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Abstract

The aim of this paper is to provide a mathematical theory for understanding
the mechanism behind the double-negative refractive index phenomenon in bubbly
fluids. The design of double-negative metamaterials generally implies the use of two
different kinds of subwavelength resonators. Such a requirement limits the applica-
bility of double-negative metamaterials. Herein we rely on media that consists of
only a single type of resonant element, and show how to turn the acoustic meta-
material with a single negative effective property obtained in [H. Ammari and H.
Zhang, Effective medium theory for acoustic waves in bubbly fluids near Minnaert
resonant frequency. STAM J. Math. Anal., 49 (2017), 3252-3276.] into a negative
refractive index metamaterial, which refracts waves negatively, hence acting as a
superlens. Using bubble dimers, it is proved that both the effective mass density
and the bulk modulus of the bubbly fluid can be negative near the hybridized Min-
naert resonances. A rigorous justification of the Minnaert resonance hybridization,
in the case of a bubble dimer in a homogeneous medium, is established. The acous-
tic properties of the bubble dimer are analyzed. Approximate formulas for the two
hybridized Minnaert resonances are derived. Moreover, it is proved that the bubble
dimer can be approximated as the sum of a monopole source and a dipole source.
For an appropriate bubble volume fraction of randomly oriented bubble dimers, a
double-negative effective medium theory near the hybridized Minnaert resonances
is obtained.
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1 Introduction

Metamaterials are man-made composite media structured on a scale much smaller than
a wavelength. They raise the possibility of an unprecedented level of control when it
comes to engineering the propagation of waves. A particularly interesting capability
is the prospect of focusing or imaging beyond the diffraction limit. Metamaterials can
manipulate and control sound waves in ways that are not possible in conventional mate-
rials. Their study has also drawn increasing interest in recent times due to their potential
application in cloaking [19, 23, 24].

Metamaterials can be assembled into structures (typically periodic but not necessar-
ily so) that are similar to continuous materials, yet have unusual wave properties that
differ substantially from those of conventional media. Subwavelength resonators are the
building blocks of metamaterials. Because of the subwavelength scale of the resonators,
it is possible to describe the marcoscopic behavior of a metamaterial using homogeniza-
tion theory, and this results in an effective medium having negative or high contrast
parameters. Metamaterials with negative or high contrast refractive indices offer new
possibilities for imaging and for the control of waves at deep subwavelength scales [16].

In acoustics, it is known that air bubbles are subwavelength resonators [25]. Due to
the high contrast between the air density inside and outside an air bubble in a fluid, a
quasi-static acoustic resonance known as the Minnaert resonance occurs [3]. At or near
this resonant frequency, the size of a bubble can be up to three orders of magnitude
smaller than the wavelength of the incident wave, and the bubble behaves as a strong
monopole scatterer of sound. The Minnaert resonance phenomenon makes air bubbles
good candidates for acoustic subwavelength resonators. They have the potential to
serve as the basic building blocks for acoustic metamaterials, which include bubbly
fluids [21, 20, 22]. This motivated our series of bubble studies [3, 5, 6, 14]. We refer
to [3] for a rigorous mathematical treatment of Minnaert resonance and the derivation
of the monopole approximation in the case of a single, arbitrary shaped bubble in a
homogeneous medium.

As shown in [14], around the Minnaert resonant frequency, an effective medium
theory can be derived in the dilute regime. Furthermore, above the Minnaert resonant
frequency, the real part of the effective bulk modulus is negative, and consequently the
bubbly fluid behaves as a diffusive medium for the acoustic waves. Meanwhile, below
the Minnaert resonant frequency, with an appropriate bubble volume fraction, a high
contrast effective medium can be obtained, making the sub-wavelength focusing or super-
focusing of waves achievable [15]. These properties show that the bubbly fluid functions
like an acoustic metamaterial, and indicate that a sub-wavelength bandgap opening
occurs at the Minneaert resonant frequency [21]. We remark that such behavior is
rather analogous to the coupling of electromagnetic waves with plasmonic nanoparticles,
which results in effective negative or high contrast dielectric constants for frequencies
near the plasmonic resonance frequencies [2, 12, 13].

