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Abstract

The aim of this paper is to rigorously show the existence of a Dirac dispersion
cone in a bubbly honeycomb phononic crystal comprised of bubbles of arbitrary
shape. The main result is an asymptotic formula for the quasi-periodic Minnaert
resonance frequencies close to the symmetry points K in the Brilloun zone. This
shows the linear dispersion relation of a Dirac cone. Our findings in this paper are
illustrated in the case of circular bubbles, where the multipole expansion method
provides an efficient technique for computing the band structure.
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1 Introduction

Recently there have been many discoveries involving materials that exhibit intriguing
wave propagation properties due to the presence of a Dirac cone in their band structures
[10, 12, 13 15 [16] 19 26l 28 29]. A Dirac cone is a linear intersection of two curves
in the dispersion diagram, and is a consequence of non-trivial symmetry of the lattice.
Dirac cones have typically been studied in the context of electron bands in graphene,
where peculiar effects such as Klein tunneling and Zitterbewegung have been observed.
Moreover, Dirac cones have been demonstrated in acoustic analogues of graphene.

A single gas bubble inside a liquid possesses an acoustic resonance frequency known
as the Minnaert resonance frequency [1, 2, 24]. Due to the high density contrast in the
material parameters, this frequency is of subwavelengh scale, i.e., it corresponds to a
wavelength much larger than the size of the bubble. This makes the Minnaert bubble an
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ideal component for constructing subwavelength scale metamaterials, see, for instance,
[5, 6l @, 17, 18, 20} 21, 22] 23], 30].

In [4], it was proved that a bubbly crystal features a bandgap opening close to the
Minnaert resonance frequency, ¢.e., in the deep subwavelength regime. This suggests the
possibility of creating materials with Dirac cones at subwavelength scales, resulting in
small scale metamaterials with Dirac singularities. Such materials have been experimen-
tally and numerically studied in [28] 29]. The goal of this paper is to rigorously prove
the existence of a Dirac cone in the deep subwavelength scale in a bubbly honeycomb
crystal.

Apart from the very recent work [14], previous mathematical analyses of honeycomb
lattice structures have typically been based on the tight-binding model [25] 27], assuming
interaction only between the nearest neighbouring particles in the lattice. In this work,
using layer potential theory and Gohberg-Sigal theory, we will demonstrate a method
for analysing honeycomb structures without this assumption, starting only from the
differential operator. The method is general with respect to the shape of the scatterer,
and generalizes previous works on circular scatterers [26]. Moreover, the slopes of the
Dirac cones can be asymptotically computed in terms of the density contrast.

The paper is organised as follows. In Section [2, we define the geometry of the bubbly
honeycomb crystal and formulate the spectral resonance problem. We also introduce
some well-known results regarding the quasi-periodic Green’s function on the honeycomb
lattice. In Section [3| we derive an asymptotic formula for the quasi-periodic Minnaert
resonance in terms of the density contrast between the bubble and the surrounding
medium. In Section [4] we rigorously show the existence of a Dirac dispersion cone in
the bubbly honeycomb crystal. Our main result is stated in Theorem which gives
an asymptotic expansion of the quasi-periodic Minnaert resonance frequency for quasi-
periodicities close to a Dirac point. In Section [5] we numerically compute the Dirac
cones in the case of circular bubbles using the multipole expansion method. The paper
ends with some concluding remarks in Section [6]

2 Problem statement and preliminaries

2.1 Problem formulation

In order to describe the problem under consideration, we start by describing the bub-
bly honeycomb crystal depicted in Figure [l We consider a two-dimensional infinite
honeycomb crystal in two dimensions. Define a hexagonal lattice A with lattice vectors:
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Denote by Y a fundamental domain of the given lattice. Here, we take

Y = {sly +tly | 0<s,t <1}.
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Figure 1: Illustration of the bubbly honeycomb crystal and quantities in the fundamental
domain Y .

We decompose the fundamental domain Y into two parts:
Y =Y1UY,

where
}/1:{811+tl2 ’ 0<s,t, andt+s§1}, YQZY\Yl.

