelength bandgap. However, because of the curvature of the original band, it is
impossible to create a defect band entirely inside the bandgap with this approach.
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In order to create defect bands which are entirely located inside the subwavelength bandgap, we have
to consider slightly larger perturbations. In this paper, we will show that for arbitrarily small defects,
a part of the defect band will lie inside the bandgap. Moreover, we will show that for suitably large
perturbation sizes, the entire defect band will fall into the bandgap, and we will explicitly quantify the
size of the perturbation needed in order to achieve this. Because of this, our results are more general
than previous weak localization results since we explicitly show how the defect band depends on the
perturbation size.

In order to have guided waves along the line defect, the defect mode must not only be localized to the
line, but also propagating along the line. In other words, we must exclude the case of standing waves in
the line defect, i.e. modes which are localized in the direction of the line. As discussed in [22] 23], such
modes are associated with the point spectrum of the perturbed operator which appears as a flat band
in the dispersion relation. Proving the absence of bound modes in phononic or photonic waveguides is a
challenging problem; for example in [32] this was proven by imposing “hard-wall” Dirichlet or Neumann
boundary conditions along the waveguide, while in [20] the absence of bound modes was proven in the
case of a simpler Helmholtz-type operator. In this paper, we use the explicit formula for the defect band
to show that it is nowhere flat, and hence does not correspond to bound modes in the direction of the
line.

The paper is structured as follows. In Section [2] we discuss preliminary results on layer potentials, and
outline the main results from [7]. In Section [3| we restrict to circular domains and follow the approach
of [3} 2] to model the line defect using the fictitious source superposition method, originally introduced
in [34]. In Section 4| we prove the existence of a defect resonance frequency, and derive an asymptotic
formula in terms of the density contrast in the dilute regime. Using this formula, we show that the
defect modes are localized to, and guided along, the line defect. In Section [5] we compute the defect band
numerically, in order to verify the formula and also illustrate the behaviour in the non-dilute regime. The
paper ends with some concluding remarks in Section [f] In Appendix [A] we restrict ourselves to small
perturbations to derive an asymptotic formula valid in the non-dilute regime. In Appendix [B] we outline
the fictitious source superposition method in the case of non-circular domains.

2 Preliminaries

2.1 Layer potentials

Let Y2 =[—1/2,1/2)% C R? be the unit cell and assume that the bubble occupies a bounded and simply
connected domain D € Y? with 9D € C** for some 0 < s < 1. Let T and I'*,k > 0 be the Green’s
functions of the Laplace and Helmholtz equations in dimension two, respectively, i.e.,

D(a,9) = — LB (K —yl), k>0,
1
Fo(gc,y)zﬁlnkzc—y\7 k=0,

where Hél) is the Hankel function of the first kind and order zero. Here, the outgoing Sommerfeld
radiation condition is used for selecting the physical Helmholtz Green’s function [4].
Let S : L2(0D) — HL (R?) be the single layer potential defined by

loc

shlol(a) = [ rHe)ot) dotu). @ e R
D
Here, HL (R?) denotes the space of functions that, on every compact subset of R?, are square integrable
and have a weak first derivative that is also square integrable.
We also define the Neumann-Poincaré operator IC]]S* : L2(0D) — L?*(0D) b

K50 = [ T e)6) doly). @ € 0D,
oD BVZL’
The following so-called jump relations of S¥ on the boundary 9D are well-known (see, for example, [4]):
Splell, = Splell .,
and 5 .
— Sk = (=1 +K5") 9]
Soshlol] = (=57 +x%5 ) o




Here, 0/0v denotes the outward normal derivative, and |1 denote the limits from outside and inside D.
In two dimensions, we have the following expansion of the Green’s function for the Helmholtz equation

Ml

i 1 = :
— g Ho(kle —y) = o Infe =yl + e+ D (b n(klz = y)) + ¢5) (klz = y))¥,
j=1

where In is the principal branch of the logarithm and

1 i (-1 B it 1
with + being the Euler constant. Define, for ¢ € L?(0D),
Spl6)(z) = Spldl(x) +m | ¢ do.

oD

Then the following expansion holds: .
SH =385+ Ok’ Ink). (2.1)

We also introduce a quasi-periodic version of the layer potentials. For a € [0,27)?2, the quasi-periodic
Green’s function IT'** is defined to satisfy

(A 4 KTk (2, y) = Zéx— —n)e™e, z,y €Y,
neR?
where § is the Dirac delta function. The function I'“* is a-quasi-periodic in z, i.e., e ***T%*(x,5) is

periodic in x with respect to Y.
We define the quasi-periodic single layer potential Sg’k b

S%*(8](x) = /a THa)ol) doly), @ € R

It satisfies the following jump formulas:

Sy el = Spkell,

and

0 _
5‘3;;%] = (i;[—i— (/th*) [¢] on 0D,

where (ICBa’k)* is the operator given by

K@@ = [ 2Ty, )6w) doly).

oD aV‘L

We recall that S%° : L2(OD) — H'(dD) is invertible for a # 0 [4].

2.2 Floquet transform

A function f(x) is said to be a-quasi-periodic in the variable x; € R if e~%*1 f(z) is periodic. Given a
function f € L?(R), the Floquet transform in one dimension is defined as

Il, Z f xr1 — wzm7 (22)
meZ
which is a-quasi-periodic in 21 and periodic in . Let Y = [—1/2,1/2) be the unit cell and Y* := R/27Z ~
[0,27) be the Brillouin zone. The Floquet transform is an invertible map F : L?(R) — L2(Y x Y*), with
inverse (see, for instance, |21 [])



2.3 Bubbly crystals and subwavelength bandgaps

Here we briefly review the subwavelength bandgap opening of a bubbly crystal from [7].

Assume that a single bubble occupies the region D specified in Section We denote by p, and kp
the density and the bulk modulus inside the bubble, respectively. We let p,, and k., be the corresponding
parameters outside the bubble. We introduce

K Kb w w
Vo = 4] —, Up=,]—, ko=— and ky=—
Pw Pb Vw Vb

as the speed of sound outside and inside the bubbles, and the wavenumber outside and inside the bubbles,
respectively. Here, w corresponds to the operating frequency of the acoustic waves. Let C = U,,cz2(D+n)
be the periodic bubbly crystal. Define, for z € R2,

p(r) = pyxe(®) + puw(l = xc(x)), kK@) = roxc(T) + Kuw(l = xe(x)),

where x¢ is the characteristic function of C.
We assume that there is a large contrast in the density, that is, the density contrast ¢ satisfies

5:£5<L (2.3)

Recall that under ([2.3]), there exists a subwavelength resonance of the bubble in free space [I].
In the following, we shall also make the assumption stated below.

Assumption 2.1. Without loss of generality, we assume that
Uy = vp = 1.

