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THE POINT-INTERACTION APPROXIMATION FOR THE FIELDS GENERATED
BY CONTRASTED BUBBLES AT ARBITRARY FIXED FREQUENCIES

HABIB AMMARI *, DURGA PRASAD CHALLA **, ANUPAM PAL CHOUDHURY f, MOURAD SINI¥

ABSTRACT. We deal with the linearized model of the acoustic wave propagation generated by small
bubbles in the harmonic regime. We estimate the waves generated by a cluster of M small bubbles,
distributed in a bounded domain Q, with relative densities having contrasts of the order a?,3 > 0,
where a models their relative maximum radius, a < 1. We provide useful and natural conditions on the
number M, the minimum distance and the contrasts parameter 3 of the small bubbles under which the
point interaction approximation (called also the Foldy-Lax approximation) is valid.

With the regimes allowed by our conditions, we can deal with a general class of such materials.
Applications of these expansions in material sciences and imaging are immediate. For instance, they are
enough to derive and justify the effective media of the cluster of the bubbles for a class of gases with
densities having contrasts of the order a?, 8 € (%, 2) and in this case we can handle any fixed frequency.
In the particular and important case 8 = 2, we can handle any fixed frequency far or close (but distinct)
from the corresponding Minnaert resonance.

1. INTRODUCTION

Diffusion by highly contrasted small particles is of fundamental importance in several branches of
applied sciences as material sciences and imaging. We are interested in the models where these small
particles have sizes at the micro scales as in the models related to gas bubbles. To describe properly the
mathematical model we are dealing with in this work, let us denote by {Ds} | a finite collection of small
particles in R? of the form D, := B, + z,, where B, are open, bounded (with Lipschitz boundaries),
simply connected sets in R? containing the origin, and z, specify the locations of the particle. The
parameter § > 0 characterizes the smallness assumption on the particles. We shall further assume that
the Lipschitz constants of the open sets By are uniformly bounded. Let us consider piecewise constant
densities of the form

Po, T € R3\Ull\i1Dla

1.1 x) =
(L) pi(a) ps, £ € Dy, 5=1,..., M,

and piecewise constant bulk modulus in the analogous form

ko, T € RB\U{ZIDZ,

1.2 ks (z) =
(1.2) @) =k ceD. s—1...0M

where pg, ps, ko, ks are positive constants. Thus pg and k¢ denote the density and bulk modulus of the
background medium and p, and ks denote the density and bulk modulus of the bubbles respectively.
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We are interested in the following problem describing the acoustic scattering by the collection of small
bubbles Dy, s =1,..., M:

V(o V) +w?p-u = 0 in R¥NUM, Dy,

V.(iVu) +w2k%u =0in Dy, s=1,..., M,

ul_ —u|l, =0, ondD,, s=1,.... M,

L Ou L Ou +:00n8D5,s:1,...,M,

ps Ovs po Ovs

(1.3)

where w > 0 is a given frequency. Here the total field u := u! + u*, where u! denotes the incident field
(we restrict to plane incident waves) and u® denotes the scattered waves. The above set of equations
have to be supplemented with the Sommerfeld radiation condition on u® which we shall henceforth refer
to as (S.R.C).
Keeping in mind the positivity of the bulk modulus, the above problem can be equivalently formulated
as

Au+ rkdu =0 in R*\UM Dy,

Au+r2u=01in Dy, s=1,..., M,
(1.4) ul_ —u|l, =0, ondDs, s=1,...,M,

L Ou L Ou +:00n8D57s:17...,M7

pis‘ﬁus — " po oS
% —ikou® = o(%), |z| = oo (S.R.C),

Bl

22—2 and k2 = w?#=. As in the previous case, the total field u := u’ 4 u*, with u/ denoting

where £% = w
the acoustic incident field and u® denoting the acoustic scattered field.

Definition 1.1. To describe the collection of small bubbles, we use the following parameters:
(1) a:=  Joax diam(Dy,) [ =6  Jax diam(By,)],
(2) d:= min d,,;, where d,,; := dist(D,,, D;),
rem i
(3) wWmax as the upper bound of the used wave numbers, i.e. w € (0, Wmax],
(4) there exist constants (,, € (0, 1] such that

Bgm%(zm) Cc D, C B%(zm),

where (,, are assumed to be uniformly bounded below by a positive constant.

The distribution of the small bubbles is modeled as follows:
(5) the number M := M(a) O(a™*) < M0~ % with a given positive constant M, 4.,

(6) the minimum distance d := d(a) =~ a, ie. dpina’® < d(a) < dpagal, with given positive
constants dy,;n and dp,qq,

(7) the coefficients k., p, satisfy the conditions:

(1.5) Pm — a?, B>0,(ie 20 <),
Po Po
keeping the relative speed of propagation uniformly bounded, i.e.
2 k k
(1.6) K—g’:: Lm0 :p—m—O:O(l)7 as a < 1.

K kmpo  po km
Here the real numbers s, t and [ are assumed to be non negative.

We call the upper bounds of the Lipschitz character of B,,’s, Myaz, Amin, @maz and wi,q. the set of
the a priori bounds.
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The scattering problem described above models the acoustic wave diffracted in the presence of small
bubbles. In this case, the parameter [ fixes the kind of medium we are considering, see [7}/11,|12,[21]. To

state our results, let us first denote A =

|8D,\ faDl faD, = S,‘ - vy ds’ ds and define

2 8 kl
Wy = ————— .
(pr = po)Ar
Note that A; is negative, as A = _|871231\ faDl sz ﬁdy doy(s) by the divergence theorem, and since p;
satisfy (1.5) and @ < 1, it follows that w?, is positive. In the case 8 = 2, to simplify the exposition of
the results, we assume that the constant w3, is the same for all [ = 1,..., M. For example, this can hold

if all the bubbles are identical in shape, and have the same density and bulk modulus. The main results
of this work are stated in the following theorem.

Theorem 1.2. Under the conditions 0 <t < %, 0<s< %, B=147v with0<~v<1ands+~v<2 we
have the following expansions.

2
(1) Assume that v < 1 or v = 1 with w being away from wyy, i.e. |1 — 4| > Iy with a positive
constant lg independent of a,a < 1. Then

M
(1.7) u®(2,0) = Y B®(&, 2m)Qm + O(a®* +a' )
m=1

under the additional condition on t: t > 5

(2) Assume that v = 1 and the frequency w is near wyy, i.e. 1 — “:JM Iy, hy > 0. Then

M
(18) uoo(i,79) _ Z q)oo(i',Zm)Qm + O(a27872h1 + a372t72572h1)

m=1

under the additional conditions on t and hy given by

and s+ hy <1 ifly <O.

\
wla

et>5 t<1—hyands+h <3 ifly>0.

The vector (Qum)M_, is the solution of the following algebraic system

(1.9) Cm 'Qum + Z B(21,2m)Q1 = —ul (2), m=1,..., M,
l#m
with
2 D _
(1.10) Cm = Fin | Do — and A,, = / / 5 *) vy ds' ds.
S — kg A |5Dm| op,, Jop,, 15—

The algebraic system (@ 18 invertible under one of the following conditions:

(1) The coefficients Cy, are negative and max |Cp,| = O(a®), as a < 1. This condition holds if

(a) v <1 orvy =1 withw being away from wy; and we have the relations 0 < v <1, v+ s <2
and 5 <t <1.

(b) v =1 and the frequency w approaches wyy from below (Iyy < 0), i.e. w < wyr, and we have
the relations § <t<landl-—h; —s>0.

(2) The coefficients Cy, are positive and one of the following conditions is fulfilled
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(a) max|Cp| = O(a'), as a < 1, and 7 := minj<jm<m, j£m c0s(ko|zm — 2;j]) > 0. The first
conditions holds if v = 1, the frequency w approaches wys from above (Ipr > 0), i.e. w > wpy,
and we have the relations 0 <t <1—h; and s < 1.

(b) max|Cy| = O(a®), as a < 1. This condition holds if v =1 and the frequency w approaches
war from above (Iyy > 0), i.e. w > wyy, and we have the relations $<t<landl-h;—s=>0.

The constants appearing in the error terms of and @ depend only on the a priori bounds
mentioned above. In the case v =1 (i.e. § = 2), we assume that the constant C,, defined in 18
larger then a certain constant depending only on those a priori bounds.

Related to the model , the asymptotic expansion is derived formally in [11,[12] and justified
mathematically in [7] in the case § = 2 when the frequency w is close to the particular frequency wpy.
The particular frequency wys is shown to be an approximation, as a < 1, of a resonance known as the
Minneart resonance, see [6].

The approximations provided in Theorem are valid for a large class of bubbles. In particular, they
can be used to derive the equivalent effective media at least in the following class:

(1) If v € (3, 1), which means that 8 € (2,2), and for any frequency w.
(2) If vy =1, i.e. B =2, for any frequency w away or very close (but distinct) from wjy.
The error in the approximation in 1] is going to zero since t < % and s < %

The error term in ([1.8)) goes to zero provided s, h; and t satisfy the condition

3—2t—2h
(1.11) s < min{2 — 2k, fl}.
These conditions are fulfilled, in particular, if
1
(1.12) s+h1 <1, hy <1 andt<§.

These last conditions are the regimes in which one can derive the effective media. Actually, in the case
Iy > 0, one can also allow s + hy; > 1 (but s + hy < %) and hence generate potential walls which are
completely reflecting any incident wave sent from outside of its support. This phenomenon is already
observed and justified in the framework of acoustic waves in the presence of very large number of holes,
see [15].

We also observe that, in our approximations, we can handle the case s = 0 and pp%po — é/{?nAm =
m

¢ma® with some constant ,,, by choosing h; = 1. In this case, the error term goes also to zero as soon

ast < % Hence, the condition pp%po — 87“(2)Am = (,n a® implies that, as a — 0, and choosing ¢t = 0 for

instance, u™ (%, 0) = 2%21 D (2, 2 )Qun Where Coy ' := Ckig 2| Bm| ™" and (Q)M_, is the solution of
the algebraic system . This limiting field describes the Foldy-Lax field generated by the interaction of
the point-like scatterers, given by the centers of our small bubbles, with scattering strengths modeled by
Cu’s, compare to [16,/18] and see also [19]. This limiting field is also modeled by the Dirac-like potentials
supported on the centers of the small bubbles, see |I]. What we have shown then is that if we inject
to the background small bubbles characterized by % ~ a? and the frequency w near to the Minnaert

resonance as follows 5—22 = 141 a the generated fields behave as the ones created by Dirac-like potentials
M

(or point-like scatteres). This shows a way how to generate fields generated by singular potentials by

injective regular small bubbles. This singular potentials are supported on points. In a forthcoming work,

we show how to generate fields due to potentials supported on 1D curves (i.e. metawires), 2D surfaces
(metasurfaces or metascreens) or 3D domains (metamaterials). Thanks to the kind of approximations
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we provide in Theorem [I.2] these different settings of the metamaterials will be treated in a unified way,
namely as Dirac type potentials supported on curves, surfaces or domains.

The analysis of the wave propagation in the presence of highly heterogeneous media is an object of
extensive study, see [20]. An important situation is when the heterogeneity of the medium is modeled by
the high relative contrasts as the relative densities or the relative bulk modulus described above. In the
recent years there was an increase of interest in describing the effective macroscopic models generated
by periodically distributed microscopic structures characterized by high contrasted media, see [17] and
the references therein, based on homogenization techniques. Compared to these works, we need to study
the expansions of the fields generated by contrasted small bubbles that are not necessarily periodically
distributed. Besides, we focus on the precise description of the dominant parts of the fields as the cluster
of the bubbles becomes dense. For this, we propose to derive the point-interaction approximation of those
fields using integral equation methods coupled with asymptotic expansions tools. This point-interaction
approach has its roots back to the Foldy approximation method known in several branches of physics and
engineering, see |1,[19]. The advantage of this approach is that we can characterize clearly the dominant
fields generated by the interaction of the small bubbles between each other and also with the background
medium. This approach was already tested and justified in our previous works [3,/14] when the contrast
is modeled by high surface impedances and in [7] where the case v =1 (i.e. § = 2) and the frequency
w is close to the resonance wy;. The purpose of our work here is to extend those last results to more
general values of 8 and the whole range of frequencies w.

Related to this bubbles model, other results were derived very recently. In particular, in the case § = 2
and w close to the resonance wys, we find in [8] a mathematical framework for modeling metasurfaces
with bubbles, in 9] a justification of the superfocusing of acoustic waves in the presence of gas bubbles
and in [10] a justification of the bandgap opening due to periodically distributed bubbles.

As compared to the results in |7}/9], using our derived estimates, we can handle not only frequencies
near the Minnaert resonance but arbitrary other fixed frequenciesﬂ and any gas modelled by densities
having contrasts of the order a? with 3 € (%, 2]. In the particular case when S = 2 and w is close to the
resonance wyy, we retrieve the results in [7]. Namely taking s+hy =1 in , we see that we can get the
effective media with an additive coeflicient changing sign depending if w is lower or higher than wj;. The
equivalent medium is absorbing if w < wy; and reflecting if w > wy,. In addition, and as discussed above,
if w is close to wys and w > wyy, i.e. with [py > 0 in 7 we can also take 1 < s+ hy < % In these
cases, the equivalent media behave as extremely reflecting media allowing no incident wave to penetrate
inside it, see [15] for a different but related setting using holes. The quantification and justification of
these results will be reported in a forthcoming work.

The rest of the paper is divided into the following sections. In section [2| we give the core proof of the
result while in section [3] we provide the detailed proofs of the main tools used in section 2.

2. PROOF OF THEOREM

2.1. Representation of the solutions. We recall that the single layer potential, double layer potential
and the adjoint of the double layer potential are defined as

S5, o(z) = /8 O (@)o(0)da o).

K5 oa) = /8 0, Pula )0l ),

(K, )" 6lx) == /a 0, Dula )0l (),

1This, of course, means that we are in the Rayleigh regime, i.e. wa << 1asa << 1.
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where
o 6il~e\m—y| ; R3
X, = ——— Iorx,yc R
denotes the fundamental solution of the Helmholtz equation in three dimensions with a fixed wave number
K.
The problem ([1.4]) is well-posed, see [4,/5] for instance. For the purpose of our analysis later on, we show
that the total field can be represented as

u(z) = { + XM, SE ), @ € RNUE, D,

2.1
Y Spabs(x), € Dy, s =1,..., M,

where ¢;,1; are appropriate densities. Observe that we represent the field inside each Dy, s =1,..., M,
using a single density. This simplifies the presentation of the computations.

Using , the jump conditions across the boundary of the obstacles in can be reformulated as
follows. From the third identity in , we derive that on 9D,

().

M
O:u’ (x)—u’ (m)zuIst (J:)—&-ZSB(Z@‘ 37)_5;11/}5
=1

+ - — +(

Since the single-layer potentials are continuous, this implies that

M
Ks _ Ko _ I
(2:2) 5, SaDs(x) Z_ZISDL@‘aDs(x) u ’8Ds(m).
Again
1 Ou 1 ou! M1 a(SE ) 1 ou 1 9(S55 1)
— | @= =5 @+ =2 @), | (@)= == (@),
po OVs 1+ po Ovs lop, — po ov + ps OVS |- ps Ov -

and therefore from the fourth identity in (1.4), we derive that

I Mo oSk
:l ou . _i ou (z) = i ou - Zi ( Dl¢l) (2)
po OV n ps OUs|_ po Ovs oD, —~ py Ov®
l#s aDS
L (@) + —(K0) 64 (@) — 5 ths(2) — (K5 ) s (@)
— — Qs €T —_ s xTr) — s Xr)— — £ x
2p0 po s 2ps ps P
and hence
(2.3)
1 oul 1r 1 . 171 . 1S )
l#s 6D3

The following proposition guarantees the existence of densities ¢;, v, satisfying (2.2]) and ({2.3)).

Proposition 2.1. For each

M M
[[(F:.G:) ey = [[[H"(0Ds) x L*(9D;)],

there exists a unique solution
M M

[1(#i.¢:) € X =] ]IL*@D:) x L*(9Dy)]

i=1 i=1
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to the system of integral equations

M
(S50 =" Sma)

= Fi7
=1 aD;
pi L2 i ¥ 2 i) % Ly o
16

Proof. We outline a proof of this proposition in section

oD;
|

Note that in order to prove the representation (2.1]), we apply the above proposition with F; := u!|sp,

and G, :

= aw . respectively, where ¢t = 1,..., M.

i

2.2. Integral identities. Let us recall that the capacitance Cap; is defined as

(2.4) Cap, = /6 i (5%) " (1)(t) do(t).