Define the three points zg, 1, and x5 as the centers of Y, Y7, and Y5, respectively, i.e.,

I+ 1o . I+ 2([1 + lg)

Ty = 9 I = 3 T = 3

We will assume that each bubble in the crystal has a three-fold rotational symmetry
and that each pair of adjacent bubbles has a two-fold rotational symmetry. More pre-
cisely, let Ry and Ra be the rotations by —5F around z; and w3, respectively, and let Ry
be the rotation around x¢ by m. These rotatlons can be written as

Rix=Rx+1l;, Rsx=Rx+2l, Ryr=2xy—rz,

where R is the rotation b —%’r around the origin. Assume that the unit cell contains

two bubbles Dj, j = 1,2, each in the fundamental domain Y; such that
RiDy = D1, RoDs= D3, RoDi= Ds.

Denote the bubble dimer by D = D U Ds.
The dual lattice of A, denoted A*, is generated by a; and ap satisfying o; -1; = 276,

for i,j7 =1,2. Then
2w (1 1 2w (1 1
ol = — —_— oy = — —_—— .
1 a \/ga ’ 2 a \/ga



The Brillouin zone Y* is defined as the torus Y* := R” /A* and can a
be represented either as

Y* ~ {sa; +tag | 0 <s,t <1},

r
or as the first Brillouin zone Y;*. The points
2 2
af = w) ol = w’ o

in the Brillouin zone are called Dirac points. Observe that in the torus Y* we have

«  —o1taz 201 +as "
ROJ]_ =5 3 =5 3 - Oél,

and similarly, Roj = 3.

Having defined the geometry, we now define the wave scattering problem in the
bubbly honeycomb crystal. We will study the a-quasi-periodic Floquet component u of
the total wave field for o € Y*. We therefore consider the following a-quasi-periodic
acoustic wave problem in Y:

1 2

V- Vut u=0 in Y\D,

p K

2

V-qu—Fw—u:O in D,

Pb Kb
Uy —u_ =0 on 0D, (2.1)
10ul _ 10u =0 ondD,
p v + P ov|_
u(z +1) = e lu(x) for all [ € A.

Here, % denotes the normal derivative on 0D, and the subscripts + and — indicate the
limits from outside and inside D, respectively. Let

o \/E vp = \/'T” k=2 k=2 (2.2)
P Pb v Ub

Introduce the density contrast parameter ¢ as

Pb
§ = —. (2.3)
p
We assume that there is a high contrast in the density while the wave speeds are com-

parable, i.e.,
01 and w,v,=0(1).

Y*



2.2 Quasi-periodic Green’s function for the honeycomb lattice

Define the a—quasi-periodic Green’s function G®* to satisfy

AGak—i—kQGak Z(SZE—?’L ioen

nen

Then it can be shown that G** is given by [3, §]

z(aJrq

Gk (x 2.4
Y q%; k2 —|a+ql* (2.4)

From now on, we assume that |Y| = 1.
For a given bounded domain D in Y, with Lipschitz boundary 9D, the single layer
potential of the density function ¢ € L?(0D) is defined by

SpFlel(z) = aDGa%_y)@(y)dg@), z € R%

The following jump relations are well-known [3], §]:

0 1

555416 (@ = (57 + (5™ ) el a < oD, (25)

where the Neumann-Poincaré operator (ICBa’k)* is defined by

a,k T —
(K5 [el(@) = pov. | G @ =Y) (yydoly), «eaD.

oD Ovy

It is known that S&° : L2(8D) — H'(dD) is invertible when « # 0 [3, §].
We can expand G** with respect to k as follows:

a,k _ a0 24 a0
GOF =G0+ kG

j=1
where
za+q
6w =3
Jo+q2°
qu*

Using this expansion, we can expand the single layer potentials and the Neumann-
Poincaré operators as

SHF =830+ K¥SES with  SpU[¢l(x) = aDG?’O(:Ufy)cb(y)dff(y),
j=1
and
-« * -« * = 11~ . « a «
(™) = (Kp™) + KK, with Kpjlol@) = | 50-Gi(e—y)é(w)do(y).
j=1 v



The following identity will be used in the sequel:
0 0
K30 6 / 55904, (2.6)
0D;
Next, we consider G*F near a Dirac point o = a*. Since

G0 -G = O0(la - o)),

we have

GOF =G0 4 GV = G0+ O(K o - o).

