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Abstract

An optimal mesh size of the sampling region can help to reduce computational burden in practical
applications. In this work, we investigate optimal choices of mesh sizes for the identifications of
medium obstacles from either the far-field or near-field data in two and three dimensions. The results
would have applications in the reconstruction process of inverse scattering problems.
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1 Introduction

The direct and inverse medium scattering problems have been investigated extensively in the past
few decades due to their important practical applications in geophysics, nondestructive testing, biological
studies, evaluation and medicine, see, for instance, [2, 4]. A large variety of numerical reconstruction
methods have been developed and applied in practice for different kinds of models. For instance, some
effective methods are developed for the homogeneous background model: the linear sampling or probing
methods (LSM) [16], the time-reversal multiple signal classification method (MUSIC) [7, 8, 12], the direct
sampling method (DSM) [25], the multilevel sampling method (MSM) [32], the contrast source inversion
method (CSIM) [11], etc. Moreover, lots of efficient algorithms are applied various practical situations,
e.g. in the stratified ocean waveguide model: the simple method (SM) [30], extended direct sampling
methods (EDSMs) [13, 14, 15, 26, 27, 28, 31, 33, 34], the extended MUSIC method (EMUSIC) [6, 24], the
topological based imaging [3] functional, etc. Furthermore, several efficient approaches are introduced in
the two-layered medium model: the extended multilevel sampling method (EMSM) [36], the extended
linear sampling method (ELSM) [18], etc.

Most reconstruction methods involve an indicator function (called also imaging functional) to be
evaluated at each sampling point inside a sampling region for the recovery of the shape (and, if possible,
the parameters therein) of the unknown inclusions. In practice, the sampling region is usually chosen
to be large enough to contain all the unknown inclusions; then a considerably fine mesh is used in
the sampling region to reconstruct the details of the objects. However, an extremely fine mesh would
drastically increase computational complexity in practice, especially in the three dimensional case. In
fact, the computation complexity of most reconstruction methods (see, for instance, DSM, MUSIC, LSM,
CSIM, etc.) is of O(N?) in two dimensions and O(N?) in three dimensions, where N is the number of
sampling points along one direction. Methods such as MSM and the EMSM has complexity of order of
Nlog N in two dimensions and N2 log N in three dimensions. Hence, they are still quite demanding if N

*Department  of  Mathematics, ETH  Zirich, Réamistrasse 101, CH-8092  Ziirich, Switzerland
(habib.ammari@math.ethz.ch).

fDepartment of Mathematics, University of California, Riverside, USA (yattinc@ucr.edu).

fThe corresponding author, shanghai Key Laboratory of Financial Information Technology, Institute of Scientific Com-
putation and Financial Data Analysis, School of Mathematics, Shanghai University of Finance and Economics, 777 Guoding
Road, Shanghai 200433, P.R. China (liu.keji@sufe.edu.cn; kjliu.ip@gmail.com).



is large. Therefore, an optimal mesh size for the sampling and the reconstruction is crucial to reduce the
computation complexity of these algorithms and at the same time reconstruct details of the inclusions
in practical applications. Moreover, several iterative methods (i.e., EMSM, CSIM, etc.) apply certain
cut-off values as a stopping criterion of the method. Such a choice of stopping criterion may heavily
depend on the reconstruction quality under a coarser mesh and a subjective choice of the cutoff value;
which sometimes causes the reconstruction algorithm to entirely miss some small inclusions. Choosing an
optimal mesh size can improve the quality of the reconstruction and practically avoid the aforementioned
issue.

To the best of the authors’ knowledge, although there are quite a lot of discussions of resolution analysis
(e.g., Abby-Releigh resolution limit, Sparrow’s resolution limit, etc) in inverse scattering problem, e.g.,
[1, 9, 20, 22], which is closely related to the considered problem, a systematic choice of the optimal mesh
size for numerical reconstruction algorithms in inverse scattering problems has not yet been addressed in
the literature. We would like to remark that the resolution analysis aims at understanding the quality of
an image given a fixed grid size; whereas we aim here at choosing an optimal mesh size to ensure certain
quality of the reconstruction. This paper is hence devoted to an optimal selection of the mesh size in
reconstruction methods. It is worth emphasizing that, in this paper, instead of focusing on one particular
reconstruction method, we are interested in an optimal choice of mesh size in a numerical reconstruction
scheme assuming a maximal resolving power. We shall provide an optimal selection of mesh size for the
identifications of unknown inclusions from both the far-field and the near-field data in two and three
dimensions.

This paper is organized as follows. In section 2, we state the forward problems that we focus on.
We then provide in section 3 an optimal mesh size selection given far field data; whereas in section 4,
we consider the mesh size problem when near-field data are available. In section 5, we describe how our
optimal mesh size function may help to refine our mesh to resolve clustered inclusions. In section 6, we
show that our choice of mesh size is indeed optimal by comparing several reconstructions from a typical
numerical method with different mesh sizes. Finally, some concluding remarks are presented in section
7. The results can help minimizing the computation complexity of methods designed for solving inverse
scattering problems. A similar analysis can be performed for electromagnetic and elastic inverse waves
scattering problems.

2 Problem description

In this section, we shall describe the direct and inverse scattering problems in the presence of in-
homogeneous inclusions (inside a sampling domain ; see Figure 1) embedded in a homogeneous back-
ground medium RM (M > 2). Consider an inhomogeneous inclusion represented by a (variable) contrast
q € L>=(RM) such that supp(q) C Q, i.e., it vanishes outside Q.

2.1 Forward problem

We are now ready to state the considered forward problems. For numerical simulations of solutions

of these forward problems, we refer the readers, for instance, to [32, 34].