In [5], the opening of a sub-wavelength phononic bandgap is demonstrated by con-
sidering a periodic arrangement of bubbles and exploiting their Minnaert resonance. It



is shown that there exists a subwavelength band gap in such a bubbly crystal. This sub-
wavelength band gap is mainly due to the cell resonance of the bubbles in the quasi-static
regime and is quite different from the usual band gaps in photonic/phononic crystals,
where the gap opens at a wavelength which is comparable to the period of the structure
[17, 10, 9]. In [11], the homogenization theory of the bubbly crystal near the frequency
where the band gap opens is further investigated. It is shown that the band gap opens
at the corner (edge in two dimensions) of the Brillouin zone. Moreover, explicit formulas
for the Bloch eigenfunctions are derived. This makes both the homogenization theory
and the justification of the superfocusing phenomenon in the non-dilute case possible.
We also refer to [6] for the related work on bubbly metasurfaces in which a homogeniza-
tion theory is developed for a thin layer of periodically arranged bubbles mounted on a
perfectly reflecting surface.

In this paper, we aim to understand the mechanism behind the double-negative
refractive index phenomenon in bubbly fluids. The design of double-negative meta-
materials generally implies the use of two different kinds of building blocks or specific
subwavelength resonators presenting multiple overlapping resonances. Such a require-
ment limits the applicability of double-negative metamaterials. Herein we rely on media
that consists of only a single type of resonant element, and show how to turn the acoustic
metamaterial with a single negative effective property obtained in [14] into a negative re-
fractive index metamaterial, which refracts waves negatively, hence acting as a superlens
[28, 29, 30].

Our main result is to prove that, using bubble dimers, the effective mass density
and bulk modulus of the bubbly fluid can both be negative over a non empty range
of frequencies. A bubble dimer consists of two identical closely separated bubbles. It
features two slightly different subwavelength resonances, called the hybridized Minnaert
resonances. We establish a rigorous mathematical justification of the Minnaert resonance
hybridization in the case of a bubble dimer in a homogeneous medium. We analyze
the acoustic properties of the bubble dimer, derive approximate formulas for the two
Minnaert resonances, and prove that the bubble dimer can be approximated as the
sum of a monopole source and a dipole source. The hybridized Minnaert resonances
correspond to fundamentally different modes. The first mode is, as in the case of a single
bubble, a monopole mode while the second mode is a dipole mode. For an appropriate
bubble volume fraction, when the excitation frequency is close to the hybridized Minnaert
resonances we obtain a double-negative effective mass density and bulk modulus for
bubbly media consisting of a large number of randomly distributed bubble dimers. The
dipole sources in the background medium contribute to the effective mass density while
the monopole sources contribute to the effective bulk modulus.

The paper is organized as follows. In Section 2 we introduce some preliminaries on
layer potentials. In Section 3 we describe the hybridization phenomenon for a bubble
dimer, prove that two subwavelength resonances occur, and compute their asymptotic
expansions in terms of the mass density contrast. In Section 4 we prove that the bubble
dimer can be approximated as the sum of a monopole source and a dipole source. In
Section 5 we derive a double-negative effective medium theory for bubbly media. Finally,



in Section 6 we compute effective mass density and bulk modulus dispersion curves near
the hybridized Minnaert resonances to illustrate the double-negative property of bubbly
media.

