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THE EQUIVALENT MEDIA GENERATED BY BUBBLES OF HIGH CONTRASTS:
VOLUMETRIC METAMATERIALS AND METASURFACES

HABIB AMMARI *, DURGA PRASAD CHALLA **, ANUPAM PAL CHOUDHURY f, MOURAD SINI#

ABSTRACT. In [6], we derived the point-interaction approximations for the acoustic wave fields generated
by a cluster of highly contrasted bubbles for a wide range of densities and bulk moduli contrasts. As a
continuation of that work, here we derive the equivalent fields when the cluster of bubbles is appropriately
distributed (but not necessarily periodically) in a bounded domain Q of R3. We handle two situations.

(1) In the first one, we distribute the bubbles to occupy a 3 dimensional domain. For this case,
we show that the equivalent speed of propagation changes sign when the medium is excited with
frequencies smaller or larger than the Minnaert resonance. As a consequence, this medium behaves
as a reflective or absorbing depending on whether the used frequency is smaller or larger than this
resonance. In addition, if the used frequency is extremely close to this resonance, for a cluster of
bubbles with density above a certain threshold, then the medium behaves as a ‘wall’, i.e. allowing
no incident sound to penetrate.

(2) In the second one, we distribute the bubbles to occupy a 2 dimensional (open or closed) surface,
not necessarily flat. For this case, we show that the equivalent medium is modeled by a Dirac
potential supported on that surface. The sign of the surface potential changes for frequencies
smaller or larger than the Minnaert resonance, i.e. it behaves as a smart metasurface reducing or
amplifying the transmitted sound across it. As in the 3D case, if the used frequency is extremely
close to this resonance, for a cluster of bubbles with density above an appropriate threshold, then
the surface allows no incident sound to be transmitted across the surface, i.e. it behaves as a white
screen.

1. INTRODUCTION

Recently, there has been a great interest in developing materials to control waves (as acoustic, elec-
tromagnetic or elastic waves) in unprecedented ways. For this purpose, the engineers provided us with
clever designs to create such ‘artificial’ materials with unusual responses. One of such designs is based on
inclusions arranged in specific ways so that when the mentioned waves interact with them new properties
emerge. The used inclusions are made of usual materials but they are of smaller scales, usually at the
micro or nano scales, enjoying high contrasts as compared to the background medium where they are
embedded. These two features in choosing and using the inclusions, namely the way of arranging them
and their proper scales, are crucial. Precisely, the choice of the proper scaled and contrasted inclusions
allow us to create (subwavelength) resonances which are extremely close to the real line. The arrange-
ment of such inclusions provide effective macroscopic media with changing behaviors while excited with
frequencies close to the mentioned resonances. In addition, we can distribute the inclusions to fill-in
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volumetric (3 D) domains, 2 D surfaces or 1 D curves. These combinations provide us with, respectively,
volumetric metamaterials, metasurfaces and metawires.

In this paper, we deal with acoustic waves generated by micro-scaled bubbles having highly contrasted
bulk moduli (and densities). With those scales, Minnaert resonances occur, see [2] and [6]. Distributing
such bubbles in (3 D) domains and in 2 D surfaces, we confirm, in particular, the possibility to generate
volumetric metamaterials and (non-necessarily flat) open or closed metasurfaces with interesting proper-
ties. Formal derivation of the effective medium in 3 D domains are derived in [13] and a justification is
provided in [3] for frequencies near the Minnaert resonance. In [5], the effective medium corresponding to
a periodic distribution of the bubbles in a flat and infinite 2 D surface (a plane) is studied for frequencies
near the Minnaert resonance. Compared to these results, here we deal with general shaped (open or
closed) surfaces (where no periodicity is needed) and for any fixed frequency. In addition, for both 3
D and 2 D domains, we consider all the three regimes on the denseness of bubbles. In the low regime,
the cluster of bubbles has no effect, i.e. there is no reflection. In the medium regime, the equivalent
medium allows both reflection and transmission of the wave. In this regime, we can control the amount
of reflection and transmission and hence increase or reduce it at our will. In the third regime (i.e. high
regime), the equivalent medium allows no transmission, i.e. it behaves as a wall for the 3 D case or a
white screen for the 2 D case. More detailed properties of such designs are provided later after stating
the results.

Before that, let us recall some notations and needed results from [6]. Let us denote by {Ds}, a
finite collection of small bubbles in R? of the form D := §B,, + 25, where B,, is an open, bounded (with
Lipschitz boundary), simply connected set in R? containing the origin, and z, specify the locations of the
bubble. The parameter § > 0 characterizes the smallness assumption on the bubbles. Let us consider
piecewise constant densities of the form

Po, T € RB\Ul]\ilDlv

1.1 =
(1.1) p(@) {ps, re€ D, s=1,... M,

and piecewise constant bulk modulus in the analogous form

k R3NUM. D
ké(l’):{ 0, T € \ =10

(1.2)
ks, € Dy, s=1,.... M,

where pg, ps, ko, ks are positive constants. Thus py and k¢ denote the density and bulk modulus of the
background medium and ps and ks denote the density and bulk modulus of the bubbles respectively.
The mathematical model for describing the acoustic scattering by the collection of small bubbles Dy, s =
1,..., M is as follows:

Au+ rkdu =0 in R*\UM Dy,
Au+K2u=01in Dy, s =1,..., M,

(1.3) ul_ —ul, =0, ondD,, s=1,..., M,
L Ou L Ou +:00n3DS,s:1,...,M,

g valls - pio ovs
% —irou® = o(%), |z| = oo (S.R.C),

Bl

where w > 0 is a given frequency and x2 = wQZ—Z and k% = w?£=. Here the total field u := v/ + u?,

where u! denotes the incident field (we restrict to plane incident waves) and u® denotes the scattered
waves. The above set of equations have to be supplemented with the Sommerfeld radiation condition on
u® which we shall henceforth refer to as (S.R.C).

To describe the collection of small bubbles, we use the following parameters:
(1.4)

a:= max diam(D,,) [=6 max diam(By,)|, andd:= min d,,;, where dy,; := dist(Dp,, D;).
1<m<M 1<m<M m#j
1<mj<M
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The distribution of the small bubbles is modeled as follows:
(1) Given wpqz, we take w € (0,Wmaz] and a such that wpe, a << 1.
(2) the number M := M(a) := O(a™*) < Mya.a° with a given positive constant M4z,

(3) the minimum distance d = d(a) =~ d', ie. dpina® < d(a) < dpmaga’, with given positive

constants d,,;, and dyaz,

(4) the coefficients ki, p, satisfy the conditions:

(1.5) Pm — 0P, B>0,(ie. 22 < 1),
Po Po
keeping the relative speed of propagation uniformly bounded, i.e.
2 k k
(1.6) Em  OmB0 _Pm 0 asa< 1.

Ko k‘mﬁo Po km
Here the real numbers s, ¢ and [ are assumed to be non negative.

S—S

To state our results, let us first denote A; := |8Dl‘ faD, faDl = é,‘) vy ds' ds and define w?, := 5T h

— o)A,
The constant wj; is an approximation of the real part of the Minnaert resonance created by eacl(lplblff)zblé,
see [2[6]. To simplify the exposition of our results in our ongoing work, all the bubbles are assumed to
be identical in shape, and have the same density and bulk modulus. In particular they have the same
Minneart resonance. The starting point of our work is the following point-approximation expansion of
the acoustic scattered waves generated by the above cluster of bubbles, see [6] for more details.

Theorem 1.1. (see [6]) Under the conditions 0 < t < %, 0<s< %, B=1+~, with0 <~y <1 and
s+ v < 2 we have the following expansions.

2
(1) Assume that v < 1 or v = 1 with w being away from wyr, i.e. |1 — ‘:—Aﬂ > ly with a positive
constant lg independent of a,a < 1. Then

(1.7) Z O (&, 2m) Qo + O(a®~* + a®772%)
m=1
under the additional condition on t: t > .
(2) Assume that v =1 and the frequency w is near wyy, i.e. 1 — 722 =Ipya™, hy > 0. Then
(18) Z (I) il? Zm Qm+o( 2—s—2h1 +a3—2t—23—2h1)

under the additional condztwns on t and hy given by
o t>2 ands+hy <1 ifly <O0.

et>:,t — hy ands+h1< if lag > 0.

The vector (Q.,)M_, is the solution of the following algebraic system

(1.9) Com Qi+ D Py (21, 2m) Q1 = —t! (2), m=1,..., M,
l#m
with
2 D R 1 o
(1.10) Cm = Fon| 1m‘ — and A, == 7/ / (sisl) - vgr ds’ ds.
pyf%po - QH%Am 10Dy, 8D, JOD,, s —&|

The algebraic system @) is invertible under one of the following conditions:
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(1) The coefficients Cyy are negative and max |Cp,| = O(a®), as a < 1. This condition holds if

(a) v <1 orvy =1 withw being away from wy; and we have the relations 0 < v <1, v+ s <2
and 5 <t <1.

(b) v =1 and the frequency w approaches wyr from below (Ipy < 0), i.e. w < wyr, and we have
the relations % <t<landl-—h; —s>0.

(2) The coefficients Cy, are positive and one of the following conditions is fulfilled
(a) max |Cp| = O(a'), as a < 1, and 7 := mini<jm<m, j£m c0S(ko|zm — zj|) > 0. The first
conditions holds if v = 1, the frequency w approaches wys from above (Ipr > 0), i.e. w > wyy,
and we have the relations 0 <t <1—hy and s < 1.

(b) max|C| = O(a®), as a < 1. This condition holds if v =1 and the frequency w approaches
war from above (I > 0), d.e. w > wyr, and we have the relations § <t <1 and1—h;—s > 0.

From , and , we see that the knowledge of the parameters C,,’s provides approximation
formulas to evaluate the scattered waves. We call these parameters the scattering coefficients. As we
will see in this work, the scales and signs of these coefficients provide the kind of properties of the
equivalent media generated by the bubbles. In the next subsection, we describe briefly these scales and
sign properties.

1.1. The scaling and sign of the scattering coefficients C,,’s. We describe the scaling and sign of
C,,, in the regimes to be considered in the following sections.

o If v < 1orvy=1and the frequency w is away from the resonance, the scaling of C,, is as follows.
From (|1.10)), we see that
ad a?=
1—a
where C,,, = O(1) as a — 0.
When v < 1, the term p%po in (1.10)) dominates and since it has a negative sign, it follows that

om
C,, < 0. In the case of v =1 and the frequency being away from the resonance,

C,, 2 0 if and only if w 2 wyy.
e Next we note that the Minnaert resonance w?, is of the form

Wi = _ 8k = —87r@- ! 871'@- L
M (- po)A pr Al pr AEY po

~1 o(a2)

and when the frequency w is near the resonance wys, that is,
2

1= 20—y, 0 < by <1, Ly #0,
w
using ([1.10) we can express C,, in the form
c, - SmiDml
lMa,hlAm
We set
_92 km
(1.11) Wy = —8m——,
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A 1 (s=5") . / : .
where A,, = BB faBm faBm o * Vs ds’ ds, then we can write C,, as

C,, = 7?\4 | Bl po ql—m
Iakm

and set

_ B,,
(1.12) G, 2, Bl ro.
Int Fom

Since A,,, is negative, the sign of C,,, therefore, is the same as [, that is,
C,, 2 0 if and only if I 2 0.

From the above expression, it also follows that C,, = C,,a*~" where C,, = O(1) as a — 0.

As we assumed the bubbles to be identical in shape, and have the same density and bulk modulus, in
what follows, we shall assume C,,, to be same (and equal to C) for all m = 1, ..., M and the corresponding
C,,, will be denoted by C. For m = 1,..., M, we shall also denote the quantities

Bma pm7 km’ K;m7 A'm
by
B, p,k,k and A

respectively. From appendix [A] we can further observe that C can be written as

C {Clead +0 (ali’y) , by <1,

Cieaa + 0 (a?), if y =1 and w is away from wyy,
where
B —r?B|C; T = —w?|B| 22, if v <1,
Cread = —r?B|C* {1 + é/@'zsz_l] T —w? 11@; £e, if y =1 and w is away from wyy.
“M

Finally, from the above approximation of wys, we observe that
(1.13) wi; =wa + 0(a?).

1.2. The case when the bubbles have no effect on the background media. We have seen in (|1.7))
and (|1.8) that in suitable regimes, the far field can be expressed as

M
u(,0) = Y B2 (&, 2m)Qum + 0(1), a — 0.

m=1
Also ‘Z%:l D0 (2, 2m)Qm| < M max |C|. Therefore

e if y <1and v+ s <2, we have M max|C| = O(a* - a®>77) = O(a®>77%) = o(1), a — 0 and
hence u®(&,0) — 0, as a — 0.
e if v = 1 and the frequency is away from the resonance with s < 1, we have M max|C| =
O(a=®-a*77) = 0(a*>77%) = O(a'=*) = o(1), a — 0 and hence u*>(%,0) — 0, as a — 0.
e if v = 1 and the frequency is near the resonance with s + h; < 1, we have M max|C| =
O(a=*-at=™M) = O(al=™~%) = o(1), a — 0 and hence u>=(#,0) — 0, as a — 0.
Thus in these cases, the bubbles have no effect on the background media, as a << 1, irrespective of
their volumetric or surface distribution.
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1.3. Application to volumetric metamaterials. Let us now discuss about the volumetric distribution
of the bubbles (see also [1,/7]).

