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Abstract

This paper is concerned with the scattering resonances of open cavities. It is a follow-
up of [1], where the transverse magnetic polarization was assumed. In that case, using
the method of matched asymptotic expansions, the leading-order term in the shifts of
scattering resonances due to the presence of small particles of arbitrary shapes was derived
and the effect of radiation on the perturbations of open cavity modes was characterized.
The derivations were formal. In this paper, we consider the transverse electric polarization
and prove a small-volume formula for the shifts in the scattering resonances of a radiating
dielectric cavity perturbed by small particles. We show a strong enhancement in the
frequency shift in the case of plasmonic particles. We also consider exceptional scattering
resonances and perform small-volume asymptotic analysis near them. Our method in this
paper relies on pole-pencil decompositions of volume integral operators.

Mathematics Subject Classification (MSC2000). 35R30, 35C20.

Keywords. Open dielectric resonator, shift of scattering resonances, plasmonic nanoparti-
cles, exceptional scattering resonances, pole-pencil decomposition.

1 Introduction

In this paper, which is a follow-up of [1], we consider dielectric radiating cavities [10,12,17]
and rigorously obtain asymptotic formulas for the shifts in the scattering resonances that are
due to a small particle of arbitrary shape. Our formula shows that the perturbations of the
scattering resonances can be expressed in terms of the polarization tensor of the small particle.
The scattering resonances can be degenerate or even exceptional and the small particle can
be plasmonic. Our method is based on pole-pencil decompositions (see, for instance, [3,5]) of
the volume integral operator associated with the radiating dielectric cavity problem. The new
technique introduced in this paper can not be easily extended to the transverse magnetic case
considered in [1] due to the hyper-singular character of the associated volume-integral operator.

The paper is organized as follows. In Section 2, we characterize the scattering resonances
of dielectric cavities in terms of the spectrum of a volume integral operator. In Section 3, using
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the method of pole-pencil decompositions, we derive the leading-order term in the shifts of
scattering resonances of an open dielectric cavity due to internal particles. In Section 4, using a
Lippmann-Schwinger representation formula for the Green’s function associated with the open
cavity, we generalize the formula obtained in Section 3 to the case of external particles. In
Section 5, we consider the perturbation of an open dielectric cavity by plasmonic nanoparticles.
The formula obtained for the shifting of the frequencies shows a strong enhancement in the
frequency shift in the case of plasmonic nanoparticles. In Section 6, we perform an asymptotic
analysis for the shift of exceptional scattering resonances. The paper ends with some concluding
remarks.

2 Scattering resonances of a dielectric cavity

2.1 Model

We consider the scattering of linearly polarized light by a dielectric cavity in a time-harmonic
regime. Let © be a bounded domain in R? for d = 2,3, with smooth boundary 9. Assume
€ =T1e, + &, inside () and ¢ = ¢,, outside ), and u = pu,, everywhere. Here, ¢, ¢,,, and 7 are
positive constants. Since we are interested in scattering resonances, we look for solutions u of
the homogeneous Helmholtz equation at frequency w:

{ Au + w’e(x) ppyu = 0 in R?, )

u satisfies the outgoing radiation condition.

Let T, be the outgoing fundamental solution of A + ¢,,11,,w” in free space, and let G be
the outgoing fundamental solution of A 4 ep,,w” in free space. We define the following integral
operator:

Definition 2.1. Let
L*(Q) —L*(Q)

gl i= = [ aTo(- — yi)dy

The following Lippmann-Swchinger representation formula holds:
Proposition 2.2. u is a solution of (1) if and only if u is a solution of
(I- sz&?c,umKS) [u] = 0. (2)
According to [9], the following spectral decomposition of the operator K¢ holds:

Lemma 2.3. The operator K¢ is bounded from L*(Q) into H*(Q). Moreover, it is a Hilbert-
Schmadt operator. Therefore, its spectrum is

U(‘K?;) = {07 )\1(("})7 )\2(("))7 ceey A]((A}), s } )
where |\;(w)] — 0 as j — 400 and {0} = o(Kq)\o,(KH) with o,(Kg) being the point spectrum.

Remark 2.4. The scattering resonances are precisely the frequencies for which (wZTgcum)
belongs to the spectrum of K§.

Remark 2.5. Note that I\;(w) # 0 for all j and w € R.
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Let H; be the generalized eigenspace associated with A;(w). Then, from [9], it follows that
2 .
L7(2) is the closure of | J; H;.