2 Preliminaries

2.1 Layer potentials

For a given bounded domain D in R3, with Lipschitz boundary OD, the single layer
potential of the density function ¢ € L?(0D) is defined by

Splel(@) = | Gla—y.he(y)do(y), =R,
where G(x, k) is the fundamental solution to A + k2, i.e.,
1
Gz, k) = —mexp(ik‘]aﬂ). (2.1)
The following jump relation holds:

0

asf) [80]

)= (i;I + /Cﬁ;*) lol(), e aD, (2.2)

where the Neumann-Poincaré operator ICIB* is defined by

0G(z —y, k)
Kl = [ 2P odoty), e oD.
b op  Ov(z)
Here % denotes the normal derivative on 9D, and the subscripts + and — indicate the
limits from outside and inside D, respectively.
We make use of low frequency asymptotic expansions of the layer potentials. For a
small parameter €, G(x, ek) can be expanded as

Gz, ck) = —ﬁ i ”6:!)” s (2.3)
and it follows that -
SH0) = (k)" Sple). Kkle] = > (k)" IChlo]. (2.4
where - -
SBlO@) =~ [ o=yl oo, (25)
piele) =~ [ oyl otde). (26)



It is known that 8% : L2(0D) — H'(AD) is invertible and that its inverse is bounded.
Throughout the paper we assume that D has two connected components D and D»,
and we use the following notation:

/ fdow) = [ fodow)— [ F@)doy), (2.7)
0D1—0D> 0D1 0Do

where f is a function defined on 0D = 9Dy U 0Ds.
Finally, we present some useful formulas which are frequently used in the sequel.

Lemma 2.1. The following identities hold for any ¢ € L*(OD): for j = 1, 2,
(i) Jop, (31 =K}) 6w)doly) = 0;
(ii) Jyp, (31 +K5) 6(u)do(y) = o, 6w)do(y);
(iii) Jop, KBl6] = = [, SHo]
(i) o, KClo] = D31/ (47) [y, 6

Proof. (i) follows from the jump relation (—31 + K 58] = 08)[¢]/0v|;, and the fact
that S%[¢] is harmonic in D. (ii) 1mmed1ately follows from (i). For (iii), we have

/dD vy /(9D|x—y|¢ 87T/ /8D |9C—Z/| / Splo

F inally, it holds that

i|Dy|
Ty, V) p(y) = ——— o
aD; T 12m /8D /8D =)0 ) 4 Jop

which proves (iv). O

2.2 Capacitance coefficients

Let 11, ¥ € L?(0D) be given by

1 on 0D, 0 on 0D,
SO ] — Y S0 (] — ’ 2.8
plv1] {0 on dDo, [ve] {1 on 0Ds. (28)
Then, using (2.2), it is easy to check that
1 *
ker (—21 + IC% > = span {11, 2} (2.9)

We define the capacitance coefficients matrix C' = (Cj;) by

Cz] = Yi, 4,5 =1,2.
0D;



We remark that the matrix C' is positive definite and symmetric.

Suppose Dy and Dy are identical balls of radius ry separated by a distance dy such
that the distance between the centers of the balls is dg + 2r9. Then C11 = Cog, Cio =
(91, C11 > 0, and C2 < 0. Explicit formulas for the capacitance coefficients for two
balls can be obtained using bispherical coordinates [18]. We have the following result:

< (@n4D)T
Ci = 8”0‘;:0 o22n1)T _ 1’

> 1

Cra = =870 ) sy
n=0

Co1 = Cr2, Co = Chy,

where
o = \/dy(rg +do/4), T =sinh " (rq/a).

In addition, when D; and D5 are identical balls, the next lemma provides some useful
formulas.