In this case we have k;, = k, = w. Assumption [2.1] only serves to simplify the expressions. The
methods presented in this paper indeed apply as long as the wave speeds outside and inside the bubbles
are comparable to each other.

The wave propagation problem inside the periodic crystal can be modelled as

M@V~< vm@>+w%ugzq r € R2 (2.4)

1
p(x)
We denote by Ag the set of propagating frequencies, i.e., the set of w such that w? is in the spectrum of
the operator

1
—kV - =V.
p

Denote by Ys =Y x R the unit strip and recall that Y2 = [-1/2,1/2)? is the unit cell of the crystal.
Applying the Floquet transformation, first in z;-direction and then in xso-direction, equation (2.4]) can
be decomposed first as

1
K(2)V - [ —Vo(z) ) +w?v(z) =0, z €Y,
@ (79t ) + o (25)
e '*1%1y is periodic in x1,
where a; € Y*, and then as
Kk(z)V - <1Vv(x)) +wo(r) =0, z€Y?
p(x) ’ ’ (2.6)

e "“*y is periodic in x,

where o = (g, a2) € Y* x Y*. We denote by Ag, the set of w such that w? is in the spectrum of the
operator implied by (2.5) and by A§% the essential part of this spectrum. It is known that (2.6) has
non-trivial solutions for discrete values of w:

O0<wy<wy <---



and we have the following band structure of propagating frequencies for the periodic bubbly crystal C:

Nooy = { min wgal’w), max w%al’w)} U { min wéal’w), max wéaha?) U---

as €Y * az €Y * az €Y * az €Y *

Ap=10, max w{|U| min wg, max w§|U---.
QEY* XY™ @€Y xY* < agY*xY*

In [7], it is proved that there exists a subwavelength spectral gap opening in the band structure. Let
us briefly review this result. We look for a solution v of (2.6) which has the following form:

o Sy el i Y2\ D,
R in D,

for some densities ¢, 1® € L?(0D). Using the jump relations for the single layer potentials, one can
show that (2.6)) is equivalent to the boundary integral equation

A% (w0, 8)[] =0, (2.7)
where . )
SDb 78?)’ Soa
*(w,8) = N .
"4 (OJ7 ) (_é + ]Clz:)b,* -5 (% + <,C5a,k:) )) ’ (wa)

Since it can be shown that w = 0 is a characteristic value for the operator-valued analytic function
A(w,0), we can conclude the following result by the Gohberg-Sigal theory [4} [19].

Lemma 2.1. For any ¢ sufficiently small, there exists a characteristic value w{ = wf(J) to the operator-
valued analytic function A%(w,0) such that w$(0) =0 and wf depends on § continuously.

The next theorem gives the asymptotic expansion of w{* as § — 0.

Theorem 2.1. [7] For o # 0 and sufficiently small §, we have

5CapD 3
a_ 1e] /2

where the constant Capp, ,, is given by

Capp o = —((Sy°) " [xon], Xop)-

Here, (-, -) stands for the standard inner product of L>(0D) and xop denotes the characteristic function
of OD.

Let w = max, w{. The following theorem expresses the fact that a subwavelength bandgap opens in
the band structure of the bubbly crystal.

Theorem 2.2. [7] For every e > 0, there exists o > 0 and & > w} such that
[w] + &,®] C [maxw{, minw§]
[e3 [e3%

for d < dg.

3 Integral representation for bubbly crystals with a defect

3.1 Formulation of the line defect problem

In the following, we will consider the case when all the bubbles are circular disks. This gives a convenient
presentation, and makes the problem similar to the point defect problem studied in [3| 2]. In Appendix
we will outline the analysis in the case of non-circular bubbles.



Yy

Figure 1: Illustration of the defect crystal and the material parameters.

Consider a perturbed crystal, where all the disks along the zi-axis are replaced by defect disks of
radius Ry with 0 < Ry < R. Denote the centre defect disk by D, and let

Cd:(U Dd-‘r(m,O))U U D + (m,n)

meZ meZ
nez\ {0}

be the perturbed crystal, depicted in Figure Moreover, let ¢ = R; — R < 0,e € (—R,0) be the
perturbation of the radius. Define

pa(z) = puxc,(x) + pu(l = xc(x),  Ka(x) = Koxe (@) + Kuw(l = X, (7).
The wave propagation problem inside the periodic crystal can be modelled as

1
pd()

ka(T)V - ( Vu(a:)) +wlu(z) =0, =e€R% (3.1)

We denote by A4 the set of propagating frequencies in the line defect crystal, i.e. the set of w such that

w? is in the spectrum of the operator

1
7I€dv . —V
Pd

Since the defect crystal is periodic in the zi-direction, we can use the Floquet transformation to

decompose (3.1]) as
ka(z)V - <

—ta1 T

1 2 _ x
MVU(OB)) +wu(z) =0, z€Y,

u is periodic in 1,

(3.2)

where a3 € Y* and Y; again denotes the strip Vs = [—1/2,1/2) x R. We will denote by Ay 4, the set of w
such that w? is in the spectrum of the operator implied by and by Afﬁél the corresponding essential
part of the spectrum.

In the strip Yj, the perturbations pg—p and k4 — & have compact support. Since the essential spectrum
is stable under compact perturbations [I7, [3I], it can be shown that the essential spectra A§%,, and Agfjl
coincide.

In this paper, we want to show that introducing the line defect creates a defect band w®(ay) ¢ Ag q, -
Moreover, we want to show that € can be chosen such that w®(aq) ¢ Ap for all a3 € Y*, which means
that any Bloch mode is localized to the line defect. We also want to show that w®(«q) is not contained

in the pure point part of Agq,, which means that there are no bound modes in the defect direction.

3.2 Effective sources for the defect

Here we describe an effective sources approach to the solution of (3.2 in the strip. The idea is to model
the defect bubble Dy as an unperturbed bubble D with additional fictitious monopole and dipole sources



f and g. This method was originally introduced in [34] and then it was applied in [3] 2] for a point defect
in a bubbly crystal.
Let us consider the following problem:

2

1 - ~
V- —Vit+24=0 in Y;\C,
pﬂ) ’i'll)
1_ 2 .
V~—Vu+w—u:0 in Y;NC,
Pb Kp
Uy — @l = fdno on 3D+ (0,m), m<Z, (3.3)
1 ou 1 du
I = g(sm.O on 0D+ (O7m), m € 7,
pw OV ppOv|_ ’
e~ 11y g periodic in 1,

where f and g are the source terms and 6y, is the Kronecker delta function. Note that the sources are
present only on the boundary of the central bubble D.

We denote the solution to the original problem by u and the effective source solution by
u. We want to find appropriate conditions on f and g in order to achieve

u=u in (Yy\ D)U Dy. (3.4)

Then u can be recovered by extending @ to the whole region including D \ D4 with boundary conditions
on 0D and 0Dy. The conditions for the effective sources f and g, which are necessary in order to correctly
model the defect, will be characterized in the next subsection.