It is known that Cap,, =~ d and hence Cap,, ~ a.

We note that the system of integral equations (2.2)-(2.3) can be rewritten as follows. For [ =1... M,

M
(2.5) Sy — 1) = Y SE bm =u! +[SF — SH 1y, on ODy,
n
(2.6)
M K
pol K 1 K0\ * 8(5 qusm) ou! K K \*
pj[ Id+ (K)o — [~ 5 Td + (K)o - Z e = [(KD?) — (K5)*lr, on 8Dy

Our first step is to convert the system of double integral equations ([2.5| . . ) for (¢, 1), into a system
of single integral equation for (¢;)}4,. For this, we need to estimate first the source terms [S7; B, — Sp, 1

and [(K75))" = (Kp,)"]¢.

In the following two lemmas, we collect some approximations that we shall use.

Lemma 2.2. The functions (SODZ)71 <f8Dl | - —t[" () dal(t)> and (S%lf1 (( - zl)”) exhibit the

following approximate behavior.

2 st (1o

(28) | (%)™ (¢ =)

Proof. We refer to section for a proof of this lemma.

L2(8D))

L2(dDy)

Lemma 2.3. The following approximations hold true.

(2.9)
Ko _ Km :L _
(S5, = S52] vnls) =gk = m) | o (s) dom(s +Z =

= O(a").

= O(a”“llqbzlle(aDl))’

/ |z — 8" 1 (s) dom(s),
oD

m

= Brr1,=0(a2[| )
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(2.10)
KO \* Kom \ * _i 1432—%2 s (S*t) . o s
L) = 5 (o) =g ) [ o[ cat] o5

D, s =1

1
- = whiDl | (o) Brrd
[=0(a®||¢ml])]

We shall also sometimes use (2.10) with k., = 0. In this case, we shall refer to Err2,, as Err3,,.
(2.11)

(S b
L L s 20) [ o) dmats

+vtq)ﬁo (Zl, Zm) ‘ /

0D,

(5 2n)0(s) do )]

— kg V@ (21, 2m) - [/

D,

(x — zl)dx] /{9D dm(s)dom(s) —  Errd,, ,m# I,

a6
o (&= lon)

2.12 o i r g
(2.12) 8DZW——KOI | u!(z1) + Errby,
~0(a*)
o =1 [i(Ko — Ky)
U — ¢ = (Sp,) (477Ql>
+ (5%1)71 ( [(1 — Z:TlCapl> D, (21, 2m) + (s — 21) - Vs Py (21, zm)} Qm)
m## 1
(2.13)
+ (SODl)i1 ( vth)No (Zlazﬂ”L> . Vm) + (SODz)il UI(Zl)
m# 1
3
+ Err6; {:z 0] (a+a2|¢l|| + Z Z3H¢m”) }7 in L?,
m#l
(2.14)
U — ¢ = Cap, <WQZ)
oD, aD, ™
+ (Z {C’apl <1 — Z:;Capl) Do (21, 2m) + Vs Py (21, 2m) - /8D (S%l)_l (- — zl)(s)dcrl(s)} Qm>
m# 1 !

m## 1

+ Cap, (Z Vi@, (21, 2m) - Vm) + Capy u'(z)

a4
+ BT [ =0 @ +a’oll + Y Slomll | ]

m#l
Proof. We defer the proof of the lemma to section [3.3] O
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2.3. A way of counting the number of bubbles. In the following sections, we will repeatedly need
to estimate sums of the form vail,i 2 I (zi, z;) with functions f involving inverse power of distances, i.e.
|z; — z;| 7%, k € Ry. Here 2; is the center of the small bubble D;. Following [14], we describe here a way
how to handle these sums by a proper counting. To do it, for any m = 1,..., M fixed, we distinguish
between the points z;, j # m by keeping them into different layers based on their distance from D,,. Let
Qn, 1 < m < M be the cubes of center z,, such that each side is of size (§ + d*) with 0 < o < 1 and
it contains only D,,. Let us arrange these cubes in a cuboid, for example unit rubiks cube in different
layers. Hence, the total cubes upto the n‘" layer consists (2n + 1)® cubes for n = 0,...,[d~?], and Q,,
is located on the center. It is clear then that the number of bubbles located in the n'"*, n # 0 layer will
be [(2n + 1)® — (2n — 1)3] and their distance from D, is more than nd®. With this way of counting, we
deduce that for j fixed

M a—“
(215) Z |Zi—2j|_k < Z |Zl—Zj|_k+Z Z |Zl—Zj|_k
i=1,i#j Zm €N}, Zm#2; =1 z;€Qy
where
> la—zylt=00d™
Zm €, 2m#Zj
and
d—“ d—“ d—“ d—“
SN a5l (@41 = (2= 1)°)d*) =00 1Pd™) Ry = 0@d kY 12,
=1 z;€Q =1 =1 =1
Hence
M a—“
(2.16) Yo lzi—zl T =0@d M) oY PR,
i=1,i#j I=1

Observe that for k = 0, it is obvious that Zgu#

have Z?il,i;éj |z; — zj| 7% = O(1) + O(d—3%). Recalling the way we counted, d>* is the volume of the ;.
Hence d—3% is of the order of the number of the bubbles, i.e. d=3* = O(M). As we set M = O(a™*), we
will be using the formula 3ot = s, and then t > £, as a < 1.

|z; — 2;/7% = M — 1. By the previous formulas we

For k > 0, we obtain the following formulas
(1) If k <2, then

M d—“
(2.17) Y szl =0d ) + 0@ PR = 0(d7F) + 0(d ).
i=1,i#j =1

(2) If 2 < k < 3, then

M
(2.18) > lzi—zTF =0(d™F) + 0(d* *|In(d)]).
i=1,i#j
(3) If k > 3, then
M d—«
(2.19) Yozl =0 ) 0 PR = 0(dF) + 0(d ),
i=1,i#j =1

—s—kt Tet us

If we do not count properly, then we would have Zﬁlﬂ.# |zi — zj|* = O(M d7%) = a
take k = 1 as an example. We have shown above that Zf\iu# |zi — 2| 7% = O(a™t) + O(d=3%) =
O(a™") +0(a=3*) = O(a~t) + O(a™?) instead of O(a=*~*). Hence, in this case, we gain an order of a~*
as soon as s > t. This kind of reasoning will be used in the next sections.
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2.4. The a priori approximation of the system of integral equations. Our first step is to approx-
. . . M
imate the source term [ST — ST ¢y in (2.5), that is, ST (¢ — ¢1) — Z:’ii ST m = ul + (ST, — Sp, 1t

by single layers of the form S'Z)‘; g1, where g; is the unique solution of the problem
i
(2.20) SHgi(s) = — (ko — 1) Pi(t)doy(t), on OD;.
4’/T 8D,
Hence
[Sgﬁ — Sgll]d)l = Sg(;gl + Errl;.
Let us define

M
H1:=S3 @ —¢) = Y S5 dm—u' =Sy,
el
and g; such that
(2.21) Spagi= Errl;.

Using (2:20) and (2:21) in (2.9)), it follows that H1 satisfies

(A+K3)(H1 = SEgi) =0 in Dy,
Hl= Sg;gl on 8Dl

By the maximum principle, we can immediately conclude that H1 = SB‘; g1 in D;. Taking the normal
derivative from inside D;, we have

O[S, (u — ¢z)]‘ B f: 3(5}5‘;%)‘ _871#‘ o)) | g
ol oD, - ol oD, OVl lap, ot lap, b
me£l
9[5"0 g
where Er; := [a[;llgl] . This gives us
l
po {11d+ (K”O)*} (1 — 1) i ro 78(53”%)‘ _ o o [11d+ (K50)* | i + Er
Pl 2 Dy ! ! = Pl ol oD, B Pl ol oD, Pl 2 Dy gt b

—~r

m#

where Erg ) := ’;—?Erl. Next we use this in the second identity (2.6)) to derive

11po Po Ko\ * o I(Sp, &m)
S Gl i (G R 2 G =)= 5 o,
m#£l
ou’ 1 Ry
= (00 =) Gutlop, o LT+ (KB = PO — (K T+ o,

which, in turn, implies that

M K
1 po + pi K0\ * a(SDO ¢m)
R A — (K%o — — —m 7
Z[pofpl]qbl (K)o mz::l ovl ‘6Dl
me£l
ou’ P\t K \* Ko\ * 1 Ko \*
=5t (1-0) ([(KDQ — (K)o + [ 1+ (K7) ]gl> + Ersy, on 0Dy,
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-1
where Erg ) := (Z—‘L’ — 1) Ery,;. Hence, we have

- 2 - P g — (13, "o = o', (1- ﬂ)fl ([(Kgl)* (KR T+ [%Id—i— (Kgg)*]gl>

2Llpo —p 't Po
(2.22) ar
6(SBO ¢m) KO\ * *
+ Zz =g IS = (KD) Vo + Bray. on 9Dy
m#l

Our aim henceforth would be to derive a suitable approximate system for |, 2D, ¢ doy from ([2.22)) above,
leading us to the final algebraic system. To do so, we start by integrating (2.22) on 9D;, and since
K9, (1) = —3, it follows that

(2.23)
1{p()+pl I / SKU ¢m
i P 1] & doy = doy + [(K’“’) — (K© ¢l doy + § doy
2Lpo —p1 D, op, OV ot aD, b D) 1 J oD, 61/1
m#l
Pl -1 K\ * Ko\ * 1 Ko\ *
+(1-2) (K53 = (K)o + (51 + (K3) v | don + B,
P0 aD, 2

where Ery; := fE)D, Ers ;. For s € 0Dy, let us define

Ai(s) == /a (s =) vy doy(t).

b, s —1

From the definition, it easily follows that ||4;| 12(ap,) = O(a®). Next we observe that,
o\ o\ 1

Bry, = <1 - l> Ery = (1 - l> / - 1d+ (K5)"a
Po oD, Po oD, 2

- (1 B Z) h /@Dl (=KD" + (K3) Tan

_ <1 _ f’l)_ éﬂg /8 ) Ai(s)don(s) +0(a gl

where the last step follows from (2.10) applied to g;.
In order to check the behavior of the Ery, let us consider its dominating term [, D Gi1(s)A;(s)do(s). From

the definition of g, it can be observed that the dominating term of g; is (S ”l) (faD, —t|tp(t)doy (t))
and hence it’s sufficient to consider [, (S3,) (faD, —t|i( )dal(t)) (s) Ai(s)doy(s). Using (2.7), we

can deduce that
L7 ([ 1 —iin ) ) as) dene

(59,)”" ( L th(t)daz(t)) 1Al 2 omy =0 (a11])

L2(0Dy)
In addition, |||l < [|(SE) " I Errlillz2op,) = O(a®(|[¢]]). Therefore Eryy = O (a®|[¢u]).
In the following lemma, we note down some ebtlmateb for g; that we shall use.

(2.24)

Lemma 2.4. Similar to (2.10), g; satisfies the estimate

(2.25) L sy by Ta =gt [ o ]/ . O ] dote
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i o3
— —ry|D s)doi(s)+ Err8
47 ol l|/(9DZ g1(s)don(s) \VJ
=0(a®||g:ll)

Also

(2.26) g1(s) :ﬁ(ﬁo — K1) |Capy ul(zl) + /BD o1+ Z Dy (215 2m) QmCapy (51031)_1 (1) (s)
l m#l

+Em~9l[;:o >+ allgn + 3 d2l||¢m|| } in L.
m#l ™
Proof. We defer the proof of this result to section [3.4]
Now using lemma (2.23)) can be rewritten as

(2.27) T [ ode(s)+ Z (3101 [, (2. 20 /8 | nls) o)
m;éz
VB (21, 2m) - /8 (8= () ()]

+ K2V @, (21, 2m) - {/D (x — zl)dx] - Om(8) dom(s) + Err4m)

1 s—t
= — kg |Di|u () + Errs; + —kj oi1(s) / ( ). vidoy(t)| doy(s)
81 " Jap, op, |s—1

— fl<60|Dl| . ¢l( )dal(s) +E7"7“31
1

Pl L s 2 (s —
1—-2) (k2 - d d
# (1= 8) g [ v [ [ S ]“’
Cfy _PNTHE g g _p
(1-2) ot =spind | | s)ion(s) - (1 2" prra
2 5 w0 |, T o]
(1= — s P doy(t)| doy(s
( po) o aD,gl() P P + doy(t) | doy(s)
_ (1_ﬁ 0|Dl‘/ gi(s)do(s <1—ﬂ) Err8; 4+ Ery,.
Po

Dividing by |D;| and making use of (2.13)),(2.14) and (2.26)) in (2.27)), we obtain

(2.28)
L|Dl|71 Pu(s) dou(s)
pL— aD;
+ KO ; [(I)no 21, Zm .. ¢m(3) dUm(S) + Vi, (Zl, Zm) . /aDm (S — Zm)gbm(s) dam(s)]
m#£l
M
+ R2 Dy ; Vo, (21, 2m) - [/D (z — )de] [ on(s)don(s)
m#£l

=—riul(z) + 8%K3|Dl‘_l - o1(s)Ai(s)doy(s) — %/@8 oi1(s)doi(s)
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+ (1 — ﬂ)ilé(/@? — k)| Dy| 7! - B1(s)Ai(s)doi(s)

-11 _ -1 [ i(ko — K1)
8?(512 — k)| Dy 1/6Dl (Sh,) (MQZ

+ Kl - Z;Capz) D, (21, 2m) + (- — 21) - Vs‘lmo(Zz,zm)] Qm
m# 1

+ ) Vi, (21, 2m) - vm> (s)A;(s)doy(s)

m# 1
Pl 11 _ -1
#(1- ) gt o | L8507 ! Gy + Brro| As)don(s)
(PN s s
(1-2) =) [ or(s)don)
(1o Py s sy | o — k) ik
(1 p0> . (K7 "Lo)l e CapQ, +n§l {C’apz 1 p Capy | (21, 2m)
+ Vs(pm) (Zlazm) . / (S%l)_l ( — Zl)(S)dO'l(S):| Qm + C(lpl Z th)ﬁo (Zl7zm) . Vm
D, =
P\t
N (1 - %) E(“? — k) [Capluj(zz) + Err7]

-11 7
+ (1 — ﬂ) 8—H3|Dl|71/ — (ko — K1) [C’aplul(zl)
7 op, 4m

QU Y Py (2t 2m) QuCapt] (55,7 (1) () Ai()don (5)

m#l
AN -1
+ (1 — —) —kg| Dyl Err9; - Ai(s)doi(s) + Ersy,
Po 8m oD,
where
(2.29)
M -1
Ers; = |Dl|*1E7“4,z + |Dl|*1 Errb; — Z Errd,, + (E?"?“Sl + (1 — %) (=Err2; + Err&))]
m=1 0
m#l

3
= O(a®|lul)) + 0O (a + 3 S 1omll + @[l + allénll + a2||gl||)

m#l ml

m#l ml

3
= O(@®|lwill) + 0 (a + 3 S lomll + @[l + allénll + aBIIwz)

3
0 (a+ S 2 llémll + ] +a2|wl||) .

m#l ml

13
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Collecting the error terms together, we can rewrite (2.28]) further as

(2.30)

1 Pl 1 Po 22y 2|y )

i po 0
+ -0 Qi 1 (K0 = R)Q

p1L— po 4w
Po 1 3 3
p1 — po 1672 (k] — k) (Ko — k1) CaprQy
Po i 9 o . 0 -1
- — r1)|D S 1)(s)A;(s)d
p1 — po 3272 (k7 = rp) (o = r0) | Di| Ql/Dl( DL) ( )(S) 1(s)dou(s)
ro ‘ 21y —1 0 \—1
- D 1)(s)A
P — pPo 327'('2 (K/O K/Z)K/()| l| (/aDl (SDl) ( ) (S) l(S)dU[(S)) Ql
_ P03 3 iR
21— Po 47T(f£o Ky) gl {Capl (1 = Capl> D, (21, 2m)

+ Vsq)no (Zla Zm) : /

0D,

(Sh) ™" (- = =) (s)dor(s)| Qun

po_ 1 2 -1
— (k7 — k3| D
Pl_PO87T( ! o)l il
/ (S%l)il ( Z Qm |:<1 - chapl) (I)No (zlvzm) + ( - Zl) ! vsq)no (Zl7zm):| >(3)Al(8)d0l(s)
aD, g
Po 1 _ .
m_mwﬂ%wrwmmllg;@a%%m%pwlAmw&>%n@m@MM@
M
+ Z ['{’(2)(1)&0 (Zlazm)} Qm
L
M
+ KDL S Vo (21, 2m) [/ (2 — 2)dz | Qm
m=1 Dl
m#£l

oL (- Fu%)lDzI‘1< D Vi®o (21 2m) - Vm> /aDl (52,) 7" (1) () Au(s)dons)

pL— po 8T =

i
P [10,00 E(ﬁg — i) Cap Z Vi@, (20, 2m) - Vin

m# 1
M
+ Z [ﬁgvt@,{o (zl,zm)] - Vin
il
—rgul(z) + %i(ng - /ilz)\DlrluI(zl)/ (S%l)_l (1)(s)Ai(s)doy(s)
pr— po 87 oD,

0 7
= fi o E(R? — k§)Capyu’ ()

Po v _ B
p1 — po 32m2 H%(m — o) Di| ™ Capre () _/(9DZ(S’%Z) L (1) (s)Ai(s)do(s) + Erg,,
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where

-11
(2.31)  Brey = Ersy + (1 - ﬂ) = (k2 — K2)|Dy| / Err6y - Ay(s)doy(s)
po/  8m oD,

Pl 11 2 1 Pl 1 3 3
+ (1 — p—0> 7THOID1| - Err9; - Ay(s)do(s) — (1 - %) E( [ — ko) ErrTy
1

=0 a+z Hqﬁm\HaQHaﬁzll+a2llwzll +0 a+a2H¢zII+Z ||¢>m||

m#1 m m#1 m

+0|a +a2\|¢zll+z ||¢m|| +0|a +a3||¢z||+z ||¢>m||

m#l ml m#1 ml

=0 a+Z \\¢m\\+a2u¢z||+a2||wl||

m#1 m
In the following lemma, we state some identities concerning the integrals with A; in the integrand.