Let Q be a bounded domain, say of unit volume. We divide Q into [a~®] subdomains Q,,, m =
1, .., [a™%], E| such that each Q,, contains D,,, i.e. z;, € {l,, and some of the other D;’s. We assume
that the number of bubbles in each Q,,, for m = 1,...,[a~*], is uniformly bounded in terms of m. To
describe correctly this number of obstacles, let be given a function K : R?® — R as a non-negative,

continuous and bounded potential. Let each €2,,, m € N, be a cube of volume ag%

[K (2m)+1] (= [K(2m)]+1) bubblesl We set Kpnae :=sup,  [K(zm)+1], hence M = E%;E [K(zm)+1] <
Kpazla™®] = O(a™*). The function K describes then the local distribution of the holes, i.e. the number
of bubbles in each Q,, is fixed as [K(z,) + 1].

and contains

One way to do it, using a given function K, is to put the location z; of the first bubble D; in the
‘center’ of ) and then surround it with the cube €7 of volume as%. Inside 7, add the other
[K(z1)] bubbles. Starting from €3, build up the other €,,’s in a Rubik style respecting their volumes
and the number of bubbles included inside them using the function K as discussed above.

Few remarks are in order:

(1) If we distribute the bubbles periodically, then K = 0, the €,,,’s are identical (modulo a translation)
and || = a®.
(2) K can be identically zero but the bubbles can be distributed non-periodically. In general, if

K|, is an integer, then also [$2,,| = S% = a® and the bubbles can be distributed non-

periodically.

(3) Assume now that K is, eventually, a variable function. Hence |Q,,| = a8 Hzm) 4]

K(zm)+1

Vol(hma_m U fQ K(z)+1 Udz < |Q2]. Hence lim,_,q ula_ ]Qm C Q. In this case, to Q we

m=1 =
cu 3l a layer of volume |Q| Q K Z;I}] dz and a constant depth starting from 9€). We denote the

resulting domain by € too. Note that this last domain has the same regularity as the former.

< a® and

As Q can have an arbitrary shape, the set of the cubes intersecting 9 is not empty (unless if Q has
a simple shape as a cube). Later in our analysis, we will need the estimate of the volume of this set.
Since each €); has volume of the order a®, and then its maximum radius is of the order aés, then the
intersecting surfaces with 02 has an area of the order a3%. As the area of 99 is of the order one, we
conclude that the number of such cubes will not exceed the order a~3%. Hence the volume of this set will
not exceed the order a=3%a® = a%s, as a — 0.

Theorem 1.2. E|Let the bubbles be distributed in a bounded domain 2 according to a given non-negative,
real-valued function K € C%*(Q), X\ € (0,1), with their number M := M(a) := O(a™*) and their
minimum distance d := d(a) := a' as described above.

Let us consider the scattering problem

(A +n(z))ul =0, in R,

t _ s iKkox-0
Uy = Uy T € ,

oud . 1 2]
—ikoul =o | — T 00
9|z 0T 2| )" 7

1As an example, taking a := Nf-%7 with N an integer and N >> 1, we have a << 1 and [a™ %] =

2For a given real and positive number z, we denote by [z], the unique integer n such that n < z
floor number.

3Recall that we denoted by [xl the floor number, i.e. the unique integer n such that n <ax <n+ 1.

4The error terms in l-b and (| are given explicitly in terms of the corresponding used parameters in

- - and ([2.55) respectlvely

N.
<n+1,ie nisthe
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Suppose the conditions 0 <t < %, B8 =14~ hold and
(a) eithery < 1l,v+s=2, or

(b) y=1, s=1, and w away from Minnaert resonance.

Then

u™(

Z,0) —u’(2,0) = o(1), as a << 1, uniformly in terms of T and 6.
In the case (a),
n = w’po [k‘al + (K + 1)|Blk™ " xq]

and in the case (b),

B
n::w2p0 k61+(K+1)1 ‘ ‘2 k_IXQ

2
Suppose that v =1 and w is near the Minnaert resonance,i.e. 1 — %2‘4 = lya™, with ly; # 0 and
h1 € (0,1) where s and t satisfying the conditions
1
2

.

s=1-—M and§§t<min{lfh1,
Then
u™(Z,0) —u’(2,0) = o(1), as a << 1, uniformly in terms of & and 6.

In this case,

_ B
n = WP {ko P (K + 1)‘l |

k_1XQ:| .
M

2
Suppose that v =1 and w is near the Minnaert resonance,i.e. 1 — L:—J‘g’ = Ipal, with Iy > 0 and
h1 € (0, ég:ji) where s and t satisfying the conditions

2\
1—h1<5§1ands§3t<(1+15>(1—h1).

Then provided k% is not an eigenvalue for the Dirichlet Laplacian in 2, we have
u™(£,0) —uF(£,0) = o(1), as a << 1, uniformly in terms of & and 0,
where u§ is determined by the exterior Dirichlet problem
(A+ k) ulp =0, in R*\ Q,
ufj =up + e0m0 — (0 on 99,

ouf, . 1
a—VD — iKoUp = 0 (|$> , |z| = oc.

According to these results, we distinguish three regimes regarding the denseness of the bubbles.

(1)

(2)

Low regime. This regime is related to one of the following conditions: (v < 1 and v+ s < 2) or
(v = 1 and the frequency is away from the Minnaert resonance with s < 1) or (v = 1 and the
frequency is near the resonance with s + h; < 1). Under these conditions, the scattered fields
vanish as a << 1, meaning that the corresponding cluster is weak and reflects no incident wave.

Medium regime. This regime is related to the following conditions:
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(a) If vy < 1,7+ s = 2 (in which case, w is of course away from the Minnaert resonance), then
the effective medium is composed of the background one to which we add, locally in €, a
positive term coming from the cluster.

(b) If v =1, s = 1, and w away from the resonance. In this case, the effective medium is
composed of the background one to which we add, locally in €, a term coming from the
cluster which changes sign whether the frequency is lower or higher than the Minnaert
resonance. When the sign is positive, this means we have more reflection and otherwise
we have more transmission. Hence sending incident waves at frequencies lower or higher
than the Minnaert resonance wj;, the medium changes its behavior from transmitting to
reflecting. The parameters modeling the bubbles, as the shape and the contrasts, which we
can tune to get the sign we wish, are at our disposal. Then we can increase or decrease the
transmission (or the reflection) by tuning appropriately these bubbles.

(c) If v =1 and the frequency is near the resonance with s + h; = 1, then we are in the same
situation as in (b). The difference is that, as the cluster density is estimated as a=* with
s = 1—h; and we can choose h; as close as we want to 1, we see that we can derive effective
medium having the same properties as in (b), but with a very low number of bubbles, namely
M ~ a% with s as close as we want to 0. Hence with very low number of bubbles but using
incident frequencies very close to the Minnaert resonance we can achieve same effects as if
we use a quite dense cluster (s = 1) but with non resonating incident frequencies. This is in
accordance with what is believed in the engineering community.

We observe in the form of the coefficient n that after adding the bubbles, the density pg of the

background did not change while the bulk mudulus kg is perturbed locally in €2.

(3) High regime. If w is near, but larger than (with I, > 0), the Minnaert resonance wys and
1<s+h < %ﬂ, then the medium behaves as a totally reflecting one, i.e. as wall. Clusters of
bubbles with densities of the order M ~ a~° with s + h; > 1, allow no incident waves, sent at
nearly resonating frequencies, to penetrate.

Finally, it is worth mentioning that for any given frequency of incidence w, we can choose (or tune) the
properties of the bubbles so that the corresponding Minnaert resonance will be located near or close to
it. This way, for a given frequency w, we can be in any of the regimes described above by appropriately
choosing the bubbles. Hence, we can tune the bubbles so that the incident sound, sent at the frequency
w, will be more/less reflected or transmitted, across 952, at our will.

1.4. Application to metasurfaces. Let ¥ C R? be such that either

e ¥ = 9D for some open connected subset D of R3, or
e Y is an open subset of I', where I' = D for some open connected subset D of R3.

In order to find a convenient way for counting the bubbles, we shall further assume that ¥ can be
parametrized by a finite number of charts and we shall work with the image of a single such chart (which
we shall continue to denote by ¥) at a time. In this way, we shall possibly overcount the bubbles but
since we shall have to deal with only finite number of charts, the error estimates would still be valid.
Without loss of generality, let ¥ be of unit surface area. Now given a non-negative, Holder continuous

function’| K : 0D — R , let ¥;, j =1,...,[a"*] be a square (or quadrilateral) of area as% which
J
contains the centers of [K(z;) + 1] bubbles. We fill-in ¥ with the [a~®] subdomains ¥;, j =1,...,[a”*] in
a similar way as we did for the volumetric distribution.
In addition, similar to the case of volumetric distribution, we can now estimate the total area of squares
Y; touching the boundary 0% of ¥ as follows. Since area of each ¥; is of the order a*, the radius of ; is

of the order a2. Therefore the length of intersecting curves with X is of order a. Now since the length

5The relevant condition is 1 < s + h1 while the other part s + h; < % is due to technical limitations.
6By an abuse of notation, we denote the function by K even in the case of distribution on the surfaces. Unlike the case
of volumetric distributions, this function is only defined on the surface.
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of O is of order one, it follows that the number of such squares is not more than order a~2. Therefore

— 3 =
the total area covered by such ¥;’s cannot exceed a™2 - a° = a2.

Theorem 1.3. |Z| Let the locations zy,’s of the bubbles be distributed on a bounded subset X (say of
unit area) according to a given non-negative, real-valued function K € C%(X) with their number M :=
M(a) := O(a™*) and their minimum distance d := d(a) := a' as described above.

Let us consider the scattering problem

(A+ k) ul =0, inR*\ %,
) t
[ul] =0, [ ;a} —oul, =0, on ¥,
v
t _ .8 ikox-0
Uy, = U, + € )
Ou, ikou, 0(1) |x| = oo
- oy, = T ] )
Olz| ||

(1) Suppose the conditions 0 < t < %, B =1+~ hold and
(a) eithery <1,y +s=2, or

(b) v=1,s =1, and w away from Minnaert resonance.
Then
(1.20) u™(Z,0) —ul(Z,0) = o(1), as a << 1, uniformly in terms of & and 6.
In the case (a),
o= —w(K + 1)|B|%

and in the case (b),

B
o= —w}(K+1) | |2 o,
1- 2k
M
(2) Suppose that v =1 and w is near the Minnaert resonance,i.e. 1 — T = Ipya™, with Iy # 0 and

h1 € (0,1) where s and t satisfying the conditions

1
s=1—Mh and§§t<min{17h1,§}.

Then
(1.21) u™(z,0) —ul(Z,0) = o(1), as a << 1, uniformly in terms of T and 6.
In this case,
B
o (K +1) |lM| Pko
(3) Suppose that v = 1 and w is near the Minnaert resonance, i.e. 1 — # = lya™, with Iy > 0
and hy € (0, 278 22’\/\) where s and t satisfying the conditions

A
1—h1<5§1ands§3t<7%(1—h1).

Then provided k% is not an eigenvalue for the Dirichlet Laplacian in D, we have
(1.22) u™(z,0) —u (&,0) = o(1), as a << 1, uniformly in terms of & and 0

where

"The error terms in (1.20)), and (| are given explicitly in terms of the corresponding used parameters in

- - and ((3.56]) respectlvely
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— if 3 is an open surface, ul, is determined by the Dirichlet crack problem
(A+ k) up =0, inR*\ %,
uly =0, on X,

with the Sommerfeld radiation conditions satisfied by ul, — u!, and

— if ¥ = 9D for some connected open subset D C R3, then ul, is the unique solution to the
exterior Dirichlet problem

(A+ k) uly =0, in R*\ D,
uly =0, on dD,
I

with the Sommerfeld radiation conditions satisfied by ul, — ul.

As in the 3 D case, we distinguish three regimes.

(1)

(1.23)

(1.24)

Low regime. If (v < 1 and v+ s < 2) or (y = 1 and the frequency is away from the Minnaert
resonance with s < 1) or (v = 1 and the frequency is near the resonance with s + hy < 1),
then the scattered fields vanish as a << 1, i.e. the corresponding cluster is weak and reflects no
incident wave.

Medium regime. While the contribution coming from a cluster of bubbles distributed in a volu-
metric domain €2 is represented by a 3 D potential supported in (2, precisely ney X(ﬂ with a
well characterized potential n.ysy, the contribution coming from a cluster of bubbles distributed
in a surface X is represented by a Dirac potential supported on 3, precisely o ds. As for the 3 D
distribution of the bubbles, we have the following properties that are encoded in the definition of
the coefficient o.