3.3 Characterization of the effective sources

Here we clarify the relation between the effective source pair (f,g) and the layer density pair (¢, )
defined in equation below.

First, we observe that away from the central unit cell Y2, the equations and satisfy the
same geometric and quasi-periodic conditions. Thus, in order for to hold, it is sufficient for v and
U to coincide inside the central unit cell Y2.

Inside Y2, the solution % can be represented as

(3.5)

_ |H+Sk[  inY2\D,
u =
Sple] in D,

for some pair (p,1) € L?(0D)?, with H satisfying the homogeneous equation (A + k2)H = 0 in Y2. In
(3.5)), the local properties of u around 9D are given by the single-layer potentials, while H can be chosen
to make u satisfy the quasi-periodic condition. From the jump conditions given in Section the pair

(p, ©) satisfies
o\ [ Sp ~Sp (<p>_ Hlop — f
A (w) - (asgb/am_ —5asgw/ay|+> v) ~ \oH/ovlop —g) (3.6)

Similarly, inside Y2, the solution u can be represented as

y_ JH+Spa Y2\ Dy,
Sp [ed] in Dy,
where i i
A (%) :: Sp, —Sp, (@d) _( Hlops ) (3.7)
* \Wa oSgy, Jov|— =808y Jov|,. ) \Va OH/dv|ap,
Now, having the two solutions coincide inside (Y2 \ D) U Dy is equivalent to the conditions

Sp,ldl = Sple] in Da, (3.8)

and B
Skelva =Spr W] in Y2\ D. (3.9)



Assuming D is a disk, the above equations were solved in [3] 2], and we state the results in Proposition
below. First, we introduce some notation. Since D and Dy are circular disks, we can use a Fourier basis
for functions in L2(dD) or L?(0D,). For n € Z, define the subspace V;, of L2(0D) as V,, := span{e’™?}.
Then define the subspace V,,,, of L?(0D)? as

Vion .= Vi X Voo, m,n € Z.

Similarly, let V,¢, be the subspace of L?(0D,;)? with the same Fourier basis. Then it can be shown that
the operator Ap in (3.6)) has the following matrix representation as an operator from V,,, to V-

Aol v = Sy COTR (TR RYHD G R) = Ju (ko R)HA (B R) )
mn = Vit ! 2 \kpJ,(kyR)HS (kyR) =0k (ko R) (HSY) (kwR)
Similarly, the operator Ap, in (3.7)) is represented as follows:
(b e, = S B (TR B)HA (B0Ra) — ~Tu(kuBa) ol (kyRa) )
@IV iV s 2 k!, (ky Ra) H (kyRa)  —0ku I (K Ra) (HSY) (Ko Ra)

In |3} 2], the following proposition was shown.

Proposition 3.1. The density pair (v, ) and the effective sources (f,g) satisfy the following relation

- e\ ([
wnl)-()

where the operators Py : L?(0D)? — L*(0Dy)? and Py : L?(0D)* — L*(0Dy)? are defined by

Hr(zl)(kbR)
T ¥ o R
R R 7 R N O
Jn(kad)
MR
Jn(kwR
(P2)vnsvie, , = OmnOmrne (0 ) In(kwRa) |
J! (kwR)
and A%, is defined as
A% — <P2>_1ADdP1' (310)

3.4 Floquet transform of the solution

In view of Proposition we can identify the solutions v and w. In this section, we derive an integral
equation for the effective source problem (3.3). This problem is already quasi-periodically reduced in the
x1-direction, with quasi-periodicity «;. For some quasi-periodicity s € Y*, we set o = (aq, o) and
apply the Floquet transform to the solution u in the xo-direction as follows:

u® = Z u(z — (0,m))e 2.
meZ

The transformed solution u® satisfies
2

1 _
Ve—Vu+ 2yt =0 in Y2\ D,
Pw Kw
1 2
V'—Vuaer—uo‘:O in D,
Po Kb
utly —u®l_=f on 9D,
1 ou® 1 ou®
Lowe _1ouw| oo
Puw OV L P ov | _
e~ Ty ig periodic.



The solution u® is a-quasi-periodic in the two-dimensional cell Y2, and can be represented using quasi-
periodic layer potentials as

yo 4" al, Y2\ D,
B Sg’[gpa], in D,

where, similarly as in equation (2.7)), the pair (p%, %) € L?(0D)? is the solution to

2w (71 = Spy ~Sp* "\ [(—f
) (e o))

Since the operator A is invertible for small enough § and for w inside the bandgap [7], we have

900‘ - A%w -1 7f
£) e ()

The solution u to problem (3.3]) can be recovered by the inversion formula as

1
u(zx) = / u(al’az)(x) dos.
Y*

T om
Now, by the same arguments as those in [3] 2], we obtain the following proposition.

Proposition 3.2. The density pair (v, ) and the effective source pair (f,g) satisfy

L i (a1,a2) w. )" da _f
<w> _ (277 [ a0t 2> (_g), (3.11)

for small enough ¢ and for w ¢ Ao o, inside the bandgap.

3.5 The integral equation for the layer densities

Here we state the integral equation for the layer density pair (¢,). The following result is an immediate
consequence of Propositions [3.1] and 3.2}

Proposition 3.3. The layer density pair (¢,v) € L?(0D)? satisfies the following integral equation.:

Mo () (j;) - <1+ (;ﬁ | A da2> (A5 (w, 0) AD(W,a))) (i) - (g) . (3.12)

for small enough ¢ and for w ¢ Ao o, inside the bandgap.

The expression of this integral equation resembles the one for a point defect found in [3} 2]. However,
this similarity is not obvious, and can be seen as a consequence of the cancellation of H in Proposition
B1

The significance of Proposition [3.3]is as follows. If we can show that there is a characteristic value w =
w® of M=% inside the bandgap, i.e. if there is a non-trivial pair (¢,) such that M=% (w?) (i) =0,

then w® is a resonance frequency for the defect mode.

4 Subwavelength guided modes in the defect

Here, we will prove the existence of a resonance frequency w = w®(«) inside the bandgap of the unper-
turbed crystal at a;. We will give an asymptotic formula for M#%®1 in terms of § in the dilute regime.
Moreover, we will show that the defect band is not contained in the pure point spectrum of the defect
operator, and for perturbation sizes ¢ larger than some critical ¢, the entire defect band is located in
the bandgap region of the original operator.



4.1 Asymptotic expansions for small ¢

In this section, we will asymptotically expand M®%1 in the limit as § — 0 and with w in the sub-
wavelength regime, i.e., w = O(v/§). Throughout this section we assume that o # (0,0). We begin by
studying the operator (A%(w,d))~L.