Lemma 2.5. The following identities hold true.

(232) | 1857 () As) don(s) =~

(2:33) |57 (=20l donts) = <87 [ (@) da.

D,
Proof. Observe that,

0 \~! _ -1 1 ;
[ tsh) 7 i dnts =<2 [ [ 1(55)7 Wle) g dem

:_8ﬂ/D /w (5,) " (]()®o(s,y) dor(s) dy
——sr [ s, ((58) 7' () ).

Now, by denoting f := S,%l ((S%l)fl (1)), we can observe that A f =0 in D; and f =1 on 0D;. Since

the boundary integral equation has a unique solution f =1 in D, we can conclude that
-1
| 1887 l(s)As) den(s) = =Dl
1

Similarly, we can prove ([2.33]). O

Let us denote the average of A; as
- 1
Al = AI(S) dal(s).
10Dy Jap,
It is easy to see from the definitions that both A; and A; scale as O(a?) in L? norm and therefore
(2.34) 141 — Ail| 2200y = O(a®).
Remark 2.6. While dealing with the difference of A; and Al, one is tempted to believe that the difference

behaves better than A; and such a result might be possible to derive using Poincaré type inequalities.
But such a result is not true in this case. Indeed from the definition of A;, we note that

(2.35) Auls) = _2/D !

dy
s =yl
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Now, using the Poincaré type inequality mentioned in [2, Proposition 3.2], we can conclude that there
exists a positive constant C'4 independent of a such that
1
fo e
D, [z =yl
2

dn = C~'Aa67

2

A — 42, op,) < Caa |VA(z)]?dx < 4C4 a dx
(0D1) Dy D,

1
<4C a6/ /7d
4 B, BL|§—77|2§

1
—d
/Bl e ap®

Now by making use of (2.32)) and splitting A; as A+ (4; — fll), we can rewrite (2.30) as

(2.36)

where

2
dn.

C’A = 40,4/
B

(2.37)

1 S 1
[wzrl( Pt |t =) = ] ) 4 o P L )

p1— Po pL— po Ar "0 pr—po dm

Po 1 3_ .3 PO Lo oo po_ 1 2
- - C - - - - — —(Kg — K1)k
m_mmﬂwlﬁﬂw r1)Capy m_mMMzHM% K1) m—mM(O 04@

+ 8% Ll pfpo (k7 — K2) — mﬁ] 1Dy~ /BDZ (Al(s) - Al(s)) 1(s)dou(s)

pPo_ i . 93 3 ik Po 2 2 iy
+ —(ky — k7)Ca <1Ca ) — K — K (IC’apl)
[pl—poélw( 0 1)Capy A Di pl—po( l 0) =

M
Z q)no (Zl7 Z’m)Qm

m=1

m£l

+[ po_ i (Ks_ﬁ?)/w (5%,) 7" (- = z2)(s)do(s) — —2 (ﬁ?—ﬁﬁ)lDz\_l[/D (2 — z1)da]

pr— podm 0 pL— po

1
- li)po E}Q%(Iio — r1)Capy + K7

M
+ H3|Dl|71 {/ (x— zl)dz” . Z VP, (21, 2m) Qm
b m
M
Z Vt(blio(zh Zm) . Vm

m=1

m#l

+

Ry — L (wf — r3) +

3 3
kg — k7 )Cap;
pL— Po 0 m—mm(o )

) )
I€2 Po (52 2) + Po ( 3 Po 7/{3(/@ _ K/O)Capl‘| ’U,I(Zl) 4 ET6,1~

3
- —K k] — kg)Capy —
07 o gy 0 l 1 0)

pi— po 4w

pL— po 4w

To proceed further, we shall use the following result describing the structure of V,,,. Let Z; := \BillDzl /. oD, S doy(s).
Proposition 2.7. The term V,, can be written as

Vm = Vriom + V;}em,
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where
(2.38)
dom - 2 1 —1 2
Vi = Z(zm Zm)</\m 2) 0| Din| Py (2, 20) Q 87’10(2771 Zm)(Am = 5)7 AmQm
:;71
_ L e N
87TK0<1 p0> (Zm Zm)o‘m ) ApQm
M
Y R Y
58 (1=502) G = ) O = ) AnClapm 3 e 20)Qu
n#m
M
Ly ) s Lo i 0o
(1= 2) - o (An(3) = An) (3 e )@ ) (55,) 7 (),
n#m

and V¢ satisfies the estimate

- _ _ a® a7 et @t a5 a5
(239) Ve = 0@ ) +O( (07 + T i+ S+ e s o)),
Proof. We refer to section for a proof of this result. O

Remark 2.8. We shall also sometimes, for the sake of the analysis, split the term V%™ into V,fll?lm and

Vdom where

(2.40)
1 _ 1,44 1 Pm\ "L, _ 1.4+
dom ._ _ — 2 _ _ \—1 2 _Pm _ -1
Vi = SWHO(Zm Zm) (Am 2) AnQm 87TKO(1 p0> (Zm — 2m)(Am 2) AnQm,
and
(2.41)
dom = = A 2
Vm72 = ; (Zm — Zm)</\m - 5) /4’0|Dm|q)50 (2m» 2n)Qn
ntm
T, pm\ "t _ 1,13 =
_ QRO (1 — E> (Zm — 2m)(Am — 5) A Capy, ; Do (Zm, 2n)Qn
n#Em
L oo Pm\ L A .- 0 -1
- 87,.;0(1 - E) = 2m) (A = 3) /a . (Am(s) — Am>( Z <I>,@0(zm,zn>Qn)<SDm> (8)dom (s).

n#m
Note that unlike the terms in V4", the terms in V;ﬁ‘y’g” contain a summation and this makes a difference
in the manner we deal with these terms and therefore we chose to distinguish between them. (I

Next we need to deal with the quantities V,,, and link them to @, to derive a closed system involving
only Q,,. For this, we use the splitting of V;, into its dominant and remainder parts, V,4°™ and V,"¢™

respectively, to obtain

(2.42)
- pL 1 Po 2 2 2| 2 T 4 po i, 5 3
D 1(—&—[ K] — K —I€:|Al)—|—,‘<;—|— (k3 —k
ll | pr—po 8T pl—po(l ) 0 450 Pl*Po47T(0 )
1 i ;
ol p_UpO 1672 (l‘{? - 58)(1“60 - Hl)Capl - o /j)poﬂ :‘ilQ — /ig)(:‘i() — /il) — o [j)poﬂ(no — Kl)l‘io Ql
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) K K
+ l £ 7(”8 - “?)Capl (1 - 47TlCapl> S— (F&lQ - K(Q)) ( lC’apl>

pL— po 4w P — Po
P i M
0 2 2
- e (DI{ s Am m
o — o 47T’fo( k1)Cap + kg ; o (21, 2m)@Q
m#l
po b o3 3/ 0 \~1 Po 2 2 —1
+ —(ky — K S - —z))(8)doy(s) — ——— (k7 — Kk§)| Dy [/ :nledx]
[pz—poém(o ) 6DL(DZ) ( )(s)dou(s) pz—Po(l o) Dl Dl( )
+KS|D1\_1[/ (x — 2) dxn Z VDo (21, 2m)Q@m
Dy =
p p ; M
+ k2 - O (k2 —K2)+ CE —/<c )Ca Vi, (215 2m Vn‘ff’m
0 pl—po(l 0) o — p0477( 1) Cap ; tPro (215 2m) -
m##l
S R S By o - ul(zl)l[ Po (@253)53] |Dlrl/ (Al(s)ffll(s)> o (s)doy (s)
PL— Po 81 [ pi — po oD,
Mo
+ O ((ko — K1)a) + O ;dTm[W,’fm\ + Erg .
me£l

We next have to deal with the term faD, (Al(s) - Al(s)) ¢1(s)doy(s) in the above identity. The following

lemma provides an approximation of this term in terms of Q.

Proposition 2.9. We have the following estimate

(2.43)
/ (Az( ) — Az)dﬂ doy(s Z Vi@, (21, 2m ) Qm
BDl m=1
m##l
Po

1
L o =) [Qut Y Capi®a, (2 2n) Q] (81D + AiCap)
m#1

+0|a +a3z ||¢m||+a5||¢z||+a5||wzll ;

m=1

m#l

where Ry = [ [(Md+ K3,) (A1) — 4] (s)a(s) dor(s) and A, = owter

2 po—p1

Proof. We defer the proof of this result to section [3.5 O

Making use of Proposition we can simplify (2.42]) as below.

(2.44)
- P 1 Po 2 2 2| 2 i3 po i, 5 3
D' L+ = 2y k2l A v o3
b ! <pzpo+8ﬂ [pzpo(ﬁl o) HO} l>+47TH°+pzpo47T(H° )
Po 3,3 PO L9 o po @ 9
_ — w\Cap — (k2 — _ _
o1 — Po 16772( i — Kp) (ko — ki) Capy o — o 47r(/€l Kkp) (ko — K1) — p—— 47T( 0o — ki)kg| Q
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) K 1K
+ [ A 7(“8 - /@'?)C’apl (1 - 47rlC'apl> S (/*612 - HO) (1 — lCapl>

pL— po 4w pL— Po
M

- P ! "{(2)(%0 - Kl)capl + KO Z (I)m) 21, Zm)Qm
p1L— po 4w —

m##l

o 1 —1 P _
+[ (5 — ) /SDI(S%J (- = =) ()dor(s) = L (f — ) D1 /D (o= z)da]

pL— po 4w

D,

+/£3|Dl|_1[/ (z — 2) da:ﬂ ZV D, (21, 2m ) Qm
m;él

. M
Po 2 2 po T o
+ k2 Y (2 + — —/z;/ Capz VP, lezm Vm
Tn#l
P M 1
= *K%* 0 (H(Q)*Iﬁ?) ul(zl)+0((liofﬂl)a)+0 ZTH/T:Lem‘ +ET’6,1
Pi — Po oot a2,
m#l
1 P M
0 p—
_8’/T|: _pO(KlQ_HQ)_K%] IDl' ' _Rl';vs‘bﬂo(zlazm)Qm
m£l
po 1
- - Capi@u, (1, 2)Qum] (87| Di| + AiCap )
pL— po47r( 0= K1) QH_Z ap1® o (21, 2m ) Q| (87| Di| + AiCapy

m## 1

+0la +a3Z |¢>m||+a5||¢z||+a5||¢l|| ]

m#l

We can rewrite it further as, by making use of (2.8) and the expression for V2™

(2.45)
_ Pl 1 £o 2 2 2| 2 i o3 Po L3 3
Dyt —|—[ K — K —K:|A>+/€+ — (kg — K
l| | (Pl_PO 8m Pl—Po( : ) 0] 4m° pl—p047r( 0 r)
)
=10 Tpo I [(sz — k) (ko — K1) + (Ko — ’ﬁl)’ig]
i Po 2 2 1_Po ( )
— 55 (ko — — D, 8| D;| + A,C
39,2 (Ko — k1) [pl — o (K] — Kg) — "50} |Di| ™ oL — o m| Dyl + AiCap; ) | Q
Po 2 tr Po_ o3 3 po 1
+ K2 = K] — K <10a >+ — (kg — Kk} )Cap — ky)Capy
0 ,Ol—po(l 0) Pl pz—po47T(0 r) 1= o — po 477 (0 )
i M
%(no — K1) [ PO (ki — K2) — } |Dy|~t——— (87T|Dl| + AlCapl> Cap, Z D, (21, 2m) Qm
32 PL— Po PL— Po —
m#l

+ [— ro (/ilz—ng)\Dlrl{/D(x—zl)dx} +H(2)|Dl|_l[/D($—Zl)d$}

Pr— Po
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M
1
—M[’“<ﬁ—@—%hmﬁm-§jm&a%%mm

P1 — Po —
m#Al
Po 2 2 Po 1.,
+ | K2 K] — K — —/—@ )Cap; | K m— 2m)(Am — =) Vi @y, (21, 2m )"
B P | Y ) Vit a1, )
m#l
o M
- m m 1_ﬂ) m m+ Dm (I)n Zm7ann
[~ g An@n = 5 (1= 22) 7 A0+ DILACHEY
n#m
1 Pm\ "L 4 M
- g(l - E) Amcapm ; (DK,O (vazn)Qn
n#Em
1 ( i 0 \—1
1——) ( Do (2ims 2n Qn)/ A (s) — A (S 1)(s) dop, (s
~ & p Zl o ) 8Dm( (s) )(Sp,,) " (1)(s) dom(s)
n#m
2 Po 2 NI
=| — Kk — Ko — Ky |u (2
0 pl—po(o z)] (21)
M

FO (o —m)a) + O | 3 - Vi | 4+ Brg +0 a+Zd3 [émll + a?llnll + o |l

m=1 —ml
m#l 7n;£l

M
1
= — w}ul(2) + O ((ko — K1)a) + O Z dT‘V’r:lem|

m=1 —ml

m##l

+ Erey + O G+Z ||¢m||+a2||¢z||+a2|\¢z|| + O(pu(ko = k1)),

m=1

m#l
where to get the last identity, we use the fact that
Po p\ !
(2.46) ——— (kg — ki) = (1 - > (k7 — Kg) = & — kg + O (pu(ko — k1))
PL— Po Po
Let us write

(2.47)

Po 2_ .2 ik PO i3 3 po i
Jy = | k2 — KT — K <1 — C'apl) + — (kg — Kk} )Cap; — —K — k1)Capy
[O Pl—Po( 1= ko) Ar Pl—Po47T( 0= *1) pi— po 4 oo = i)

1 P0 2 2 1__Po_ (
———(kg — K K — K D 87| Dy| + A,Ca )C’a
a0 ) [ 2 (6 = ) = | 1D 2 (5511 + ACan) Can

= £} + O (pi(ko — k1)) + 10 ((ko — K1)a) , (using (2:46)),

where using (2.46)), it follows that the real part J| of J; satisfies

T Pl
I = K2 - T(ﬁf@:ﬁ+%wf@+owm7m»



POINT-INTERACTION APPROXIMATION FOR BUBBLES 21

Let
(2.48)
_ P 1 Po 2 2 2| i i3 POt .3 3
= ||Dy|! +[ Kj — K —m]A)—i—/@—I— —(Kp — K
ll | (Plpo 87 pzfpo(l )= ro| A )+ g Pl*ﬂo47T(0 )
)
= 6 = )0 — ) o (0 — )t
i Po 2 2 2 —-1__Po ( 2 )
— —— (ko — —k2) — k3| |Di| " —2— (8x|Dy| + AC
ez o = ) [ Lot = ) = | LD L (8511 + A
Pl 1 —(n\" p {
=D | ——+ — |- () K2 — k) — k2| A | + —KD
0 (25 5 |20 (&)t -y )+
i { JJ {
1+§j( ') ]43—ml 1+§:(m)]kﬁ—namo—mw+mo—mmﬂ
/l: oo pl n ) 9 ) . o0 pl n R
— ——(k 1+ — K; — k) + k5| | D 1+ — (871'D + A;Ca )
327r2( 0 Z:1<p0) l 0) ol 1Dl T;(p[))] | Dy 1Lapy
=1+ 0 (a (ko — k1)p}) +1iO (k0 — Ki)p1) »
where