Furthermore, the following asymptotic expansion of G** holds for a near a Dirac point

o

a’+q)w ot (o —aF
Ga,k’( ) Ga k +Z k2 <’i(0&—0¢*)'1‘+2( k;_Q) ( )>—|—O(‘Oé—04*2).

2 _ * 2
e !a +q o + ¢
(2.7)
We define G¥ by
z(a +q)-x 2ot +
Z k2 — a* + ¢ (i$+k2—(|a*f) |2>'
geA* 4 4
Then, we have
Gk (z) = Gk (2) + GF(x) - (o — a*) + O(Ja — a*|?). (2.8)
This motivates the definition of the integral operators SBI, K]f?,l as
Shalel(x) == - G (z = y)d(y)do(y),
0
Kbaldl(@) = [ -Gl =)o),
oD OVg
for ¢ € L2(0D).
2.3 Quasi-periodic capacitance matrix
Let V* be the solution to
AV* =0 in Y\ D,

o _ Jialyya
Vj(x—i—l)—e Vj(a:) Vil € A.

We define the capacitance coefficients matrix C* = (Cy}) by

o= | VVEVVE, dj=1.2
Y\D



Let v; € L?(dD) be given by
Sylbj) = 0ij on 0Dy, i=1,2. (2.10)

By Green’s formula, we see that the capacitance coefficients matrix C* = (C’g) is also
given by

CS = — Wi, ij=1,2.
oD;

We define two transformations 77" and 75 of functions in Y by

e"ib f(Rix), x €Y,

e~2il f(Rox), x € Yo, (Tof) (@) := f(20 — ). (2.11)

(T f) () := {

Observe that for any «, the definitions of T{ f coincide on 9Y; N dY2. Moreover, T f
is a*-quasi-periodic if f is a*-quasi-periodic. We will denote by T := Tf‘*.

We remark that the matrix C“ is Hermitian for any «. At Dirac points, the following
result holds.

Lemma 2.1. For Dirac points, the capacitance matrix is a constant multiple of the
identity matriz.

Proof. We prove the above statement for o* = %‘1% Define 7 := €2™/3. Since
VY =V, we have

Y = vV -VVE =CS.
Y\D

We can also check that
TV =7V, TV =1V

Then, it follows that

Cf{; = vvla* Wza* = VT1V1Q* W = 7'201%*.
Y\D Y\D

Therefore, we have O, =0 and so Cg; = 0. ]

3 High-contrast subwavelength bands

In this section, we investigate the asymptotic behaviour of the band structure in the
case of small 6. The main results are given in Theorem and in equation .
Throughout this section, we fix a* = %‘1% and consider « # 0.

From, for instance, [7], we know that the solution to can be represented using
the single layer potentials Sg’kb and Sg’k as follows:

() = {sg"“[wm), reY\D,

SR [g)(x), € D, (3.1)

7



where the pair (¢,v) € L?(0D) x L*(0D) satisfies

Syl = SpM Wl =0
(g )i - (G ) =0

Pb

We denote by
a,k o,k
Sy -Sp

—3T4 () =6 (314 (zc];a”“)*)] '

Then, (3.2) can be written as
4 (4) =0
¢

a7w - —_
A =

(3.2)

(3.3)

(3.4)

It is well-known that the above integral equation has a non-trivial solution for some
discrete frequencies w. These can be viewed as the characteristic values of the operator-

valued analytic function A (with respect to w); see [3, §].
It can be shown that w = 0 is a characteristic value of Ag’w because

[y Fome
=+ (KM% 0

has a nontrivial kernel of two dimensions, which is generated by

Uy = (ﬁi) and WUy = <Z§> ,

where 11 and 15 are as in (2.10). Then Gohberg-Sigal theory [3 |] tells us that there
exists characteristic values wf = w?(9), j = 1,2 of A$* such that w$(0) = 0 and w§

J J
depends on § continuously.