Define 1, as

a,0 -1
Vo = (SD7 ) [XBD]'
Since we know that (37 + (/CBO"O)*) [¥a] = Yo, we can decompose this operator as
1 —a,0y%
L+ (Kp™)" = Pa+ Qa,

where ( >
XoD; "
P, = —X00: )
Capp o ¥
is a projection on t,. Then it can be shown that Q,[Ys] = 0 and Q% [xsp] = 0, where Q7 is the adjoint

of Q.
For small § and for w = O(+/9) inside the corresponding bandgap, the operator A%(w,§) can be

decomposed as
o - ) =S¥\ (0 0\ (0 0 3
wod= (e )50 2) s (0 20w

Define the operators
Sw _SOL,U}
AO B ( D 7* D > ’
—3I + K3 0

Ay =T 545" (0 0>.

e

and

0 P,

The motivation for defining these operators is given in Lemmas [f.1] and [£.2] Introducing these operators
enables the explicit computation of (4%)~1. We will compute the asymptotic expansion of these operators
for small w and 4.

Lemma 4.1. The following results hold for Ay and A;:
(i) For w # 0, Ag : L?>(0D) — L?(dD) is invertible, and as w — 0 and § — 0,

(xoD,") 1
0 _ngawglanaD_FO(wlnw)

Al = -1
" () rowh eyl +0(3)

(ii) For w # w®, Ay : L2(0D) — L?(dD) is invertible, and as w — 0 and § — 0,

ay2 {xop,(PF) 7] "
A;l = I _wg(k;:il)nw < aDCapD)a >X6D +0 (m)

0 (PH) ™ +0w)

b

where P =1 — «)p .

w2

Proof of (i). We easily find that

_ 0 iy ke
AO ! = ( a,wy—1 a,w E1 2w+ 1D ) W, * —1> ) (41)
- (SD ) (SD ) Sp (_§I+ Kp )

which is well-defined since —3I + K" : L?(dD) — L*(0D) is invertible for w # 0 [4]. From the
low-frequency expansion of Sy [4], and using the Neumann series, we have

(557 = (850 + 06?)

_ (sg’o)_l + 0@, (4.2)

10



W, *

Using the Fourier basis, the operator ,%[ + K" can be represented as [7]

1 1 —i
(z + /c;;*> = Sy ( i (HD @R, (W) + (Hﬁ”)’(wR)Jn(wR))) :
2 Vim—=Vn 2 4
Using standard asymptotics we can compute

1 ok 7%2(,‘12 (2mn, + In R) + O(w? Inw) n =0,
Vo=V, -3 +O0(w) n # 0.

Hence the operator (—41 + k%) can be written as

) T TR3W? (2w + In R

(;I + K5 )<XaD, Yxop + O ( . ) - (4.3)

wlnw

Moreover, we have from (2.1)) that S%[xap] = (2rRn, + RIn R)xap + O(w? Inw), and so

-1

a,wy—1 cw 1 w,* XoD> > 1
(8% sy (—21+ICD ) _ 4 Xons )y, ) <w> , (4.4)
Combining equations (£.1), (£.2), (£.3) and (4.4) proves (i). O

Proof of (ii). Using the definition of A;, and the expression for Ay, we can compute

Recall the asymptotic expression of w® given in Theorem

o 5CapD’a
w® = ‘/W +0(5%/?). (4.5)

(@*)? ¢ ,) w
Al _ I w?RInw Cﬁi)DD D+ o (ﬁ) )
0 1-“0°p, 4+ Ow)

(xoD,")

0 —beed yon 0 (L
A =1-9§ TR3w?2 lnw wln
' <O <‘/§1§£¢u2 ’(’Z)O‘ +0 (l)

We then find that

a2
Define P =1 — ("L—Z)Pa. For w small enough, A; is invertible precisely when P7- is invertible, i.e. when
w # w®. Moreover, we have

o (PH)7
I _w(ZRl)nzw <XaDCElpD?a >X6D +0 (1nw)

(P +0w)
This proves (ii). O

ATl =

Lemma 4.2. For w # w®, and as w — 0 and § — 0, we have
(A%(w,0)) "t = AT A (I + 0(9)).

Proof. We have already established the invertibility of Ay and A;. Using this fact, we have
o 4 (0 0 /0 O 3
A%(w,0) =Ap— 96 (0 Pa) 4] (0 Qa) +0(8°)
_ a1 (00 <, 1 (0 O 2
= A (I 04, (0 Pa) 04, (O Qa) +O0(6 ))

= ApA, (I —SATT ALY (8 q;) ) +O(52)> )

Because Q}, xop = 0, we have that

AT AT <8 C;)a) — 0(s).

11



We then have that
(A%(w,8)) " = ATT AT (T +0(5)) "
= AT AN (I +0(9)),
where the last step follows using the Neumann series. O

Next, we compute the operator (A% — Ap). Using Proposition and equation (3.10), we have

45 s s (TR Ta(@R)HD (WR) = Jn(wR)H (wRa) 220
DIV =V = BB g \ il (wR)HY (WR) 0w (wR) (HSY) (wRa) e )
Consequently, the operator (A%, — Ap) is given by
_ 0 gD (WwR) — Jn(WR)HY (wRy)
(AD = AD)Von Vs =Omn O EOmRIn(WR) ) J’{Inz(z;}fljzl))'( Ra)
mn mint IdmnYm’n (1)y/ (W n whig
2 0 bw ((Hn ) (wh) - 2Bl )
Introduce the notation
c 0 Ef
Ap—Ap= (o wt)- (4.6)

Using asymptotic expansions of the Bessel function J,(z) and the Hankel function H,(ll)(z), for small z,
straightforward computations show that

(=)7mR J,(wR)

(B, = O (HO @R Jn(wRa) = TR HY (wRa) )

2 Jn(wRd)
R
Omn | RIn — + O(wlhw) |, n =20,
Ry
= R R2Inl
d
Moreover, we have
) (1N’
(—=i)mRJ,(wR) 1y JI(wR)(Hy") (wRq)
Es = Omn— o~ H - 5 4.
( Z)Vm—>Vn 0 s 2 dw ( n ) (MR) J;z(wRd) ( 7)
R2
_ Om.n (5 (1 - R2> + O(0w? lnw)> ) n=0,
d
5 O(0), n£0.