- Pl 1 2 _Pr o 2v| 2 i3 G303
=D 2 | k2 k2o A SR (k3=
| Dy (,01 ~ + 37 { Kl po(ﬁl "50)} l> + 1o 477(% K1)

1 }
(2.49) + y [(Ii% — K2) (ko — K1) + (Ko — Iﬂ)l’i%} - 32?(50 V&7 | Dy~ (87| Dy| + AiCapy)
_ -1 Pl 1 2 Pl 2 2v| 4 K] 1 211, 1-1 A
D0 (k[ ] ) 1[5 el ]

Frim =Lt = i [
D

PL— Po

(z — zl)dsc} + k2| Dyt {/

. (z— zl)dx}

l

(2.50) LT po s e ol
i - — DT R

87 Lo — po (k7 — Kg) — Ko | |Di 1

= I +O((ko — ki)ma)  (using (2.46)),
where

/ 2 -1 ng —1
(2.51) F .= x2|Dy| [/ (z — zl)dx] + <D R,
D, ™

We can observe that J; is not scaling. Also, let us denote the dominating term of I] by

=Dy (- = 2Al)
pr—po 8
and the remaining terms (of O(1)) by
s 1 ~ _ . Ii3 1 14
I = 7§%(n% - H%)AZ|D1| Ly z{ﬁ ~ 392 (ko — IQ[)H12|D1| 1AlCapl].
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Then
) . 1 fe%e] Jz 2n
—=[J+iJ] = JI—id} - l)
i = L = g L = 471) 2 (Jf
. ) i\ 2N
1 Jj Ji
i e ()
Ji [ Ji nZ:O Ji
2.52 1 i i
(2.52) ==+ O((ro — K1)a) [since J; = O((ko — K1)a)]
1
1 1
K7+ O((ko — K1)p1) + O((ko — K1)a) = K2 + O((ko — ki)pr) + O((ro — ri1)a)
1
=3 + O((K/O - K',[)G/),
Ky
and hence
Fl/ _ Fl/ 2
(2.53) T o o

Also note that using (2.46[), we have

o |1 1 1
Jj = pr— EmC’apl(filz — K3) + E(Fag — K})Capy — Enﬁ(no — k)Capy
1 N
(2.54) ~ 5o, (o — K1) {pz T)po(ﬁf — k) — m%} | Dy~ (8W|Dz| + AzCapz) Capy
1 1 A _
= P 'O_Opo {E(HO — k1) ki Capy + 32?(.%0 — r1)KIA| Dy lCaplQ} + O(api(ko — k1))

= J} + O((ko — k1)ap),
where

y 1
(2.55) L

1 -
2 -1
= — 1+ —A)|D Cap;|Capy.
o ,004 (Ho I'il)lil[ 8 l| l| ap; ap;

Therefore, since J; = O((ko — 1)a)), we can write

L= (g +id] = J—iJ ~1 "<>
Jl l [ 1 l] (Jlr)g [ 1 l] ngo( ) Jlr
I/d +Ils J7’ o0 J7’ 2n
2.56 [ il _yn (2
(259 7 [1 Jf}z( D (J[>
n=0
Ji L, a(Ji)?
= I —if l + = [ = 1]+ O((o — m)a),
(57 + 2 (k7 — %)][l l [?+,’jg<m?—n%)]} H%{l s }
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Using (2.4642.50]), we can rewrite (2.45) as

(257)
le+ Z D, zl,zm)Qer— Z VDo (21, 2m) Qrm
e n
Lo Po__ o o po_ i . 5 1,
t7 N KL = Ko) T 7H7/€ Ca’ 7Zm = Vq),{ ZlyZm)*
Ji Pl_PO(l ) pl—p04ﬂ'( 1) Capi Z 2) P (21 )
1n#l
M
L4 1 Pm -1
|~ g AnQn =g (1= QO+ 1Dl D By (2 20)Q
netm
1 Pm\ L 2 M
_ §<1 — E) A, Capp, ; Do (2, 2n)Qn

n#m

L) sz: o)1) [ | (uls) = (S}

nym
’%l2 I 2 2 = 1 rem
=Sty L+ 0t + 0o + 3 0 (Elionl) 0wl + 0 3 v
iz T
<N
> —loml)]

+O0((r0 = w1)pr) + O(ko = k)pi | dull) + O(ko — k)ap|éull) + O((k0 — Kr)a?pu

Now let us assume that p; ~ a'*7, with v > 0. Then from (2.39), we can deduce that

M
1 ad™ @7
—_|yrem| — O( )
z—:l d72nl| m d? " 3>
m;_él
(258) 0 4 vy a47'y (14 CL4 a4 a577 &577 a5*7
+ << +7d3a +ﬁ+7d2+3a+d67+ 7 +d2+30‘+d60‘
ab—7 ab— ab—7
+ d° + d3+3a + d6a+1>”¢”>'
il s i'\2 )
L [I’ iljdm]+%? [Il’ U } . Then, using (2.46),([2.52)

PO

Let us define Cl_l = W
00

and ([2.58)), we can rewrite as

(2.59)
M oM
CllQut D By (21, 2m)Qun 5+ Y VaPrg (21 2m) Qum
iy b
1 1 M
A Z = 2m)(Am = 5) 7 ViPrg (21, 2m) - 1 AmQm + | D Z By (2 20)
= nm
1 0 -1
(1) (S o200 [ A8, 0)6) o]

n;ﬁ m
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I ad=r a3 a® a*= a* at a’ at
= —u!(a) + Ofa+ T+ o + (o +$+dsa+l TE T e T E T e T g
ad~" a®™" a®~  ab7 ab—" ab—
d4 + d2+3a + d6a + d5 + d3+3a + dba+1>||¢”)

Remark 2.10. We note that the dominant part of Cl is given by - Il =D ‘;1 {pz[iilpo - =K Az} When

h 87\'
v < 1 or the frequency is away from the resonance, the sign of the real part (Cfl)’" of Cl is given by

the sign of the term 2 — . p":—lm which is negative. Therefore in this case, (C; *)" <0, VI=1,..., M.
"7 ,

When the frequency w is near the resonance, we can write 1 — (‘*’f) = [yra” . In this case, we can write

Il’d A)|D, 71% 2 Ay Dy 71% h
w2 8 =% [_ZM“ }
i

Therefore if [y >0, (C;1)" >0, VI=1,...,M and if [y <0, (C;1)" <0, VI=1,..., M. O

Lemma 2.11. Form =1, --- M, let us define

I a®=7 a3 a® a’ a*=r a*r at a* a*
Vi = —u (zm)+0<a+ 2 T pa +(a T B T @ T T pe Tt pisa T gea
a57v 5 o a57’y aﬁf'y a67’y aﬁf
+ o+ St e o + e ) 191
Then the algebraic system (2.59) is invertible provided
e in the case when (Cfl)T >0, Vi=1,...,.M,
1<m<M Con 3T %
m > /"L
(2.60) 1<m<M
1 1 1
1 1 ]2 1 1721 1 ]2
2— 3—
+ Ca* "/ MM oz {d‘l + d5a:| +Ca>  "MM 4z Lp + d?’u‘] [(14 + d5a:| )
e in the case when (Cl_l)r <0, Vi=1,...,M,
(Join |G 3 3
m
== > COVM _
(max G2 = &V M Mmas [d2 d3a} 1<I?na§M OV M Mina Lzzt a}
(2.61) 1<m<M
1 1 1
1 1] 1 1721 1 ]2
2— 3—
+Ca” "/ MMpaqs |:d4+d5a:| +Ca” "M My |:d2+d30‘:| [d4+d5a:| )
and the solution vector Q.,, m = 1,..., M, satisfies either the estimate
(262)
Z 1Qm]? <4 ( dnax |ICm)? Z |V, |2
m=1
min \C | , 1
1<m<m ™ 37 ™ 12
—|C MMmaw IEo
( max |C,,| (57rd + 1<r?na<XM‘m%1 { it d50‘}
1<m<M
Ca* "/ MM, = L) Ca* "MM, ! L1* ' C
e mar | ¥ g ] OO e |5t | |t | ), 1O

)
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where T := min; ,, cos(k|zm — 21|) > 0, or the estimate

(2.63)
Z\Qm\2<4( max [Cy,)’ Z |V, |?
m=1 m=1
1<m <MIC | H F’ B
(1<rna<XMCm| (OV Mo LP d3a] 1 25%, e, | OV M Mimas [d4 }
1 1172 1 17%[1 117% —2
2—y 7 _— 3=y — = — =
+ Ca MMTTL(L.’L‘ |:d4 + dsa:l + Ca MM"L(L.’L‘ |:d2 + dga:| |:d4 + d5a:| ) 1<r£1na‘<)(M |C7TL|) )

where C' is a constant (depending on the Lipschitz characters of the obstacles) uniformly bounded with
respect to a.

Proof. We refer to section [3.7] for a proof of this lemma. O
Remark 2.12. From (2.62)), we conclude that
(2.64)
M
<
Z:l |Qm| < 2M (1§I?na§XM [Ciml) 1§I£711a§XM Yo
min |C7 | y 1
1<m<M 37 1 1 |2
O/ MM,y | — + —
( max_ |Co| (md*@lﬁéw‘mzn [d‘* + dsa]
1<m<M
+ Ca® /MM, +i1+03—7MM i+i% 1+1é) [ |)71
a max d4 d5e a maz | 12 d3e d4 d5e 1<ma<XM )
while (2.63)) yields
(2.65)
M
> 1Qm| <2M ( max [Cpl) max |V
1<m<M|C | 3 F' 1 1712
lsmsM M Iml o/ 4
(G ICol ~ (OVM M [d? d3a} T E’L<M‘ w2 | OV M Mo {d4+d5a]
1<m<M
1 1
1 1 ]2 1 1121 1] -1
2— 3—
+ Ca v MMmax |:d4 + d5a:| + Ca ’yMMmax |:dQ + d3a:| |:d4 + d5a:| )1;17}1a§XM|Cm|) .
(I
Remark 2.13. We note that if
3T 2
(s, 1Cm) [ + H:nM\ OV MMz [d‘l dsa]
1 1 1
1 1 1 1721 1 ]2
2— 3— _
+Ca v MMmam |:d4+d50‘:| +Ca ’YMMmaz |:d2+d3°‘:| |:d4+d50:| ]—0(1),

then the condition (2.60)) holds. Since in this case the frequency is near the resonance wys (and I > 0),
this is equivalent to the condition

(266) al—hl _O(a—t + al—s—t +a2—’y—s—t _~_a3—'y—2s—t) _ 0(1)

This leads to the additional conditions 2 —hy —s—¢t>0and 1 —¢ — h; > 0 provided v+ s < 2. As in
this case v = 1 and hence s < 1, the conditions reduce to 1 —¢t — hy > 0 and s < 1. Note that (2.66) also
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gives rise to the condition 2(a) in Theorem
Similarly if

1 1
2 2

(o, 1Co) [cm[ dw} i

it

max
1<m<M
1172 1 17EF[1  1]®
2— 3— _

+Ca R MMTTLCL:E |:d4+d5a:| +Ca ’YMMmaai |:d2+d30¢:| |:d4+d5a:| ] —O(l),
then the condition ([2.61)) holds true. When the frequency is away from the resonance wys, and as we take
3at = s with a € (0, 1], this is equivalent to the condition

a2_ry . O(a_s + al—S—t + a2—’Y—5—t -+ a3_’y_25_t) = O(l),

which holds if v+ s < 2, § <t <1and 0 <~ <1 This also gives rise to the condition 1(a) in Theorem
If the frequency is near the resonance wys (and lp; < 0), and as we take 3at = s with a € (0, 1], then the
condition is equivalent to

(267) a17h1 ~O(a75 + alfsft + a277757t + a3777257t) _ 0(1),

which holds provided 1 —h; —s >0, v+s<2,0<¢t<1,0 <fy< 1 and § <t. Again as here also*yf 1
and hence s < 1, these conditions reduce to 1 —h; —s > 0 and § <1t < 1. Also note that (| gives
rise to the condition 1(b) in Theorem

The condition 2(b) follows from the fact that a condition similar to can also be derived when the
coefficients Cy, are positive. O

From ([2.64)) or (2.65) and the definition of Y;,, we can derive the a priori estimate

a3—’y a3—'y 3 (13 a4—'y a4—'y a4 (14 a4
> |Qm‘:O<MmaX|Cm\{1+a+7+dﬁ+(“ +d3 tmem T T e T e T e

a®=r  a®r @Y @S @S a®=
+ ot et g gt et g ) 191))

- O(M max |C,y| [1 ta+ad T g3 4 <a2 43 p g3t

bt o ghe s gAmAt y pdese2t | d-2s
R e R L s e LRI et A LR aﬁ_w_Qs_t) H¢||D
(2.68)
= O(Mmax|Cp|[1+ 0+ (® +a* ¥ + 0¥ 1 a*2) o] ),

assum1ngthat0<t<f O<s<3 0<~y<land s+~ <2

Using (2 , we also note that

(2.69)
S Vet (12 =0(“§3|Q )
ng = z¥ro\Als “m m d2m:1 m
=0 (althMmax |Conl {1 ta+(@+a® P pad ety a4*25) ||¢||D 7
(270) 7’%0 Z - Zm - %)_1vtq)no (Zh zm)AQO

m=1

m#l
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_ (GZ% i_l@m') —0 (aQ_W_QtMmaX|Cm|[1 Tat (a2 L3t 4 g3t +a4—2s) ||¢HD 7

and
M 1 M
@7 KD = ) = 5) 7 Vi (21, 720) - (1Dl D By (2 20) Qs
o o
- (127 (X o) [ A7 000 o)
n#m
=0 |a* ZT 82 Qnl (d3+d30‘+1>Z|Qn|>
m#l n=1 n=1
:O( 3—y—s5— tMmaX|Cm‘ + a +a3 3t+a3787t+a4725) Hd)H})

Therefore we can rewrite (2.59) as

M
(2.72) C;'Qi + Z Do (20, 2m) Qe = —u! (21) + O (a+a®> 7% + (a® +a®* +a®> 5" + a*2%) ||9]))
m=1

me 1
n O((a172t Log2r2t a3’7’s’t)Mmax|Cm| {1 Ta+ (a2 L3ty Bt a4’25) Hd’”])

2.5. The final approximations.

Proposition 2.14. Let the parameters t, s,~y satisfy the conditions 0 < t < %7 0<s< %, 0<~y <L
1, s+7<2, £ <tandlet Mmax|C,,| = O(a™"), h < 5. Then for every I, we have

[¢i] = O(a™) +O(a™~").
Proof. We refer to section [3.8] for a proof of this result. O

Remark 2.15. In case v < 1 or when the frequency is away from the resonance, we have max|C,,| =
O(a?77) whence it follows using s+~ < 2 that M max|C,,| = O(a>~7~*) = O(1). Therefore in this case,
we have h < 0 and then ||¢;]| = O(a™7).

In contrast with this case, near the resonance max; |C;| = O(a*~"1) where hy > 0. Therefore M max; |C,| =
O(a't=*7™M) = O(a™"). Now if Iy < 0, we need the condition 1 — h; — s > 0, see Remark - which
implies that h < 0 and then ||¢| = ( 7). But if Ijy > 0, we have only the condition 1 — h; > ¢ and
s <1 and it is possible to have —1 + s 4+ h; > 0 and hence h > 0.