2.1.1 Plane wave illumination

Suppose that u? is an incident plane given by
u'(z,d,) =TT

where d,, € SM is the direction of incidence with k being the wave number and S™ being the unit sphere
in RM. Then, u’ satisfies the Helmholtz equation

Aut+ kK20t =0 for zeRM.



We now consider the total field u as the solution to the following equation,
Au+k2<1—|—q(:c)>u:0 for zeRM, (2.1)

subject to the outgoing Sommerfeld radiation condition:

ou® 1
o tku® = O(—T‘(M_l)/2

which holds uniformly in all directions x/|z|, where r = |z| and u® := u — u® is the scattered field.
From (2.1), due to the presence of inclusions in 2, the Lippmann-Schwinger representation formula
of the total field u yields

) as r — 00, (2.2)

u®(x,dy,) = u(z,d,) —u'(z,d,) = k* / q(2)G(z, 2)u(z,d,) dz, d, €SM, (2.3)
Q

where G(z,2),7,z € RM and x # 2, is the Green’s function associated with the homogeneous back-
ground,

G(z,2) = Cok 2 |z — 2|77 HUL, (k| — 2]). (2.4)

Here, HS" is the Hankel function of the first kind of order v and Cjy = —i(27r)¥ /4. In particular, we
have

1

HY (ko — 2)) for M =2,

4
G(z,z) = iklo— (2.5)
—_— for M =3.
dm|x — 2|
Plane Waves

Receivers

Figure 1: The demonstration of detection by the plane wave incidences.

2.1.2 Point source illumination

On the other hand, suppose that u’ is generated from a point sources y € I'y, where I'y is a surface.
Then,

. 2—M 2—-M
u(e.y) = Gla,y) = Ouk™ = |o =272 HiLs (o — ).
which now satisfies

Au' + k*ut =6, for zeRM.



Consider the total field u as the solution to the following equation:
Au + k? (1 + q(:lc))u =6, for zeRM, (2.6)

with u® := u — u' satisfying the outgoing Sommerfeld radiation condition(2.2).
From (2.6), due to the presence of inclusions in €2, the total field u satisfies the following equation:

u(z,y) = u'(z,y) + k2/ q(2)G(x, 2)u(z,y)dz, z€RM and yeT,. (2.7)
Q

Because the corresponding scattered field u® is measured by the receivers on the surface I';., it has following
representation

u’(x,y) = k2/ q(2)G(z, 2)u(z,y)dz, z€RM and yeT,. (2.8)
Q

We refer to Figure 2 for the geometrical demonstration. We may again consider measurements u(z,y)
along a surface x € I',. where y € T';.

Sources ¢
x

B Receivers
I:

Figure 2: Point source illumination.

2.2 Inverse problem

The inverse problem of our interest is to recover the physical features of the inclusions inside 2 from
knowledge of the scattered field u®.

For plane wave illuminations, we consider the following problem: given the measurements of v*(z, d)
along a surface x € I', where the distance dist(I';,Q) >> 1, and d,, € S, where u satisfies (2.3), we
aim at recovering ¢(z),z € Q.

In the case of point source illuminations, we consider the following problems: given the measurements
of u®(x,y) along a surface x € I, and y € T'y, where u satisfies (2.7), we aim at recovering ¢(z), z € 2.

Note that there are many numerical methods addressing the direction, see, for instance, [11, 12, 16,
34, 33]. Since our work does not focus on any particular type of reconstruction methods, but aims at
discussing how to choose the mesh size in general, we do not advocate any particular choice of numerical
reconstruction methods. Nevertheless, in this subsection, for the sake of completeness, we state two
examples of indicator functions in order to illustrate our main ideas. In what follows, we provide a
brief description of two types of indicator functions: index functions provided in the multilevel sampling
method (MSM) [30, 31, 32], and the direct sampling method (DSM) [25, 30, 34] for instance. Both meth-
ods work for both of the cases either when we have plane wave or point source illuminations; nonetheless,
for the sake of simplicity, we only consider the first case.



Example 1: We would like to briefly describe the index function shown in the MSM. Given a choice of
sampling points « € €. Consider an incident direction d, € SM=1_ We first bring in the contrast source
function ¢, which is defined as follows,

o(z,dy) = k*q(z) u(z,d,) for x € Q.
The scattered field u® can thus be expressed into the following compact form
ui(z,,dy) = Pro (2r,dy) for z, €T,

where the integral operator P, is defined, for x, € T',., by

Prp (erydy) = /Q G, 2,)9(x, dy ) d.

The MSM aims at approximating the contrast source function at sampling points x € €2 given by a mesh
with multiple choices of d, via a backpropagation method; and then refine the choices of mesh sizes in
order to obtain iteratively another set of z € 2. A backpropagation ¢(-, d,), which is defined as follows,
is employed to provide an (initial) approximation of ¢(x,d,):

*, .8 2
[Pru ||L2(Q)

||PT7):“S||2L2(F,.)

* 8
T

Py :
Here, P is known as the backpropagation operator which is represented as
P o(x; dy) ::/ G(&2)o(E dy) doe for x € Q.
r,

In practice, the expression of contrast source function is numerically obtained by

HP:US(" dy,n) Hi?(m

éb,n(x) = 2
| Py Pius (-, dy.n) ||L2(m

Pru(x,dy,) for z e, (2.9)

for a finite number of incidences d, ,, € SM-1 where n = 1,2---, N. With this in hand, we now define
an index function or indicator function n(x), which aims at numerically approximating k2q(z) from the
measured values of {u®(-,d, ,,)}N_;, as the least square solution to the system

bbn = n(x) u(z,dy,) (2.10)

forn=1,2---, N. Here, the points x € {2 are the chosen sampling points in €2, which can be explicitly
given by

N ot . ~

> o (@) (ui(z, dyn) + Paden)
n(z) =R { =L 5 for z € Q, (2.11)
‘ui (337 dy,n) + PQ¢I),7L

n=1

where 3{-} denotes the real part of a complex number, gzNSb,n are given in (2.9), and the integral operator
Pq is defined, for all x € Q, by

Pad (. dy) = /Q G(&, 2)B(E. dy )de.