We are now ready to compute the full operator M1

Proposition 4.1. The operator M=% (w) has the form

where the operators Mo(w), My(w) : L?(0D) — L?(dD) depend on €,6,a1. Moreover, as w — 0, § — 0
and w ¢ Ao o, we have

M) = o0 [ (57 50 B 6 (1- ) el ) e+ o)

2w Jye R? (w? — (w®

Proof. The expression of M®%®1 given in (4.8)) follows from equations (3.12)) and (4.6). Combining
Lemmas [A.1] and we find that

oy (o (PN (55°) 1)

Xop + 0 (15)  — s Bdmmoxon + O (53)

(A(w,8) ™ = | RIS oL T
~(PH) 7 (S3°)  +ow) — st ba + O (3)
Combining this with equations (3.12)), (4.6) and (4.7)) yields the desired expression for My(w). O

Remark 4.1. It is clear that w = w* is a characteristic value of M=% if and only if w® is a characteristic
value for I 4+ My. We have thus reduced the characteristic value problem for the two-dimensional matrix
operator M® % to the scalar operator I + M.

12



4.2 Defect resonance frequency in the dilute regime

The following theorem is the main result of this paper. Again, we say a frequency w is in the subwavelength
regime if w = O(V/9).

Theorem 4.1. For § and R small enough, there is a unique characteristic value w®(cy) of M=% (w)
such that w®(a1) # Moo, and w®(aq) is in the subwavelength regime. Moreover,

w(ar) =0+ 0 (R*+4),

where @ is the root of the following equation:

W’R?* R R? 1 (w™)?
1 In — 1—-— — ———5 das = 0. 4.9
+( 26 an+( R§)> 27T/y* 0?2 — (w)2 O (4.9)
Proof. We seek the characteristic values of the operator I+ M. We consider the dilute regime, i.e. where
R is small. As shown in [7], in this case we have

55°18] = SY[6] + RRa(0) /8 _0da-+O(R2a]), (4.10)

where R, (z) = I'“%(z) — I'°(x). In particular,

-1 Capp R?
a = Sa70) = — 2 Ol—].
(O ( D [xaop] R XoD + <lnR>
We will compute My in the Fourier basis. It is known that [4]
R
0
= *5m n 5 P
(SD)Vm—>\/n , 2|7’L| m 7£ 0
which gives
(557 = o2 o), w0
b Vin—Va "R ’ '

Moreover,

(™), ., = {‘*"H +0(#z). n=0
Vin—=Va Smns n # 0.

In total, we have on the subspace Vj,

w?R? R R? 1 (w*)? R
(I+MO)V0—>V01+( 2% lan+<1R3)>27T/y*w2—(wa)2da2+O(M+w)

Moreover, if n # 0, then

R2|n\ )
(I + MO)VmHVn = 6m,n W +0 (R + w) , n#0.
d

In summary, the operator I + My can be written as
I+ My(w) = M(w) + O (R? + w),

where the limiting operator M (w) is a diagonal operator in the Fourier basis, with non-zero diagonal
entries for n # 0. We conclude that w = & is a characteristic value for M (w) if and only if one of the
diagonal entries vanishes at w = w, i.e. if

0?R* R R2\\ 1 (w™)?
1 ——In — 1—-— — —_ =0. 4.11
+< 26 “Rﬁ( R3)>27T/Y* 77— (o 19270 (1)

Next, we show that equation 1) has a zero @ ¢ Ag,q, satisfying & = O(V/9). Introduce the notation

I(w,al):i/ @

27 Sy w? — (w®)?



then equation (4.11)) implies

R? R R? 1
2 [ == In—- 11— =) +-——=0. 4.12
o (grim) (1) * e (412

For a fixed oy € Y*, define w* = w(®™ which is the edge of the first band in Ap,o,. Observe that
1/I(w, @1) is monotonically increasing in w, and

li ! 0 ! — W —
im —— =0, —— = —5 a5 W — 00,
w—w* I(w,aq) Iw,a1) = w?
where w3 is the average
1
2 a2
Wy = — w®)? dag.
0 2 Y*( ) 2

In the dilute regime, we can compute

20 1
*\2 2
== 524 =
(@) mmR+O( +R)
s0 as w — w*, the right-hand side of equation (4.12) tends to
InR; R?
— — —=+0(0+R).
InR R? +O0+R)

Since Ry < R, the leading-order term is negative. On the other hand, as w — oo, the right-hand side of
tends to co. Since the right-hand side of equation is monotonically increasing, this equation
has a unique zero w = @. It can be verified that this zero has multiplicity one. Moreover, @ satisfies
& = 0(WY9).

Now, we turn to the full operator I+ My(w). Since I+ Mo (w) = M(w)+O (R? +w), by the Gohberg-
Sigal theory [4, @] [19], close to @ there is a unique characteristic value w® of the operator I + My(w),
satisfying

w' =& +0 (R*+5).
This concludes the proof. O

Remark 4.2. In the case of Ry > R, i.e. larger defect bubbles, similar arguments show that any
subwavelength frequency w®(aq) € Aga, \ Ao, satisfies equation in the dilute regime. However,
it is easily verified that this equation has no solutions @ > w* in the case Ry > R. The conclusion is
that we must reduce the size of the defect bubbles in order to create subwavelength guided modes in the
dilute regime.

4.2.1 Absence of bound modes in the line defect direction
In this section, we will show that the defect band is not contained in the pure point spectrum of the

defect crystal.

Lemma 4.3. For (a1, a2) € Y* XY™, as # 0, the partial derivative of the quasi-periodic Green’s function
0
—TI*%(0
e (0)
s zero precisely when oy =0 or ay; = 7.
Proof. From the spectral form of the Green’s function [4]:
ei(a+27rm)'z

Fa,O —
(z) | + 27rm |2’

meZ?

it can be easily shown that
2
VQFO"O(O) — E ﬁ—‘_ﬂ.

By symmetry of the summation, we find that

if and only if a; =0 or o = 7. O]
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Proposition 4.2. For § and R small enough, and for ay # 0,7, the characteristic value w® = w®(aq)
satisfies

Ow®
0.
6041 #
Proof. To simplify the computations, we introduce the following notation:
R? R 1 R?
=—In— b=—1(1- =
“T4ms "Ry 27r( Ri)’
r=x() = &% y=y(ar,az) = (W)

Then equation (4.9) reads

(aerb)/ Y dag = 1.
Y

LT =y
Denote by z’ = % and 3y’ = (%’1, then we have
’/ Y day — ( +b)/ Ty o
ax as — (ax A A
LT —y . (v —y)? ’
or equivalently,
2’A+B=0
where
A:a/ 4 dag—(aa:+b)/ %dag,
y- T =Y «(r—y)
and

_ Y
B= (ax—|—b)a:/* E—E das.