O

IN

Combining (2.72)) and Proposition we deduce that under the conditions 0 < ¢t < %, 0<s
%, 0<~y<1l,s+y<2and1—-2t—h>0with h < %,che vectors (@), satisfy

2Here, we do the computations when h > 0 in which case ||¢;|| = O(a=7~"). For the case h < 0, we have ||¢;|| = O(a™7).
In this case, we use the rough estimate for M max |Cy,| = O(1) (instead of M max |Cp,| = O(a~™") — 0 as a — 0). Under
these considerations, we derive the approximation, for the case h < 0, by taking h = 0 in all the computations we develop
for the case h > 0. This is enough for our final approximation as the dominant terms are not affected.
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(2.73)

Cl'Qi+ Z Do (20, 2m)Qu = —u! (1) + O (a+a® 77" 4 @P 773070 g g3mymsmimh | gimam2smh)
m;u

n O((al—Qt 122 a3—7—s—t)a—h {1 Lad a2 h g g3y—h=8t | 3—y—h—s—t | a4—v—h—2s])
_ —uI(zl) 4 O(a L q2 v g g3=y=h=8t | (3—vy—h—s—t | d—y—h-2s | a172t7h)

= —ul(z) + O(a4—'y—h—23 n a1—2t—h)7

where
N 1 PR Ji a (Ji)?
(2.74) cl= [I’ Il l } [I ot
B R G i ) R L () ) L A
with
/ /% ’8 -1 Pl 1 2 P, 2 2\ 4 ; H? 1 2 -1 4
Il = Il +Il = ‘Dl| (H+87 —R; — pfo(lil _1‘460> Al) +Z|:E_ W(KO_HZ)Kl |D[‘ AlCapg
and ) )
i’ Po 2 A -1
I = =G0 = K0)#? |1+ <~ Al Di| 7 Capi| Capr.
. 1 (Fo = koi |1+ A Di| ™" Capy | Capy
We recall that we have the representation of the scattered field of the form u®(x,8) = Z 1 SD. b

From this we can deduce that the far-field can be approximated as
M
2,0) =Y O (&, 2m)Qm + Z VOX (2, 2) - Vin + O(Ma™7).
Now under the assumptions on ¢, s,~, h, using , we see that

D VX (&, 2m) - Vit™ = O(M|Vye™|)

m=1
_ O(a?)f’)/fs LogAm2rms—h 4 5=2y—s—h=2t | 5-2y—h—2s
4oghrmsTh=2t 4 pdey—h=2s | [6-2y—s—h-3t a6—2'y—h—25—t>
=0 (a37fyfs 4 a472'yfsfh 4 alfh 4 a2fsfh) )
Similarly

]zw: VO (&, 2m) <1+ (1—@) 1) (Zm — 2m) ()\m—;)_lfiQO

M 2
AVL i 5 A7 " 'Vdom: 70
Z NO(‘T Z ) m,1 871 0
M
< ZV@Z?}(:E,zm)Qm>,
m=1

M

oo (4 |
R D S A )
m=1 m=1

Dl == (1=22)7 [ A0 (6)(5,) 7 (1)(5) doa ()] S 201

n=1
n#m
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2 - — 1.4 00 (4 1 Pm 0 \—1
= 2wl = )™ V2 1Dnd = g (1= 22) 7 [ An(o)(8,)7 (0)(5) ()]
( “10,, —ul (Zm)+0( 4— 'yfhf2s+a172t7h))
2 - 14 00 (4 1 Pm 0 -1 -1
8D En =)~ 3) VR ) [Pl — (1= 22) /8  Anl9)(5,)7 ) 4o (3)| ;' Qun
m#£l

=0(a ), VO (2,2m)Qm)
+ O(ai’)f’yfs) + O(a?)f'yfs (a47"/7h72s + a172t7h) )

Thus under the conditions 0 < ¢t < %, 0<s< %, 0<~y<1ls+y<2and1—-2t—h >0 with h < %,
using (2.68) and proposition we have the following estimate for the far-field:

(2.75)
M oy -1 Nt
OOAHZ (I)OOA m m (I) m 177m 7m7m )\mff Amm
u™(z,0) mzﬂﬁo(:cz ZV (%, 2 ( ( Po) )(z z)( 2) Q
M
— 63> (Fm = 2m) A — 5) 7 VO (E, 2m)C O
e
1 Pm 0 -1
1Dl = <= (1- po) L An(s)(85,) 7 (1)(s) dom(s)]
4 O(a?’—'y—s) + O(GB—W—S (a4—'y—h—23 + a1—2t—h)) + 9] (a3—'y—s + a4—2’y—s—h + al—h + a2—s—h)
M M
= Z O (2, 2m ) Qm + O (a Z V@ﬁ(i,zm)Qm> + O(avafs)
m=1 m=1
JrO( 3—my— s( 4777h72s+a172t7h)> +O(a3 s 4 gh—2v—s— thalchrazfsfh)
M
Z o (&, 2m)Qm + Ola 1-h 4 5—28—'}/—2h)+O(a3—’y—5)_~_0<a3—'y—s (a4—’y—h—2s_~_a1—2t—h)>
+O(a4 2y—s— h+a2fsfh) )
,d
Next let us observe that for I = 1,..., M, we can write C; ' = % + Rem,, where |Remy| = O(a=117).
1

Let the vectors (Q;)M, satisfy the algebraic system

M

7t ~
(2.76) L Qut D Py (2 2m)Qm = —u! (21).
l m=1

m## 1

Note that the dominant terms in the systems satisfied by (Q;)}, and (Ql)l]\il are same and therefore the

algebraic system ([2.76) is invertible under the same conditions.

From (2.73) and (2.76), we observe that the vector (Q; — @Q;)}, satisfies the algebraic system

1"1

Z Dr, (21, 2m) (Qum — Q) = RemyQy + O(a* 77271 4 g1 72070,
ez
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)

< C’M(mlax |Cl\)4(mlax |Remy|)® [O(1 + a3t a4777257h)]2

Therefore

Zle QP<c (ma

=1

7l
I

S RemPiQi? + 3 ot hw””)ﬁ]

=1 =1

< C(mlaux|Cl|)2

M
R 2 2 9] 4—~y—2s—h 1-2t—h\|2
mlaX| emy| Z|Ql| +Z| (a +a )l

=1 =1

+ CM(mlaX|Cl|)2 [O(a*7257h 4 a1—2t—h)]27

where C is some generic constant. Hence %beginequation

M 2 M
<Z Qi — Ql|> <MY Qi —-Qf < C’M2(mlax |Cl|)4(mlax |Remy|)? [O(1 + a5 =7 4 g=7=25=1)
=1

=1
n CMQ(mlax|Cl|)2 [O(a4—7—2s—h + a1—2t—h)]27

which gives

(2.77)

Z |Ql —Qi < CM(mlax |Cl|)2(m§1X | Remny|) [O(l +a3 st 4 a4_7_28_h)]
1=1

+ CM(mlaX 1Cy)) [O(a4—'y—23—h + a1—2t—h>}

< CM(mlaX|Cl|>2a—1+7 [O(]. + a3—s—t—’y—h + a4—’7—23—h)] + O(a4—'y—25—2h + a1_2t_2h).

Using (2.77) in (2.75)), we obtain

(2.78)
M

Z x Zm Qm + Z (I) 33 Zm)(Qm - Qm) + O(alih + a5725*7*2h)

m=1

4 O( 3—y— s) 4 O( 3—v—s (a47'yfh72s 4 a172t7h)> +0 (a472'yfsfh + a2757h)
M
Z o LC Zm Qm+0( 1— h 5—28—’7—2’1)

+ O(CLS—'}/—S) + O(a?)—'y—s (a4—'y—h—28 + a1—2t—h)) +0 (a4—2'y—s—h + a2—s—h)
4 M(m?X|Cl|)2a—1+fy [0(1 4 a3—s—t—'y—h 4 a4—'y—23—h>] + O(a4—'y—2$—2h =+ a1—2t—2h).
Finally from (2.78]), we can conclude the following:

e We recall that when v < 1 or we are away from the resonance, we have M max; |C;| = O(1) and
h = 0. Also max; |C;| = O(a?~7). Therefore (2.78) reduces to

M
(2.79) u™(&,0) = Z (I)z (2, Zm)@m +O0(a+ 0,572577)

4 O(a37'yfs) 4 O<a37'yfs (a47'yf2s + a172t)> + o) (a472'yfs + (1275)
+ aS—'y—s 0(1 +a3—s—t—w _’_a4—'y—23) =+ O(a4—'y—2s +a1—2t)
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no Qm+0( 2— s+a4—'y—2s+a1—2t)

ME il ME

O (&, 2n)Qm + O(a®* +a' =)

3
Il

where in the last line we use the fact s +v < 2.

e We recall that near the resonance max; |C;| = O(a'~"*) and therefore O(a=") = M max; |C;| =
O(a—**17h1) leading to the condition h = —1 + s + h;.
Also since y = 1, we obtain that M (max; |C;|)2a='*7 = O(a*~?"). Then from (2.78), we conclude
that

(2.80) u™(z Z O (2, 2m) )Qum + O(a* ™" 4 = 257772h)

+ O(a3—'y—s) + O<a3—7—s (a4—'y—h—2$ + a1—2t—h)) +0 (a4—2'y—s—h + a2—s—h)
+as—2h O(l 4 a3—s—t—'y—h 4 a4—'y—23—h) +O(a4—'y—23—2h +a1—2t—2h)

M
_ Z (I)Z?) (f,Zm)Qm + O(alfh + a2fsf2h + a172t72h + a872h)
m=1

M
Z (I):?J (jazm)Qm + O(a2757h1 + a473572h1 + a372t72572h1 + a27572h1)

m

Il
-

-

q:’z?) (‘fj7 Zm)Qm + O(a3_2t_23—2h1 + a2—s—2h1)
1

3
Il

where in the last line we use the fact that s <1 (as we have s +v <2 and v = 1).
(1) When ) < 0, then we have seen that we need that h < 0, see Remark and Remark
2.13). Hence in this case we need s + h; < 1.
(2) When I3; > 0, we need only h < % which means that s + h; < %
Note that the error term in (2.80) goes to zero provided s, h; and ¢ satisfy the condition

— 2t —2h
(2.81) s < min{2 — 2hy, 3%}.
These conditions are fulfilled if
1
(2.82) s+h1 <1, hh <1 andt<§.

These last conditions are the regimes in which one can derive the effective media. Actually, in

the case lpy > 0, one can allow s+h; > 1 (but s+hy < %) and hence generate very large effective
potentials.

3. PROOFS OF AUXILIARY RESULTS
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3.1. Proof of Proposition Let us define operators T, Ty : X — Y by

(61,91, 21,0001 ) = ( (5391 - fljszwl)
=1

)

0D
M K
K1 1 Ko \* 8(SD(;¢1)
pl[ Id+ (K5 )* }wl - {— S1d+ (K5 ]¢1 - | e
11 oD,

M
(SBKZ va = SE ¢l> ;

=1

9D

{ Id+ (KB, )" }U’M— [—%Id+(Kf£M)*]¢M_ o~ 9B 90 )

PM — ovM
I#M 8Dy
and
(¢1,¢1, ...,¢>M,¢M) r—)((S%lijl - S%lqﬁl) ]aDl, o [ Id+ (K9,)" }1/;1 - [— %Id+ (K%l)*}qsl,
(o~ o), 2300 b, ]ow - [ 1+ 5, o).

We note that the operator T'— Ty : X — Y is a compact operator. To see this, first of all we observe
that the typical terms in (T — TO)(qSl, W1, ..., dar, Yar) are of the form

—ZS S+ (ST — S )Y — (S — Sh, )¢

l¢z

B Z Sg; ¢l
L;m
The first term gives rise to a compact operator since (S35 — S, ), (S — 5%, ) are compact and also for
1 # 1, SE‘; ¢; is compact. A similar argument works for the second term as well, and therefore it follows
that T — T} is a compact operator.
Also note that the operator Tj is invertible. This follows directly as in the proof of Theorem 11.4, Page
189, of 4], observing that Ty is diagonal with a 2 x 2 operator, at the diagonal, of the form

(0,00) > ((Shn—5B00)| . P[Sra (K)o — [~ 51a+ () ]o0).

Therefore to prove that T is invertible, it is sufficient to prove that T is injective, as an application of
the Fredholm alternative.
Let us therefore suppose that T'(¢1, 11, ..., dar,¥ar) = 0. Then

u(z) = YL, SEen(x), x € RANUM, Dy
SBSJ/JS(HC), xz e Dy

is the unique solution to the problem under consideration.

and

O 5T = () Ju = [(55)7 = () o

3DL Pl

Now 5 5
/ i“ ado=" i‘\ ado = 2 (|Vu|2 k2ul?) da
oD; v+ Pi Job; ovl- i
which is real and therefore
ou| _
Im —‘ u do =0,

aD; 81/ +
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which in turn implies that v = 0 in R\ UM, D;.
Again, u solves the equation

(A+k})u=0in D;,
_ Ou
ot
and hence by unique continuation property, v = 0 in D;. Arguing similarly for each obstacle D;, we
obtain that u = 0 in R3. In particular, this implies that

U =0on dD;

M
Z Spéi(z) =0 on dD;.
I=1

Since (A + n%) =M, ST ¢i) = 0 in D; and &3 is not a Dirichlet eigenvalue for —A on D; (which holds
since a < 1), it follows that

M
> 8¢ =0inD;
=1

and therefore since this is true for each i, we have

M
(3.1) > Spér=0in R,

=1

. . ST ¢ oS ¢ .
Now for a fixed i, we know that whenever [ # i, we have —& = —5.k and therefore we obtain
+ —
using (3.1),
OS¢, OS¢,
¢; = Di.gb - Dl.(z) =0 on 0D;.
ot I+ o |-

Next we prove that ¢; = 0 on 9D;, for all i. Since we already know that ¢; = 0 V 4, it follows from the
form of the solution v and the zero jump condition that SB‘ 1¥; = 0 on 0D;. Using this fact and the fact

that (A +/£12> ST i = 0 in R¥*\ D, we obtain that ST ¢; = 0 in R*\'D;. Recalling the fact that we have

already proved that v = 0 in D; and hence SR 1; = 0 on 9D;, it therefore follows that SR ; =0 in R3.
Now we can proceed just in the case of ¢; by using the Neumann jump of S“D’i 1; across D; to obtain that

i = 0.

3.2. Proof of Lemma In order to prove (2.7), we first set (5%1)71 (faDl |- —t|" ¢y (t)doy (t)) =: X1
As

(32) o /8 ,, 5= dontd) = /a 5= tote) don(®) =[S () = [, )9)
then

= 5"+1(5%l)_1</

9B,

| =il u(d) dan() ).

where [SB, Xi|(3) = [y, ﬁfa(f) dé;(t) and dé; denotes the surface measure on 9B;.
Therefore

1 a A A R
_ — |I~x _ sn+1 0 \—1 L _fn ~
5 Ixtllzz@) = lIxillzz0m) = 6" II(SB,) HL(Hl(aBl)ng(aBl))H /BBL |- =" @u(t) dn(?) H(9B)

= 06" M| ull L2 (om1)) = O™ A1l 220m,))s
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whence it follows that

(S%l)_l (/BD |'—t|n¢l(t)d01(t)>

= |Ixillz20p) = O(5n+1”¢l“L2(8Dl))
L2(0Dy)

= O(an+1||¢l||L2(8Dz))'
Similarly, to prove (2.8), we write (S )~ (( - zl)”) = 1. Then

= o = [ 9 =[] 5
which implies

A~ sn—1 0 \—=1/n

m = d (SBZ) ( >7
and hence

1 N n— —1/n
5||771||L2(8Dl) = H771||L2(aBl) =0 IH(S%,) 1(' )||L2(aBl)
=159 (¢ = 20" Iz2op0 = Imllzzony = 8"I1(S%,) ™ (")lz2(om) = O(a”).

3.3. Proof of Lemma In order to prove (2.9)), we proceed as follows.
(3.3)

(S50 = S5 Tt () = /a By = B )@ () o)

47n!
=:Errl,,
= o) [ (s dom(s) +O i“*“m)/ G ()] dn(5)
47T 0 m 8D, m m 2 47TTL' 8D, m m
o a? K3 K2,
~ o) [ ol +0 (|20 )
= (k0= #m) [ Y(s)don(s) + O (a*[[¥m])
o0D,,

whence (2.9) follows. Note that here we use the fact that |koal, |kma| < %, which holds since a < 1.

In order to prove (2.10]), we first observe that

/ (K5 d(s)don(s) = | (s)EE)(1)(s)do(s) = / 0 <I>K<s,t>daz(t>]daz<s>
oD,

s) o
dD,; oD, [ oD, vy

= / P(s) [ Vi®,.(s,t) - vy dal(t)] doy(s).
oD, oD,

Then we can write

/ [ — (K5 )] u(s)don(s) =
oD,

oD,

- i (kY — KD e
= Jon, Yi(s) l/z:ml Vt<zl #‘5 — 1) 2z daz(t)] doy(s)

n=

wi(s) [/@D v, (cb,m - @K,)(s,t) - dol(t)] doy(s)
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- m@)l/m(ZW(n—ln = ?)-utdaz(t)]dm(S)

n=2 |

:%(,ﬁg — K?) o, Yi(s) {/@ s=f) thl(t)} doy(s)

D, |s —t
o (K] — Kg) " . 2 0\ o .
+nZ::3 47 n! ( D) 6Dl [ . (| | t) id l(t)]d 1(s)
:8%(%8 ) o, Yu(s) {/BDz (|z_;) Vi daz(t)} doy(s) — —(KS — K3)| Dy - Yi(s)doy(s)

=:Err2;=0(a’||41||)

where the last step follows from the divergence theorem. Thus (2.10) follows.