Lemma 2.2. Suppose that D1 and Do are two identical balls. Then the following iden-
tities hold for any ¢ € L*(0D):

(i) fop, Kbl — goldo =0, j=1,2
(40) fop,—ap,(SH) T Splgldo = 0;
(i11) [op,—op,(Sp) " wildo(y) = [op vi(thr — ¥2)do(y).
Proof. (i) and (ii) follow from Lemma 2.1 (iv), the definition of S}, and the symmetry of

D; U Dy. For (iii), by letting ¢;(x) := (8%)![yi]() and using the jump realtions (2.2)
and the fact that S%[¢] is harmonic in D, we can check that

- OSp[¢i] OSp (1]
Sp) " lyildo :/ 1-<Dl —D’>
L b e = [ (R SR
OSY [ OSY [
8D1—0D> aV + oD 8V +
Then, since and S%[¢:]|lop = i, the Green’s identity yields (iii). O

3 Resonance for a dimer consisting of two identical bubbles

In this section, we consider the quasi-static resonances of a bubble dimer. Throughout,
we denote by D the normalized bubble dimer which consists of two identical balls D
and Do, both with volume one. We assume that the two balls D; and Do are symmetric
with respect to the origin. Moreover, D1 and Dy are aligned with respect to the zi-axis.



For a general dimer featuring two identical balls, we call the unit direction vector along
which the two balls are aligned the orientation of the dimer. Let (&, p) and (k, p) be the
bulk modulus and density of air and water, respectively. Let u'™ be the incident wave
which we assume to be a plane wave for simplicity:

um(x) _ eiw p/mz:~97

where 6 is a unit vector in R3. Then the acoustic wave propagation can be modeled as

V- (%XD + Ix(R? \ﬁ)) Vu+w? (txp+1x(R3\D))u=0 inR?, 3.1)
u — u'™ satisfies the Sommerfeld radiation condition at infinity.
Recall that the Sommerfeld radiation condition at infinity can be expressed by
|50 = ) () — /o~ ™) ()| = O( ).
0| |z
uniformly in z/|z| as |z] — +o0.
Let
vi= E, 0= Q kE=w p, =uwy /L. (3.2)
p p K i
We assume that ~
=L« (3.3)
p
and
v, 0 = O0(1). (3.4)

From, for example, [§], we know that the solution to (3.1) can be represented using
the single layer potentials Sj% and Sj% as follows:

in k 3 N
M@_&5m+%muxxeR\a .
SD[¢](x)7 x€D7
where the pair (¢,v) € L?(0D) x L?(dD) is a solution to
Shlo] - Shlw] = u™
1/ 1 Fx 1/1 s _ 19ui»  ondD. (3.6)
AG I EEHCR I IEr
We denote by i
AY = Sb ~Sb 3.7
P (k) o (34 k) 3.7




Then (3.6) can be written as

" (ZS uin
45 (1) = (sng2)
*\v 3%

It is well-known that the above integral equation has a unique solution for all real
frequencies w.

The resonance of the bubble dimer D in the scattering problem (3.1) can be defined
as all the complex numbers w with negative imaginary part such that there exists a
nontrivial solution to the following equation:

A (j;) — 0. (3.8)

These can be viewed as the characteristic values of the operator-valued analytic function
Ay (with respect to w); see [9].

It can be shown that w = 0 is a characteristic value of Af when 0 = 0. Then
Gohberg-Sigal theory [9] tells us that there exists a characteristic value wy = wy(d) such
that wp(0) = 0 and wy depends on ¢ continuously. We call this characteristic value the
quasi-static resonance (or Minnaert resonance) [3]. We now present the main result on
the quasi-static resonances of the bubble dimer D.

Theorem 3.1. There are two quasi-static resonances with positive real part for the
bubble dimer D. Moreover, they have the following asymptotic expansions as d, defined
by (3.3), goes to zero:

w1 = \/5172(C11 +012) *Z'T15+O((53/2), (3.9)
wy = \/002(Cy — Cha) + 6*/ %11 + i6%iy + O(5°/?), (3.10)
where ~
v

T =
47

) .
(C11 + C12)? — yp (1 - Z) (C11 4 C12)%/2,

and M1 and 72 are real numbers which are determined by D, v, and .

Proof. Step 1. Suppose that (¢, 1) is a nontrivial solution to (3.8) for some small
w=w(J).