First, we show that A # 0 which implies that the zeros of x’ coincides with the zeros of B. We have

A:a/ i dag—(ax—l—b)/ %dag
Y

T =y - (z—y)
:/ ay(z —y) — (az +bly -

. (x —y)? >
_ [ ylayrbd) g
= [ L e <o

since y(ay + b) > 0 for all (ay,a0) € Y* x Y.
Next, we show that the leading order of B vanishes exactly at the points a; = 0 and o = 7. Using

equations (4.5) and (4.10)), we have

B
r_ a2
P Y R,
~ e (RzlnR—kaR?’Ra(O)) +0 (mR 0 )
AT R3§ 0

R3
— —R,(0)+0 +52).
(R2In R + 27 R3R(0))? dan (©) ( n

Since Rq = 'Y — T'°, using Lemma [4.3| we conclude that for § and R small enough and oy # 0,7, ¢’ is
non-zero for any as. Hence B is non-zero, which concludes the proof. O

Proposition [£.2] shows that the defect dispersion relation is not flat, except for local extrema at
a1 = 0 and o7 = 7. Thus, the defect band is not in the pure point spectrum of the defect operator, and
corresponding Bloch modes are not bounded in the line defect direction.
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4.2.2 Bandgap located defect bands

In this section, we will demonstrate that it is possible to position the entire defect band in the bandgap
region with a suitable choice of . Recall that e = Ry — R. As before, let

IHw,aq) = 1/ ﬁdag.

21 Jye w? — (w)2
Lemma 4.4. For a fized w ¢ Ao, the minimum

in I
i (w,aq)

18 attained at on = ag with ag — 0 as § — 0.

Proof. We begin by observing that the minima of I(w, ;) and w(@1:22) are attained at the same point
a; =qap € Y*. Using Lemma for every fixed ag # 0 the minimum of Capp, , is attained at ay = 0, so
by Theorem the minimum of w(®1-%2) is attained at oy = ap with g — 0 as § — 0. Since w9 =
(see [7]) this is true for all as € Y*. O

Proposition 4.3. For § small enough, there exists an € such that for all ay € Y* we have
ws(al) ¢ Ao.

Proof. We want to show that

min w®(a1) > max  w®
a1 EY* a€eY*xY*

Using Lemma [£.4] it is easy to see that
min w® ()
a1 EY*

is attained at oy = 9. Moreover, from [10] we know that

max w®
Q€Y XY+

is attained at & = a* = (m, 7). Using Theorem we conclude that the lower edge of the defect band
coincides with the upper edge of the unperturbed band if

R?> IRy 1
(Rfl B lnR> CI(wr, o) +O(\/5+R>'

For small enough R and 4, the right-hand side is positive, while the left-hand side ranges from 0 to oo
for e € (—R,0). Hence we can find a solution &, to this equation, and the statement holds for € > gy. O

Remark 4.3. In practice, for § small enough, we can approximate ¢y as the root to the equation

R2 In Rd 1
— — = . 4.1
(Rg InR ) I(w*,0) (4.13)

5 Numerical illustrations

5.1 Implementation

5.1.1 Discretization of the operator

The operator M=% (w) was approximated as a matrix M (w) using the truncated Fourier basis e V¢,
e MN=10 " ¢iNO  We refer to [3, 2] for the details of the discretization. The integral over Y* in
(3.12) was approximated using the trapezoidal rule with 100 discretization points. The characteristic
value problem for M®%1(w) was formulated as the root-finding problem det M (w) = 0 and solved using

Muller’s method [4].

5.1.2 Evaluation of the asymptotic formula

The integral over Y* in equation (4.9) was approximated using the trapezoidal rule with 100 discretization
points. Again, the equation was numerically solved using Muller’s method.
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5.2 Dilute regime

Figure 2| shows the unperturbed band structure and the defect band for «; over the Brillouin zone [0, 27].
The material parameters were chosen as k, = pp, = 1, Ky = poy = 5000, R = 0.05 and ¢ = —0.2R. It can be
seen that the entire defect band is located inside the deep subwavelength regime of the bandgap. Moreover,
the defect frequencies computed using the asymptotic formula agree well with the values computed by
discretizing the operator M%1, Also, we see that the defect band is not flat. In summary, these results
show that the defect crystal supports guided modes in the subwavelength regime, localized to the line
defect.

3.5 0.31
—— Unperturbed —— Unperturbed
3L -- 7A?ympF0tiC formula | | 03l aoa, |- fA.sympFotic formula | |
o Discretized operator o e ~a © Discretized operator
' X
250 E 0.29 F o’ ) E
/ \
3 3 )i <
? 2+ 4 22 0.28 1 54 S B
5] g 4 ®,
= E , y
15t 1 o2t 2 X 4
= & ° AN
27 ©_
1k B 0.26¢ o~ S oy
0.5+ 4 0.25 - 4
P - 0 6-0-00-00-009-06-006-20-06a4 —G- 4
0 L 0.24 L
0 ™ 27 0 T 2m
Quasi-periodicity ay Quasi-periodicity ay

Figure 2: (Dilute case) First two bands of the unperturbed crystal (left) and magnification of the first band and
the defect mode (right). The defect band is computed using the asymptotic formula @ (red dashed) and by
discretizing the operator M=% (red circles). The crystal bubble radius was R = 0.05 and ¢ = —0.2R.

5.2.1 Computation of ¢

In this section, we numerically compute the critical perturbation size, where the entire defect band is
located in the bandgap. The critical perturbation size was computed in two ways: by solving equation
for the leading order term, and by solving the root-finding problem w®°(0) = w* where w® was
computed by discretizing the operator M®%a1,

Figure [3] shows gg for different R in the dilute regime. The material parameters were chosen as
kp = pp = 1 and Ky = pyy = 10000. The values obtained from the asymptotic formula and by discretizing
the operator agree, with a smaller radius R giving a smaller error. Quantitatively, for R in this regime,
we require a decrease of the bubble size by around 14% to 26% in order that the defect band be located
inside the bandgap.

0.14 ‘

T
Asymptotic formula
— — - Discretized operator

-0.16

-0.18

-0.2

-0.22

Critical defect size €9/R

-0.24

-0.26 ! I I I I I I I
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Bubble radius R

Figure 8: Critical defect size o, i.e. the smallest defect size where corresponding defect band is entirely located
inside the bandgap, as a function of the crystal bubble radius.
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5.3 Non-dilute regime

Here we compute the defect band in the non-dilute regime, in both cases € < 0 and € > 0, corresponding
to smaller and larger defect bubbles, respectively. Theorem in Appendix [A] shows that there is a
defect frequency w® in the bandgap for small € > 0 but not for small € < 0.

5.3.1 Larger defect bubbles

Figure [] shows the band structure in the non-dilute case with ¢ > 0. The material parameters were
chosen as ky = pp = 1, Ky = pyw = 5000, R = 0.4 and £ = 0.45R. As expected from Theorem [A7]] there
is a defect band above the first band of the unperturbed crystal. Moreover, it is possible to position the
entire band inside the bandgap.