Now the algorithm chooses a certain threshold of cutoff to numerically identify the support of the index
function or indicator function 7, and then the choices of € () are re-sampled, and the whole process is



preformed again and iterated until a fine reconstruction profile is achieved.

Example 2: Another example of indicator functions is provided by the DSM. For a given incidence
dy € SM | the index function is defined by

(1" (1)), G ) o |

I(z,d,) :=
Y [us (-, dy)||L2 @) |G @)l L2 (r,)

VaeqQ, (2.12)
where the inner product (-,-)z2(r,) is given by

(W (@1, dy), Glar ) o, = / u (., dy) Gy, 2)ds

Iy

and

2 3 2 3
damr> , \|G(.7:1:)||L2(FT) = </ ’G(zr,x)’ dozr> .
Ty

In order to fully utilize measurements from multiple measurement events, i.e., with incidences d , €
SM n =1, ..., N, we define an index function I(x) to combine different values of I(x, d, ,,) in the following
way:

ol = ([ fooGond)

r

I(x) = max {I(x, dy,n)} Vo € Q.

n=1,...,
Here, I,,, means the index function for the mth data set. It has been discussed theorectically and illus-

trated numerically in [34] that the function in (2.12) has a relative large value when a sampling point
is close to an inhomogeneous inclusion in €2 and decays rapidly as x moves away from any of the inclusions.

We notice that in the two aforementioned examples, the choices of sampling points x places a crucial
row in constructing the indicator functions (either n(x) or I(z) in the two examples), and appropriate
choices of mesh size (or density of sampling points) are of importance for insuring the best possible quality
of the reconstruction process.

3 Optimal mesh size with far-field data under plane wave inci-
dence

In this section, we shall consider the optimal choice of the mesh size for the reconstruction of inclusions
inside Q using the far-field data. We consider the case when I', = RS™~! where R >> 1. In this case,
instead of having the scattered field u® as measurement, we may assume that we have obtained our
measurement as the far-field pattern u, given by

M-—1

Uoo(dy,dy) = lim |z| 2 eXp_iklx‘ us(|z|dy, dy)), (3.1)

|z|—o00

where d, and d, belong to the unit sphere S 1.
Hence, we assume that the measurements v (dy, d,) where dg, d, € SM=1 are performed. For small
k, the Born approximation shows that the far-field pattern can be expressed as

oo (d, dy) = C 1rk? / g(2)eM =) =0 1 Ok Cr aa2), (3.2)
Q

where there error term is in L2, and

M—-2




is a constant depending on the space dimension M and the wave number k. We have the following result
from the Nyquist-Shannon sampling theorem.

Theorem 3.1. Let k be fized and small. Denote by F(q)(§) the Fourier transform of q(y):

5(q)(&) := / q(2)e**dz  for € €RM. (3.3)

Q

Suppose that §(q)(&) = 0 for all || > 2k. Then, the reconstruction of q from us(ds,d,) where d;,d, €

SM=1 js with an error of order O(k?|Cy.ar|). The reconstruction can be performed with a choice of the
mesh size h < %, where \ := 27 /k is the wavelength.
Proof. 1t is direct to observe that

1
Cr.rk?

F(@)(€) Uoo(da, dy) + O(K?|Ch, ), (3.4)

where ¢ := k(d, — dy) € {£:|¢] < 2k}. Hence, from us(dy,dy), dg,dy, € SM~1, we obtain the values of
3(q)(€) for [€] < 2k up to an error of the order O(k?|Cy, ar|) in L2. Since F(q)(€) = 0 for all |¢] > 2k,
we have §(g)(€) up to an error of the order O(k?|Cy ar|) in L?. Applying inverse Fourier transform, we
obtain ¢ up to an error of the order O(k2|ék’ a|) in L2. An application of the Nyquist-Shannon sampling
theorem yields the last part of the theorem with a choice of h < % O

Notice that the above result shows that we may maximize our choice of the mesh size by taking

h = % — ¢ for a small € in order to minimize the computation complexity.

In order to recover the contrast function ¢(x), we should discretize (3.2) into the following form
N
oo % Y2 Y 55 ()
j=1

Here, the optimal N is [4|Q| / )\ﬂ when M = 2, where [2] means the largest integer that less than or
equals to z, s; denotes the j-th grid point in  and || represents the areas (volumes) of Q.

4 Optimal mesh size with near-field data under point source
illumination

In this section, optimal mesh size for contrast reconstruction from near-field data will be discussed.
Based on the first term of the Neumann series solution to the Lippmann-Schwinger integral equation
which is known as the Born approximation, the scattered field u* is approximated by

u(z,y) = k? /Q q(2)G(z, 2)u'(y, 2)dz + O(k*), z €T, and yeT,. (4.1)

Furthermore, the incident field u* in this case is provided by the Green’s function, thus the estimated
scattered field u% can be written into the following multi-static response (MSR):

[MSR(q)](x,y) := %u%(az,y) = /Qq(z)G(x7z)G(z,y) dz+O(k*), zeTl, and yeT,. (4.2)

In practice, we again discretize the sampling domain D into N sub-regions and the center of each
sub-region is denoted as z; for j = 1,2,---,N. Based on this discretization, we have the following



MSR approximation operator A up to a normalization constant C’k »m depending on k and M, which is
a dominant part of the near-field data,

2—M 2—M
a(z)lzy — 2 |2~y 7 HyLa (Klzy — e HyLs (2 —yl) for 2 €T, and y €Ty, (43)

1

N
A=

J
where z; € Q

Let us consider for simplicity the case when I',, = T';. To investigate the optimal mesh size for the
reconstruction process, we would like to investigate the number of observable singular values for the MSR,

operator A when z; are close to each other.
For this purpose, we first define a conjugation map on L?(T") as follows,

C:L*T) = L*I) fwf.