Using the asymptotic expansions (2.4) of the single layer potential and the Neumann-
Poincaré operator, together with the fact that £ = O(w), we have

{ SH[6 — ¢] + kSple] — kSHW] = O(w?), (3.11)

(37 + Ky + 723 + WK ) [6] = 0 (31 + K3 ) ] = O + duw?).

From the first equation of (3.11) and the definition of S},, it holds that
1 /-
V=¢——(Sp)” (k ¢—k/ w) +0(w?).
e oD oD

8



Then, from the fact that ¢ — ¢ = O(w) and the definition of 1);, we obtain

( )

(Y1 +42) [ ¢+ 0W?). (3.12)

oD

Y=9¢+

Plugging (3.12) into the second equation of (3.11), we get

<—;I + IC%*) (9] + <I§:2/C%, + kK3 -0 <;I + ICOD*>) [¢]

_ k) (1 +12) / ¢ = O(w* + 6w?), (3.13)
oD
where we have used the identity
oS oS
= G Sl
oS ¥
= o0 il —0= (GT4K% ) il

In view of (2.9), a nontrivial solution ¢ to (3.13) can be written as
¢ = ahy + by + O(w? +9), (3.14)

for some nontrivial constants a, b with |a| 4 |b] = O(1).

Step 2. Recall that |D1| = |Ds| = 1, C11 = Cyg, and C12 = C91 < 0. By integrating
(3.13) over 0D;, j = 1,2, and then using Lemma 2.1, we have, up to an error of order
O(w* + dw?),

2 .3 (51 — o 1)5
_%ﬂ fgcmm+&mm+mh)2“ ;’)WQH4@mm@:o
~—1 -1 )
~25b- f”cxam+wmcu+wcn) i = 0 (G + C1)Clarb) = 0,
(3.15)
where
C(a,b) == a(C11 + Ci2) + b(Ca1 + Ca2).
Then it follows that for § < 1, the characteristic values of A§ are given by
wy = wo 4 0(8%/?), (3.16)

for some wy = O(v/9). Solving (3.15) for w, we find two characteristic values with
positive real parts:

= /002(C11 + C12) + O(5), wo = /002%(C11 — C12) + O(9)

where the corresponding (a, b)’s are given by

(a,b) = (1,1), (1,-1), (3.17)



up to an error of order O(6). Plugging these values for a, b and w; into (3.15) and solving
for the O(d) term in w;, we obtain

wi = \/002(Chy + Cra) — im16 + O(6%/2),  wy = 1/602(C11 — Ch2) + 0 -8 + O(5°%/?).

The proof of the estimate (3.9) for w; is concluded. We refine the estimate for wo in the
next step.

Step 3. Note that Swy is of order §3/2. We perform a further calculation to find an
explicit formula for Sws. Since (a,b) = (1, —1) + O(9), we write

¢ =1 — Py + 61 + 82y + 6% 4 67264 + O(5%),

and
wa = 6209 + 83201 4 6200 + O(6°/?),

where ng := \/52%. For the purpose of normalization, we require that

¢; L span {11, ¢} = ker <—;I + IC%*> , for j=1,2,3,4, in L*D).
Step 4. By using (2.4), we have
{ Splo — Y] + kSple] — kSp[¥] + K*Sh[] — k2 Sp[v] + k*Sh0] - k*Splv] = 0(6?),

1 ~ ~ ~ ~ 1
<_21 + Ky + B2KE + P + kK + /-c5/c%> [¢] — 6 <21 + KU+ B2 KS + K3 ) [v] = O(6°).
(3.18)

Hence, we get

= (8 + kSh + k282 + k383) 7 H(SY + kSL + k2S2 + k2S3)[¢] + O(5?)
= ¢+ (SO + kSLH + K2 S2) "L ((k — k)SL + (k2 — k2)S% + (k? — k*)S3)[¢] + 0(6?)
= ¢+ (Sp + kSp) (K> — k)8 + (K — k*)SP) [ — o] + 6(k — k)(SH) ' Splen] + O(6%)
= ¢+ (k* — k?)(SD) ' Sh[w1 — o] + (k% — k%) (SH) 'SP [v1 — o)
— k(k? — K2)(S)TISH(SY) LS 1 — o] + d(k — k)(SD) T Sh[p1] + O(82).