The properties of these surface potentials differ according to the following sub-regimes:

(a) If vy < 1,7+ s = 2 (and then w is away from the Minnaert resonance), then the surface
potential supported on ¥ has a multiplicative density which is positive. The amplitude of
this density describes to what extent the screen X is reflecting, i.e. there is more reflection
than transmission as

|:8qu }
ov

t
Ug,

=0 >0.

(b) If vy =1, s = 1, and w away from resonance, then the surface potential coming from the
cluster changes sign whether the frequency is lower or higher than the Minnaert resonance.
When the sign is positive, this means we have more reflection, see (|1.23]) and otherwise we
have more transmission as in this case

|:6qu :|

ov
uf,

=0 <0.

As the coeflicient o is given by parameters modeling the bubbles, which are at our disposal,
then we can increase or decrease the transmission (or the reflection) by tuning appropriately
these bubbles.

(¢c) If v =1 and the frequency is near the resonance with s + h; = 1, then we are in the same
situation as in (b). However, and as in the 3 D case, we can derive the effective surface
potential having the same properties as in (b), but with a very low number of bubbles,
namely M ~ a~° with s as close as we want to 0 using incident frequencies very close to the
Minnaert resonance with h; very close to 1, through the relation s =1 — h;.

8where Nefp i =mn — w2p0k81 in the cases (1.15) and (1.16)), and neypp :=n — wﬁ/[pokgl in the case (1.18).
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(3) High regime. If w is near, but larger than (with [;; > 0) the Minnaert resonance wy; and
1 <s+h < %, then the surface behaves as a totally reflecting one, i.e. as a dark screen.
Clusters of bubbles with densities of the order M ~ a™® with s+ hy > 1, and distributed allong a
given surface X, allow no incident waves, sent at nearly resonating frequencies, to be transmitted
through X.

As mentioned for the volumetric metamaterials, for a given frequency w, we can be in any of the
regimes described above by appropriately choosing the bubbles. This means that for a given frequency
of incidence w, we can tune the bubbles so that the incident sound, sent at the frequency w, will be
more/less reflected or transmitted, across X, at our will.

Here the surface ¥ can be open or closed. In the case when it is closed, then an incoming incident
B(u )+
waves ‘comes from outside’ and the meaning of (|1.23) is that the total reflected energy o ) is larger

a(ul)_
than the transmitted one (UZ‘L . Here the subscripts + and — refer to total fields outside and inside of
the domain that encloses ¥. In the case when it is open, the interpretations of and need
more precision. Even though we assumed that ¥ is a part of a closed surface and the orientation of ¥ is
inherited from the one of the closed one, an incident wave can be incoming or outgoing or mixed. Hence,

in these cases, (1.23]) and (1.24]) should be interpreted as explained above for incoming incident, in the
opposite way for outgoing waves and both (and accordingly) for the mixed case.

1.5. Formal arguments.

1.5.1. Arguments to generate volumetric metamaterials. We use s* as a parameter which can be equal
2—,0r 1—hy, by €[0,1). We rewrite (1.9)) as

Q - Q

_wm (s*—s C S . _XJ )\ i

C +a );Ca @Ho(zm,z])< C> =u'(zm, ),
j#m

for m =1,..., M. Similarly, we rewrite the representation (1.7]) (respectively (1.8])) as

(1.25) u>(z,0)= Z e~ ro®En Cg® ( Qm) +o0(1), a — 0.

Let us introduce the Lippmann-Schwinger equation

(1.26) Y 4+ a9 / C(K(2) + 1)®p, (-, 2)Y (2) dz = u'(-,0)
Q

modeling the unique solution of the problem AY + x2Y — a(* =)C(K(2) + 1)xoY = 0 with (S.R.C).
The far-field corresponding to the solution of ([1.26)) has the form

(1.27) Yo (i,0) = —als =) / e M0T TG (2) + 1)V (2)dz.
Q

Based on the fact that M = ¢ ] S2KCIH "o — im0 Ul T0; with the volume of €, for

j=1,..,la"?], equals aS%, we derive the approximation u®(#,0) — Y*°(z,0) = o(1), a — 0.
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1.5.2. The arguments to generate metascreens. As for the metametrial case, we use s* as a parameter
which can be equal 2 —~, or 1 — hy, hy € [0,1) and rewrite (1.9)) as

_7@” (s"—s) s ) _gj "
C +a E Ca @Ho(zm,z])( C) = u"(zm,0),

for m =1,..., M. Similarly, we rewrite the representation (1.7)) (respectively (1.8))) as

(1.28) u™ (4, al* =9 Z it Em G ( Q’”) +o(1), a—0.

Let us now introduce the boundary integral equation on the surface X:

(1.29) Y 4als 7Y /EG(K(z) + 1)@,y (-, 2)Y (2) dz = u'(-,0).

Then YV := —a(*" =% J5 C(K(2) + 1)@y, (-, 2)Y (2) dz + u'(-,8) solves the problem AY + k3Y = 0 in

R3\ ¥ with (S.R.C) and the transmission conditions [Y] = 0 and [VY - v] + a*" " C(K(2) + 1)Y =0
across Y. The corresponding far-field is

(1.30) Yoo (i,0) = —al& =) / MG (2) + 1Y (2)dz.

b
Based on the fact that M = Z[a ] Zg.i(lz’”)]ﬂ, Y = limg_yo UE.G;IS]E]' with the area of ¥;, for j =
1,...,[a™?], equals to as%, we derive the approximation u>(%,0) — Y *°(z,0) = o(1), a — 0.

For both the volumetric and surface distribution of the bubbles, we see that as s < s*, Y°°(Z,0) = o(1).
Also, we have the exact limiting models when s = s*. What is left is to characterize the limiting models
when s > s*. We describe this case in the following subsections.

1.5.3. The extreme cases s > s*: Volumetric metamaterials. Recall that

Y 4l /QaK(z) + 1)y, (4 2)Y (2) dz = u'(-,0).

The question is how to characterize lim, oY (-,6)? We set h := a&;*, Vo := C(K(z) + 1). First, we

show that Y satisfies the following boundary-value problem

(A+K3—h2Vp)Y =0, in Q,

(131) g st [-é[ﬂKd Y =8, !, on 09.

Then we have

(1.32) a(Y,Y)z(S;()luI,YL%’% :

where

(1.33) a(Y,Y) ::/ \VY|2+/Q(—/@3+h*2%)Y.?— mBY-?,

with BY =S ! [-31d + K,,] Y, Y € H'(Q). Here S, and K,, stand for the single and double layer
potentials at the frequency Ko, see . for the explicit definitions.
We prove the following inequality

(1.34) Re [— /8 By -Y] > e IV e — €O IV ey
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with which we deduce that there exists hy << 1 such that for any h < hg, we have

(1.35) Re a(Y,Y)> (1 —¢ / |VY|? + ( ke +Ch™2 — ﬁ —C(e ) / V|2 > O||Y||H1 @

where C is a positive constant.

Based on (1.35) and (1.32)), we deduce that [|Y|| g1 (q) is uniformly bounded. Integrating by parts in
(1.31) and using the estimate for HYHH% 02 and the fact

Y 1
or =s! [—Id—i—K,io} Y + S tul, on 09,
ov ol 2 0

15)4
[vves [ (v v = [ Sy o,
Q Q o

whence it follows that [|Y| 2oy = O(h). Therefore, using interpolation, we have the estimate ||| (o) =
O(h'=") or |Y]|graa) = O(hZ~"). Hence Y°(i,0) — u3(#,0) = o(1), h << 1. Here (A + 3)uj, =
0, in R3\ Q and u$, = —u'(-,0) on 9N with (S.R.C). Finally u>(%,0) — u%(#,0) = o(1), a << 1.

we obtain

1.5.4. The extreme cases s > s*: Metascreens. We show the idea for ¥ as a closed surfaces. Recall that

(1.36) Y—l—a(s*_s)/EG(K(z)+1)<I>HO(-,z)Y(z) dz = ui(-0).

To characterize lim,_,o Y (-, 6) let us set, as for the volumetric case, h := a5 ,0:=C(K(z) +1). As
a first step, we observe that the scattering problem (3.1)-(3.4) can be transformed into the equivalent
boundary value problem

(A+K2)Y =0, in Bg\ X,
— oY -2 _
aY ou’
|:8Vj| TYfngu on JBg,

where T : H2(0Bg) — H~2(8Bg) is the Dirichlet to Neumann (D-N) map for the exterior problem on

R3\ Bg.
ou!
<au T Y>_

We derive
(1.38) / VY |? - H%/ Y2 + h’Q/ Y2 (TY,Y) 11

Br Br b 202
Now using the fact that the operator T' can be decomposed into a coercive and a smoothing part, we
obtain the inequality

(1.39) (TY.Y)_

11
2°2

> CUY Ly oy = Y iy = CONY 225

11
23
Plugging this in ([1.38]), we derive the estimate

(1.40) (1= VY| 72(p + (—%3+Ch’2—6— ()) Y125y + C Y I, (0Bx)

From the integral equation (1.36) and the 1nvert1b1hty properties of the single layer potentials, we derive
the estimate

(1.41) Yl < Ch™2 Y| 2y + O(1).

H?(0BR)
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With this estimate in (1.40), we deduce that [[Y|[;»(s) = O(1). Once more, using (1.40), as for h small

enough the constants are positive, we derive that ||Y||H% ©Br) = O(1) and then the improved estimate
R

1Y][12(s) = O(h). Hence Y*°(&,0) — uf(2,0) = o(1), h << 1. Here (A + k3uph =0, in R3\ 3, us, =

—u'(+,0) on ¥ with (S.R.C). Finally u*(Z,6) — u%(£,0) = o(1), a << 1.

The rest of the paper is organized as follows. In section [2| we justify Theorem and in section
we justify Theorem In an appendix, we gather few technical results used in the proof of the main
results.

2. THE CASE OF METAMATERIALS

2.1. The volume integral equation and corresponding estimates. Let us consider the scattering
problem

(2.1) (A+ K} — hVp)ul, =0, in R?,
(2.2) ul = ug + etmorf,

oul . 1
(2.3) Wﬂﬁ — iKou, =0 (|x|> , |x] = o0,

and the corresponding Lippmann-Schwinger equation
(2.4) Y(z)+ h*/ D, (2, ) Vo(y)Y (y)dy = u'(2), z € R,
Q

where h, is a positive real number and u!(z) = €% Note that ¥, = K C in our case, where
KM = (K +1).
It is easy to see that u! is a solution of (2.1)-(2.3) if and only if

t Y, in ,
ua — I . -
u' —hy [ ®ro(2,9)Vo(y)Y (y)dy, inR*\Q,

where Y satisfies (2.4]).
In what follows, we are interested in the two cases (in the limit as a — 0), stated below.

e h,=0(1),

o h, = al_hl_s,s—i—hl > 1.
When h, = O(1) as a — 0, the existence and uniqueness of solution Y to the integral equation (2.4))
follows by a standard argument based on Fredholm alternative (see [1]). A similar argument also suffices
in the case hy, = a'~"~% since a'~"1 =%V} is real-valued and the unique solution belongs to the class
HE, (R?) (see [7], [8]).
We shall next establish asymptotic estimates for the solution Y and its gradient VY in suitable norms.
We recall that the single layer potential S, double layer potential K, and the adjoint K}, =of the double
layer potential are defined as

Sy b(1) = /a @ 9)ow)y

(25) Kuuo(o)i= [ 25ty
* R a(I)lio ($7y)
Km¢($) = /ag T(x)dy)dyy
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where for z,y € R3,
etrolz—yl
S, (z,y) i = ———
HO( y) 4:7T|$ _ yl
denotes the fundamental solution of the Helmholtz equation in three dimensions with a fixed wave number
ko. In the case kg = 0, we shall denote the corresponding operators by Sp, Ko and K§.

Further the single and double layer potentials satisfy the mapping properties (see [14])

S, : HHOQ) — H*(09), 0 < s < 1,

(26) 1 * s s
STd—KG,  HH(00) —» H*(09), ~1 <5 <0,

and the single layer potential S, is invertible provided 3 is not an eigenvalue for the Dirichlet Laplacian.
We begin by taking note of the following result on the smoothing properties of the operators S,, — So
and K}, — Kg.

Lemma 2.1. The following mapping properties hold true.
Sy, — So : H™2(09Q) — H3(09),
K —Kj: H (0Q) — H?(9Q).

Proof. The mapping property for S,,, —Sg is given in Section 6.9, [14]. To establish the mapping properties
of Kj, — K we proceed as follows.