Next we establish (| m For this, we first observe that

/aD [85;/1%](5) don(s) = /8 ) [ /8D aq; (Z,)t) bnlt) dorm (1) don (s

5:1) P2t L) 4o (5)] o (1)l (1)

vh(
- 0%y, (s,
B /au," [/OD ovl(s)
_ / [ [ A, (1) d2] () dom ()
0D, Dy

— K2 /M {/D @, (2,1) dm}qu(t) o (t).

We can write this as
aSK;O ¢7TL
/ {%} (s) doi(s) = _Hg/ B, (21, 1) Di| b (t)dor (£)
oDy v dDm

— K2 Vo (21, 1) - [ /D (z— zl)d:v] b (£)drm (1)

0Dm

_ Hg /aD [/D (Prp (,t) — Prp (21, 8) — (. — 21) - Vi Dy (Zlvt))dx} G (t)dom ()

=G0 =
i

)

which further implies that

OSEY édm
[ [E2Em]0) don(s) = =3 [ etz DU ()0
=3 [ DU By a1 2) - (= 20 (1)

- “g/ | Dy [(I)Ro (21,t) = Py (21, 2m) — ViPuq (21, 2m) - (¢ — ZTn)] G (t)dom (t) *GTZZ
0D,

= GKU _O(d3 [[ém )

— K2 VP, (21, 2m) - [/D (x — zl)dw} Om (t)do (1)

0Dm
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- /8Dm (VP (2151) — Vadry (21, 2m)] - [/D, (z — Zl)dx} Pm (t)dom(?)

=G50 —0( ]
and therefore
(3.4)
IS dm
| [F55]6) dons) = <yt zn)lDil [ (e
oD, v Dy,
DIy tr2m) [ (= 2n) om0
oD,
K3V (o1 2 | / (& — z)da] / b (Do) — (G0, + G+ GE ],
Dy dD,
=:Errd,m=0( ;3 } ”¢MH)
whence follows.
The proof of (2.12)) follows easily from the observation
ou!

(3.5) o == kAPl ()~ [l ) = ) dy.

oD, D

=:Err5;=0(a*)
We shall next derive the approximations (2 and ( - First of all, we note that

etk |s—y| _
dig —_ ’ 1 / ZK;O n—1
36 Sprat = | S Rt da aDlsz sy an(y) donly)

1Ko (iko)™
= — y)d

47 aDl Ol /8D1 7; A TL'
B {“‘"OQ L+ 0| i), in L= and H,

2@+ 0@ o), in L2
From ({2.5)), we have that on 8Dl,

—y|" ' u(y) do(y)

i(s) = (sgg)‘l ul z st qsm]

= (5%)7" |u +5”°¢l+25“0 $m | (5)
L e
0o M
+(5%) 7 |00 (s sR) ) [ wf + s+ Y SELom | | )
n=1

m=1
m#l

= (59) 7" U () + (s — 1) - V! (1) + O(a®) + S,y + S, ¢I+Zs“ b | (5)

m#l

-1 = 1\" d M
(85| o0 (S5 (85) ) | !+ Sher+ SEro 308K, om || )

n=1 m=1

m##l
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where the approximation above is in a point-wise sense and S, @ L B(s faD, ethile Tt e =Lo(t) doy(t).

w|s—t]
Using ([2.8) and | ., we can write this as ! t
dls) = du(s) + (8B,) " (u () + (55,) " (S = S ) @uls) + O(a) + O(a? [ ])

M o0 M
+1(55) 7 2 80w |+ (55) 7 | 0" (55 (550 7) " | X2 55,0m
o n=t oot
with error estimates in L? sense. This further implies, using (Sd o — SdDI‘;l)@ = (Sjkjol — SkD’l)¢l and (2.9)),
that
- (ko — K -
wils) = duls) + (5,) (uf(zo) + (04777”@ (%) (W)(s)
OO 0 H?) _ n—1
+(Sp,) s = yl"dily) douly) | (s)
9D = 2 ’
1 -1 | d [ =
+ (SDZ> Z Sg(in¢m + (SODZ> Z(_l)n (SD’ZI (S%z) ) Z Drn¢m
m=1 n=1 m=1
m#l m£l

+0(a) + O(a®||l), in L2,
and hence, keeping only the first terms in the two infinite series,
- (ko — K -
w(s) = auls) + (83,) ™" (' 0) + 2 (58,) 7 (1))
i%(k2 — K? -1
+ 2 ()7 (1 sl o)) )
n oD,

M M

+ 18907 0S5 b | — (55 SEE (5D T Y S5 b
jiwh it
M a3 )
+0 [ 32 Zlomll | +0() + O@aul).
m=1 lm
m#£l

Using (2.7), we can write this as

Pi(s) = di(s) + (5%1)71 (UI(ZI)) + MQ! (SD,) ' (D(s) + SD; Z SKO Pm

4 1
:Y:L;éz
1 M a3
(3.7) = (%) SE (59,)” Z Spom || +0 | D2 - lomll | +0(a) + O(@?|lgu]) im L.
m=1 m=1 lm
m#l m#£l

For a better understanding of the dominating terms in (3.7]), we next estimate the last two terms.
Using Taylor series expansion, for s € dD; and t € dD,,,, we can write

1
(3.8) D, (s,t) = Dy, (21,8) + (s —21) - Vo (21, t) + 5(8 —2)% - ViVe®,, (21,1)

1
+ Z (s —2z) / (1—-B)=1D2®, (2 + B(s — z),t)dp
! 0

le]=3
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=, (21,2m) + (t = 2m) - Vi®Pro (21, 2m) + (5 — 21) - Vs Py (21, 2m)

1
+ (s —2)* - Vi VD, (21,1)

2
1
+|§2|§!(t—zm)a/0 (1 —m)1De®,. (21, 2 4 r(t — 2)) drr
+($—Z)Zm(t— a/l _ |a|71DOé _
! ol Zm) ; (I-7) IV @ (21, 2m +1(E — 2)) dr
|a]=1

+ Z M(8 _Zl)a /1(1 _ﬁ)lal_lDaq)Ho(zl +B(S _Zl)vt) g,

o a! 0 s

which gives us

(3-9) (Sgom ¢m)(5) = D, (21, 2m) Qm + Vi Py, (Zla Zm) « Vin + (3 - Zl) V@ (21, 2m) Qm

1
+/ <2(s — )% ViV, (21,1)
8D'm
1
+ > @(t - zm)a/ (1= )=1D8d,. (21, 2 + 7(t — 2)) dr
0

1
ts—z) Y 7,(t—zm)a/0 (1 =)DV B, (21, 2m + 7(t — 2m)) dr

1
+ ) %(5 - zl)a/o (1—B)I=1D2®, (2 + B(s — z1),t) dﬁ) G (1)do (1)

|| =3

Using (2.8) and (3.9)), we have
(3.10)

(59,) 7 (S5 ) (8) = Preg (21 2m) Qun (SB,) ™ (1)(8) + ViPrag (21 2m) - Vi (5%,) ™ (1)(s)
+ [ (SODz)_l ( - Zl)} (3) ) vs(I’no (Zh Zm) Qm

+ (SODz)il (/8D l;( - Zl>2 : vsvsq)/-eo(zlat)

1

1
+ ) %'(t - zm)a/o (1 —n)=1De®, (21, 2m + 7(t — 2m)) dr
lal=2

+(s—z)- Z ‘g'(t — zm)a/o (1 =)= DOV @, (21, 2m + 7 (t — 2m)) dr

la|=1

+ > |§;|(-—Zz)°“/o (1= B)=1De D, (2 + B(- — 1), 1) dB ¢m(t)d0m(t)>(8)-

|a|=3
Therefore

(3.11)  (5%,) " (S5 6un)(8) = Prag (21, 20m) Qun (5B,) ™ (1)(8) + Vi@ (21, 2m) = Vi (5%,) " (1)(s)

0 \—1 a? . 2
+[(55)7 = 2] - T2 @+ 0 (-1l ) in 22

1
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where the last term in (3.10)), which is of order O (d“TALH(bmH), is absorbed in O (d‘é—dﬂ(bmH) as g% = O(1).
ml ml m
To estimate the other term in (3.7)), we note that

(557" s 50 st = (597 (52 [ (5007 (1,000

201 (ikg)" o S
+/8Dl nZQE nl! |s — ¢t l(S%l) 1(SDm¢m)(t)dgl(t)>

= (s,) " (M /8 (8B) 7 (5B, 6m) () don(t)

(i/ﬂ)2

1 Ko
+87T/8Dl |S_t| (SODz) (SDm¢m)(t)dUl(t)

9Dy —3

+/ Z % (if:;!)" |s — ¢t (g%l)—l (ST dm)(t) daz(t)>

= (s,)" (th /@ (Sh) 7 (S5, 0m) (1) don(t)

)2 B 3
G [ st (s5) 7 (S50 doz<t>> + (Gl i L2

Using (3.11)), we can further write this as

(52,) 7" S (59,) 7 (S5 Gu)(s)

Z'I{l

A7 (S%z)_l (q)no (21, 2m) QmCapy + Vi@ (21, 2m) - VinCapy

+ vséno (zla Zm) Qm : /

oD,

[(5)7" ¢ = 2| (Wdou() + O <di;ll¢mll>m )
(i"ﬂl)2 0
(

-1 -1 qro a’
+ 22 (59) ( /aDl|st<S%l> (SDmasm)(t)doz(t))+o(d2ml||¢m||)

iI{l

= pp <(bf€0 (Zl7 Zm) QmCapl + thb,% (Zl, Zm) . Vmcapl

+ VS‘I)KD (Z[, Zm) Qm : /

oD

[(58)™" (= =0] @) +0 (5 hom

Lo

)(s%Jl(l)
(iry)? “1 1, o a? .o
+ 2 (5D,) ( /m s~ 1] (S2,) <SD7,L¢m><t>dol<t>>+0(d2ml||¢m||),mL,

where by ()L we mean the point-wise error estimate. Therefore, using (2.8) and the fact V,, =
O(a®[[pmll), we get

(3.12)

(55,) 7" 857 (59,) 7" (S5, 6m)() = -0 21, 2) QuuCap (5B,) ™" (1)(s)

(’ilﬂ)Q 3

T (5h) (/M |s =1 (S,) (Szwm)(t)dm(t))+O(dzmll¢m||>
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Zlil

= e q)no (Zl, Zm) QmCapy (SDI)

3
a .
(1(s) + O, in L2,
ml
where we have also used the estimate
0 -1 0 -1 Ko a’4
(Sb,) |- =t (S,) (ST, &m)()dou(t) | (s) =0{ 7= loml |,
OD[ ml
the proof of which follows by a similar argument as in the proof of lemma

Now, by making use of (3.1143.12)) in (3.7, we obtain
- (ko — K
(3.13) wn(s) =ou(s) + (55) 7" (' () + 2 W (s,

47
+Z

1
m=1
m#l

1

L2(8Dy)

-1

(1)(s)

(Dno 21y Zm Qm (SDl) (1)(8) +th)fi0(zl’zm) Vi (S%l)i (1)(8)

1Ky 1

+[(55) 7" (= )] (5) - Vouy (21 2m) @ = Ty 1 2) Qe Capr (Sh,) " (1)
M a3
+0(a) + O(@||én) + 0 | 3 Z—ll9ml | . in L2,
m=1 lm
m#l

whence (2.13]) follows. The approximation (2.14) can then be obtained by integrating (3.13)) on dD; as
follows.

(3.14)
/ (1 — @) =Capy v () + Z(Hoéliim)QlCGPl
1)) ™
M
+ Z Dy (21, 2m) QmCapr + Vi®y, (21, 2m) - VinCapy
oo
K -1
— 4; D (21, 2m) QmC'apl + V@, (21, 2m) Qm, - /0 (S%l) (- = z)(s)doy(s)
Dy

M 4
a

+0 CL2—|-(13||¢ZH—|—§ dg H(bmH )
m= lm

m£l

=:Err7;

where ErrT7; is in the point-wise sense.

3.4. Proof of lemma The proof of (2.25]) follows as in the case of (2.10). To prove (2.26)), we note
that from the definition of g;, we have

o) ==t =) ([ m) (5
o= [le s (sé';f’(s%lrl)”] ([ w)o
e tra— () /8 . ?Pz) () + (@), in L
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where we use (2.7) applied to 1; with n = 0 and the fact that for any f € L?(0Dy), ||Sg§0f||H1(aD,) =

O(a Hfll 2 l)
Using (3 Zr)ld -, we can write this as
(3.15)  ai(s) :ﬁ(no — ki) UBD zm] (SH)H () (s)+0 <a + a?|| ]| + Z i ||¢m||) , in L?

m#1
) _
= (ko = r1) | Cap w' () + - S+ Y Py (21, 2m) QuCapr | (S9,) 7" (1) (s)
! m#1
+0 (a +(12||¢7l||+z: 2 |¢m)
m#£1l ml

whence (2.26)) follows.

3.5. Proof of Proposition First of all, we note that using the definition of g; and g, and (2.9),
(2.22) can be rewritten as

ol K (ST m
(3.16) b =[N Id+ (KD 5 + D0 %\w + 1K) = (Kp,) )
it ’
_ & -1 R y* Ko\ *
F(1- 0 B - (KB
-1 1 _ .
+(1- ) E (KE)N(SE) T (S5 - 85w, on 9D

Then we have
(3.17)

/<9Dl (Az(s) - Al)(bl(s) do(s)

= /m [(Al Id+ K%l>_1<Al(') - flzﬂ (s)
A(Sp, m)

1 Ko\ * Ko\~ Ko K
+[§Id+ (K57 (SD,) ' (SDl SDlL Yi(s ) Z oVl
m;éz

To estimate the terms in the right hand side of equation (3.17]), we make use of (2.34]) and the facts that
- —1
Ay — A; € L, and the operator (/\l Id+ th) maps L2 to L2 and is uniformly bounded with respect

Po

ul 1
O (-2 ([(Kﬂ)*(ffgfn*wl(s)

(5) + [(KE)* = (KD,) Jou(s) | do(s).

‘8[)1

to a and proceed as follows. By Cauchy-Schwarz inequality and as ||4; — AlHLZ(aD,) = O(a®), we have

1 . ’LLI
(3.18) /w [(nld+Kp,)  (A() = A (s )gyl( )doy(s) = O(a’),
and as [[(K55)" — (K5 | 2(0p,) = O(a?), we get
(3.19)

/8 | (ura+ K9,) (i) — A)](s) [(K5)" — (K55) W (8)don(s) = O(a® - a® as ) = O ).

Similarly, we have

(3.20) /8 [(wrav k) A - A)](s) (5" — (D) Jouls)den(s) = O ],
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k0
Next for s € Dy, we use the expansion a(sgm(;sm) (s) = V@, (21, 2m)  11(8) Q@ + O (;‘Tg||¢m||) with the
ml

error estimate in the L? sense, to deduce that

_1 ) M a(§Ho m
(3.21) /8 i [(nla+K5,)  (A) = An](s) Y %@)dm(s)
M M
:Rl' szq)no(zl,zm Qm+0 Ziw)mn

where the term R; behaves as O(a*) and is defined as

(3.22) R = /aD [(Alfd+K,gl)_l(Al(.) 71211)} (s)u(s) do(s).