Now, from the fact that the operator A is compact and C-complex symmetric, namely, A* = CAC. We
have the following Danciger’s variational principle for the singular values {c;} of A [21],

7= coatmion 0 RAPEL 4
llpll=1

where [Ap,p] = pT Ap and 09 > 01 > ... > 0.

Before we state the following main result, we denote the locations of receivers and sources by I' :=
I'. UT,. Firstly, we consider the simplest case when N = 1. Because ¢ is a constant, we investigate the
following operator A; which is the key part of the operator A.

2—-M

Ay ::a|z—m|¥|z—y| 2 H&?Zz(k\z—x\)H&(Mz—y\)=w®wT for z,yeT, (4.5)

2

where a = |||z — 2|2

M H% (k|z — x|)||2L2(F), ® means the Kronecker product and

2—M
wi=lz—xz| 2

HOL bl = o) /1 = L b1z~ o)

L*(I)

is a unit vector. It is easy to see that

=0 if plrw,
R[A1p, p] = R(p" Arp) = R(w"p)” (4.6)
#0 otherwise,

and that R[A1p, p] < 1. We infer from the Danciger’s principle [17] that the singular values of A; are as
follows: o9 =1 and 0; =0 (i > 1).

Secondly, we investigate the case when N = 2. With the help of (4.3), the main part of MSR matrix
is of the form

Ay = b ® ’w? + bows ® wQT, (47)

where b; = [||z; — x| "7

1
H% (k“Z] - x')H%Q(F)’

2— 2—

M M
P HL (s — al) /| 2 - 2l B (4 - o)

w; = |z; — x|

L*(T)

are unit vectors for j = 1,2. Similarly, we are able to directly obtain that
=0 if p Lg spang{wy,wz},

R[Asp,p] = R(p" Asp) (4.8)
#0 otherwise.



e Fol o— Tw w1 —Wa
Now, let us define {hy, ho} := {le-irtwl\;(p)’ ol o } Then, we have
[hllzzry = [h2llzz@y =1, R({h1,ho)r =0, (4.9)
and that spang{hi, ho} = spang{w7, w3 }. Hence, the operator Ay can be written as,

1 1
A = S llwn + wal| 72y b1 @ BT + 2w = wa[Zar) he ® B3 (4.10)

Considering (4.8)-(4.10), Danciger’s principle yields that the singular values of As satisfy

1
og = imax{nwl-i-wz”%z(p),ﬂwl —w2||%2(r)} =1+ |R(w,ws)], (4.11)
1 .
oy = ;min {le + 7«U2||2L2(F)a lwy — w2||2L2(F)} =1 — |R(wy, ws)], (4.12)
op = 0 for VI>1, (4.13)

where (wy,ws) = [ Wiwado. The above results can be summarized in the following theorem.

Theorem 4.1. Suppose that the operator A can be represented as follows,
A=w Qwl +wy @wd | (4.14)

where w; are unit vectors in L3(T) for j = 1,2. We have the following expression for the singular values
of A:

oo =1+ ‘§R<’w1,w2>‘ ,o0=1— ‘§R<’w1,w2>‘ ,00 =03 =---=0, (415)
and the quotient o between the two non-zero singular values is expressed as,

I S el LAV Y (4.16)
(o) 1+|%(w1,w2)|
We have noticed that the ratio a represents the relative observability of the second singular value
with respect to the first one. Therefore, it quantifies the ability to distinguish between 2 inhomogeneities
from the measurements in the form of the MSR. Consequently, we introduce the following definition of
a-distinguishable with respect to I' for 0 < a < 1.

Definition 4.2. Two point scatterers at locations z1 and zs with equal weights are a-distinguishable with
respect to I, if the following inequality is satisfied:

1 — |R{wq, ws)|
1 — o> L tw,ws)) 417
4= 1+ |R{wy, ws)|’ ( )

where

2—M
w; = (k|zj —x]) 2 M 2 (klz; — ) /H (k|2

with j =1,2 andVz; € D, z €T,

M 2 (klzj — $|)‘

L2(D)

Without loss of generality, we consider two point scatterers located at z; = z, z3 = 2z + v, where v is
a unit vector and ¢ is a distance parameter which can be viewed as the mesh size. We acquire the interval
of € when the two point scatterers are a-distinguishable with respect to I'. From the series expansion of
(14 a)~= for all 8 # 0 w.r.t. a, we derive that if ¢ < |z — x|, then

|z +ev—x|7F = Z Z 6 (—1)"e" % cos" (0, _u0)|z — x| TPTE,
5

TOSO T’—S)'



where 0., , denotes the relative angle between z — x and v and that the series converges absolutely and
uniformly when ¢ < (1 — ) min{1, |z — z|} for some 0 < v < 1. Together with Graf’s fromula [35], we
have if € < (1 — ) min{1,dist(T", z)}, then the following expansion holds:

R (/ lz— 2|7 |z tev—a| 7 HD, (klz — a)HEL, (k|2 + cv — 2|) daz>
T 2 2

> Pnn(ke) if M =2,
nez
- r (4.18)
Z Z Z DPnrs Jn(kg) grts it M > 2,
n€ZreN s=0

where p,, and p, s are explicitly given by

P = (/H<2 (k|z — z|)HV (k|2 — z])e”m0=—aw daz) (4.19)
. 1—\(1\4 2 s
Pnrs = (—1) F(M 24)3, (r—s) (/‘Z 55|2 M= H(Z\/QI) 2(k|z—x|)
4
.H§;2+n(k\z —z|) cos”" (0, _yp)e Mlemaw dol) (4.20)

with 0,_, , denoting the relative angle between z — z and v. Likewise, we have

/\z—kev x)?” MHM o (k|2 +ev— |)H&(k|z+sv—x|)dox
T 2

S hpmdn(ke)Im (ke) if M =2,
n,mez
= (4.21)
S Z hmrs Jn(ke) T (ke) g™ if M > 2,
n,meZ reN s=
where A, and hpnes are given by
B = (/ HP (k|z — z|)HY (k|z — z|)e (" m)0—aw d@) , (4.22)
s =V e ([ L - )
nmrs . F(I\/[; M — 2+
-H(le),%r (k|lz — z|) cos” " (0. _p p)e ("m0 dax) . (4.23)
T T

Assume that 0 < Ry < dist(z,T") < Ry for some Ry, Ry € R, and consider the asymptotic property of J,,
[10]. We can infer that both the series (4.18) and (4.21) converge absolutely. If we further impose the
restriction that ££ < 1, then from the following well-known Taylor series of the Bessel functions [35],

1 1 ke 2l+|n|
I (ke) = (sgn(n E I l+ |n| < > , (4.24)
leN

10



we immediately obtain the following expansion of the inner product:

(/ |z — a:| |z +ev— x\ Hﬁ) 5 (k|z — av|)H(]\14)_2 (klz +ev—x|) daz>
2

—1)t e\ 2l+|n
> > (sen(n))" pnll((url‘z”)l (%) ! for M =2,
leNnezZ

- r (4.25)
. e\2l+In] _r4s
S0 XS (—sen(n) pars ity (55)* M et for M > 2,

lENneZreNs=0

/\z—i—sv— |>~ MH(AQ{) vz (klz+ev—a|)Hy_, (k|2 +ev —z]) doy
r
n —1)ite 2(l+p)+In|+|m|
22, 2 (Sen(m)" (sen(m))™ ’w%(?) ’ for M =2,

_ (4.26)

—1)tte £\ 2(+p)FInl+m|
D IEDY Z(bgn( )" (sgn(m))™ hnmrswcﬁ?) P g™t for M > 2,

l,peENn,meZreN s=

where the two series at the right-hand side converge absolutely for £2 < 1 and e < (1—) min{1, dist(T', z)}.

4.1 «-distinguishability when M = 2

For simplicity, let us first focus on the case when M = 2. We obtain the following estimate,

<CiEL . (427)

k
‘% (/ H (k| — o) HY (k|2 + 0 — a) daz> —po+ 75(;01 —p-1)
I

/ HE (k| + 0 — o) H (k|2 + ev — 2) dow — hoo — = ST (sen(n)"(sgn(m) " ham| < C2E, (4.28)
r Im|+|n|=1
where pg = hgo = HHél)(k:\z - x|)||%2(r) and Cp,Cy are two finite constants having the following forms:
|pn P
= 2D i Z 2, (4.29)

>0 n€Z

Ihnml ||
Cy = > Y T > g (4.30)

l+p>0m,neZ m+4n>1

if £2 < lande < (1—v) min{1,dist(I", 2)}. From (4.27) and (4.28), we have the following approximation:

(Po—(Pl p— 1)%+0<k2 2))2

1—|[R(wy, wo)|* =1 — (4.31)
Po <P0 + ke 2 (smnl) sgn(m)ho + O (‘“if"‘))
m|+|n|=1
We further assume that
ke pgki | po(1—=9)  polki]
< — 4.32
2 \/ 4C2 TG 20, (4.32)
for some 0 < § < 1, where
_-(sgn(n))™(sgn(m))™hpm
by = Z|m|+\n|_1( gn(n))" (sgn(m)) . (4.33)

Po
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Then, we have

k
g C2ke
Po

k
° |k

{ke
max q — , —
2

2

} <1-4, (4.34)

sy
and thus, we can derive from the Taylor expansion and (4.31) that

’1 — |R{wy, wa)|? — (2(p1pp_1) + k1> ke
0

(4.35)

with the constant C' given by

_C 2(|p| +Ip-1Dlkr|  (pal+ p—11)* + 2(po + [pa] + Ip-1))C1 + CF
- 2

2
c (14 20k |67Y) + 6267 4+ S2570 4
Po Do bo Py
when 0 < § < 1. We can rewrite the condition in (4.17) as follows,
41— ) 9
—— = >1-|R . 4.37
2_a) 2 [R(w1, wa) (4.37)

With the help of (4.35), the two point inclusions with the same magnitude are a-distinguishable if the
following inequality holds:

4(151;@0;3 . (2(p1p—0p—1> +k1> % L (";)2 . (4.38)

This directly infers the following theorem. Note that we may always assume that ke < 1/2.