Letu e H™2 (09) and denote W, := S, u, Wy := Spu. Then using the mapping properties of the single
layer potential S, and the operator S., — So, it follows that W, — Wy satisfies

A(W,, —Wy) = —k2S.,u € HY(Q),
o H3(99).
W, o Wo . € (8 )

Using elliptic regularity, this implies that W,, — Wy € H3(Q). This further implies that

;, — Kppu= W = W0l ¢ s o).
ov -
whence it follows that K7, — Kg: H2(0Q) — H?(09). 0

The next result provides us with an estimate of the trace of the total field u!, on the boundary 9 in
terms of the parameter h, = a' =571 in the regime s + h; > 1.

Theorem 2.2. Assume that k3 is not an eigenvalue for the Dirichlet laplacian in Q. Then for sufficiently
small a, the total field corresponding to the scattering problem (2.1)-(2.3) satisfies the estimate
sthy—1

HuleHQ(Q) =0 (a 2 ( O‘)> , a€[0,1].
Proof. Let us define the semi-classical parameter h := a3 Since s 4+ h1 > 1 and a is small, it follows
that the parameter h << 1.
Our first step is to transform the scattering problem into an equivalent boundary-value problem posed
in 2. To do so, we recall that using the Green’s formula, we can write

o® oul
2. EAD, (-,2) — D, (-, 2)Aul = P20 ) -, (- 4 Q°.
( 7) /Qua N0(7Z) K0<7Z) ua /aQ a ay (’Z) N0(7Z) 61/7 z e

Now, we recall that
AD, + k2D, = —6, in R3,
and from the Lippmann-Schwinger equation ([2.4)), it follows that

(2.8) (A + K2 — h™2Vp)ul =0, in R3,
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Using these relations in (2.7), we have

0P, out
[T ) = (%2 = = [ () = [ g le2) (- BV
(29) o0 Q Q
= —/ R 2Voul @, (-, 2) = ul (2) — uI(z)
Q

Next we take the trace on 0f), for any z € 02, and deduce that

oul 0d 1
t — I = — . _a t Ko (. —a,t
@) -l == [ (s [ unZm) s )

out, 1, ; 0P, Y
> [ Bl - [ s =)

2.10 o0

0 :>/ ) (z)a—ug— ik et =
o0 Fol» 81/ 2 o a
out

1
—1 -1,1
S [—2Id+KHO} ul, =S Mu'.

ov  Tro
Therefore u!, satisfies the following boundary-value problem

(A +KE —h2Vo)ul =0, in Q,
(2.11) out
ov

1
-8} {21(1 + Kﬁo} ul, =S tul, on 00,

Ko

The variational formulation of the problem (2.11]) can be written as follows:
Find a unique u € H'(2) such that

a(u,v) = <S;01ul,fu> Yo € HY(Q),

11
272

where

(2.12) a(u,v) = / Vu - Vv + / (—kg +h Vo) u-v— Bu - v,
Q Q I9)

with Bu =Sl [-31d + Ky, | u, u € H ().
To deal with the term — fan Bu -, we split it as follows:

1
— Bu-ﬂ:/ S [Id—KHO}u-u
f 00 2

- /6Q Sko (Srou) [;Id — K,’;O} Sy u (since Ky Sy = Sk K5)

(2.13)

— 1 1
/ So (Skau) [QId K:o} s;olu+/ (Ske — So) (Swgu) {2Id K:O] Sy)u
o [219)
[ 1 [
:/ So(Srw) [2Id—K3] Silu+ [ So(Skiu) [Ky—Ki ]S u
o0 o

1
+/ (Sko — So) (Skou) [Id— K* } S u.
o9 2 I

Using the properties (2.6) and lemma we deal with the last two terms in (2.13) in the following

manner.
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For u € H2(8), choosing s € (1,1), we can write
(2.14)

- 1 e | ar
/m (Sko — So) (Swgu) [QId — KHO} Sylu

= 1 v Ta—
S H(Sno - SO) (Sﬁolu) H ' H[QId - Km)]sm)lu

H=(09) H=+(0Q)

5|

Sul ]y ey 18502y

< el oy ol

S P

2 2
5 € Hu”Hl(Q) + e ||U|| —s+%(Q)

2 1 2—s) 2(1+s—32)
< el oy + 3 [l - Tl ]

5e
ST ||U||§{1(Q) +C(e) ||U||L2(Q) ;
where ¢ is sufficiently small enough and C(e) depends only on € and s.

Similarly since u € Hz(852), we have
(2.15)

Ta—1 N\ [+ " _ Ta—1 N " " _ 1
/6 Sa() [ - K3 St < [so@a|, G K Sl 5 € (0.3)
s HSO(SE"IU) HH “(09) 115 - 3] S’:"luHH%(aﬂ)

S Mull g o0y - 1Sk “HH—%(BQ)
S el = a0 - HUH 7 (09)

S el yerg IIuIIHl
H*t2(Q) (©)

< ellull ot e

2(s+3) 2(1 1)
S ellullzn Q)+ ||u||Hf(Q ullpz )

5 2
ST ull 3 0y + C(€) ull 720

For the first term of (2.13)), we use the fact that %Id —Kj is positive definite on Hz (09Q) equipped with
the scalar product (Sou,v), to deduce that

—\ [1
—1 - _ * —1
Re /m So (S ) [zfd KO] S

_ 1 1 . _
(2.16) = /c‘m So (Re[Sﬁolu]) [2Id ]Re [Syu +/c‘m So (Im[S,u]) [QIdKO} Im[snolu]
2
>0 MR@ (S5, ul ||H%(asz) +[[Im[S5 HH%(@Q)]
= CHSNOUHH*E 09) = C”u”Hz(BQ

Using (2.14)-(2.16) in (2.13]), we can write
(2.17)

_ D€ He
R~ [ Buu] = Ol 0, = S 1) — OO Tl = = Tl — CCO -
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Using this in (2.12]), we see that there exists hg << 1 such that for any h < hg, we have

_ 5e
Re auu) > [ [uf* + / (8 + h2V0) fuf? = 5 s oy — CLe)

=5 [1vup+ (—+on =5 - c@) [ = Clull.

where C is a positive constant.
Therefore using the Lax-Milgram lemma, we infer that the boundary value problem has a unique weak
solution which is u! and it satisfies the estimate

(2.19) I

(2.18)

t I
aHHl(Q) < u HHI(Q)'
The estimate (2.19) immediately implies that the trace satisfies ||uf1HH bon) = 0(1).

Now integrating by parts in and using the estimate for |u}, || } o)’ and the fact

ov

/ IVl ? + / Vo —rd) 2 = [ Lot —01),
Q Q

oq OV

1
=S} {zld + KRO} uf, + S u’, on 09,

we observe that

whence it follows that [|ug|;2q) = O(h). Therefore, using interpolation, we have the estimate

[ub]| 1o @y = OB ™), a € [0,1].

O

e Using theorem we can compare the far-field ul° corresponding to the scattering problem
(2.1)-(2.3) to the far-field u corresponding to the Dirichlet scattering problem

(2.20) (A+ k) up =0, nR*\ Q,

(2.21) uby = uf + €0 =0, on 9Q,
ous 1

(2.22) gf — ikoup =0 <|x|> , |x] = oc.

To see this, we observe that from theorem [2.2] using trace order estimates, we can write

+hl 1

(=)}, aefo, 3]

s+hy—1

— |y =0 (=7F7):
“loa L2(aﬂ) oallr2(s0)
Now since u; satisfies (A +r3)us =0, in R\ Q together w1th the radiation conditions, and
S(x) + erozd ‘ = O(a
oallr2(00)
forward scattering problem in the exterior domain R?\ Q) implies that the corresponding far-fields
satisfy the estimates

||uf1HH°L(BQ) O(

’U/Z({E) + eimgm@ ‘

), the well-posedness of the

sthy—1

(2.23) u(#,0) — uSS (2,0) = O(a™3).

Next we prove estimates for the L*° norms of Y and VY which shall be used to prove the required
asymptotic approximations.

Proposition 2.3. The solution Y to the volume integral equation (2.4) satisfies the following estimates.
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o Ifh.=0(1), a— 0, therl
(2.24) 1Y [l o () = OQ1), [[VY || o () = O(1).
o Ifh,=a'"M~% s+ hy > 1, and k% is not an eigenvalue for the Dirichlet laplacian in (2, then

s—hy

1— 1—s—hy o
(2.25) 1Yl =0 =), [VY|pwig) =0(a" 2 (+ed) a — 0,

where o € (3,1].

Proof. The above estimates can be proved following the arguments in [1}7]. For the sake of completion,
we provide an outline of the proofs here.

(a) Let us first consider the case h, = O(1), a — 0. In this case, the invertibility of the integral
equation (2.4) from L*(Q) to L*(Q) immediately implies that [|Y| .oy < C ||u1||L2(Q). Also,
from the integral equation ([2.4]), using the mapping property of the single-layer potential, we can
write

1Y 1|20y < IS0 VoY Wiy + 10" [l o
< CIVoY Nz + [[u' | oy < C llu [l 2 () = O(1)-

Using the Sobolev embedding H?(Q) C L*°(£2), we can now conclude that 1Yl 1 @) = O0(1).
The estimate [[VY|[;«(q) = O(1) follows similarly using the W2P regularity of Y (see [1]).

(b) Next let hy, = a'~*~"1. Then from theorem it follows that Y satisfies the estimate

s+hq—1
1Y ey =0 (a0 a e o,1]
In particular, for o = 0, we arrive at the estimate [|Y[| ;) = O (a S )
Using this in the volume integral equation ([2.4)), this gives

YEI=0M)+0 (@0 (a™F ) =0 (a 7)),

1—s—hy

since s + hy > 1, and therefore ||Y|[ () = O (a z
Again from the volume integral equation ([2.4)), we can write

(2.26) VY (2)] = 0(1) + a' ™" 7 Vo () V2 Py (2, ) oy 1Y Il o () -
Since ||V Py, (2, )| 1o (o) < o0 for p < 3, we need to estimate 1Yo (@) for p’ > 3.
By Sobolev embeddings, we have Y|, ) < C|Y || e (o) » ﬁ = 3 — £ where a > 3. Therefore

1Yl Loy = O (as+h2171 (1_’1)) , @ > 3. Using this in (2:26), we deduce that

1—s—hy

VY () =0(1)+0 ()0 (a™F ) =0 (a7 (1+a),

and hence ||VY||LOO(Q) =0 (a#(Ha)) L a>

N[

Remark 2.4. Note that in (2.25), we can take a to be as close to 3 as intended.

9In this case we do not need the condition that n% is not an eigenvalue for the Dirichlet Laplacian in €.



20 AMMARI, CHALLA, CHOUDHURY, SINI

2.2. The asymptotic approximations. We shall now describe the proof of the results in the regime
y=11<s+h < % and when the frequency is near the resonance with [; > 0. As discussed already
in section C is positive in this regime. The proofs of the results in the other cases follow similarly
and therefore we skip them to avoid repetition.

To begin with, we write the algebraic system as

M
(2.27) Y + Z B (2m, 25)CYja' ™M = ul (2,,),

j=1
j#m

where Y; = —C~1Q;, C = Ca'™M, j=1,...,M.
The main step in the proof lies in comparing (2.27)) to the volume integral equation

Y(2) +al~hs / By (2, y) KM (1)TY (y)dy = u! (2).

For m =1,..., M, we rewrite the above integral equation in the form

M
Y (2mm) 4 al75M Z Dy (2m, 2;)CY (25)a®

j=1
irm
M o [a™?] o
=ul(zy,) +al™* M Z Q.0 (2m, 2;)CY (z5)a® — Z Do (2m, 25) KM (2;)CY (2) Vol ()
j]#ziz j]#ziz
Ay
(2.28) ]
a3 g G ) KM (O )Vl )~ [ o) K )TV ()l
S Y
B
—al*s*’“/ Dy, (zm, y) KM (y)CY (y)dy —al’s’hl/ o Py (2 y) KM () CY (y)dy -
Qm Q\Uga:1 ]Qj
Cl Dl

We next estimate the quantities Ay, B1,C7 and D;. To estimate the term Cy, we proceed as follows.

Using ([2.25)), we can write

‘Cl| = /Q q)no(zm7y)KM(y)CY(y)dy‘ < HKMHLoo(Q) |é| ||Y||L°°(Q)

/ (blﬁo (Z’H’L?y)dy’
/ Do (2m y)dy’
Qm

C 1—s—hy 1 1
Cpmpu(f L, 1)
4 B(zm,r) |Zm - y| Q \B(zm,T) |Zm - y|

C 1-s—ny 2 1 4 3
—_ 2 gt — =
47Ta 2 <7r7“ —I—T[a 37r7“}),

=l(r,a)

l—s—hq

<(Ca 2

=

where 7 < $a5. Now the term I(r,a) in the right hand side attains its maximum for r = (27a®)® and
1y
its maximum value is % (%) 3 4% . Therefore

(2.29) Gy =0 (ai’a*) .
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Let us next estimate the term B;. In order to be able to estimate the sum of the integrals efficiently,
we count the bubbles in the following manner. Relative to each €2,,, we distinguish the other bubbles
(located outside) as near and far ones. One convenient way to do this is to take the Q;, which are
assumed to be cubes, as arranged in a cuboid fashion, like in the Rubik’s cube. It is easy to see that in
such an arrangement, the total number of cubes upto the n'”* layer is (2n +1)3, n = 0,...,[a"5] and
,, is located at the centre. So the number of bubbles located in the n** layer (n # 0) will be atmost
[(2n+ 1) — (2n — 1)?] and their distance from D,,, is more than n (a5 — ). For more explanations, we
refer to Section 3.3. of [6].