Lemma 2.6. We have

Lemma 2.7. Assume that for any j, dim H; = 1, and denote by e; a unitary basis vector for
H;. Then the functions

fj,k:(xay> = ej(I)ek(’y);

form a normal basis for L*(€2 x Q). Moreover,

Sz —y) = ej(x)e;y).

j
2.2 Pole pencil decomposition of the Green’s function

We denote by G(x,y;w) the Green’s function associated with problem (1), that is, the solution
in the sense of distributions of

(A:c + wzg(x):um) G([E, y7w) = 5@/
satisfying the outgoing radiation condition.

Definition 2.8. In view of Lemma 2.3 and Remark 2.4, we say that wq is a scattering resonance
for the open cavity problem if there exists a j, such that

1-— ngac,um)\jo (wg) = 0. (3)

We say that the scattering resonance wy is a non-exceptional scattering resonance if the following
assumptions hold:

(i) We have
1- w27_€clj“m)‘j0 (w) = R(w>(w - w())?

where R(wy) # 0 and w — R(w) is analytic;
(ii) The generalized eigenspace H; (w) is of dimension 1.
Remark 2.9. [t is easy to see that for T large enough, (3) has solutions.

We can now give the following expansion for G when w is close to a non exceptional scattering
resonance. We refer to Appendix A for its proof.

Proposition 2.10. Assume that wy is a non-exceptional scattering resonance. There exists a
complex neighborhood V(wy) of wy such that for w in V(wy) \ {wo},

)RV iy ), (1

G(r,y;w) = (e — y;w) + ¢ (wo

where vect(e; ) = H; . Moreover, w R(z,y,w), w — ej,(w), and w — ¢; (w) are all
analytic in V(w,), and (z,y) — R(z,y,w) is smooth.



3 Shift of the scattering resonances by internal small
particles

Now let D € €2 be a small particle of the form D = z 4+ § B, where ¢ is the characteristic size
of D, z is its location, and B is a smooth bounded domain containing the origin. We suppose
that D has a magnetic permeability that is different from p,,, and consider the operator

1
V.=V +ew?
1]

where 4 = p, in D and p = p,,, outside D.
As 0 — 0, we seek an ws in a neighborhood of w such that there exists a non-trivial solution
to

1
(V- 2V ews)u =0, (5)

subject to the outgoing radiation condition.
The following asymptotic expansion of ws holds.

Proposition 3.1. As § — 0, we have

Ws — Wy = 5de0 (wo) M (fhyn/ pte, B)Vejo(z; W) - Vejo(z; Wo)- (6)

Before proving the above result, we state the following useful lemma. We refer to Appendix
B for its proof.

Lemma 3.2. Let
Th : U»—>V/ -VG(x — y;w)dy.
Then, Ty is a well defined operator from LQ(D,Rd) into itself.

Proof. (of Proposition 3.1)
The outgoing solution to problem (5) admits the following Lippmann-Schwinger represen-
tation formula:

u(z) = (/;m )/ Vu(y) - VG (z,y;ws)dy  for all z € R%.
c D
Let

Ty :ve LX(D)— Vv, / -VG(r —y;w )dy€L2(D)d.

The operator Tp is well-defined, see, for instance, [6, Appendix B]. Therefore, we seek w; such
that there is a non-trivial v € L*(D)? satisfying

v(z) — (1 pe — 1/ pp) T [v](x) =0 for all z € D,

or equivalently,
Fom
(I—(M——l)T )] =0, (7)
where I denotes the identity operator. Hence, as the characteristic size ¢ of D goes to zero, we
seek ws in a neighborhood of wy such that 1/((i,,/1.) — 1) is an eigenvalue of T}°.
From the pole-pencil decomposition (4) of G, we have

v/v VG = v/ VT, + — i )(/DU-Vedey)VejO(x;w)—|—R[U],
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where R : L*(D)* — L*(D)% is an operator with smooth kernel that is analytic in w € V (wp).
Let

Np:ve LQ(D)d > Vz/ v(y) - VI (v — y;w)dy € LQ(D)d.
D

Then, it follows that

e (-2 o rs)i) = (g - V)l

He He
3, ()
_w]_—wo(v,Vejo)Vejo + R[v],

where (-, -) denotes the L? real scalar product on D.
Let L = 1/((jtm/ptc) — 1)I — N}, where N}, := Nj=". Then, (7) can be rewritten as

G (w)

W — Wy

Lv] — (v, Ve, )Ve; + R[v] =0,

where R : L*(D)* — L*(D)? is an operator with smooth kernel that is analytic in w € V (w).