Plugging this into the second equation of (3.18) and equating terms of the same order
of 8, 8%/2, 62, §5/2, we arrive at

e O(d)-terms:

(_;1 i /c%*> 1] + 0 2Kl — vl — (P — ) =0, (3.19)

whence ¢ is uniquely determined.

10



o O(63%/?)-terms:
(—;I + IC%’*) [Bo] + 150K [¢1 — 2] = 0, (3.20)

whence ¢9 is uniquely determined.

e O(6%)-terms:
(‘éj + ’C%*> [h3] + 2nom & 2Khe1 — o] +mgd *Kplen] + ngo *Kpr — s

- (;I + /c%*) 3 (572 — v 2)(SD) T Shlbr — o] + d1] — v KB — 4] =0
e O(6°?)-terms:

(=37+K3 ) [0d + 200~ lon — v+ s~ hloa] + oKl
+ 305m o Ky — o] + 030 KD [ — o]

o (51 +K) 070 = o)) Bl vl

L (8D S (S I Sh i — wz]]
— o (514 ) 167 = o)) shlonl) - (57 + %) el - o *Kblun — vl =o.

Step 5. We consider the terms of order O(§?). Integrating over D1 — D5 and using
Lemma 2.2, we get

—2nomo 2 + /
D1 —0Do

SR - 02 / (S0)\SB [ — n] + B2 = 0. (3.21)
0D1—0D>

(852K 6] — ) + o / K 1 — ]

0D1—0D>

It follows that 77 is uniquely determined from the above equation. Moreover, we can
check that n; is a real number.

Step 6. Finally, we consider the §°/2 terms. Integrating over D — Dy and using
Lemma 2.2 again, we get

— dnomet % + / no0 2 Kh 2] — b2 +nyv K [¢n]
0D1—0D>

4 / ROl — o] — (5% — 00N (SY)ISH Y1 — ] =0, (3.22)
0D1—0D>

11



Therefore, 77 is uniquely determined. We also note that 7y is a purely imaginary number.
Indeed, from (3.19), (3.20), we see that IS¢ = 0,R¢pa = 0. This combined with the
integral representation of K%, IC3 ,IC% yields the desired result.

Thus we conclude that the resonance frequency wo has the following asymptotic
expansion:

wy = /602Xy + 65291 + i6%hy + O(6°/?), (3.23)

where 7)1 :=n; and 7j2 := —ing are real numbers given by (3.21) and (3.22), respectively.
0

Remark 1. The above approach is applicable to a general bubble dimer which may
consist of two non-identical spherical bubbles.

4 The point and dipole approximation of bubbles

In this section we prove an approximate formula for the solution u to the scattering
problem for the bubble dimer D = D1 U Ds.

We need the following lemma which can be proved using a simple symmetry argu-
ment.

Lemma 4.1. We have

/ yo(tr — 2)do(y) = / Y — ga)do(y) = 0,
oD oD

while

/ Y1 (Y1 — p2)do(y) = P,
oD

for some nonzero real number P.

In the next theorem, we prove that the bubble dimer can be approximated as the
sum of a monopole source and a dipole source.