Theorem 3.1. The characteristic values w® = wjo-‘(é), i=1,2 of A?’w can be approxi-

J

mated as
o [0AY

where )\?‘, j =1,2 are eigenvalues of the quasi-periodic capacitance matrizc

Ch Oty
Co C5)
Proof. The integral equation (3.4]) can be approximated by

836 — S5 [v] = O(w?),

(—;I + (K0 + kﬁK%ﬂ) [¢] — & GI + (/c‘go)*> (] = O(w* + 62).



Then, we get
¢ =g+ 0, (3.7)

and inserting the above approximation into (3.6)), we obtain that
L1 g0y 1 k2K 5 (114 (k20 ) [9] = Ot + 82 3.8
) (Kp™)" + kK ) 0] — §+(D) [¢] = O(w" +67). (3.8)
Since ker <—%I + (ICBQ’O)*) is generated by 11 and 9, we may write ¢ as

¢ = a1 + by + O(w* + 0), (3.9)
where |a] + [b] = 1. Now, we integrate (3.8) on dD. Then, using (2.6), we get

WD

—a+6(aCy + b0y = O(w* +62), (3.10)

Yh

2
w?|D

— U|2 ‘b+6(a01“2 +bC%) = O(w* + 62). (3.11)

b
Therefore, w;'j?‘ approximates the eigenvalues of the a-quasi-periodic capacitance ma-
trix. This completes the proof. O

Since the quasi-periodic capacitance matrix has a double eigenvalue at Dirac points,
we have that w{ = w4+ O(§). The following proposition shows that in fact w§ = ws”
and that this is a double characteristic value.

Proposition 3.2. For the Dirac point o = o, the first Bloch eigenfrequency w* :=
w(a*) is of multiplicity 2, i.e., .A? “" has a two dimensional kernel.

Proof. From the asymptotic expansion of the operator, the multiplicity of the charac-
teristic value w* of Ay ™ is at most 2. Suppose that w* is of multiplicity 1. Suppose

also that
AG <¢) —0
(0

for a non-trivial pair (¢,). Define k* = w*/v and kj = w* /v, and let

(3.12)

ok

b tel(x), xeD.

We can easily check that Tju and Thu also satisfy (2.1). Then u, Tiu, and Thu are
linearly dependent and so,

u(e) = [ SB. W@, @€Y \D,
S

Tiu = cru, Tou = cou,

for some nonzero constants ¢; and cs. Here, we observe that

T3=1 T =1, T\'Tof = ToT\f.



Then it follows that ¢; = 1,7, 72, ¢ = £1, and
cicou = T Thu = ToTiu = ¢1cou.

Therefore, we get ¢y = 1, i.e., Tyu = u. This leads to a contradiction because we know
from (3.9)) that u is constant up to O(d) on 0D, j = 1,2. This completes the proof. [

Now, we can ascertain the approximate dependence of wf on a. Using the fact that
TV = V¥, we have

Clal = C§2'
From
VRza _ Vla(Rlx), T € Yi,
! e_ia'llVlo‘(Rgx), T €Yo,

ViR _ el Ve (Ryz), r ey,
2 Vi (Rax), T €Yo,

it follows that , , '
Clal — ClRla — ClRl a7 ClR2 a efla-hCIOzQ'

Differentiating these expressions, and applying Ra* = a*, we arrive at

1
VoCh =0, V.07 =c () ,
a=qa* a=a* 7
where ¢ = 88(;1? . Hence,
a=a*
* * 800[ * *
Ot =t} +Olla - '), 1Ch1=| 2| Nla=a'l+0(a-aP)

Because C“ is Hermitian with identical diagonal elements, the eigenvalues are given by
Cfy £|C5|. For a close to a*, we find the following asymptotic behaviour:

Ofy £ |Cfl = Cfy £|VaCiy - (a — a*)[ + O(la — ')
oCy,
8&1

= Clal* :l:

a=qa*

‘ la — |+ O(Ja — a*|2).