Next, let us define

f(zmvy) = (Dno (vay)y(y)

Using Taylor’s expansion, we then have

Fm,y) = f(2m, 21) = (y — 20) Ri(2m, y),

where

Rz y) = /O Vo f sy — Bly — 2))dB
- / V3 By (zmr — By — )] Yy — Bly — 2))dB

1
+ / By (2 — Bly — 2)) [V Y (5 — Bly — )] dB.
0

Now for z # y, Vy Py, (z,y) = Pp, (2, y) [ﬁ - mo} ﬁ and hence for [ # m, we can write
[Py (o = B~ )| € s [V (= By —20)] < — +
Zmy Y — By — 2z 5 ; Zma Y =Py —2))| < 5 E Kof s
Ko my Y Yy l _47rn(a§—%) Y Ko \Fm ) Y l 47rn(a§—%) n(a§—%) 0
and therefore
(2.30)
Ruemot)] < et ([ | [ = sty aplas+ [ 19,7 oty - alas)
n(as — 5) n(as — 5) 0 0
C 1
< .
< i (s 0| Whimi + 197 i
Now note that, we can write
[a™"] . o
B = Z (I)K,o (ZmaZJ)KM('ZJ)CY(ZJ)VOZ(QJ) - /[a*s]ﬂ q)fcg (Zmyy)KM(y)CY(y)dy
j=1 Uiz §2
Jj#Em J#m

[a™*] [a™"]
= Z/ﬂ Dy, (2m, 2) KM (2))CY (25)dy — Z/Q Dy, (2m, y) KM (2)CY (y)dy

(2.31) izm i#m
Bi,1
[~ [a=°]
+ Z/Q Dy (2m, y) KM () CY (y)dy — Z/ﬂ Oy, (2, y) KM (y)CY (y)dy .
j=1 J j=1 J
Jj#m j#EmM

B2
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Therefore using and (2.25)), we obtain
(2.32)

[a™"]
|Bra| < HKMHLOO Q) [ef Z

/Q o (B 55)Y () = By (2 )Y ()]

3

;énL
M R ¢ 1
rel 3 _ _ 5 s
<|[|x HLoo(Q) C ; [(2n+1)° = (20— 1)*] a%a n(as — ) (ln (@5 —9) + k0| [Vl o) + IVY Il Lo Q))
ot w1 s .
=0 ; [24n® + 2] a ¥ Lﬂa_ 5 VY||L°O(Q)}

[a” 5]
= O Zl [24n +2] 43 |:,’j-2a238a1_52_h1 + :Lagal_sg_hl(1+a):|)
2s l—s—hy [{li%] 2
=0|a3a = Z [24+ }—i—aa t(1+a) Z {24n+ ]
n=1

%)

l1—s—h s l1—s—h 1—s—h s
—O( ¥o T e pata T 0F) _*> :O(aSa%—i—a%(HQ)a?).

Similarly using the fact K € C%*(Q2), we deduce

[e™°]

P12l < ¥l 1O 3 / o Coms ) [ K (25) = KM ()] dy
9¢m
[a” 5] .
ral 3 3 A
<Yl Lo (o) IC ; [(2n+1)° = (2n - 1)°] n(ai—g‘)/gj 125 = Y1 [K] o @ dy
(2.33) - la”5] , , . .
< HYHLOC(Q) IClIK] con @y Z [(2n+1)° = (2n - 1)°] masaé
n=1 2

u,%
70 al s—hq Z 24n +2] TA

n=1

_O( 1—s— hla%).
From and (| -7 we obtain

(2.34) B, =0 (al""{“ 0% g (1+a)a§) .

3=

_ s 1-s—hj 25+s)\
a 3| =0]a =2 E 24n+

To estimate the term D;, we distinguish between the following two cases (see also [7]).

(a) The point z,, is away from the boundary 9Q and so ®, (zm, -) is bounded in y near the boundary.

(b) The point z,, is located near one of the Q;’s touching the boundary 0. In this case, we split
the estimate into two parts. By NN, we denote the part that involves §2;’s close to zy,,, and we
denote the remaining part by F,. The integral over F,, can be estimated in a manner similar to
the case (a) discussed above. Also note that F,,, C '\ U Q and so Vol(F),) is of the order
a3 as a — 0.
To estimate the integral over N,,, we observe that owing to the fact a is small, the Q;’s close to
zm are located near a small region of the boundary 9{2. Since we assume that the boundary is
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smooth enough, this region can be assumed to be flat. We now divide this layer into concentric
layers as in the estimate of B;. In this case, we have at most (2n + 1)? cubes intersecting the

surface, for n = 0,...,[a~5]. So the number of bubbles in the n'" layer (n # 0) will be at most
[(2n +1)% — (2n — 1) ] and their distance from D,, is atleast n (a5 — ).
Therefore we can write
(2.35)
Dal= [ R KV )TY )y
Q\Uyl:l ]Qj

= ’/ @Ko(zm,y)KM(y)CY(y)dy‘ +

[a= %)
< Z HKMHLOO o) 1Y [l zoe (@) ICIVol(Qz)dfﬂL||<I>m(zm,-)llLoo(F HKMHLOQ o 1Yl Lo () |C|Vol(F)
=1

/F By (2 ) KM (1)CY () dy

1— 1 1—hy—s g
<0(a > dTﬂ%—Ca ab
=1
1—hy—s M S[aig] 9 9 1 1—hj—s s
<O0(a 2 ) [|[EM|| o) 1Y [l e ) [Cla > [(2n+ 12— (2n—1) ] ﬁ +Ca2 a3
=1 nyas —3
1— hl s _ 2s 1—hj—s s
=0(a™ 2 ) [[KM[| o g 1Y [l (@) [Cla®O(a™ %) + O(a™2 ) O(ah),
and hence
1—hj—s &
(2.36) D] = O(a™ 2 a?).
Finally, we deal with the term A, as follows. Note that using the fact that Vol(Q;) = a* [ﬁggjﬁ], we can
write
(2.37)
M o @] .
AL = By (2, 2)CY (25)a® = Y By (2m, ) KM (25)CY (2)) Vol ()
T T
(KM (2m)] [a™ T IK™M ()]
= Z D, (2m, 21) CY (z1)a® + Z Z ro (Zm, 21 CY(Zl)
zzzgé;n J;ém zlesz
o] B
- Z ey (2ms 27 KM (27)CY (2)V ol ()
J#m
o (KM (2m)] [a™’] (K™ (2))]
= Ca® Z D0 (2m, 20)Y (21) + Z Ca® Z D (2m, 20)Y (21) | — Pry (2ms 25) [KM(zj)] Y (%)
leg%n Jzm seq,
By B

Now it is easy to see that

(2.38) |Ca’Ey| < ¢
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To estimate the term EJ, we note that

(KM (25)]
Ej = D oz )Y (21) | = B (2, 25) [KM ()] Y (25)
(2.39) e
(K™ (z5)]
= Z (Pro (2ms 2)Y (21) = o (25 27)Y (25)) -
=1
2€9;

Therefore arguing as in the case of By and using ([2.25)), we obtain

(2.40)
™7 , I L
Z Ca’E}| < |Cla® Z E}
Jm jm

[a” 3]
<|C|a* H[KM]HLOC(Q) 3 [en+1)° - (20— 1)%] C ) (ln(a} + Ko

2s l—s—h , —s—h 2
—O( Bq 2 la_g—I—aSa%(Ha)a_?é).

Y1l o ) + IIVYllLoom))

Hence

(2.41) 1A =0 (aéa;"";’” 4T a5 a5—t) _

Using the estimates ([2.29)),(2.36)),(2.34) and (2.41) in , we deduce

M
Y(Zm) + Z @m) (Zm, Zj)éY(Zj)al_hl
m
(2.42) = ul(zm) +0 (al_s_hlalis;hl a® falglmiMhg = (1+0z))
s—hy a%) + R (alfsfhdasft)

+0 (al’s’hlak 2
= ul(zm) + O ( FA—s—h)+5 | 3(—s—h)+% | Mo (-s—hi)+g _|_a17h17t) .

Now comparing (2.42) with ([2.27)), we can deduce

(Yo =Y (2m)) + Z g (2m, 2)C(Y; = Y (25))a "™

iAm

2.43

( ) (ai(l_s_hlpr?_|_ag(1_s_h1)+%s+a3+T“(1—s—h1)+§ +a1—h1—t)
+

@5 (ms—h) g 4 al—hl—t) .

Thus we see that (Y; — Y(z]))j | satisfies the linear algebraic system ({2 albeit a different right hand
term. Using the invertibility of the algebraic system, we can now derive the estimate

(2.44) Z Y, = Y(z)| =0 (M{ 3(1—s—hy)+22 +a3+a(1757h1)+§ +a17hrtD'
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Now we are in a position to compare the far-field values. To do so, we recall (from (1.8])) that the far-field
satisfies the estimate

M
u™® (LIA?, 9) - _ Ze—momzjé}/jal—hl + O(a2—s—2h1 + a3—2t—23—2h1).

j=1

W (0,0) =t [ e ()T () dy,
Q
M

_ al—hl—s / e—znoijM(y)éy(y)dy _ Z e—inoi-zjéx/jas + O(a2—s—h1 + a3—2t—25—2h1)
Q

j=

—

which we can further write as
u™(&,0) — u*(,0)
[a™"]

= aHH*S/ e~ "0y M (YCY (y)dy + a' M Z/ e sV KM (y)CY (y)dy
o\l o, j=1 7%

M
_ al—hl—s Ze—ingi~z_76)/jas + O(a2—s—h1 + a3—2t—25—2h1).
j=1
Therefore
u™(&,0) —u°(,0)
[a™7] o - [a™*] [K™ (25)] o
=gl Mm—s Z / e~ oY KM )CY (y)dy — a1 Z Z e "oT A Y a’
j=1 7% j=1 1=

2 €9

+ O(a?7 572 4 g3727 2572y 4 9 (al_hl_s HKMHLoo(Q) IC Y (| oo () Vol (22 Ujﬂiﬁj))

1-h1—s g
al~h1—sq 2 a3

which we can rewrite as

u™(Z,0) — u’(z,0)

[a™]
= STRY()C [ ety () - ey () dy
=1 2

a™”] la™”]

ta e 3 / etV EM()CY (y)dy — Y / e TV M (25)CY (y)dy
j=1 Q; Jj=1 2

Cae KMGE) . KME)
P T | S ) ey ) s Y ey ) - )
j=1 =1 =1

zler zLESZj

L0 (ag(1—h1—s)+g 4 g2s2h a3—2t—23—2h1)
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This further implies
u™(&,0) — u*(,0)
[a™°]

— gl~i—s Z KM(zj)é/ [e*i"oi'yY(y) o efmogz».zjy(zj)] dy
j=1

[o°] [o°]

+a' M Z/Q e oty KM (y)CY (y)dy — Z/Q etV KM (25)CY (y)dy
j=1 J j=1 J

(2.45)
[a’s]i (KM (2))] o L
oY (e () -y )
j_l zllzfllj
Lo (a%(l_hl_s)+§ Log2smh a3—2t—25—2h1>
+0 (M'alfh1 [03(1*34“”% a2 Amsmhots 4 alihrt}) '
Now
i (KM -
Cal™M Z (e7"0TFHY (2;) — e T Y (1))
j:]- =1
(2.46) e
= 0(a' "M 7%a5 VY| o)) + 0@ 7005 [V e )
= O(a1*h178a§a17h2175(1+0‘)) + O(alfhlfsagakh?lis ,
[afs] ‘ X - [af ] ) N .
al—hl—s Z / e—mox»yKM(y)Cy(y)dy _ Z / e—znoa:'yKM(zj)CY(y)dy
(2.47) =1 7% j=1 7
— o (al—h1—8a$a%) s
and
[a™"] o o o
B YT RM(E)C [ [y (y) - ey ()] dy
j=1 Qj
(2.48) R L s
EON Z [24n° + 2]a’s ||Y||LOQ(Q) + Z [24n° + 2]a HVY”LOQ(Q)
n=1 n=1

1—hi—s & s 1l—hi—s
=0 (alfhlfsa 2 Saﬁ) +0(a' M sa5q 2 (Ut

Using these in (2.45)), we obtain
(2.49)

N ~ —s— _9t_9s_ —he— 3(1_g— ERN B3taq_g_ s —he—
u“(m,&)—uf’(w,&):@(cﬂ s=2h1  3-2t-25-2h1 | 1-h s|:a2(1 s—h)+R L oSt (s—h)+g gl tD

-0 (a2—s—2h1 1372252k 4 (S(s—h)+ R | S (Ims—ha) g | al—hl—sal—hl—t)

)

o SA S
—0 (a27572h1 1g32t=2s=2h 4 (B(l—s—h)+5 | () (—s—h)+§ 4 a17h175a17h17t>

since we can choose a € (3,1] to be as close to 1 as desired.
In the regime under consideration, we already have 2 — s — 2hy > 0 and 3 — 2t — 2s — 2hy > 0.
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e Let us look at the term ql 1= . gl—h1—t

then

= a?7?m =57t 1f the condition hy +t < § is satisfied,

1 3
2—2h1—s—t>2—h1—s—§=§—h1—5>07
in the regime under consideration, that is, 1 < s+ hy < %

Thus a sufficient condition can be written as
3
(2.50) 0<1—h1<s§3t<§—3h1.

e Next let us look for conditions to guarantee that 3(1—hy —s)+ 5 2 > 0. Now 2(1—hy —s)+ ?:\ =
5 5hy 5s + s/\

2

Hence 1f3—|—h1 < 1—&—@ < o, then we can guarantee f—%— %—f—% > 0.
Therefore a sufficient condltlon in this case, can be written as
25\ 3
2.51 1< hi <14+ —< =
(2.51) st <l+52 <o

e We next want conditions to guarantee (3)(1—hy—s)+% > 0. Note that () (1—hy—s)+5 =
)+ — (141)+fl11 + (5 - () s
Now if s < (13%(1 — hy), then we can guarantee (L) — (41)1hy + (5 — (4)4) s > 0.
4 3
Hence a sufficient condition, in this case, can be written as

11
(2.52) 0<1—h1<s<(1£)4)t1(1—h1).
4/t 7 3

Therefore we have the following set of sufficient conditions.