The remaining term can be dealt with in the following manner. First we write
/aDl (et 168,) ™ (A = ) (5) [+ (KE)") (S5~ (85 — S5) wals) don(s)
= (% - )\1) /aD [()\lld—i— K%l)il (Al(') - Az)} (s) (Sg(;)_l (ST = ST.) tuls) do(s)
() = A (55) 7 (55 - 95 o) donte
+ / [(rd+ K8, (40— A)] () 15" — (55,71 (55) ™" (S35 — S5, vals) don(s)
=(3-») /aD [(urd+ 15, )™ (40) - A1) ) > ((59,) 7" s5)" (S5,) " (S5 — S5, wals)don(s)
! n=0
+ /aDl (Al( ) — Al) Id+ Z ( SDL -1 Séj())n] (S%l)fl (SZ(; 3 Sgl) wl(s)dgl(s)
’ /aDl (Ot xh) (Al“ = An) | (9) [0R55)" = (KB, (55) ™ (S5, = SB) va(s)dn(s)
= ﬁO(a4||¢l||) + O(a®|[¢u]]) + O(a®||vr]) +/ (Al(s) — /11) (S,%l)f1 (S50 — S ) wuls)doy(s)

D,

1

= 4 (ko — m)( o, i) dol(t)) /aDl (Al(s) - Al) (5%,) " (1)(s)do(s) + O ||wnl))

+ /8 . (i)~ A1) (s2)" l; (0 = ) /aDl = o1t dal@)] dor(s).

where we use lemma and the fact that p; ~ a””, v > 0.
Using (2.7) and (2.32)), we can then deduce

(3.23)
S [t aeh) ™ (A0 = &) (@) [+ () (55) ™ (S5 - S5) () )

= gm0 =m0 ( [ wtyda(®) / (A = 41) (83)7 1)(6) don(s) + 0@l + Ofa®a? ]

= —%(no — Ky) (87T|Dl\ + AlCapl) P (t) doy(t) + O(a5||1/Jl||).

oD,
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Now by substituting (3.18}3.23) in (3.17) and using (2.14]), we have

(3.24) /aD (Al(s)—Al)@(s)daz(S)

M 1
7 ~

“Ri- Y V(2 20) Qu + (1 - %) 1= (ko - m)(87r|Dl| +A1Capl) | ls) dau(s)

m;% !

+0|a +a32 ||¢>m||+a5||¢zH+a5H¢z||

m#l
M
= _Rl : Z Vsq)no(zlazm)Qm
o
+ (1 z;) y — (ko — k1) [@ +§l Cap® ey (21, 2m) Q| (87\D1| +A10apz>

+0|a +a32 ||¢m||+a5||¢zH+a5H¢z|| ;

m#l

whence (2.43)) follows.

3.6. Proof of proposition We note that using (3.16]), we can write

(3.25)

8 1
/{le(s—zl)p o1 don(s) = —/aDl(s—zl)p NI+ (K, )"] 5% don(s)

— P
=E!

2(553, 6
_ _ I KO *1—1 Dy,

Z/aDl s —z1)p [MId+ (Kp,)] o b, doy(s)
ml

.— RP
:=B%,

- /{)D (s = 20)p [NId + (Kp,)* | EE)" — (Kp,) ] dou(s)

=:K£l

(-7 / (s — 21)p INTd + (KD,) (K — (B0) i don(s)

Po aD,

::Kf;l

Pl -1 0 \*1—1 1 Ko\ * Ko\ L K K
- (1 - —) / (s —21)p [NId+ (Kp,)"] [QIdJF (Kp)1(S5)  (SB, = Sp,) i donu(s) .

£o aD,

=:Kg,

Let us recall that z; = ﬁ Jop, § dou(s). By definition, we have (s —Z) € (L§(0D;))*. In the sequel,
we will repeatedly use this property.
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To estimate EJ, using z; we write

(3.26)
. 0 vaq1Oul
El = (S — Zl)p [)\l]d"‘ (KDZ) ] a7 dO’l(S)
oD, ovt

> 0 yuq—10u” - 0 ar_q Oul
= (S—Zl)p [)\lld"‘r(KDl) } i dO’l(S)—F (Zl —Zl)p [)\lld"‘r(KDl) } i dO’l(S).
oD, aV oD, aV

I 11

To estimate the term I1, we proceed as follows. We note that

(3.27)
= 0 yey—19u’ - 0 yey—19u’
IT= [ (z—2)p NId+ (Kp,)* |7 o~ doi(s) = (21 — z1)p (Ndd+ (Kp,)" | 57 dou(s),
8D, 81/ oD, 81/
f
and we can write
0 e OUuf
[Ndd+ (Kp,)"|f = R
Now integrating over dD;, we find that
o I
/ NId + (K9)*]f(s) doi(s) = / S (s) doy(s) = f,@g/ Wl (z) dz
8Dl 8Dl al/ Dl

:>()\l—%> moras :/{ml £(s) NId + K9, )(1) doy(s) = —#2 /D (@) do

(3.28) = [ f(s) doi(s) = —()\l - %)_1”3/17 ul (z) da.

oD,
Using this in (3.27)), it follows that
1y -1
(329) Il = _(El — Zl)p ()\l — *) H(Q)/ UI({E) dx.
2 D,

In order to estimate I, we note that,
ou' ou!
I :/ (5 = 20)p INTd+ (58,1 2L do(s) :/ T+ K917 — 20)p 2 doy(s).
oD, 81/ oD, aV

We recall that [Ald+ K%lrl : LE(0D;) — L%(0D) is uniformly bounded with respect to A for |\ €
[3,+00). Using the fact that (s — %) is mean-free, we can now conclude that

(3.30)
oul ou!
0 1-1 = > 3
1< Intd+ KD = Z0pllzom0 | G | 2 oy < CN = Z0ellzz000)]| Gt oy = 06

Combining (3.29) and (3.30), we can therefore write

1\ —1
(3.31) —EV = (Z1—21)p ()\l - 7) f@'%/ u!(z) dx + O(a®)

2 D,

=Gy (h - 5) R GID 4 0) + Ol p) = 0,

as \; — % ~ p; and we assume that p; ~ a'*7, with v > 0.
Next let us estimate the term Kggl.

Kby = [ (= 2y It + (1,17 [0+ G| (537 (S35 — S5) (o) denl)
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1 KO\ * Ko -1 Ko K
- INTd + K] (s — 2), - [§1d+ (K9) } (S5) ™" (S50 — S5 dhuls) don(s)
(f -3 / ITd+ K917 M s — z)y - (S5) 7 (S5 — 55) wn(s) doy(s)
oD,
ko) —1 Ko K
[ s, (55) 7 (55 - 55) ) denle

+ / NI+ K] (s = 20 - (K" — (KD,)T (S5) ™ (g — S5) wi(s) dous)
0D,

=% L /BDZ(S—Zz) Nld+ (Kp,)*] ™" (s,%l)*lz(s?;;o (S,%l)’l)n(sgj—sgl)m(s) doy(s)

— Po =0

w5 e 3 (S5 (58)7) (S5 - 55) (o) dn(e)

n=0

*1— K * * K -1 K K
o [ s ()T )" - (D)7 (55) ™ (S5 = 55) vi(s) dnco).
l
Then using (2.8]), we can deduce that

(3.32) K = O(pa’py a™ a?|[l]) + Ola a®[[ull) + O(a®p; 'a?a™ a®[|va )
= 0(a®|wal) + O(a® o [[¥l])-

Next, we shall estimate the term K gl.
Kp= [ (o=, I ()T U = (D, 1ou(s) don(s)
1

- /8 (s =2 NI (KBTI )" = (KB, Jouls) don(s)

p,1
Kd)l

[y T+ (KBTS~ (5, 16() don(s).
oD

p,2
K¢z

Now, the first term in the right hand side above can be estimated in the following manner using the fact
that (S - El)p S L%(@Dl)

K= [ 5=z, (uTd+ (K9,)TKE)" — (65, 16(s) don(s)
oD,
- /3 NI K] s =, (5 = (K5, Jouls) don(s)
— 0(a® [4n]) = O(a' | al).

To estimate the second term K 5;2, we observe that

K2 = Gimy [ InTd+ KB (KR = (KB, Jouts) don(s)

Zl — Zl p Kﬁo KDL [)\l_[d-l-KDl] ( )¢l(8) dal(s).
oD,
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Let us denote h := [N Id + K9 ]’1( ). Then

K2? = (21— 2), . (Vi (5,0) = Vidbo(s,1)) L)L) dal(t)}dal(s)
_ = _ hgi” no2(s—1t)
= (Z1 — 21)p BDL /aD, 2 47'm' —1)s —t|"? P ) v (t)h(t)dol(t)] doy(s)

1 (s—1)
=gty [ )] [ [k dnn]dens)

8w s —t

irg .
HigE = | ails) [ /a SR ()1(t)don(t) | dous)

+ (= 2)p oD, Pu(s) {/aD, (i_:ﬁi (n—1)|s —t|*? (|S t)) v (t)h(t)dol(t)}dal(s).

t|

Note that the third term in the right hand side of the above identity is of order O(a%p; *||¢i]|). To
understand the first two terms better, we now proceed as follows.
Let us write

[ =0 emodno = [ pud+ (55,7116~ ) 0] dont
oD, oD

f1

Now [A\Id+ (K%l)*] 1=

f
/ Td+ (K9 ) 1A () do(t) = / (s — ) - v (t)do (1)
oD, oD,

(s —t) - v!(t) and hence

— (n- 1) A@) dot) = [ fONId+ KD (1) do(t) = / (s — ) - v (t)dou(t) = —3|Dy|
2/ Jap, oD,

0D,
! It
— [ 1=tV OIhOdn®) = =3(N - 5) DIl
oD, 2
Therefore
3 1K} 1

—1
(2~ ), - qbl(s)[ /8 Dl[(s —1)- Vl(t)}h(t)dal(t)] do(s) = —T(Al - 7) \Di|(Z1 — 20), . d1(s)do(s).

1K
127

Next, we consider the term g-r3(Z; Dp Jop, G1(s {faDl (Ii zl) vi(t)h(t) do*l(t)} doi(s). Again we write

[ L= gnte) dote -/, ntd-+ (13,71 (B4 (0) donto)

p, |s =1 |s — |

f2
then arguing as in the previous case, we obtain
1\ 1 s—1 1\ 1
fa(t) do(t) = (M = 5) / S don®) = (W —5) Al
d

oD, 2 p, |5 =1

and hence using (2.43)), it follows that

1, (s —1t)
g:‘ig(zl - 2)p - o1(s) [/a -V (t)h(t) dal(t)} doy(s)

p, s —1

- ém%(zl —2)p(N — %)71 /m Ai(s)du(s) doy(s)
= G == ) MA@ 20,0 )7 [ (A= A @)ents) den(s)
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M
1 1 A 1 1
= 8753(51 —z)p(N — 5)_1A1Ql + 87&%(51 —z)p( N — 5)_1 [ - Ry Z V@, (215 2m)Qm

m=1

m#£l

{ N
o = R [Qut 3 Cap (21, 2) Q] (87101 + AnCam)
m#1

10la mz i 6l + el + el | ]

m¢z

Combining the estimates above, we finally have

(3.33)
iKg 1\-1 1
-K§ = 47?()“ - 5) |Di|(Z1 — 20)p Q1 — gné@ —21)p(\ — 5) 14,Q,
1 1 M
+ g’{g(zl - Zl)p(Al - 5)71 |:Rl ) Z vsq)no (Zlazm)Qm
o
po 0 -
o = k) [Qut 3 Cap®ey (21, ) Q] (8711l + AiCap)
m#1

M 3
a —
—0|a'+a® ) T 18mll + @l il + @[l } +0(alen)) + O(a®p; lnl])
m=1 —ml

m#l

1
:*gﬂg(il*m) (Az*§) "AQi+0 [ a* T +a’ ”Z |¢>m||+a5 Ml + a7l

m.#l
M 5_,), M 5_,Y
_ a a
+ 0@ o) + O3 G lléml) + 03 G—low):

e ol
Proceeding as in the case of K% ,» We can write
—K? = @(A —1)_1|D G-y [ Wi(s) douls) — — 3z — 2)pn — 2) VA [ wn(s) dou(s)

i AU 1(z1 lpaDll 1 gr oz = z1)p N = 5 laDll 1

— g == )7 [ (A= A)()a(s) don(s) + Olat[unl) + Olaor i),
T oD,

and therefore using (2.13)),(2.14) and (2.43)), it follows that
—Kj, = 0@’ [[n])) + O(a 4\|wl||)

1y -1 TP
+ ()\l - 5) (Z1— 21)p [ |Dl| K,OAZ} {Ql + Cap; vl (%) + W@ﬂ'apl

1R
l(I)rco (Zla Zm)QmCl

+ Z (‘I’ko (215 2m)Q@mCapy + VP, (21, 2m) - Vi Capy — =

711,#[

+ V®u, (21, 2m)Qm /aD (59)71(- = 2)(s) dal(s)) +O(a® + a®||pu|| + Z &, ||¢m||)]
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1 5
+ 8—7(%8(,2[ —z1)p( N — = [ Z V@i (21, 2m) Qi
m;él
po T N
P — (ko — K1) [Qu + gl Cap®ry (21, 2m) Q] (87T|Dl\ + AlCapl)

ofatiay & 6l + lnl + el |

m=1

m#£l

+ (S(l))l)_l Z |:<1 - chapl) (I)KO (Zla Zm) + (5 - Zl) : vsq)no (Zla Zm):| Qm

m# 1
3
—1 a
+(55) 7 [ X0 Vil tzm) Vi | + (55) TG+ 0 {atalanl+ Y Sloml | |-
m## 1 m#1

where the last error estimate mentioned above is in the sense of L?, while the others are point-wise.
Therefore we can write

(3.34)
e
P 0 P

0

1 oL
— Qﬁg (1 - pf(l)) (Zl — Zl)()\l — *) AlCapl z:l (I)ng zl,zm)Qm
Al
1 5 N 1.4 2 X 0 \—1
—(1- %) (= 2)(\ = 3) /a i) - An( mZ Dy (2 2n)Qun ) (55,) ! (5)dor (s)
m£l
O(a® 7 [[¢ull) + O(a*|4ull) + O(a* || ¢ul) + O Z i )
el
_ a a
+0(a®7) + O(Z dTH(ﬁmH) + O(Z dT||¢m||)~
m=1 ml m=1 ml
m£l m£l

Finally, we deal with the term Bgl in the following manner. As in the previous cases, using z;, we first
write

w1 9(SD dm)
(3.35) B = Z/a (5 — 1)y INTd + (K, )T =20 i 5)
m£L
w198, Pm)
:2/8 (s — 20)p udd + (K9 )*] %dal(s)
m#l

p,1
B¢L
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(S dm
+ Z / (Z1— 21)p (NId + (K%L)*]_lwdol(s).
m#l

oD, 8Vl

Bgf
The first term can be dealt with as

: 1955, &m)
B = Z/a (5 = Z)p InTd+ (K, )] =222 i s)
m£l

z (S5 bm)
— Z/aD [)\lIdJrK%l]fl(stl)p.%dm Zo<d2 ||¢>m||>
m;% !

m#l

using the fact that (s —%;), € L3. To deal with the second term, we note that

a SHO m
/ (El — Zl)p [)\lfd-F (K%l)*]_l%dal(s) = (El — Zl)p fg(s) dal(s),
aD, v oD,

where fs satisfies
9(Sp,, Pm
NI+ (8,7} fy = 2Bmlm),

From this we can deduce, as in the earlier cases and using (2.11)), that
1! 8(5%2,1 ¢7n)
f3(s) dou(s) = <)\z - 5) /BDl Tdal(s)

= (n- %)_1 [~ K310 (P (21 200) Qo+ Ve (21 2) - Vi

oD,

— KV, (21, 2m) - {/ (x — zl)dx} Qm — Err4m].
D,

Therefore
(3.36)
M 1y -1
7B£l == Z (zl - Zl)P (Al - 5) [ - K3|Dl‘ ((I)Ho (Zla ZM)QTH + vt(bng (Zl7 Zm) ' ‘/nz)
m=1
m#£L

— K2V @, (21, 2m) - [/Dl (x — zl)dm} Qm — Err4m} +0 (Jgjlwm”)

_ 1\t 2
(Zl — Zg) ()\l - 5) H0|Dl|q>m0 (Zh Zm)Qm

tnqs

33

W
JLogren

+ 3 [0 ol + O o) + 0 (216l ]

m=1 m
m#l

Using (3.31)),(3.32)),(3.33)), (3.34)), (3.36) in (3.25), we can write

(3.37) Vi = (s = 2)pu doy(s) = V2o + Ve,
oD,
where
dom - — I\t 2 1 2 (= 1 —1 1
vt = ;(zl - Zl)(/\l - 5) 10| Di|®@rg (215 2m) Qm — 87%(21 —z) (N — 5) AiQy

m#l
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] (LS I SR e oY

8 Po
1 2 Pl -1 _ 1 13 M
— @KO (]. — %> (Zl — Zl)()\l — 5) AlC'apl ; q)ﬁo (Zl,Zm)Qm
m#l
M
L 5 N\t 1 _1/ 1 0 \—1
2= - = Ays) — A o
o (1= 5r) @7 () = A) (30 ot )@ ) (85) 7 o) (5)
me£l
— leom + Vd2om,
with
1 1 A 1 -1 1 A
Vi = — gﬁg(zl —2) (N — 5)71141@1 - gﬁg (1 - %) (z—z)(N — 5)71141@1»
M
1 —1
Vigm =Y E =) (M= 5) DUy (s 2 Qi
oo
M
1 2 Pl -1 — 1 —1 4
— 877THO (l — %> (Zl — Zl)()\l — 5) A;Cap; ; @Ko(zl,zm)Qm
m£l
M
() A= )7 [ () = A) (D Bt 2n)Qn) (85, (s)dens)
8 ¢ Po 2 aD, L= e ! ’

m#l
and by V"¢, we denote the rest of the terms. The remainder V;"*™ satisfies the estimate