Now, we conclude that A} = \§" = C¢ and

0Ce,
) ar Oa .
W (6) = 4/ |CD1‘1UI, 1i‘1£§:0‘\a—a*]+0(a—a*|2) +O6).  (3.13)

11

Equation gives the asymptotic band structure for small §, and suggests that the
system has a Dirac cone. However, we do not know the behaviour of the error term
0(0), so we can not conclude the existence of a Dirac cone from equation alone.
This will be addressed in the following section.

10



Remark 1. Theorem shows that w$ scales like O(0) for small 6. In [2], it was
found that wys scales according to w2, Inwy = O(8) in two dimensions. Thus, wg has
a different asymptotic behaviour than the Minnaert resonance wys of a single bubble in
free-space. The difference is explained by the quasi-periodic single layer potential not
exhibiting o log-singularity as w — 0.

4 Conical behaviour of subwavelength bands at Dirac points

In this section, we prove the main result of the paper. As before, let w* be the charac-

teristic value at o* = 20‘1%, so that

00y
D]

vy + O(6).

Theorem 4.1. The first band and the second band form a Dirac cone at o, i.e.,

w(9) = w" — Na — o] [1 + O(|la — oz*|)],
wy' (0) = w* + Na — o] [1 + O(|la — a*|)],

for some constant A > 0. Moreover,

0
A *
\ Doy ™

which is nonzero for sufficiently small §.

oCy,
3041

+ O(6),

a=a*

The idea of the proof is to expand the operator .A?’k for « close to o for a fixed,
nonzero §. For the proof, we will need Lemmas and In the following,
we will interchangeably use 77, Ty and T{ as operators on L?(0D) and as operators on
L?(0D) x L?(0D) (the latter defined by applying the operator coordinate-wise). We
begin with the first lemma.

Lemma 4.2. For every w and «,
To AR ew = goere (4.1)

and

ToASY = AS“T. (4.2)
Proof. To prove (4.1]), observe that RA* = A*. Therefore, it follows that

i(R%a+q)-(z—y) ciR(R?a+q)-(Rz—Ry) i
= G*"(Rx—Ry).

GRak: —
-7 ZAk T 7] ZAk R(atq)P

11



Then, we can check that

SR Ruy))(x) = / Gz — ypi(Ruy)do (y)

0D

_ / GR**(Ryx — Riy)d(Riy)do(y)
0D

= Sp kb (y)|(Rix)

_ nga’k[w(gy)](Rlx), e,
eI hSE Pl (y))(Rox), € Ya.

Similarly, we obtain that

SEFI(Roy)](2) = Sp.“F i (y)) (Rax)

_ {emjsgj“”“w(y)](m» TEV,
S, M (y)](Row), € Ya.

Thus, we get
o (6% o 20[
SprTfvl(e) = 7Sy “HYl(z), €Y.

This proves . Equation follows easily from the fact that
Gok(z —y) = GYM((2x — x) — (220 — v)).
This concludes the proof. O
Lemma 4.3. There are two elements ®1,®s in the kernel of A?*’”* which satisfy
Ti®) = 701, T1®y = 720y, To®; = Oy.

Proof. Let A be the kernel of .Aaa*’w*, which, from Proposition is of dimension two.
By Lemma T1 and T5 are operators from A onto itself. Since T’ 13 = I and ker(Th — 1)
is trivial in A by the argument as in the proof of Proposition there is an element
® € A such that either T1® = 7® or T} ® = 72®. In the case T} ® = 7, since

T (Ta®,) = To(T1®1) = 7212 P,

we let @1 := ® and ®5 := T5P1 while in the second case, defining ®9 := ® and ¢1 := THr P
proves the claim.