3
0<1—h <s<3t<3—3h,

28\
1 h 1+ —
<s+h < +15,
()+
0<1—h; <8< g7—7(1—h1).
(B —3

Now if s < (14 22)(1 — hy), then s+ hy < 1+ 22, Also if a € (3, 2), using the fact that A € (0,1),

it follows that (1 + %)(1 —hy) < (1(14)1 )7 (1-— h1) Hence the above set of sufficient conditions can be
replaced by

0<1—h1<s§3t<g—3h1,
(2.53) 9\
0<1—h1<s<(1+15)(1—h1).

Note that the first condition above implies that h; < i. Now if hy < ég:j&7 we have % — 3h1 >
(1+ %) (1 — hy) and we can replace the conditions (2.53)) by the sufficient condition

2
(2.54) O<1h1<s§3t<(1+15)(1h1).

Finally using (2.23)) and (2.49)), we deduce
(2.55)

—0 (a% 4252 4 (3=2t=25=2h1 | (F(I=s—h)+ 4 () (I=s—h)+5§ | a1—h1—sa1—h1_t> '
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Remark 2.5. In the cases when (y < 1, v+ s =2) or (y = 1,7+ s = 2 with the frequency w away
from the Minnaert resonance), the estimates can be deduced similarly by using instead of .
In these cases, we can further compare the far-fields corresponding to C to that of Cj.qq in the following
manner.

Let us consider the Lippmann-Schwinger equation

(2:56) V)t [ By ) (0)Chuna? (5)dy = u' 2),
Q
and the corresponding far-field given by
WEaal8,0) = = [ K () Crna ()
Q

Let us first deal with the case v < 1, v + s = 2. Using the fact that C = Cjeqq + O(a?77) in (2.4)), we
can write (2.4) as

(2.57) Y(z)+ /Q ey (2,y) KM () CreaaY (y)dy = u' (2) — O(a'™7) /Q s, (2,9) KM ()Y (y)dy.
Comparing this with (2.56)), we obtain

(2.58) [Y —Y](z) + /Q D0 (2,y) KM (y)CreqalY — Y](y)dy = —0O(a’~7) /Q Dy (2,9) KM ()Y (y)dy,

whence, using the invertibility of the integral equation (2.58) and the fact that [|Y|;.q) = O(1), we
derive

HY—Y’ = 0(a").
L2()
Therefore
ug (2,0) — Ujeaq(2,0) = */ e 0t KM (1) CeaqY — Y(y)dy — O(alﬂ)/ etV KM ()Y (y)dy
Q Q
=0 (alf'y) ,
and hence
(2.59) u®(8,0) — S (#,0) = O (aH +a® +a? a3 aH) .

Proceeding similarly, when v = 1, + s = 2 with the frequency w away from the Minnaert resonance, we
can derive
. N 2
u®(2,0) — upsq(2,0) = 0 (a?)
and hence

u™(&,0) — ujs,4(2,0) =0 (a2 +aT 4> a4 as_t>
(2.60) A
=0 (CLT + a275 + a37'yf2tfs + asft) )

2
Now suppose that v = 1 and w is near the Minnaert resonance, i.e. 1 — % = lyraP, with I, # 0 and
hi € (0,1) where s and ¢ satisfy the conditions

1
s=1—h and§§t<min{1—h17§}~

In this case, if we notice that
w? — @2, = W?lyra™ 4 (W - w3,
S
O(a?)

and use the fact that s + hy =1 in (2.49)), we can derive

(1—h1)A
3

(2.61) u™(2,0) —u(i,0) = O (a’“ +a +al™h 4ty al—’“—f) .



EQUIVALENT MEDIA 29

3. THE CASE OF METASURFACES

3.1. The surface integral equations and corresponding estimates. Let us consider the scattering
problem

(3.1) (A+kd)ul =0, nR*\ %,
¢
(3.2) [ul] = 0, [a(;” — hyout =0, on 3,
(3.3) ul = ug + etmorf,
ou? 1
(3.4) —% —iKkous = o0 () , x| — o0,
Olz| |z

and the surface integral equation

(3.5) Y(2) + hs / By (2. 9)o ()Y (y)ds(y) = u! (2), z € %,

where h, is a positive real number and o = K™ C. We note that u! is a solution of (3.1)-(3.3) if and
t| satisfies (3.5)). In addition,
b

a

only if Y :=u

ut(z) = ul (z) — h / By (2, 9)0 (W)Y (y)ds(y), = € RS,
>

Recall that we are interested in the cases h, = O(1) and h, = a'~"7% s+ h; > 1asa — 0.
For |s| < a+1 and T of class C*! we recall the definitions (see also [10], |11])
H(S) = {fls : f € H*(T)}, HL(T) = {f € H*(T) : supp f C 5},

H*(T) :={pec H*T) : (¢,¥)_s,s =0, for any ¢ € Hfi\z(l")}.
The following lemma shows the existence and uniqueness of the solution Y to the surface integral equation
B3).
Lemma 3.1. The surface integral equation (3.5) is invertible from L2(X) to itself and the solution Y
belongs to WHP(X) for p € (1,00).

Proof. Let us denote o, := h,o and first consider the case when h, = O(1).
We shall prove that the integral equation (3.5) is invertible from L?(X) to itself. To see this, let us
consider the operator B defined by

s Bf = / h(2)p, (2, 2) ()5 ).

=

Using the mapping properties of the single layer operator, it follows that B maps L?*(X) to H(X). Note
that here H'(X) is defined as the restriction of functions in H*(T') to X, where T is a smooth, closed
surface such that ¥ C I'.

Now since the embedding H'(X) <« L?(X) is compact, it follows that

Id+ B : L*(%) — L*(%)
is Fredholm of index zero. It is therefore sufficient to prove that ker(I + B) = {0}.
In this direction, let us assume that (I + B)f = 0 for some f € L?(X), and consider the function

w(z) = —/ on(2)®y, (z,2) f(2)ds(2), € R®\ 2.
b
The function w so defined satisfies
(A+rKDw=0, inR3\ X,
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and the Sommerfeld conditions. Furthermore
[w]s =0, and [O,w]s = on(x) f(x) = op(z)w(x).

Now let D be a connected and open subset of R? such that D = I'. Then integrating in €2, := B, \ D
we have

owt owt
3.6 / w+—:/w+—fn2/ w+2+/ Vwt|?.
(3.6) s o i o/ [w™| o | |

r

Similarly, integrating in D, we obtain

ow—
3.7 /w*—:—ﬁ/ w*2+/ V|2
(37) [0S = b | P [ v

r

Adding (3.6) and (3.7) and using the jump relations satisfied by w, we conclude that

+6w+ — 2 2 2 2
(3.8) w =+ | on(@)|w|” — kg lw|” + V|,
B, v by Q,.UD Q,.UD

whence it follows that if Im 5, > 0, then Im faB w+% > 0. Now recall that oy, is a real-valued

function in our case, and therefore the fact that Im [, w*ag”; > 0 indeed holds true.

We can now apply Rellich lemma and conclude that wt = 0 in R? \ D whence the fact f = 0 follows.
Thus we have shown that is invertible and the solution Y to belongs to L*(X).

Next using this fact together with the smoothing property of the single layer operator, it follows that
Y € H(Y).

The Sobolev embedding result H'(X) — LP(X), p € (1,+o0) further implies that the function YV €
LP(Y), p € (1,400).

Now if we use (3.5) and the fact that the single layer operator maps LP(X) into WhP(X), p € (1,00)
(see [12]), we can conclude that the solution Y to the integral equation lies in the class WP (%), p €
(1, +00).

The case when h, = a , §+ hy > 1 follows by a similar argument since the function o and hence
o, is positive. ([

17h175

The next result provides us with an estimate of the L? norm of Y in terms of the parameter h, =
s+h1—1
a'=*7" in the regime s + h; > 1. Let us define the semi-classical parameter h := a )

Lemma 3.2. Assume that k3 is not an eigenvalue for the Dirichlet Laplacian in D. Then the solution
Y to the surface integral equation (3.5)) satisfies the estimate

(3.9) ||Y||L2(Z) = O(h).
Proof. As a first step, we observe that the scattering problem — can be transformed into the
equivalent boundary value problem
(A+K2)Y =0, in Bg\ X,
oY

(3.10) [Y] =0, [5‘1/:| —h26Y =0, on %,

| -TY = =—— —Tu! OB
ov ov U, ot O5R,

where T : H%(aBR) — H~2(dBp) is the Dirichlet to Neumann (D-N) map for the exterior problem on
R3\ By (see [8]).
Proceeding as in (3.6)-(3.8), we derive

I
(3.11) / VY2 — /1(2)/ Y]? + h’Q/ YR —(TY,Y) 11 = <au - Tuf,Y>
Br Br b 22 ov _

[GY} oul
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Now the operator T' can be decomposed as T'= Ty + T} (see [8]) where

1
2

o= Wl

and T} is smoothing and maps from Hz(9Bg) to H
Also we can write

(1Y)Y)

(OBR).

= [(TY,Y) 12 12|

11
2°2
ST L2080 1Y L2085
<|Imy|

SV

H2 (0BRr) HYHL2(BBR)

<V o+ 1 1Y 2080
(3.13) T )
SVt om + 12 1Y 02 » 5 € (0,5)

1 2
interpolation |:

2
S Y e s +

SellY Iz +

(1 57— 2(s+
IV Y |

S Y 1y + €O ||Y||L2<BR> ,
where € € (0, 1) is chosen to be sufficiently small.
Now using the surface integral equation and the fact that S,, : H=1(X) — Hz(Bg), we can write
Y1l L2y < ||h Sk [0Y] }|L2 ,+0(1)
(3.14) < h7? Sk, (oY1, (B )+O(1)
Sh2 oY i) +O(1).

Again we can re-write (3.5) as oY = S,gol [—h2Y + h2u! ] and therefore using the fact (see theorem D
that

Shl LA(E) = H (D),
from (3.14)), we obtain
(3.15) 1YWl 22(5p) S 1Y llz2(s) + O(1).

Next using (3.13) and (3.15)) in , We can write

[owve—s [ wpEent [alvp e -nvy,
Br Br by 2

oul

= <ay — Tu! Y>_ +(TYY,Y)_

[

(3.16)

N

1

3
5Ce 2 2

<OVt om + g 1Y Vs ey + CONY Wi

5
SOy
Also using (3.12)), we can write

[owvp-s [ wEen? [op e -myy)
Br Br » 2

> Y2—2/ Y2 h‘/YQCY
—/BR'V' [ WEent [aY P eIV gy,

Ce )
Y o8r) ||Y||H1(BR + () Y2y + O(1).

D=

(3.17)
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From (3.15)-(3.17), we obtain
5Ce _ 5Ce
(1= 255 1Y o + (84 00 = 25 €0 ) ¥y + C IV

(3.18) H% (8Br)
+0() S CIY g1 gy +0(1).