V™| = 0(a®™7) + O(a* | el])

M 5y M 5y M 6y M. 4

+0( 32 G lomll) +0( 32 T=—lomll) +O( 32 T—loml) +0( 3 Z—ll6mll)
m=1 m m=1 m m=1 m m=1 ~m
m#£l m#£l m#£l m#£l

a®=7 @b ot a* ab=7 ab="
S EE

— O(a3~ -
=0(a 7)"’0((“ Tt 5 Bo T T pe T T pent

where we use the fact that p; ~ a'*7, with ¥ > 0 and 0 < a < 1. Also note that in the above estimate,
we have majorised ||¢;| by |||

3.7. Proof of the invertibility of the algebraic system. We rewrite (2.59)) in the following compact
form;

(3.38) (Ci+B+B' +R; +R2)Q =Y,
where Q,Y € CM*1 and Cy,B,B’,Ry,Ry € CM*M are defined as

| P (z,2m), U I#Em
(3.39) B(l,m) = { 0 G,
(3.40) B'(l,m) := %Vz(p““ (21, 2m), iE L m
’ 0, it l=m ’
o 0, if I#m
(341) Cl(l,m) = { Cfl, if —m

(342) Q::(Ql Q2 QM )T andY:z(Yl Y2 YM )T,
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and R; = PPy, Ry = PP, with the matrices P, P, Py defined as

(3.43) P(l,m) = { vt@“f’éf“’”)’ ﬁ lli:; :
(3.44)
n%(f —zm><Am—l>-1[\Dm|
Pi(m,n) = = faD )(SY, )_1(s)d0m(s)} Do (2im,2n), if m#n
O, it m=n
(3.45) Py(m,n) := { 417r K3(Zm — zmo)’()\m — %)_11217”, i nnii Z

Our strategy here is to follow the methodology in [13|. In this direction, we multiply the system with
Q" and Q', add the resulting identities and then use the fact that the matrices Cy, B are self-adjoint to
derive the inequality

(3.46) (CI'Q", Q")+ (B'Q",Q") + (B'Q", Q") + (CI'Q', Q) + (B'Q’, Q) + (B Q, Q')
+(B"Q".Q) - (B"Q.,Q") + (R."Q", Q") + (RQ", Q) + (R.'Q", Q") — (R.'Q", Q")
+(R2"Q", Q") + (R2'Q%, Q) + (R2'Q", Q') — (R2'Q, Q")

. . M 2 M 2
=(Y",. Q")+ (Y, Q") <2 (Z Ym|2> (Z IQm|2>
m=1 m=1

Let us first consider the case when (C;')" >0, V1 =1,..., M. In this case, proceeding as in [13], we
can obtain
(3.47) (B'Q", Q")+ (B'Q", Q) > Z |Quml?,

where 7 := mini<; m<m, j£m c0S(Ko|zm — z;|) and is assumed to be non-negative.
We can also observe that

min (C,,
. O OF Tl O > 2, 1SmsM 2
(3.48) (€r'Q". Q") +(Cr'Q, Q') > min Z |Quml* > 1<ma<XM|Cm‘ E mzl|c2m|

We would like to note that (C;,})" and (C,,)" have the same sign.
Next using Cauchy-Schwarz inequality, we can write

M
(B"Q", Q")+ (B"Q, Q") > —[Bl2 > 1Quml*,
m=1
M

(B"Q", Q") = —|B" [ Q"IIQ] = =Bl Y 1Qm/*,

m=1

M
- (B"Q,Q") = B [1QQ" = ~IIB'll2 > 1Qml*,

m=1
and therefore

(3.49) (B'Q",Q") + (B"Q', Q) + (B'Q", Q") - (B'Q’, Q")

2

M M
3 Frln Iio-l—l 2
1S K2, Z d4 Z @l
ml m=1
m#l
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Nl

[d=<] M
Frln I{Q-f—l 3 1 2
> -3, || SOV M s | g5+ S0+ 17 = 0= ) | 3010l
LN
2
> =, | | OV [ 4 | S ant

where C' denotes a generic constant that is bounded in terms of a. Similarly we derive

(3.50) R1"Q", Q") + (R1"Q", Q") + (R1'Q", Q") - (R+'Q", Q")
1 111 117
> _Cd® TMM,,,, [dQ + dw} [d4 + dfm] mgl |Qml|?
and
(3.51)

M

(R2"Q", Q") + (R2'Q", Q") + (R2'Q", Q") — (R2'Q’, Q") > —Ca®" MMW[ dm} Z|Qm|2

Making use of (3.47H3.51)) in (3.46]), the required estimate follows.

Let us next consider the case when (Cfl)T <0, Vi=1,...,M.

In this case, we multiply the identity with —1 and note that using Cauchy-Schwarz inequality, we
can still write

o M 3 /M 3
- <Yra Qr> - <Yla Ql> S 2 (Z |Ym|2> (Z |Qm2>
m=1 m=1

As in the previous case, we derive the estimates

_<B/TQT’ Qr> N <B/TQi7Qi> _ <B/iQT,Qi> + <B/iQi7Qr>
F! 11: ¢
| VI [+ | D 1@l

> — max
1<m<M

-(R1"Q". Q") - (R:"Q", Q") — (R1'Q", Q") + (R1'Q", Q")

N

M
> 1Qml

m=1

o 1 1 ]2[1 1
> ~Cd® M Mopaq |:d2 + d30‘:| [dél + d5a:|

and
-R2'Q", Q") — (R2"Q", Q") — (R2'Q", Q) + (R2'Q", Q")
~ 1 117
> —Ca?" MM, 0z [(14 + d5a:| m§:1 |Qm|2

To deal with the terms —(B"Q", Q") and —(B"Q¢, Q%), in contrast to the earlier case, we use Cauchy-
Schwarz inequality to derive

- <BTQT7QT> - <BTQia QZ> 2 _C\/ MM"LLL.’L’ |:d12 + d‘l’a:| i Z |Q7n|2-
m=1

S

Also

7<CITQT7QT> <CI QZ Ql> > 1<H73112]VI - Z ‘Qm|2 1<m.<JV[ (lC 2) Z ‘Qm|2

m=1 m=1
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min |CI| M
1<m<M 2
= ( max |Cn|)? Z (@™
1<m<M

Combining the above estimates, we can now conclude (2.63)). We would like to remark that the argument
in this case can be applied also to the case when (Cl_l)r >0, VIi=1,..., M, but the estimate would be
worse than that already achieved.

We note that in view of remark these two are the only possible cases and hence the proof is complete.

3.8. Proof of proposition First of all, we note that using (2.9)),(2.20)) and (2.21)), we can rewrite

(2.22)) on 0D, as

(3.52)
NO d’m) BuI
NId + (K5 ’ gu
[\iId+ ¢l+; .
m#l

(1= 27 (1) = o+ [T () (55) 7 (55 - 55) v )

Il

|
—

—

|

|=

) (105 = )T+ () — (KB)°] (55 (55— 555 )

Po
-1/1 _
- (12 (g b1 (53) 7 (5 - s v
= Oa?ljéal) + O(a? - a" - a2 ) + Oa~ a2 il}) = Oa?l) + Ot} m L2
~—_—— ~——

€L} €L}

=0 (@ |1+ ]oull+ D T lomll + Y 5 =gl

m#l i m#1 ml

+0 |a 1+H¢zH+Z ||¢m||+Z ol | | in 22

m#1 i m#1l ml
eL?
=FE1;+Ey;.
Now let us consider the system
M
a(Sp ¢ ou!
3.53 MId+ (K)* ) -9 Ery+ By
(3.53) AId+ (K)o + Z 81/1 . 9 lon, + B+ Eay
7n7£l

We can further rewrite it as

(3.54) (L+K)¢>_ —0,ul + Ey + Es,

where L := (le)l]‘f[mzl and K := (K, lm 1, with
_ [Md+( Bl l=m _{ S, 1#m
(3.55) Lim = { else '’ Kim = 0, else '’
L A
S
(3.56) du’ = (8V1 81/M> ,
(3.57) ¢=(¢1...0m)",

and E; .= (E;1 ... ELM)T, 1 =1,2. Let us also set
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@, 0= ((B5,0)1 - (P5,8)m)

where
9 &
((I’C Z By Doy (85 2m) Qs
1n#l
Vier 6= (V1@ ¢)1...(VI®) d)m)
where
M
(V1L 0)i(s) = D> ViViuy(5,2m) - V() - Vim,
Al
V28 ¢ = (V2@ ¢)1... (V3@ o))
where
M 6
(V2L o)i(s) = > (s—z)- 51 Vi Va®io (5, 2m) * Vi,
ity
and

K¢ :=K¢— 050 — (B — Bflo — VB0 — [VI®E — V®]p, — [VZEE — V3ESg,

with (V1®§e,), := (V1<§20¢)l(zl) = Zm# VsVi®,, (21, 2m) - VH(8) - Vi
Using the above notations and the fact that the matrix L is invertible, we can write ¢ as

(3.58) ¢=—L'ou' —L'®p— L'[®F, — Pflo — L 'V'®p— LV'®. — VS]o,
Vel - V@il - L 'K¢+ L 'E; + L' E,.

Now using the fact that ®§¢p, VI®§¢,[VI®: — V®E]¢. and E; are mean-free and L~! doesn’t scale
while acting on mean-free vectors but in general |[L™1||z(z2,22) = O (p; "), we obtain

— — c - c (& 1 1
@0, =0 (). Iz w50+ L, ~ wgionl =0 | | 5+ o) a X 1Qnl |
o @ pl] =
1 — c
LIV @Go) ] = O | D —alVul |, (LT [VI®5, = VI ®flo.)i] = O Zd al Vil |
m#£l M m#1
“1o2HC _ U2HC 2 1y _ 1 at
|7 [v2;, — V28{lo)| = O Z 7 a|V| . @ Koy =0 |plm?X§ld;l"¢" :
2
— a
IE Bl =0 | 1+||¢>z||+2d foml+ 3 - lomil| |
ml m#1 ml

and

(L Ex)il =0 [a |1+ ol + > dfllsﬁmll + Z ||¢m||
m#1 m#l ml
Therefore we can write
(3.59)

_ a 1 1 rem 1 1 2 rem
hot =0 (557) +0 {dﬁm]“g'%' #0 | X (et + g, eve)

m#l ml
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1 1 1 1
+O (> ( Voo | 4 — ——a® V;ﬁom> +o ) ( Vier| + ——-a dom)
ddml al | \Pl| d? | ! dfnl AWVl i d2 |

m#£l ml m#1

1 at a?
+0 [ —max Y —¢|l | +O 1+||¢z\+2 |¢m||+Z |¢m||
ol T A dny o1l dm o d

+0|a 1+||¢1H+Z ||¢m||+z H¢m|\ ;
m;él

where we have ignored the contribution of the term L~ [V1®¢ — V1®{]¢. since the term L™'V1®G¢
is clearly more singular.

To deal with the terms involving V" we note that

(3.60)
5—'y 5—v 4 4 6—v
rem 3— 4— a a a a
gld;l Vi =a O(a 4 [0+ Tt G d3a+1}|¢”)§ld3
6—~ 6—~ 5 5 T—v T— 1 1
_ 4— 5— a a a a a a
=0(at o [+ 55 +cl?’a+¢i2+¢if3f>é+d3+¢ifm+1}”¢”>0<cﬁ+cﬁa“)
a*=" a*= a®™" ad™" ab— ab—" ab—
- O( B T gpari T { B et T T gpats T geatt
a’ a’ a® a™v a™? a™"
- a5 + d3a+3 + d6a+1 T d6 + d3a+4 T d6a+2} H¢”)

— O<a47773t 4 a47'yfsft 4 |:a57'y73t +a5f’yfsft _|_a67'y75t _i_aﬁf’yfsf.?)t +a6777257t
5—5t 5—s—3t 5—2s—t 7—~y—6t T—y—s—4t T—y—25—2t
+a +a” T T T T T 0 T T YT }”‘M)
(3. 61)

a? 3_ a_ A at ab=
Z yrem fmo<a 7+[a T+ Tt et et d3a+1]ll¢ll) Z dzz
m#£l ™

Ty a7_')’ CL6 aﬁ 8—’)/ as_
70( 5—v [ 6—~ a w a :| )
o1l Tl t e Te e T el dz +d

B B a672’y CL672’y a57'y a57'y a772fy a
:O<a4 2'v-|-{a5 27 4 7 + o + 7 + o + B d30‘+1 H¢|| ( —|— )

0 a472'y a472'y a572'y a572'y a672'y a672'y a672'y
- d? + 3 + d2? + d3e + d4 + d3at2 + 6o
a57'y a57'y a57'y a772'y a772'y T—2v

+ a4 +d?)a-',-2 + 6« + db +d3a+3 d6a+1]”¢”)

_ O<a472'y72t Logd2rs 4 [a572772t 1P g g6-2y—4t | (6-2y—s=2t | (6-2y—2s

4Py gBY sty (5y=2s | (T—2y=5t | (T—2y—s—3t | a772"7257t} ||¢H)

Now if we assume that 0 < ¢ < %7 0<s< % 0<y< L% <t and s+~ < 2, then we can derive the
estimate

rem 1 1 rem 2
(3.62) > (dg AV eV |) = O(a+a2||9])-

m#1
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For the terms involving V2", we can deduce that
1 om 1 —y— N5 —
(3.63) 3 alVier = a0 + o) = Ofla 5 a1 ),
m#£l ™
1 o o
BO) Y Vi = a0 + ) = Olfa T o)
m#l
Assuming that 0 <t < %, 0<s< % 0<~y<1, % <tand s+ v < 2, we can derive the estimate
om 1 1 om
(3.65) S (Galvierl+ VAT ) = Ol
ml p | ml

m#1

Similarly for the terms involving V,‘f;’é", we can write

M M
366) Y galViwl=0 o a( X ) g e =o(a4-v(;4+d3iﬁ)2|@nl)
m#l T n=1 n=1

m#l ml

M
= O([a* ™ + a2 |Qu)),
n=1

(3.67)
dom =0 —1—x 3—v,2 - 1 z 4 2y 1
Z;é:l a a a (%:l ml)dz_: (d3 d3a+1 Z‘Q"

_ O([a472773t + a472'yfsft] Z |Qn|)
n=1

Again assuming that 0 < t < %, 0<s< %, 0<~y<1, % <t and s+ vy < 2, we can derive the estimate

M
1 1 1
(3.68) > (GalVi + oo Vi) = 0t 3 i)
n=1

m#1
Using (2.68)), (3.62), (3.65), (3.68)) in (3.59), we can deduce that for I =1,..., M,
&1l = O(a™) + O ([a"=* + a™7]|M max|C.y|)
+0 ([a1*2t +a M max |Cp| (a® +a® % +a® 7" + a*=%%)) ||

+0(a) + O(a})0]] + 0@l + O (a2 Mmae Gl [1+ 0+ (a2 + 0™ + =~ 4.0t ]
1
a’” ”Z 6]l +O | a'=" |1+ [|¢ll + all] Zd +a?l|g]| ZdT
m;él m#l m#£l

Now if M max |C,,| = O(a="), then we obtain
H¢l|| — O(a_'y) +0 (a—’y . a—h) +0 (a—’y—h (a2 4 33t + 35t + a4—25)) ||¢H
+0(a) + Oah)||] + O(@)llg] + 0 (a7 [+ a+ (® + ¥ +a** " + a2) ||g]])

1
@3 g | Wl o (@ 1 el +alol | 305 ) wallol | 3

m;él ml il mz£l - ml
_ O(a—'y) + O(a—'y—h) + O((QQ—'y—h + a3—3t—'y—h + a3—s—t—'y—h + a4—23—'y—h)H¢”)
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0@ )9l + 0@ )16l + 0a?~"=*) ]|

Therefore provided h < %,

¢l = O(a™) + O(a™"=") + O(a®) [l + O(a' )6 + O(a’)l|¢ll + O(a*=7~*)Ig ],

whence it follows that

I8l = O(a™) + O(a™"").

Note that if v =1 or v+ s = 2, to deduce the last step we need to assume that the constant C,, in (L.5)
is large enough.

(1]
(2]
(3]
(4]

(5]
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