5 0.105

4t ]

Unperturbed 0.095 Unperturbed |{
— — - Defect band - — — = Defect band

w
T

0.085

Frequency w

Frequency w
[V
T
.

e
=3
&

0.075

(E==== e 0.07 ‘
0 T 2m 0 T 27

Quasi-periodicity o Quasi-periodicity ay

Figure 4: (Non-dilute case) First two bands of the unperturbed crystal (left) and magnification of the first band
and the defect mode (right). The defect band was computed by discretizing the operator ML The crystal
bubble radius was R = 0.4 and ¢ = 0.45R, corresponding to a non-dilute case with larger defect bubbles.

5 0.115

—— Unperturbed
0.11F LT T~ - — ~Defect band ||

4l 7 0.105 -
Unperturbed
— — -Defect band
Nl i

e
=

1CYy W

" 0.095 +

0.09 F

Frequency w
Frequern

0.085

0.08 -

0.075

0 == T = 0.07 L
0 ™ 2m 0 ™ 2m

Quasi-periodicity ay Quasi-periodicity ay

Figure 5: (Non-dilute case) First two bands of the unperturbed crystal (left) and magnification of the first band
and the defect mode (right). The defect band was computed by discretizing the operator MES - The crystal
bubble radius was R = 0.4 and ¢ = —0.6R, corresponding to a non-dilute case with smaller defect bubbles.

5.3.2 Smaller defect bubbles

Figure |o| shows the band structure in the non-dilute case with ¢ = —0.6R. The material parameters were
chosen as ky = pp = 1, Ky = puw = 5000, R = 0.4 and € = 0.45R. In this case a defect band is present
inside the bandgap. Here € is quite large, in contrast to Theorem [A71] which is only valid for small e.

6 Concluding remarks

In this paper, we have for the first time proved the possibility of creating subwavelength guided waves
localized to a line defect in a bubbly phononic crystal. We have shown that introducing a defect line, by
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shrinking the bubbles along the line, creates a defect frequency band inside the bandgap of the original
crystal. An arbitrarily small perturbation will create a non-zero overlap between the defect band and
the bandgap, and we have explicitly quantified the required defect size in order to position the entire
defect band inside the bandgap. Moreover, we have shown for the first time that the defect band is not
contained in the pure point spectrum of the perturbed operator. This shows that we can create truly
guided modes, which are not localized in the direction of the defect. In the future, we plan to study
more sophisticated waveguides, with bends and junctions. Moreover, we also plan to study waveguides
in phononic subwavelength bandgap crystals with non-trivial topology, rigorously proving the existence
of topologically protected subwavelength states in bubbly crystals.

A The resonance frequency of the defect mode for small pertur-
bations

Here we derive a formula for the resonance frequency of the defect mode in the case of small e, following
the approach of [3| [2]. The strength of this approach is that it is valid in both the dilute and non-dilute
regimes. We begin by reformulating the integral equation in terms of the effective sources (f,g)
instead of the layer densities (¢, ). The following proposition is a restatement of Proposition

Proposition A.1. The effective source pair (f,g) € L?>(0D)? satisfies the following integral equation:

Ma,é,al(w) (ch> — <I+ (A5 (w, b) _AD(w’é))% . A(ahaz)(w,é)—l da2) (;) = (8) , (A1)

for small enough & and for w ¢ Ao o, inside the bandgap.

In this section, we derive an expression for the characteristic value wlepsilon of M#%1(w) located
slightly above for both the dilute and non-dilute regimes.
Let us first analyse the operator fY*(AO‘)_1 da. Since w® is a simple pole of the mapping w —
A%(w,)~! in a neighbourhood of w®, according to [4], we can write
EOL
AMw) ™ = + R (w), (A2)

w— w*

where the operator-valued function R®(w) is holomorphic in a neighbourhood of w®, and the operator
L% maps L?(0D)? onto ker A% (w?, ). Let us write

ker A%(w®) = span{¥°}, ker (A" (wa))* = span{®“},
where * denotes the adjoint operator. Then, as in [4, [5], it can be shown that

<q)o¢7 . >\I}o¢

LY =
<(I)a7%Aa|

e ¥
where again (-, -) stands for the standard inner product of L?(9D)?.
Hence the operator M=% can be decomposed as

1 L™ 1
M5,5,a1 (w) =1+ (AED — AD)f / dOéQ —+ (AED - AD)? Ra dOéQ.
Y T Jy=

2T Jy« W — wq

Note that the third term in the right-hand side is holomorphic with respect to w.

Denote by a* = (ap,7) and w*(a;) = w(@>™). Using similar arguments as in [I0] and the fact that
each bubble is a circular disk, we can prove the following result on the shape of the dispersion relation
close to a*.

Lemma A.1. For a fixed oy € Y*, the characteristic value w® attains its mazimum over as at ag = T,
1.e. at a = a*. Moreover, for as near 7, we have

w =w*(ag) — %c(;(al)(ag — 1)+ 0 ((ae —m)?).

Here, cs5(a) is a positive function of aq and 4.
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The operator fy* ﬁ das becomes singular when w — w®. Moreover, since we want to compute the

defect band inside the bandgap of the periodic problem at a7, we can assume w is inside this bandgap.
Consequently, the singularity occurs as w — w*. Let us extract its singular part explicitly. Denote by
A* = Alrm) §* = oo™ and £* = L1 Moreover, denote by B; a bounded function with respect
to w in V. Then, by Lemma[AT] we have

1 E(O[l7a2) d * 27 1 . 5
_ = _ = n
2 /Y w—wlanes) 02T 9p /o w—w* + ses(on)(ag — )2 cr+ Biw)

E* 2 C
~ | T ()
£*

= + B M

2(w — w*)es(ar) 2()

We therefore get
1
Me,é,al (w) =7+ (_AED(w*) _ AD(w*))E* + 'R,E(w)a

2(w — w*)es(aq)

for some R¢(w) = O(g) which is analytic and bounded for w close to w*. We look for characteristic values
w = w of M=% (), i.e. values such that there exists some W # 0 with M=% (W)U = 0. Expanding
this equation, we have

e _ * *
Ue 4+ 1 (AD . AD)(W )\Il <(I)*,\I/E> _’_Ra(w)\:[ja =0.
\/Z(W6 — w*)cs(ar) (PF, %A*’wzw*\llﬂ
Then, multiplying by ®*, we obtain
1 (@7, (AD — Ap)(w) ")

(@*, T°) (1 + ) + (®*, R (w)TF) = 0.

V2w —whes(ar) (D%, gL A% 0%

Since R¢(w) = O(e), it follows from the above equation that (®*, W) # 0. Therefore, choose ¥¢ such
that (®*, ¥¢) = 1. This gives

€ * 1 1 (%, (A3, — Ap)(w*)U*) 2
+265(041)(1—&-((1)*7735(0;)\116))2 < (@, L A+ ) ) - (A.3)

w=w*

In order to derive a more explicit expression, we will consider the asymptotic limit of § — 0. As in 3] 2],
we have the following lemma.