=c ”Y”H%(aBR)
Now from the fact S,, : H™2 (%) — H*(Bg), it follows that
¥l By < D72 ISko oY Nl g1 5y +O(1) < R 72 oY, +0(1) <h 7 oY | pas) + O(1)
Sh2 Y o) + O(D).
Using this in (3.18), we deduce that 1Yl 2(ssy = O(1) and therefore using (3-15), we obtain Y25, =
j(zgsl(z'from 7 we can write

IVY 1728 < CIY Il 2g) + CIVY Il 250 + O) < CIVY || 125, + O(D),

“3(3)

whence it follows that [[VY|[,p,) = O(1).
Now using the fact that [|Y|| .5, = O(1) in ([3:18), we deduce that 1Y z2(s) = O(h). O
Using the estimate , it is easy to see that
(3.19) Y>(z,0) — Y5°(&,0) = O(h),
where
e if ¥ is an open surface, Yp is the unique solution to the Dirichlet crack problem

(3.20) (A+k)Yp =0, nR*\ %,

(3.21) Yp =0, on X,

with the Sommerfeld radiation conditions satisfied by Yp — u!, and
e if ¥ = 9D for some connected open subset D C R3, then Yp is the unique solution to the exterior
Dirichlet problem

(3.22) (A+k3)Yp =0, in R*\ D,

(3.23) Yp =0, on 0D,

with the Sommerfeld radiation conditions satisfied by Yp — u'.

Next using lemma [3.1] and lemma we deduce the following estimates for the solution Y and its
gradient VY.

Proposition 3.3. The solution Y to the surface integral equation (3.5)) satisfies the following estimates.

e Ifh,=0(1), a—0, then

(3.24) Yl oo sy = O (Y lw1p(sy = O(1).
o Ifh,=a'"M~% s+ hy >1, then
(3.25) 1Y | o (sy = 0@ =) Y [y sy = O(az727)),
Proof. o If h, = O(1), the estimates follow directly from the invertibility of the surface

integral equation (3.5]) established in lemma
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o If hy = a'™™7% s+ h; > 1, we use the L? estimate for Y established in lemma [3.2] as follows.
s+hy—1
Recall that h = a7
Now using (3.5) and (3.9), we can deduce
¥ sy < ot sy 3 ISl My
S ||UIHH1(E) + Chiz ”YHL?(Z) = O(hil)v
and therefore for p € (1, 00),
¥ ooy < 0 gt + A2 18wl Mgy
< HuIHWLp(z) +Ch™? oY | Lo (s
< ||ul||W11p(Z) +Ch™2 1Yl 1r(s), since o is bounded
_ _ 3(1_ g
< [l [y sy + OB ga gy = OG) = 0(ad0=27),

Since Y € WhP(E) for p > 2, it follows that ¥ € C7(Z),n=1- ;% and hence we can derive the
estimate
3(1_g—
1Y 1l e ) < C Y Iy = O(a® =27y,
(]

3.2. The asymptotic approximations. As in the case of volumetric distributions, we now describe
the proof of the results in the following regime where v = 1,1 < s+ hy < % and when the frequency is
near the resonance with [, > 0. The proofs of the other cases follow similarly.
In this case, as in (2.27)), the algebraic system (|1.9]) can be rewritten as

M
(3.26) Yoo+ Y P (2m, 2;)CYja' ™" = ! (z),

j=1
J#EmM

where Y; = —C~1Q;, C = Ca'™M, j=1,...,M.
To compare this with the surface integral equation

(3:27) V() [ ) KO ()dsly) = o' (),
b>
form=1,..., M, we rewrite as
(3.28)
M
Y (2m) 4 al75M Z Do (2m, 2;)CY (2;)a®
s
M [a™"]
=ul(z,) +al™* M Z Dy (2m, 2;)CY (25)a® — Z Do (2, 25) KM (2;)CY (25) %]
Jam Jam
Az
[a™"]
Y 0 (o ) K )OY IS = [ e ) KM ICY (1)ds(y)
= i
B,

—al‘s"”/E Oy, (2m, y) KM (y)CY (y)ds(y) —a' >~ /E\ . Dy (2m, ) KM (y)CY (y)ds(y) -
Uj=1 J

m

CQ D2
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Remark 3.4. We note that in case ¥ is parametrized by more than one chart, we would need to
additionally estimate the integral over the part (image of the chart) that doesn’t contain the point z,,.
But this part being away from z,, would imply that the fundamental solution is smooth and therefore the
error estimate for this integral would only be better than the ones mentioned above in the splitting. [

The terms Ao, Bo,Cy and Dy can be estimated by closely following the arguments in the case of
volumetric distributions.
Let us begin with the term Cy. We recall that by our assumption, ¥, is contained in a single chart and
hence it is easy to observe (using the local co-ordinates, if necessary) that for r < %aé, the image of the
ball B(z,,r) of radius r is contained in 3,,. By an abuse of notation, we shall identify between B(z,,7)
and its representation in the local chart. Therefore using and continuing as in the proof of ,
we can write

al-|[ m q>~0<zm,y)KM<y>CY<y>ds<y>]

IN

[EM | o g5y ICHIY Nl e

/Z D0 (2, y)ds(y)’

m

C 1 1
—a%(l‘s_hl)(/ ——ds(y) +/ 7ds(y)), where r <
4m B(zm,r) ‘Z’m - y| Em\B(zm,) |Zm - y|

ga%(ksihl) (27T7‘ + ! [a® — 7T7’2]> < gﬁé(l*s*hl)a%’
T

IN
l\D\»—t

IN

47 47

Hence, we deduce that
(3.29) Cy = O(a2(1sm)+3),

Let us now estimate the term Bs. To do so, we split it into two parts By ; and Bj o given by

[a="]
By = 3 B ) KM ()Y ()% = [ @) KV 0)CY (1)s(0)
j=1 Ul 25
j#m Jj#EmM

[a™7] [a™7]
_ Z / o (zms 2) KM (2)CY (25)ds(y Z / o (s )M (23)CY (3)ds ()
J?ﬁm ]#m

(3.30)
B2 1
o] [o°]
£y / By e ) KM () CY ()s) — 3 / o (2 0) KM (1)CY (y)ds ()
f:ﬁq 2 #m
B3

As in the case of volumetric distributions, relative to each ¥,,, we distinguish the other bubbles as near
and far ones using squares (or quadrilaterals). In such an arrangement, the number of squares upto the
nt? layer is (2n+1)2, n=0,..., [a*ﬂ and X, is located at the centre. Hence the number of bubbles in
the n" layer will be atmost [(2n + 1)? — (2n — 1)?] and their distance from D,,, is more than n (a2 — %).
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To estimate the term Bs 1, we notice that

(3.31)
e
[Boal < [|KY || e s [C1 3 [ / 1o (2 25) = B (2, )] ¥ (25)] + / 1 (2 0)IY (2) = Y (0)

a=’] a=’]
EM ey [O1 | [ o) = s DY)+ X [ g malIY (25) = Y )

j#m j#m

I 17

Now using Morrey’s inequality, 1 can be treated as

[a=3]

C
II< 2+127271237/va}/

2 [Cnr1? = Cn=17] Sy | V) YO
[a” %) o

< 3l 2= o= 07— [ =l Ve
" n(af =) Js,

(3.32) !

[a= 3] o

< m+1)2—(©2n-1)? ——— / i =yl [1Y [lyy1e
2 [(2n+1)* = (2n )]n((ﬁ_%> Ejlzj Y 1Y s
[a™ 2] o

< o2n+1)2 — (2n — 1) 10| Y |y sy -

— —~ [( n+ ) (n )]n(a%_%>a a H HWVP(Z)

Similarly, we see that I satisfies the estimate

[a™?]
LY sy S / By (2r ) — B (2 25|
j=1 g

(3.33) s |
2] c 1

< CNY| foorsy a2 a® 2n+1)% — (2n — 1)? . .

S CONYlpo(xya2a ;[(”‘f‘ )" —(2n )]n(aﬁ—%) [n(az—g)—’—m
Therefore using , we can infer that
(3.34)

. L ) . c 1
|Ba,1| < ||K HLOO(Z) |C| r; [(2”+ )" =(2n-1) ]aza n(ﬁ — %) [n (a§ — %) + Ko ||YHL°°(E)
[a™2] o
M el 2 2 iy s
+{[EY e ) [C n; [(2n+1)% = (2n = 1)7] mm"a 1Y 1o sy

2

[a”2] s 9 5
=0 Z adqi(—s—h1) [ + ] a3t g3—s—h) [8+ ]
n n n

n=1

- O(a%(l—s—h1)+%log a) + o(a%(l—s—hl)-i-%) +0 (a%-i-%(l—s—hl)) + o(a%-‘r%-‘r%(l—s—hl)log a).
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Similarly using the fact the function K € C%*(X), we can deduce

[a™"]

Bol < V[l 1€ S / By (2o ) | K (2) — K (3)] dy
Jam
[a= 2] o
<Y 7 eors |C o +1)% — (2n — 1)? S
n=1 2 ¥
B [a” 5] o
<Yz (s ICIK]cons) Z [(2n+1)* — (2n —1)?] n(as =
n=1
—0 (a%(l—s—h1)+%) L0 (ag+%+%(1—s—h1)log a) 7
and hence
(3.36)

By, =0 (a%(l_s_h1)+%log a) +0 (a%(l_s_hl)"’%) +0 (a%+%(1_‘9_h1)) +0 (a%"’%*'

+0 (a%(lfsfhm%) +0 <a5+%+%<1*5’h1)109 a) :

/2 125 — 1 K] o sy

vl
=
|
»
|
>
=
—
-~
)
<
S
~

Next we estimate the term Ds. Just as in the case of the term D; in the volumetric distributions, for
points z,, located near the boundary 9% of %, we split the integral into two parts denoted by F,,, and
Np,. Since F,, C X'\ UEZS]Zj, it follows that |F,,| is of the order a as a — 0. To estimate the integral
over N,,, we divide this part into concentric layers using squares. In this case, we have at most (2n + 1)
squares intersecting the boundary 9%, for n = 0, ..., [a~2]. Therefore the number of bubbles in the n'"

layer will be at most [(2n + 1) — (2n — 1)] and their distance from D, is atleast n (

Keeping this in mind, using (3.25) we can write

Dy| = / B (2 ) KM (1) CY (9)ds(y)
E\Uga:1]2j
‘ / <1>m<zm,y)KM<y>CY<y>ds<y>\+ / @Koum,y)KM<y>CY<y>ds<y>\
N Fp,
. o lh . ,
< 0@ =) KM g [Cla® Y —— 4 Calll=*""a
=1 ™M
[a” 5]

< 0@} ) [KM gy [Cla™ 3 20+ 1) = (20— 1)] (
=1 n\a

wlo

= 020" [ KM L ) [Cla2 0(log a) + O(a2 =)0 (a?),

and hence

Nlw

(1787}7,1)4’*

(3.37) Dy = 0O(a 2log a).

1

e

)

ag—%).

+ Catlizshgs
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To estimate the term Ao, we write it as

(3.38)
M [a™’]
Ay = B (2m, %) CY (25)a” = Y @y (2m, 7)) KM (2))CY (25)[3]
Jzm Jzm
(KM (zm)] [a* T 1K™ (2)]
= Z D (2, 21)CY (21)a® + Z Z Dy (2m,21)CY (21)a®
=y Em sex
[a™"]
= Y Oy (2my 2) KM (2)CY (2) [
Fam
(KM (2m)] [a™°] (KM (2))]
=Ca® Y Pu(zm.2)Y(2)+ Y Ca* > By (zms )Y (21) | = Py (2 2) [KM ()] V(2)
lelgém Jam =3
Es Ej

Now the terms E3, EZ can be estimated just as in the case of terms F; and E% for volumetric distributions
and we can deduce that

(3:39) Az =0(a"") +0 (a0t ilog a) 40 (aFHEATI) 4 o (a0 Mg o).