Theorem 4.2. For w = O(8Y2) and a given plane wave u™, the solution u to (3.1) can
be approrimated as § — 0 by

u(@) — u™(z) = ¢°(W)u" (0)G(z, k) + V'™ (0) - g (w)VG(x, k) + O(@lz[7H),  (4.1)

when |z| is sufficiently large, where

) = o1+ 061), (4.2)
1

) = @), ah@) = [ (59wl O peg g, (4.3)

9°(@) = (95 95@) = | (SD)Wilvi + [prea =y ol '

12



Proof. Step 1. Let (¢, 1) be the solution to (3.6). Using the asymptotic expansions
(2.4), we have

8uin
ov

(4.4)

Spd — ¢ + kShl9] — kSpW] = u™ + 0(6),
<_;1 + Ky + k2K + 123/@5) [¢] — 6 (;1 + /c%*) ()] = 6—=— 4+ O(%),

where the remainders O(8) and O(6?) are in the operator norm.
From the first equation of (4.4), and following the same approach used to derive
(3.12), we obtain

(k—k)
1

)

b=6+ (61 + ) /8 o= (SB[ +00). (4.5)

Plugging (4.5) into the second equation of (4.4), we get

auin

Cylol = —o (;I + /C%*) (Sp) ™~ [u™] + 05—+ 0(6%), (4.6)

14

where CY is defined by

Cslel = (;I + K%*[¢]> + <I~C2IC% + k3K -0 <;[ + K%*)) (4]

5(k—k)

4

(%1 +¢2>/8D "

Note that Cy'[¢] is equal to the left-hand side of (3.13).

Step 2. Using the Taylor expansion of '™ at the origin, and the fact that Vu'™ =
O(w) = O(6'/?) and V2u™ = O(w?) = O(J), the right-hand side of (4.6) can be approx-
imated by

auin

=5 (1K) () o) + 65 0

=5 (;1 + /C%*) (82) 7 Hu™(0) + V™ (0) - y](x) + 6V (u™(0)) - v(z) + O(8%/?)
= —6u™(0) (b1 + ¢ha) — 5(SP) T [Vu™(0) - y] + 0+ O(6*?).
Therefore, (4.6) becomes
CE[¢] = —6u"™(0) (1 + ¢h2) — 6(Sp) ™' [Vu™(0) - y] + O(6*?). (4.7)

Step 3. In the statement and proof of Theorem 3.1, we have verified that the charac-
teristic values of C¥ are given by (3.9) and (3.10), and that their corresponding singular
functions are ¢1, ¢9, i.e.,

Cstlo1] = C52 (2] = 0.

13



Recall from (3.14) and (3.17) that
¢1 =11 + P2+ O(6), d2 =1 — 2+ O(6).
We decompose the solution ¢ € L?(9D) to (4.7) as
¢ = a1 +bo2 + ¢3 (4.8)

with (¢1, ¢3) = 0 and (g2, ¢3) = 0, where {, ) denotes the L2-inner product on dD.
We have

a(C5 = C5) 1] + b(C5 = C5*)[92] + C5 [ 3]
= —6u™(0)(1 +v2) — 8(Sp) ™ [Vu™(0) - y). (4.9)
Since
. w? — w?
(€5 = C5bj) = —KDlos] + 0(8°), =12,
we have [[(C¢ — C37)[#;]|| = O(6), and hence we conclude from (4.9) that
@3]l = O((la] + [b + 1)d). (4.10)

Integrating (4.9) over 9D and then using Lemma 2.1, we obtain

2 _ 2 . ,
—a (“’ = LID|+ 0(53/2)> +00(82%) + ||¢3]|0(6) = 26u™(0)(C11 + C12).  (4.11)

Similarly, by integrating (4.9) over 0Dy — 0 D3, we have

2,2 .
a0(5?) — b (“ AT 0<63/2>) T 163106 = —5 (S5) [Vu(0) -yl
v 8D1—8D2
(4.12)
We observe that
a=0(1), b=0(3"?), |igs]l = O(3). (4.13)

By solving (4.11) and (4.12) for a and b, and then using (3.9), we get
~ 200°(C11 + Cha) _wi+0(6%?)