Lemma A.2. The following results hold:

(i) When § — 0, we have
(®*, %A*(w*, §)U*) = —2nw* Inw*R® + 0(V59),

which is positive for § small enough.

(i) For a fized €, when 6 — 0 we have
(9%, (AD (w*,0) — Ap(w*,8))¥*) = delnw* (R||wa* 1Z20p) — 2CapD’m) + O(ed + %6 1n ),

where Yo = (S,%*70)_1[X8D] and Capp o« = —(ta=, Xop). For small ¢ and 0, this expression is
positive for e < 0 if R is small enough, or € > 0 for R close enough to 1/2.
Combining equation (A.3)) and Lemma we obtain the following result

Theorem A.1l. Assume that § is small enough and the pair (R,€) satisfies one of the two assumptions

(i) R small enough and ¢ < 0 small enough in magnitude (Dilute regime),
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(i) R close enough to 1/2 and € > 0 small enough (Non-dilute regime).

Then there exists one frequency value w® (o) such that the problem (3.2) has a non-trivial solution and
we(ay) s slightly above w*(a1). Moreover, as 6 — 0 we have

2
5e (Rl|Yar 122055y — 2Capp o 2
! ( LB ) o2V a5, aa
2¢s(ar) 2nw*(aq ) R3 Ind

w(aq) =w*(aq) +

where a* = (ay, 7).

Remark A.1. Tt is easily verified that equation (4.9)) evaluated for small € coincides with equation (A.4)
evaluated for small R.

B Characterization of the effective sources for non-circular bub-
bles

Let now D be a general simply connected domain with 8D € C!. In this section, we will restrict to the
case of small size perturbations ¢ < 0. Define the defect bubble D; € D as the domain with boundary

0Dq = {x + ev, |z € 0D},

where v, is the outward unit normal of 0D at x € 9D. We will need some results given in [5]. First, we
introduce some notation. Define the mapping p : 0D — 9Dy, p(x) = x + ev,. Let z,y € 9D and let
z = p(z) € D4 and § = p(y) € dDg. Define ¢ : L?(0D) — L*(0Dy), q(¢)(Z) = ¢(p~1(T)), and for a
surface density ¢ on 9D, define ¢ = ¢q(¢) on OD,.
We also define the signed curvature 7 = 7(x),x € 9D in the following way. Let x = z(t) be a

parametrization of 0D by arc length. Then define 7 by

d2

ﬁx(t) = —TVUVg.
Observe that 7 is independent of the orientation of dD. The following results are given in [5], but adjusted
to the case where € < 0.

Proposition B.1. Let k > 0. Let ¢ € L*(0D) and let z,y, 7,7, 5 be as above. Then

b pl61@) = Shlol(a) + ¢ (=51 + K5 ) 6l(a) + o), (B.1)
§5,188) = Shlo)(w) + £ (Kb + K557 [6)(@) + eSblral (@) + ofc), (B2)
b,0,012) = Sbloo) + & (- 57+ 5 ) 61(a) + 2Sblrol(a) + o). (8.3
Proposition B.2. Let ¢ € L2(0D) and let z,y,7, 37,(5 be as above. Then
K B1(3) = 5" 8)(x) + K3 [g](2) + o), (B.4)
where K¥ is given by
oDk, 0?

Kt = K" [ré](z) — ()K" [9)(2) +

~D[)(x) - 5 Slal(x) — BSH[6(@).

Here 8‘9—;2 denotes the second tangential derivative, which is independent of the orientation of 0D.
We also state the following result which is given, for example, in [29].
Proposition B.3. For x € 0D and k > 0 we have

Dhiole) = (314157 ) (55)7 (-3 + Kb ) ol

~ () 5 (3o e
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As in Section 4} we consider the defect problem (3.1]), modelled by the fictitious sources as in equation
(3-3). Observe that Proposition is valid even for the case of non-circular bubbles. To derive the

analogue of Proposition we again study equations (3.8]) and (3.9)), i.e.,
Sp,lpal = Splyl in Dy,
Sk la) = S]] in Y2\ D.

Since w is in the subwavelength regime, k; is not a Dirichlet eigenvalue. Together with the uniqueness
of the exterior Dirichlet problem, we conclude that it is sufficient to consider these equations on the
boundaries. Using the notation from above, this means

SH lpdl = S plel,
Shyp,a] = Sk 1),

Using the expansions , and , we find
* — — 1 bk
iyl pul + (K + ) ol + eSraoal = STl + ¢ (31 + K ) 1+ o)
1
Sf)“’ [q 4] (z) 4 (2I + ICkD“’> [¢" a)(x) + 58’5" [7q"  a)(z) = Sf)“’ [¥] + o(e),

with ¢ defined as above. From this we find that

-1
oa) ~(s)  (ar+K) - 0 (5)
() e 0 (i) (k) - e

P, <i) ’ (B.5)

2 2

where Q is the bijection Q : (L2(9D))” = (L2(0D4))”,Q = (¢,¢) and Py : (L*(D))* = (L2(0Da))”.
Using the asymptotic expansions (B.2)) and (B.4]), we can expand the operator Ap, as

Ap, = Qo (Ap(w,d) + A1 (w,8)) o Q! + o(e), (B.6)

where
ky ky,* kor 1 _ kw LT Kuw [,
a0, 5) = ch+1ch+3[,[¢] (kb + K+ Skeirl)
Klb _51(:11@“,

Using Taylor expansion, we have that

0 0 0?
@HL‘)D = $H|E)Dd - EﬁHbD[f

We use the Laplacian in the curvilinear coordinates defined by 1%, vz for x € 9Dy,

_872_'_ (~)£+872
_8V2 T\T

A .
ov  9T?
It is easily verified that the curvatures on the two boundaries satisfy

7(Z) = 7(x) + O(e).

Hence we obtain
0? B 9 0? 1o}
ﬁHde =- kw+ﬁ Hlop, _T£H|8Dd+0(€)'

Hlap [ Hlop,
— , B.7
<8H/8u|aD> P <8H/8y@Dd (B7)

In total, we have
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where the operator Py ' : L?(0D4)? — L?(dD)? is given by

Pyl = <I—|—5 (ki +0(3T)2 _Tl>> Q7' +o(e).

Combining equations (3.6]), (3.7), (B.5) and (B.7) we arrive at
- f
(Py'Ap,P1 — Ap) (i) = (g :

As before, we define A7, = Py ' Ap,P;. Finally, we can compute this explicitly using equations 1)
and (B.7) and Proposition to obtain the following proposition, which is the analogue of Propo-
sition 3.1l in the case of non-circular bubbles.

Proposition B.4. The density pair (¢,v) and the effective sources (f,g) satisfy the following relation
. @ f
G g

.
22w (9D2 w +O(€)'

where the operator A3, satisfies
Ap —Ap=¢(6—1) (
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