O
Using the expansion ({2.8), we decompose A5™ into
. Skv gk
ATY =AY “ 4+ | T} L] (a—a")+O(la—a*?
= (G ) e an 0o =o'
=AY+ AL (- af) + O(|a — o). (4.3)

12



Here, - means the standard inner product taken component-wise. We observe that

x T

—w*’

where T is an operator onto the kernel of .A?*’w* and E“ is analytic in w.
Next, we investigate some properties of T'. It is easy to check that T" vanishes on the
o w*
range of Ay ™ . By Lemmaﬂ, we have

Th =TT, T, ="1TT.
We also have the following result.
Lemma 4.4. For every «, on restriction to the kernel of A?*’w*, it holds that
T(AS - )Ty = TiT(AS, - R2a).
Proof. By Lemma [1.2] we have
(A5 )T = TP (A )7 (4.4)

Using and the Neumann series, we get

()1 = (A5 )7+ (A7) A7) - (o= o) (A ) 7 + O — "),

(AT = (A7) 714 (A7)0, - (R — B2)(A )+ Ola — o).

We also expand T7* as
T =Ty + Ty + O(Ja — %),

where T} is of order O(Ja — a*|). Putting these asymptotic formulas into (4.4) and
collecting terms of order O(|a — a*|), we get

(AT + (AT LAY - (0 — o*) (A )T
= Ty (A7) 71+ Ty (A ) 7T AY, - (R2a — RPa%)(Ay )L

Applying A?*M on the above identity, we obtain
(AT )T AT 4+ (AT TTAL - (@ — )T = Ty + Ty (A ) 7HAY, - (R%a — R%a).
Integrating over a small contour around w*, we have
TTAS Y + TAS) - (o — o)1y = TITAS, - (R*a — R%a”).
On the kernel of Ag‘*’w*, the first term vanishes. Therefore, we get
TAS) - (a— o)y = TITAS, - (R?a — R*a*).
on the kernel of Ag‘*’w*. This completes the proof. O

13



4.1 Proof of Theorem [4.1]

Now, we are ready to prove our main result, Theorem Let 0V (w*) be a neigh-
bourhood of w* containing only the two characteristic values w$(d) for j = 1,2. Then
Gohberg-Sigal theory [3, [§] tells us that the characteristic values w$(d) and w$(d) of
A5 near o* satisfy

PO+ Fef ) = 5 [ (A A s

T 2mi

for an analytic function f(w). As in [3, g], we have

Pt (0) + 1650 = —5 [ 3 flo) L [ 5 = 45)]

Using this formula twice, with f(w) = w — w* and f(w) = (w — w*)?, we have

tr

w¥(8) — w* + WS (8) — w* = ——— (A TTAY - (@ — a*)dw + O(Ja — o*]?),
27” BV(w*)
a %12 « %12 tr * a*wy—1 qw * 2
(@F(0) — ") + (@5 (0) —w)? = 2w — w') [(A57) AL - (o - 0)]
27TZ 8V(w*)
+O(|a — ),

where we have used integration by parts in the second equation. To finish the proof, it
suffices to show that

tr *

— ALY TIAY (a0 — a)dw = 0,

s o 0 m)
t * 2
= 2w — ") [(A5#) A8, - (@ — )] dw = Cla—a’P,
271 OV (w*) ’

for some constant C'. Indeed, this would imply that w$(d) = w*£A|a—a*|[1+0(Ja—a™|)],
and the expression for A follows from (3.13)).

We see that
1 a*wy—1 qw * w* *
57 (A5 %) 1.,4571 (a—a)dw =TAj; - (o —a¥), (4.5)
uxs AV (w*)

w*

is an operator from the kernel of Ag‘*’ onto itself. Similarly, we get

1 * a*wy—1 qw * 2 w* *
S (w =) [(A57) 1A - (0= a')| dw = [TAS) - (a— o) (46)
AV (w*)

For a = (35;;), let

AST o= Ao + AS 0.

14



Suppose that
TAS11[®1] = a®1 + bPo,

TA&JQ[ 1] = Cq)l + d(I)Q

. —ay—V3
Since R2a = % ( am)—V3ag)

and T1®; = 7P, we obtain
V3ag)—ag) ) i b

T(Agﬁ ~o)Th [ 4] = 7_(04(1)(61(1)1 + b®y) + a(g)(cfbl + dq)g))
—a@) — V3ag) Viag) —a@)
> 3

—C 2\[a(2) (ar®y + b7 ®2) + \fa(lg )

By Lemma [4.4] it follows that
20 = —a+ V3¢, 26 = —7b+ V37d, 2c = —V3a — ¢, 2d = —/37b — 7d.