Now, we need to use the orthogonal decomposition of L*(D, Rd) and the spectral analysis
of Ny on L*(D,R%) that can be found in [13,14]. More precisely, recall that

L2 (D,Rd> — VHL(D) @ H(div 0, D) & W,

where Hy (D) is the set of H'-functions in D with trace zero on D, H(div 0, D) is the space
of divergence free L*-vector fields and W is the space of gradients of harmonic H' functions.
Here, H' is the set of function in L? having their weak derivatives in L?. We will use the
following lemma:

Lemma 3.3. The operator Ny is a bounded self-adjoint map on L*(D,R%) with VHy(D),
H(div 0,D) and W as invariant subspaces. On VHy(Q), Np[p] = ¢, on H(div 0, D), Np[¢] =

0 and on W: )

v Nplel = (54K ) [6- 4] on oD,

where v is the outward normal on 0D and K3, : L*(0D) — L*(0D) is the Neumann-Poincaré
operator associated with 0D. Moreover, N,%|W W — W s a compact operator and hence,
the spectrum of N,%|W is discrete and the associated eigenfunctions form a basis of W.

We refer the reader to [3] for the properties of the Neumann-Poincaré operator.
Therefore, using Lemma 3.3, we have

v — Cjo—(w)(v, Vejo)L_l[VejO] + L7'Rv] = 0.
W — Wy

So, since
1N
||L RHﬁ(LQ(D)d,LQ(D)d) =o(l) asd—0,

see [5] and [6, Lemma 4.2], the term L' R[v] can be neglected, and the following asymptotic
expansion holds:
Wy — Wy = cjo(wo)(L_l[VejO], Vejo).

Moreover, from [6, Proposition 3.1] (see also Appendix C), it follows that
(Lil[vejo], Vejo) = 6dM(:um/:uca B)Vejo(ZQWO) : V€j0(2§w0)7 (8)
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where M is the polarization tensor given by [4]

s ooV
M (i1 B) = (22— 1) /a T,

with o™ being such that

(A =0 in R?\ B,
A =0 in B,
ooV ov (9)
Fh— (Mm/MC)WL on JB,
Lo D(e) ~ ¢ as |¢] = +oo.
The proof is then complete. [ |

4 Shift of the scattering resonances by external small
particles

Now consider the case where the particle is outside 2. The main difference is that the modes
of K¢ are not defined on D, and therefore we must first write the expansion for G' outside of
Q2. We start by recalling the Lippmann-Schwinger equation for v =G — T,

([ - w27-50,umK5) [U(,xo)](l') = w2TchmK5 [Fm(a 1’0)] (x) for T, Ty € Q.
Now, using Proposition 2.10 for z and 2z’ inside €2 we have

!
e; (zyw)e; (25w -
JO( ) JO( ) + R(z, 7, w),
CL)—CL)O

v(z, 2 w) = ¢, (w)

and we can write an expansion for v(z, o) for z € R*\ Q:

2
W TE Cc; (W
’U(l’? xo) o c/jlm ]0( )

/ero(z,w)f‘m(z, r)e; (w9, w)dz — W re i KSR (-, 29, w)] (x)

= W T i K& [T, 20)] (2) zeRY z, €.

W — Wy

The latter equality can be written as

wQTec,umch (w)

W — Wy

v(x,zg) =

(/ ejo(z,w)Fm(z,x)dz) ej, (g, w) + By (, 70, w), zeRY z, € Q.
Q

where R, is regular in space and holomorphic in w. Let

95, (T3 w) = LUQTSC,Mm/ e, (25w, (2, 25 w)d2, z € R
0

We have

¢j,(w)
v(z,2) = wjo_ w09j0(375w)€j0($07W) + Ry (2, 29, w), VS Rdal“o € Q.




We can now use this expansion in the Lippmann-Schwinger equation again:

w2T6c/Lij0 (w)

W — Wy

U(‘T7 IL‘o) - s, (fL’, W) (/ €j0(z, W)Fm(z7 ZEO)dZ) - szecN'ng[Rl('v o, w)](m)
Q
= et KG [T ()] (1) 7 € Ry € RY,
Therefore, we have an expansion for v outside of €2:

cj, (w)

W — Wy

U(']:"IO) = gj()(x;(ﬂ)gjo (IO;M) + RQ(I,Q?O,M), YIS Rd7 Ty € Rd-

Analogously to the calculations in the previous section, we have

G (w)

w — Wy

(v, Vg;,) L' Vg, ] + L' R[v] = 0,

for some operator R with smooth kernel that is analytic in w in a neighborhood V' (wj) of wy.
Therefore, by exactly the same method as in the previous section, the following asymptotic
expansion can be obtained.