Theorem 4.3. When the dimension M = 2, consider a point z such that 0 < Ry < dist(z,T) < Ry

5.2 —
for some Rg, Ry € R where ' =T, =T, % < min{i, i"c% +%25) — %} for some 0 < § < 1,

e < (1 —+) min{l, dist(T',2)} for some 0 < v < 1, p, are defined as in (4.19), hnm as in (4.22), and
let C1,C4,C,ky be stated in (4.29), (4.30) (4.36) and (4.33), respectively. The two point scatterers with
equal weights located at z and z + ev are a-distinguishable with respect to T' if the following inequality
holds:

ke 2p1 — 2p_1 + kipo 21— 2p_1 + kipo\? . 16(1 - a)
ke _ . 4.39
7 = ( 2Cho + 2Cpo NGO (4:39)

Unfortunately, both the conditions and conclusions of the above theorem are too complicated to be
practical for choosing an optimal mesh size. In order to obtain an optimal mesh size for practical use,
we provide an approximations for the coefficients in the above inequalities: we assume that Cy and Cs
are dominated by coefficients up to first order, namely they can be estimated by

Ci=py, Com=2pg. (4.40)

By inspecting (4.25) and (4.26), and further imposing that § = 1/2, the following approximation of the
constant C holds:

(Ip1| + Ip-1D)* + 2(|p1| + [p-1[) (1 + [k1[)po
5 :

C ~ 13+ 8|ki| + 2k +
26)

(4.41)

The condition (4.32) with ke/2 < 1/4 can also be simplified to be the above approximate condition
E<min ly/k—%—l—l—@ (4.42)
2 4’V 16 4 4 [ '

12
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Combining the above the estimations of the constants Ci,Cy, C with (4.39), we obtain the following
approximate description of an anisotropic optimal density at any point z and any direction v for contrast
reconstruction from the near-field in terms of the a-distinguishably,

2 )1 kK 1 [kl (2p1—2p1 + Eipo 2p1 — 2p_1 + kipo | 16(1 — )
2 O L S | _ 4.4
haw(e) = gming 4.\ 36+ 5~ 2Cp0 2Cp0 etz (W)

Note that pg, p1,p—1, k1 and C depend on z, v and I'.
Remark 4.4. Three remarks are in order:

1. In practice, the measurements are taken over a finite number of points on I' =T, =T’y and hence,
the integrals in (4.19), (4.20), (4.22), and (4.23) can be evaluated numerically as a sum over the
points.

2. In practice, usually small regions with fine details are usually anticipated to be recovered with high
resolution. Thus, a uniform discretization in the whole sampling domain may not be the best.
Hence, we may apply adaptivity, and use the optimal mesh size in (4.43) in the region with the
requirements of high resolution and a coarse mesh to the other areas.

3. To get the interpretation of the optimal mesh size correct, actually it means if you refine further
than the mesh size given, it will not improve the resolution. Hence, if the object is far away, it is
almost identical to using far-field reconstruction, and we do not need to refine better than A\/2.

4. A similar analysis can be performed in the general case when I, and T's may not coincide, but we

skip the analysis for the sake of simplicity.

4.2 a-distinguishability when M > 2
Similarly, when M > 2, we have,

ke 2 2 2
’§R (/ H® (k|2 — a)HM (k|2 + ev — a) dax) —Pooo + 4~ (ploo —Pp-100 — %) ‘ <CyvbE, (444)
r

K22’ (4.45)

k 2h
‘/ H((JQ)(k|Z +ev — x|)H(<)1)(lc\z +ev — z|) doz — hoooo + re ( E (sgn(n))™(sgn(m))™ hnmoo + (;010) ‘
r
\

ml+ln|=1

_ 2
where pooo = hoooo = H|zf:r - Y (k\zfx|)“ ) and Cq a7, Co pr are two constants given if % <1
M-z 12 ,

2
and € < (1 —~) min{1,dist(T, z)} by

T
- BRSNS SN a
I>0n€ZreNs=0 n>1reNs=0
C _ ‘hnmv‘s| u ‘hnmv‘s| 4.47
M = Zzzzm 2 2 (447)

l+p>0m,n€Z reN s=0 m+n>1reNs=0

Hence, a similar analysis can be performed as in the previous subsection provided that ¢ < (1 —
) min{1, dist(T, z)} and

ke . Plooki | pooo(1—0)  pooolki |
- = 1 - ’ 4.48
2 - mln{ ’\/4022,M i Com 202, m (4.48)
for some 0 < § < 1, where
n m 2hoo10
kv = E (sgn(n))" (sgn(m))" hpmoo + 2 Pooo - (4.49)

Im|+[n|=1
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Then, by Taylor expansion, we have

2 (proo — p—100 — 22210 ke k22
1— [ R(wy, wa)[* — ( ) +kiv | —=—|<C
Pooo 2 4
with the constant Cj; being given by
2|po1ol
Ca. c? 2 (Ip1ool + Ip—100l — = k1, m|
Cv = 20 (1+ 2|k, 0] TH + k%,Mtrl 4 2Ms-1y ( )
Ppooo Pooo Pooo

2
(|p100\ +Ip—100] — W) +2 (Pooo + (|P100| +Ip—100] — W)) Ci,m +CF
+

2 , (4.50)
Pooo
when 0 < § < 1. Hence, condition (4.17) is fulfilled if
4(1—0[) 2(]7100*]7_100*21)0%) ke (k€)2
> +k —+C — ] . 4.51
2+a)~ ( P000 b TY M 2 (4.51)

Likewise, adding the constraint ke < 1/4, this directly infers the following theorem.