TlT(Aisﬁ ‘R*a)[®1] =Ty (c®q + dPs2)

(aq)l + bcbg) +

(cT®1 + dr2®y).

Solving these equations we obtain a = c =0, d = g;b = —ib, which means

TA%J,L[(IH] = bdsy, TA%JEQ [®1] = —ibPs.

Similarly, we have
TAgj,ll[q)z] =a?dy, TA‘(’{lZ[(I)Q] =1aPq,

for some constant a. Now, we arrive at
TAY, - (o — a")[®y] = b ((a(l) —aly) —iag) - 05("2))> s,
TAS, - (0 — ")) = ((04(1) —afyy) +iag) - a*z))) ).
Therefore, we can conclude that
trTAj;"E (a—a*)=0,
tr [TAS, - (o — o))? = 2abla — a*|?,
which together with and complete the proof. O

5 Numerical illustrations

We consider the bubbly honeycomb crystal as described in Section [2| and additionally
assume that the bubbles are circular with radius R. The center-to-center distance be-
tween adjacent bubbles is assumed to be one and the material parameters are such that
v = vp = 1. The lattice basis vectors are given by

h=(3v3), b=(3-v3),
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and the reciprocal basis vectors are defined as a

o (11 o (11 M,
061—7T6,2ﬁ,052—7r6,2\/§.

Using the same notation as in Section , this corresponds to a = 2v/3.
We also define the symmetry points in the reciprocal space as follows:

«
201 + g Mo 2

F: K:
(0.0) 3 2

We use the multipole expansion method to compute the band diagrams [4]. Because
D has two connected components D; and Ds, we can identify L2(0D) = L?(0D;) x
L?(0Dy). This gives the following matrix expressions of Sg’k and (lCBa’k)*:

o Suk sok ok Kpohys 2sak
52k (9] = ( g,]k Sga) @;) (Kp™*)*[¢] = <(§D§%’g (f’c"z)a%z)*> (22)

Here, ¢ € L?(OD) is represented by ¢ = <¢;) € L?(0Dy) x L*(0Ds). Using these

expressions, the integral operator .A?’w defined in equation |D can be discretised with
the multipole expansion method as described in [4, Appendix C]. We consider the band
structure along the line MT'"K M in the following numerical examples:

(i) (Dilute regime). We set R = 1/50 and 6 = 1/9000. The band structure is given in
Figure 2] The left subfigure shows the first four bands. The right subfigure shows
the first two bands, which correspond to subwavelength curves and which cross at
K. Observe that the crossing is a linear dispersion which means that it signifies a
Dirac point.

(ii) (Non-dilute regime) We set R = 1/5 and ¢ = 1/1000. The band structure is given
in Figure [3] In this non-dilute regime, there is still a Dirac cone at the point K.

6 Concluding remarks

In this paper, we have rigorously proven the existence of a Dirac cone in the subwave-
length regime in a bubbly phononic crystal with a honeycomb lattice structure. We
have illustrated our main results with different numerical experiments. In future works,
we plan to further study topological phenomena in bubbly crystals. In particular, we
will rigorously show the existence of localized edge states at the surface of a topolog-
ically non-trivial bubbly crystal. Similar to [9], we will also study a high-frequency
homogenization of a bubbly honeycomb phononic crystal.
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Figure 2: (left) The band structure of a bubbly honeycomb phononic crystal with R =
1/50 and 6 = 1/9000. The distance between the adjacent bubbles is one. (right) The
band structure upon zooming in on the subwavelength region.
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Figure 3: (left) The band structure of a bubbly honeycomb phononic crystal with R =1/5
and 6 = 1/1000. The distance between the adjacent bubbles is one. (right) The band
structure upon zooming in on the subwavelength region.
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