Proposition 4.1. As § — 0, we have

Ws =Wy = 5de0 (wo) M (p/ e B)ngo(z;wo) ) ijO(Z;wo)- (10)

5 Shift of the scattering resonances due to resonant dis-
persive particles

Let D € () and suppose that D is made of dispersive material, i.e., such that p,. depends on w

and for a discrete set of frequencies w, that we can call plasmonic resonances by analogy with
: . m —"_ C * -

the transverse magnetic case, problem (9) (or equivalently the operator (ul —-K D) 1)

(:U’m - /vLc)
is nearly singular, see [2,7,8]. In that case, we have the following scattering resonance problem:

Find w such that there is a non-trivial solution v to

¢ (w
L(w)[v] — wj——(w)o(v’ Ve, )Ve; + R[v] =0, (11)
where L(w) = 1/((ftm/te(w)) — 1) — N. Using the Drude model for the permeability, we have
fe(w) = pi (1 — wﬁ Jw?), where w, is the volume plasma frequency.

It is easy to see that the nearly singular character of (9) is linked to the non-invertibilty of
L(w) on W.

Denote by P, : L*(D,R%) — L*(D,R") the orthogonal projector on VHg (D) and P,
L*(D,R% — L*(D,R%) the orthogonal projector on H(div 0, D). Using Lemma 3.3, we can
write the resolvent operator L™ ' (w) as follows:

. 1 1 L 03)0;
L(w) :1—)\(w)P1+)\(w)P2+Z—( 21)¢ ;

where (A}, p;); are the pairs of eigenvalues and associated orthonormal eigenfunctions of ND.
We can then rewrite equation (11) as follows:

5 (w) (U7V€j0)<vejo>90j)90j
W — wy AMw) — A,

J

+ L7 'R[v] = 0.
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Now, taking the scalar product on L*(D,R?) with Ve;, and multiplying by (w—wg)(A(w) —A;),
we obtain that

(W — wp)(Aw) — Aj)(“a Vejo) - Cj()(wO)(Ua V€j0)<vej07 %’)2 + (w — wp) (Aw) — )\j)L_lR[U] = 0.
Since R is analytic in w, the remainder (w—wp)(A(w)—A,;)L ™" R[v] is negligible in a neighborhood
of wy. Hence, we arrive at the following proposition:

Proposition 5.1. As § — 0, we have

(ws — wo) (Mws) — Aj) = ¢, (w())(vejo? @j)Q-

Note that if A(w) —A; >~ O(w — wy) for w close to wy, then we obtain

(ws — W0)2 = Cjo(wO)(vejo(';wO)a 90]')27

Hence, we have a significant shift in the scattering resonances if the particle D is resonant near
or at the frequency wy. This anomalous effect has been observed in [16].

6 Asymptotic analysis near exceptional scattering reso-
nances

In this section, we consider the asymptotic behavior of an exceptional scattering resonance for
a particular form of the Green’s function. These exceptional resonances are due to the non-
Hermitian character of the operator Tp, see [9,15]. For simplicity and in view of the Jordan-type
decomposition of the operator T}, established in [9], we assume that, for w near wy, G(z,y;w)
behaves like

h(l)(x; w)h(l)(y; w) + o) h(2)(:v; w)h(2)(y; w)

Gla,y;w) = D@, ysw) + e (W) == o (@ — o)

+ R(w), (12)

for two functions A" and A® in L2(D). In this simple case, we characterize the shift of the
scattering resonance w, due to the small particle D, which is assumed for simplicity to be
non-plasmonic.

Following the same arguments as those in the previous sections, we seek a non-trivial v such
that

h(l) h(2)
Liv] — ¢ (w)MVh(l) - CQ(M)(ULth@) =0,
W — Wo (w — wy)
or equivalently,
h(l) h(2)
o — ey YD 0] — o)) ey — o,
W — Wp (w — wy)

By multiplying the above equation by VLY and Vh(z), respectively, and integrating by parts
over D, we obtain the following system of equations:

LY wpM1 waW LUva®) v
(U,Vh(l)) 1—61(00)( [Z_i;v ) :02(w)(v,Vh(2))< v ]av2 )
0 (w—wp)

v Vh(2)) L o) (L_I[Vh(z)], Vh(2)) o (w)(o, Vh(l)) (L_I[Vh(l)], Vh(2)).

(w — wp)? W — Wy

Y

Therefore, the following result holds.



Proposition 6.1. Assume that the decomposition (12) holds for w near wy. Then the perturbed
scattering resonance problem (due to the particle D) can be reformulated as a search for w near
wo such that the matrix

(L7 v, v (L7 vh@], vh)
1 —cy(w) W — wy —y(w) (w— WO)Q
(L' [VRW], vA®) (L [V, va®)
1 (w) W —wy 1 —cy(w) (w — wO)Q

18 singular.