Theorem 4.5. For M > 2, consider a point z such that 0 < Ry < dist(z,T') < Ry for some Ry, Ry €
R, where I' = Ty = T, and that 2 satisfies (4.48) for some 0 < 6 < 1 and ke < 1/4, ¢ < (1 —
~) min {1, dist(T', z)} for some 0 < v < 1, where py,s are defined as in (4.20), hpmrs as in (4.23), and
let C1 o, Conr, Cuay ke e as in (4.46), (4.47) (4.50), and (4.49), respectively. The two point scatterers
with equal weights located at z and z+ev are a-distinguishable with respect to T if the following inequality
holds:

2
k 2 —p_ _ 2po1o 2 —p_ _ 2poio 16(1 —
€ < < (P1oo —P-100 010) +/€1,M> _ < (P1oo —P-100 010 . (1-a) (4.52)

_|_
2 D000 D000 Cu(2+ )?

In order to make the conditions stated in the above theorem practical, we assume that § = 1/2 and
provide approximations for the coefficients with

~

Ci,m = pooo, C2,m =~ 2pooo,

2
2 2
(|p100| +|p—100l — 7‘17(,’910') +2 (\ploo\ +lp-100| — 7@%10‘) (pooo + k1, am])

Cyv  ~ 1348k |+ 2k 5 +

)

2
Pooo
by considering (4.25) and (4.26). With the above approximations of the constants Ci a, C2 an, Cum
and (4.52), we obtain an anisotropic optimal density at any point z and any direction v for contrast
reconstruction from the near-field in terms of a-distinguishably as follows:

k? 2 . _ 2poi10
hewn(a) = Qmin{l 1,M+1|]€1,M|7< (p1oo —P-100 2 )+k1,M

k 4’ 16 4 4 D000

2
2 (p1oo — p—100 — 22210) 16(1 — «)
— k —_— 7. 4.53
\J < Dooo o Cu(2+ a)? (4.53)

The remarks in the previous subsection are also in order in this subsection.

4.2.1 Combining the optimal mesh size function along two opposite directions.

Practically, one may combine the optimal mesh-size for v and —v since they are refined in the same
direction, and we may consider the following function instead,

hz,v(a) = min {hz,v(a)a hz,—v(a)} )

14



as well as o
hzw a(@) := min {hz%M(a), hzy_vyM(a)} .

This is to forget the information about separating a point forward or backward along the direction v.

5 Adaptive refinement using the optimal mesh function

We can apply the function ﬁ;;(a) to refine a mesh at a point z along a direction v (which we may
refer to as a polarization direction). Suppose we have a finite number of inhomogeneous inclusions inside
Q, and we implement the following procedures to recover all the inhomogeneities:

1. Select a coarse mesh with mesh size h = A/2.

2. Locate locations where the reconstruction has an elongated shape at a sampling point z, say, a rod
with direction v.

3. Refine the mesh l?;;(a) at the point z and the polarization direction v for further reconstruction.
We repeat step 3 until all inclusions are separated.

It is worth emphasizing that the purpose of steps 2 and 3 is to determine whether the inhomogeneities
are actually two objects or only one long rod.

6 Numerical illustrations

6.1 Behavior of the mesh-size function iz:;(a)

In order to understand better the behavior of the optimal mesh-size function, let us numerically
illustrate some of the behaviors of h, ,(c) defined as in (4.43) (see Theorem 4.3). Assume the sources
x5 and receivers x, are located at I' = {(cos(4nn/14),4sin(27n/14))} for n = 0,1,---,7, as shown in
Figure 3(a), and 2 = B4(0).

Figure 3: (a) ' given as red stars. (b) The graph of h. .(«) with respect to o when k =2, z = (1,3.5) and the
polarization direction v = (1,0). Red star: measurement points. Blue star: grid points.

We assume that k& = 2 and z = (1,3.5) and the polarization direction v = (1,0). The mesh-size
function h, ,(«) with respect to « is exhibited in Figure 3(b). We may also fix a large a to obtain a
density function and uneven mesh with a mesh-size satisfying the density provided by

2 Pualz) =
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for a fixed v. The reason to take this function is that the optimal density is proportional to (hz,v(oz))_M

(0,1), respectively, when

(1,0) and v =

where M = 2. Figure 4 shows the density function p, o(2) at v

o = 0.995.

(0,1) respectively when o = 0.99. Red star: measurement

(1,0) and v

Figure 4: The function py,a(z) at v
points. Blue star: grid points.

The above plots show that the refinement is unnecessary when the sampling points are t a distance
half the radius from the sources/receivers. Now, we fix a particular o and generate a set of grid points

(1,0)

with a mesh-size satisfying h. , along the direction v. Figure 5 illustrates the grid points with v

(0,1), respectively, when a = 0.55.

and v
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Figure 5: Grid points with mesh-size satisfying h.,(0.1) along the direction v, where v

respectively.

One may observe that the refinements are done in the directions v near the source/receiver points
and are left coarser when the sampling points are further away. In practice, we may combine the two

) along
(1,0)

—_—

and hy e, (o

)

1,0

(

ez = (0,1). Figure 6 respectively shows the grid points of the tensor mesh with h, ., (o) along e;

along e; =

)

o

mesh sizes and generate a tensor mesh with a mesh-size h, ., (

(0,1) when a = 0.55.

and h; ., («) along es
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Figure 6: (a) Grid points with mesh-size satisfying h. . (0.1) along the direction v, where v = (1,0) and v = (0, 1),
respectively. (b) Unrefined mesh. Red star: measurement points. Blue star: grid points.

6.2 Using the mesh-size function ;L::,(a) to improve reconstruction methods

This paper aims at getting an optimal mesh-size which maximizes the resolution of the reconstruction
procedure with minimal numerical cost. As discussed before, this choice of mesh is not restricted to
one particular numerical method, and the numerical methods given in subsection 2.2 are just several
examples to illustrate the concept. In this subsection, we illustrate the efficiency of the optimal meshing
procedure using the DSM, which is introduced in subsection 2.2. For further details on the DSM, we
refer to [30, 31, 32, 13, 31, 33, 34, 14, 15, 26, 27, 28].