Using the estimates (3.29)),(3.36)), (3.37) and (3.39) in (3.28]), we can write

M
Y(zm) + Z @,y (2m, 2j)CY (2j)a*
:7':1
(3.40) 7 - St A48 (1 s
= () + O(a!*Ma* 1) 40 (aF AT 4 9(af+ B IO Mg q)
+ O(ag(l_s_}“”%log a)+ 0 (a%Jrg(l_s_hl)) + O(a%+%+%(1_3_hl)log a),
and hence
M —
(Yo — Y (2m)) + Z Dy (2m, 2;)C(Y; — Y(Zj))a17h1
=1
(3.41) o

= 0(a"M ) + O(a2 15T 09 a) + O (a%%(lis*hl)) +OETETT M iog o
+ O (a%+g(1—37h1)> _|_ o(a§+%+%(1*87hl)log Cl)-

Since Y, — Y (z,,) satisfies (3.41)), from the invertibility of the algebraic system (3.41]), we deduce
(3.42)

M
5" W~ (el = 0 (Ml 4 aEO 1 g 0 4 HEO ) 4 g4 O g )
m=1
+0 <M(a%+g(1_s_h1) a3t T Tk pg a)) .
Using the above estimates, we can now compare the far-field values. Let us denote

W (8,0) = —a M0 / im0t KM (Y (y)ds(y).
>
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Therefore using (1.8)), we can write

M
7a17h175 /efzngijM(y)éy( )dS Zefznga: ZJCYU, +O( 2—s5— h1+ 3—2t—2s5— 2h1)
b
Jj=1
. ~ — 75]
alfhlfs/ [ efzm)myKM(y)Cy( )ds 1 hi—s Z/ —iko&- yKM( )CY( )ds( )
s\l s,

al—hl—s § e—lnomz]'éyvjas T o(a2—s—h1 T a3—2t—25—2h1).
=1

Now using (3 and the fact that |X\ U 1,3,] = 0 (a?), by proceeding as in the case of volumetric
distributions we can deduce

1 hi—s ZKM zj C/ —mom yY ) —moa‘mzjy(zj)jl ds(y)

[e°]

4 gl=ha—s Zl/z etV KM ()CTY (y)ds(y Z/ e otV KM (25)CY (y)ds(y)

(3.43) CEN (K™ (2))] o o
+ Z Cal ™ Z (e*m”'zj Y (%) — e*Z“Ox'Z’Y(Zl))
j:1 zllgéj

L0 (a%(lfhlfs)+§ 1g2ms2h a372t72872h1>
+0 (Malfh1 [alfhl*t + a%(lfs#“”%log a+a?Tal-s=h) 4 a%+%+g(1757h1)log aD

+0 (1\4(zl_h1 [a%+g(1_s_hl) + a%+%+%(1_3_hl)log a]) .

Now proceeding as in the case of Bs, it can be seen that

(3.44)
@) EMe) N 3
Z Cal_hl Z (e—zn0w~2jy(zj) _ e—znow‘zly(zl)) — O(al hy— sa « a2(1 hy— a)) + o(al—hl—sagag(l—hl—s))’
/ zll:)llj
(3.45)
[a™"]
gl—hi—s Z KM(zj)C/ [e—imoi~yy(y) _ e—moi‘zjy(zj)] ds(y) = O (ai—hl—sag(i—hl—s)ag) + O(aFHEms—h)),
j=1 %
and
(3.46)
fa=] =)

[ e () CY sty | =0 (aF TEI )
%

=1 J

<
Il
—
<

<
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Using ((3.44)-(3.46) in (3.43)), we obtain

(3.47)

u™(2,0) = ug®(2,0)
:O(ag(1—h1—s)+g_i_agu_hl_s)p; @il b | 2ms—2hy | 3225~ 2h1>

+0 (alfhlfs _a

+0 (alfhlfs _a%+%(1757h1) + a%+%+%(1757h1)l0g a])

Iohai—t 4 g3 (=s=h) 5150 g 4 g2 t3(ms—h1) 4 o5+ +30-s=h)j4, a])

—0 (ag(1—h1—s)+g 4+ qihi=s)+ g | 2s—2h o a3—2t—2s—2h1)

+0 (alfhlfs _a

17h17t+a%(1737h1) 2loga+a2+ S(1—s— h1)+a2+8>\+ (1—s— hl)lOg a:|)7

since we can choose 77 such that \ < 7.
We already know that 2 — s — 2hy > 0 and 3 — 2t — 2s — 2hy > 0.

(3.48)

(3.49)

(3.50)

(3.51)

e Note that al =" =¢ . g1=h=t = ¢2=2h=s=t Now if by +¢ < 1, then

1 3
2-2M —s—t>2-h—s—5=7—hi—s>0,

since we are in the regime 1 < s+ h; < %
Hence a sufficient condition, in this case, can be written as

We now want conditions to guarantee 2(1 — hy — s) + 5 > 0. Note that 3(1 —hy —s) + 5 =
5 _ 5h1 25

2
Now 1f 5 < Z - % then we can guarantee 5 - % —25>0.
Hence a sufﬁ(nent condltlon in this case, can be ertten as
5 5h1
O<l—-hi<s<-———
! 4 4

We next look for conditions to guarantee that %(1 —hy —s)+ % is greater than 0. Note that
§(1—h1—s)+%=2—5’4—%+%.

2
Now if s + h; <1+— <3 thenwecanguarantee%—%—5’2—54-% > 0.
Hence a sufficient condltlon in this case, can be written as

sA 3
1 h 1+ — < -
<s+np < -1-5 <2

Next we deal with the term a3+%+3(1=s=h)jog q. Note that a%

log a ~—+ 0. Therefore if

asts(=s—h) 0, then a3+% (s "log a —> 0 hold true. Hence we need to ensure

a—0
that £+ Z(1—s—hy) =12 —3s— T >0.
Now if s % — M , then we can guarantee that 5 — 35— M > 0.
Hence a sufﬁc1ent condltlon in this case, can be ertten as
7 7h1
1-hi<s<—-——
! 6 6

Next we consider the term a2(=="1)+3 g a. Since a®log a —— 0 for any a > 0, it is sufficient
a—r

that %(1 —hy —s)+5 > 0. As seen in the previous case, the condition (3.51) is sufficient for this
to be true.
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e Finally we consider the term a3(1=s=h)+%  Note that if s+hy < 1+%, then %—%—%—#% > 0.
Therefore a sufficient condition, in this case, can be written as

(3.52) 1<s+h1<1+%<%.

From —, we can derive the following set of sufficient conditions:
0< 1_3h1 <§§t<%—h1,

(3.53) 0<1—h1<s<£—%h1,
l<s+h <1+ %

Now note that if s + hy further satisfies the condition s +h; < 1+ (17%)’\, then s+h; <1+ % as well.
Also since A € (0,1), it follows that 1+ W —hy =2 (1—hy) < Z(1—m).
Therefore if s < TE2(1 — hy), then s < I — as well.

Hence we can replace the set of conditions (3.53) by the following set of sufficient conditions:

3
O<1—h1<s§3t<§—3h1,

T+
0<1—h1<s<%(1—h1).

(3.54)

Note that the first condition in (3.54) implies that h; < L Now if by < =2 we have % —3hy >

1 28—2X°
#(1 — h1) and we can replace the conditions (3.54]) by the sufficient condition
T+ A
(3.55) O<1fh1<5§3t<%(17h1).

Finally from (3.19) and (3.47)), we derive
—-0 a”hfﬁl 4g2s T2 g (3=20-25=2h1 | 2-2ha—s—t | F(l-s—h)+5 50 ¢
(3.56) g
+ 0 (a%+%(1*5*h1) + a%Jr%*%(l*S*hl)log a) .

Remark 3.5. When (v < 1, v+s =2) or (y = 1,7+s = 2 with the frequency w away from the Minnaert
resonance), the estimates can be deduced similarly by using instead of (3.25)). Also arguing similarly
as in the case of volumetric distributions, we can further compare the far-fields corresponding to C to
that of Cjeqq. In particular, when v < 1, v 4 s = 2, we obtain

(3.57)  uX(2,0) — u,,(#,0) = O (aH +a® +a® +a> a3 0t 4 ablog a) ,
and when v = 1,7 4+ s = 2 with the frequency w away from the Minnaert resonance, we obtain

u™(z,0) — upo,(£,0) =0 (a2 +a? +a% +a2 +d> 7 405 4 adlog a)
(358) sn sA s
=0 (a7 +a? +a> P +adTTH T Lo L adlog a) ,

where

uel (z,0) = 7/ e 08y KM (1) CheaaY (y)ds(y).
b
2
Now suppose that v = 1 and w is near the Minnaert resonance,i.e. 1 — % = Iyra™, with Iy # 0 and
hi € (0,1) where s and ¢ satisfying the conditions

1

s=1—1y auad%gt<min{1—h1,5

}.
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Then if we use the fact that s + hy = 1 in (3.47)), combined with the fact that

2

w? — @2, = W?lpra™ 4 (WP

- w%/[)7
O(a?)
we can derive
(3.59)
u™(2,0) — u(#,0) = O (ahl +a

—hq

+a17h1 _|_a172t + a17h17t _|_a1 3 log a) .

(I=hy)n (A=hy)A
2 +a 2

APPENDIX A.

Let us recall that

co_ Pl
P _ 1,24
P—Po 8m
v < 1: We rewrite C as
1
C = x*|D| -
g P LHQAP*PO}
P—po 87 P
= —k*|D| po—p = x| D2 [1_% - x]t.
P Po
1 0 —
p 1— 7/{214/) £0
8 P
X
Note that

1 AP — 1 S 1 R
X=g2AlTP0 2 h 0 240 O(a'™).
8T p 8T 8T p

——
O(a?) O(a2-a=1-7)
Therefore
C=-r?D/2 {1’)] [T+ X +X%+...]
p Po
T {1 - p] — w2|D|2° [1 - p] X — k2| D2 {1 - p] X2 4.
p Po p Po P Po

= 2D — DX + K}D| + K}DIX +...
—— ——

" " 0O(a!t7-a2-7) O(a2-a2~7)
O(a?2-7) O(at=7-a2~7)

= —/€2|D|% +0 (a7 a*77).

v=1 (and away from resonance): Proceeding as in the earlier case, we write

C = #2|D| LI = —x2|D| Po—p
p—ppo [1 o S%HZAp_ppo}
pl1o Lpzal=ro
8T P
~—_——

X
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Now we can write 1 — X as

1 A 1 A
1—X:1+—/12Ap—0——f$2A

8T p 8
—_—
~1 0(a?)
1 A Lx2A
= [1 + KQAPO] — 8’;
T p 1 + gK/ZAPO
X1

X2
which implies

[1-X]""= X711 - X5]7", where X ~ 1, X, = O(a?).

Therefore
C=-rD21-L|x71- X,
P L Po |
=D - L X X+ X2
p L Po |
= D2 |1 - L] X7t - k2 D)2 [1—'0} X71X, — k2|D|2 [1—”] X7X2 4
p Po | p Po p Po

= kD22 x Y — k2D X Xy + k2|DIX T + K2 DX X
P P —_—

O(a3) O(a3-a?)

O(a) O(a-a?)

= —/i2|D\'%0Xf1 +0(a®).

APPENDIX B.

In this appendix, we outline a proof for the invertibility of the single layer potential S,,, when restricted
to functions defined in an open subset ¥ of ', where I' = D for some open connected subset D of R3.
Let us recall that

H*(2) = {fls: f € H*()}, HL(T) :={f € H*(T) : supp f C ¥},
Hg* (D) :={p € H*() : ($,¥)—s,s = 0, for any ¢ € Hp\x(I')}-
It can be seen that

(H*(D)) ~ H*(T), (HY(I)) ~H ().

The following property for S,

. has been proved in (theorem 2.4, [9]):

(B.1) Sk,

z¢ € HM\(X) <= ¢ € HE(T), -1 <5 <0.

Using (B-1]), we next study the invertibility of the single layer potential when restricted to Hy *(T').

Theorem B.1. Let ¥ be an open subset of ', where I' = D for some open connected subset D of R3.
Assume that k3 is not an eigenvalue for the Dirichlet Laplacian in D. Then the mapping

Sko

. H'(T) — LA(%)
1s invertible.

Proof. We first prove the invertibility in the case when /f% # wn,p, where wy, p is an eigenvalue for the
Neumann Laplacian in D.
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o Surjectivity: Let g € L*(X) and we define

- _ )9 inX,
770, inT\ %

Also let f € L*(T') be such that (—3/d + K,,) f = 7, and we define

vi=Kg, f.
Then the function v satisfies (A + &%) v =0 in D. Also since f € L*(T), it follows that % - €
H=YT).
Now let h € H~'(T') be such that (—3/d+ K} ) h= % and we set

w = Sy, h.
Then the function v — w satisfies

(A+kd) (v—w) =0, in D,
LU —w) =0, on 9D.
ov

Since KZ% # wn,p, it follows that v —w = 0 and hence § = S, h.

Let us further assume that g € H*(X), 0 < s < 3. Then from and the fact that § = Sy h,
we can conclude that supp(h) C ¥ since supp(g) C .

By a density argument and using the invertibility of S,, : H~ (') — L?(T'), we can now deduce

that L?(X) C SKO‘E (H5'(I)), that is, Sy, . is surjective.
f=0forfe HyY(D).

Now by definition, f € Hy'(T') implies that f € H~!(T'). Therefore using the fact that the
mapping S,, : H (') — L?(T) is invertible, we immediately have f = 0 whence injectivity
follows.

o Injectivity: Let Sy,

Hence if k3 # wy p, the above argument shows that

S,

L H'(T) — LA(%)

is a bijection. Since it is continuous, it follows that S,,| is an isomorphism.
Now if k3 = WnN,p, We write

Sko

s (s -sl).
b b b b
where k2 is not an eigenvalue for the Neumann or Dirichlet Laplacian in D. From the previous step, we

know that S;| is an isomorphism. Also it is easy to see that S, . Sk‘E is compact. Therefore S, ‘2
b

follows as in the earlier

is Fredholm with index zero. The injectivity (and hence invertibility) of S, .

case as the proof holds for any x3 which is not an eigenvalue for the Dirichlet Laplacian in D. (|
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