7 Concluding remarks

In this paper, the leading-order term in the shifts of scattering resonances of a radiating di-
electric cavity due to the presence of small particles is derived. The formula is in terms of the
position and the polarization tensor of the particle. It is also proved that the shift is signif-
icantly enhanced if the particle is a plasmonic particle and resonates near or at a scattering
resonance of the cavity. A characterization of the shift due to small particles near an excep-
tional scattering resonance is performed. It would be challenging to develop a general theory
near such frequencies.

A Proof of Proposition 2.10

Proof. The proof follows an idea from [9]. Denote by v the difference
v(z,y) = Gla,y,w) — Dy(z,y,w).
One can check that v(-, x;) is a solution of the following integral equation:
(I — W*Te i K8) [v] = w’Te bty K& [T (-, 1)) -

Therefore,

1 DT
v = (2—1— KQ) K& [Ty 20)] -
W TEm

Under the assumption that wy is a non exceptional scattering resonance (see Definition 2.8) we
can perform a pole pencil decomposition of the resolvent of K. We start from the spectral
decomposition of the compact operator K¢ on L?*(€2). The eigenspace associated with the

eigenvalue ——— is of dimension one, and we denote by e;, its basis. One can then write

WoTEHm

1 - 1 .
<W2T€clum (wQTgc,um) t_ Aj, (wo) or e

where (, ) denotes the L? real scalar product on Q, and w — R(-,w) € L*(Q) is analytic in a
complex neighborhood V' of wy. Using

1= WP i gy (@) = R(w)(w — wp)
and composing with K¢, we obtain that

0, 30) = 54 () (e K5 P20 () + Rl 0.



Now we note that
Fm(xay) = _Kg [5( - y)] (ZL’) for all T,y € Rd?‘r 7é Y.

Using the completeness relation given in Lemma 2.7 yields

L (z,y) = Z Aj(w)e;(y)e; (),

for some constants\;. Now, we can write that

(€0, Ko [T (5 0)]) = €j(w0) (e, Aj, (w)ej, ),
to arrive at

1 3
ej,(wo)e; (z) + R(w, 29, w).

v(z,x) = Cjo(w)w —

B Proof of Lemma 3.2

Proof. The operator T}, is a singular integral operator of the Calderén-Zygmund type, see [11].
This type of singular operator often arises in electrostatic and magnetostatic theories (see the
appendix of [6] for a simple review of the properties of these operators within the formalism of
Green’s functions) The fact that T is well defined can be deduced directly from Proposition
2.10. Since G can be written as G(z,y) = I',,(x,y) + K(z,y) where K is a smooth kernel, we
can see that the singularity of the derivatives of GG is the same as that of the derivatives of [',,,,
that is 8%33‘7_G(x,y) = axi,xjf‘m(x,y) + K, j(z,y). Therefore, it is easy to see that the singular
part of 3zi,er (x,y) satisfies the same cancellation property as 8mi7xjfm(a:, y), that is,

/ . O,z U (2, y)dy = 0.
T+

Hence, the fact that T is defined on LQ(D,Rd) follows directly from classical Calderén-
Zygmund theory and the cancellation property above. |

C Proof of estimate (8)

Here, we give some more details on how to obtain (8) from the results of [6].

Lemma C.1. As 0 — 0, we have
(L7 (Ve ), Ves,) = 8 M (1o, BV, (2:100) - Ve, (2500).
Proof. From [6, Proposition 3.1], one can see that if ¢ satisfies
1 . d
V| =Vg] =0 inR",
1

Vo(r) —e;, =0 (]x\_dH) as || — +oo.
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then Vi solves the integral equation

1 1 1 1
(o1 (= o) ¥8) (9] = v,
. He  Him [,

which is exactly

Now, replacing Ve, Dby its average and controlling the reminder via the Cauchy-Schwartz
inequality we have:

(L1[V€jo]7V€jo):(L1[v€jo]’ﬁ/vej0)+ V] Vey, - |D|/ve

|D|/ Ve, /ve +0(8%).

But the average of Vi is exactly the dipole moment, which is given by the polarization tensor
applied to the average of the exciting field:

[ 1] = Mt e D) [ T = 801 B

Since ﬁ [, Ve, (z)dz — Ve, (z) = O(9) (recall that e; is a mode of the cavity, and is therefore

independant of 0) we can replace the average of Ve, by its value at the center of D to get the
result. [ |
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