In what follows, we consider an example of a near-field measurement corresponding to only one
illumination. Notice that since the case considered here is more pathological than the assumptions given
in Theorem 4.3, the mesh-size function h, ,(«) defined as in (4.43) shall serve as a bottom line for the
reconstruction.

We consider the case k = 72 when ¢(z) in (2.1) is given by

q(x) =1+ 2IQ1 (1‘) + 2IQ2 ($),

where Q1 = {x € R?;-0.275 < 1 < —0.175,—-0.275 < x5 < —0.175} and Q» = {r € R?; —-0.15 < x; <
—0.05, —0.15 < 29 < —0.05} are two squares inside R?, and Z4 is an indicator function of a set A such
that the value is 1 if z € A and is 0 otherwise. We take a plane wave incidence with angle 0, = 7/4,
ie., dy = (cos(f,),sin(fy)). As shown in the following figures, 20 measurement points along a circle of
radius 0.5 are employed in this example. We perform the DSM with different mesh sizes to illustrate
the efficiency of using h, ,(«) for meshing. Note that we intentionally define Q; and Q2 closer to the
boundary measurement points, otherwise the density given by }/L::,(Oé) will be similar to the situation
when we have far-field measurements, and that will not serve the purpose of illustrating the efficiency of
ha ().

Moreover, we also intentionally put the distance between Q1 and @2 smaller than half of the wave-
length which is approximately 0.16. This helps to test if the meshing given by h, ,(a) can separate the
two obstacles. One remark is that, since we are taking near-field measurements, the DSM would have
its kernal possessing “heavy tail”, (see, for instance, [29] for more details), and hence the reconstruction
will not be quite sharp and are expected to be more fussy. We do not anticipate clear reconstruction
since only one single measurement is applied in the recovery. This section, however, illustrates that,
taking a mesh-size given by h, ,(c) helps to obtain as much details as those we can recover from our
measurements.
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(a) (b)
Figure 7: (a) Grid points on a coarse mesh. (b) reconstruction given by [I(x,dy)]?, where Ieoarse := I(x, dy) in
(2.12) with the grid point given by the coarse mesh.

Figure 7 (a) exhibits the coarse mesh that we considered, with its mesh-size being half the wavelength.
Figure 7 (b) shows the reconstruction given by the index function I.oarse := I(x, dy) with this coarse mesh.
As we may expect, we cannot distinguish two inclusions in the image, and basically we only observe a
large patch at the lower bottom part of the reconstruction. -

Now, let us consider a refinement of the mesh as a tensor grid with mesh-sizes h, ., (a) along the two
directions e; = (1,0) and ez = (0, 1), where we take o = 0.9. We refine the mesh in the whole sampling
domain €, and obtain a fine mesh given as in Figure 8 (a). We then perform the DMS and Figure 8 (b)
is the approximation provided by the index function I(z, dy) with this fine sampling. We notice that this
sampling helps to identify whether or not there are indeed two inclusions, with a clear dip separating the
two inclusions. However, we do not expect very fine reconstruction since the problem is severely ill-posed.
Nonetheless, we are able to separate the two inclusions in the image.

0.5
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0.
0. o
0 0.
o
-0, .

05 04 03 02 0.1 0 0.1 02 03 04 05

(a) (b)

Figure 8: (a) Grid points on a refined mesh given by a tensor grid with mesh-sizes i;:;(a) along er = (1,0),e2 =
(0,1), « = 0.9, and z is taken in the whole sampling domain Q. (b) A reconstruction given by [I(x,dy)]?, where
I(z,dy) in (2.12) with a refined grid in the left.

Next, we consider a refinement of the mesh only at the points where the value of I.oarse(z) > 0.995.
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Again, we refine as a tensor grid with mesh-sizes h, ., () along the two directions e; = (1,0) and
ez = (0,1), where we take a = 0.9. The resulting adaptive refinement is shown in Figure 9 (a). We
perform the DSM. Figure 9 (b) illustrates the recovery obtained by the index function I(x, dy) with this
adaptive fine sampling. Comparing the reconstruction in Figure 8 and in Figure 9, we can observe clearly
that the qualities of the reconstructions are similar, i.e., both of them separate the two inclusions, but
adaptive refinement requires a significantly smaller number of sampling points in the reconstruction.
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Figure 9: (a) Grid points on adaptively-refined mesh given by a tensor grid with mesh-sizes E;e/i(a) along
er = (1,0),e2 = (0,1), o = 0.9, and x is taken only when Icoarse(x) > 0.995. (b) A reconstruction given by
[I(x,dy)]?, where I(x,dy) in (2.12) with adaptively-refined grid on the left.

7 Conclusion

In this paper, we have discussed the choice of optimal mesh size for reconstruction of inclusions from
both the near-field and the far-field data in two and three dimensions. The computation complexity would
be sharply reduced with an optimal mesh size for state-of-the-art algorithms (i.e., LSM, DSM, CSIM,
etc,) since the computation complexity is usually at least of the order of O(N™~1) in RM where N is
the number of sampling points along one direction. Moreover, an optimized mesh size can help improving
reconstructions of some iterative reconstruction approaches (i.e., MSM, EMSM, etc,) by avoiding choices
of stopping criterion which may heavily depend on the quality of the reconstruction under a coarser
mesh and a subjective choice of the cut-off value. We can conclude that our results are expected to have
important implications in solving inverse scattering problems.
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