(u™(0) + O(9)) = (u"(0) + O(5)), (4.14)

Dl(w? =) P
= L 0\—1 uin .
"= Dl =) </aDlaD2 (S 19(0)- 4]+ 0)) (4.15)

Now we can calculate 1. By using (4.5), (4.13), (4.14) and (4.15), we obtain
¥ = a1+ 0(0"2))é1 + b + g3 = (Sp) ™' [u™"(0) + Vu'™(0) - y] + O(3)
2 3/2y .
= 00 o)+ 061+ 06 )0 - w0}
+ b2 + (Sp) ™' [Vu™(0) - y] + O(5)
w? + 0(6%?)

= W(u""(o) +0(8)) (1 + O(6"2))p1 + b — Vu™(0) - (SB) " [y] + O(5).
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Step 4. Finally, we consider the scattered field u®(z) := u(z) — v (z) = S

It is enough to consider S&[¢1] and S¥ [#o].
Note that
Gz —y, k) = Gz, k) — VG(z, k) -y + O(S|z| ™).

Note also that, due to the symmetry of D; and Dy, we have

[ st vnwdot) =0, [ s-va=o.
oD

oD

Therefore, for sufficiently large |z|, we have
Splor](x) = Splwn + 2] (x) + O(8lz| ™)
= | 6@ =y kw1 + ) w)doty) + Olal )

- /8 Gl k)0 + 02) ) do ()
VG, k) / y(1 + 2) ()do (y) + O] L),

oD
= —2(C11 + C12)G(z, k) + 0+ O(8|z| ).
Similarly, we have

Spleal(x) = Spen — vol(z) + O(S|z[7)

= | Gz =y, k)1 —¥2)(y)do(y) + Oz )
oD

= ([ = vy} - 96(.0) + 00| .

The proof is then complete.

[¥]().

O]

Corollary 4.3. For the rescaled bubble dimer sRqD with size s and orientation d, we

have
1
w1 ((5, SRdD) = gwl ((5, D),

WQ(d, SRdD) = %(,UQ((S, D),
2(Cii + Cr2)s
1 —wi(6,sRyD)?/w?

5% s
1 5 D) = 3/ 0\—1 ilys
g (Wa ,sRyq ) § 6D(SD) [y ]y]+ \D|(w2(5, stD)Z—wz)

Proof. By a scaling argument, one can show that

¢°(w, 0, sRyD) = (1 —|—0(51/2))

P2d;d;.

Cij(sD) = sCyy(D), P(sD) = $*P(D), /a CORER /8 (b

The proof is then complete.
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Remark 2. The coefficients C11,C1a and P can be explicitly computed using bispherical
coordinates. Ezxplicit formulas for C11 and Cio are given in subsection 2.2. Using the

same approach as in the derivation of Ci; [18], we can also obtain an explicit formula
for P. It holds that

P = —4nrg(ro + do/2) — 8ma? Z(Qn + 1)e” )T coth((n 4 1/2)T).
n=0

5 Homogenization theory

We consider the scattering of an incident acoustic plane wave v’ by N identical bubble
dimers with different orientations distributed in a homogeneous fluid in R3. The N
identical bubble dimers are generated by scaling the normalized bubble dimer D by a
factor s, and then rotating the orientation and translating the center. More precisely,
the bubble dimers occupy the domain

DN :=Ui<j<nDY,
where Dj-v = zJN + sté_vD for 1 < j < N, with zJN being the center of the dimer D;-V, S
being the characteristic size, and Rdj,\’ being the rotation in R3 which aligns the dimer
D;V in the direction d;v. Here, dj-v is a vector of unit length in R3.

Weassumethat0<s<<1,N>>landthat{zjv:lgjgN}CQWhereQisa

bounded domain. Let u’™ be the incident wave which we assume to be a plane wave for
simplicity. The scattering of acoustic waves by the bubble dimers can be modeled by
the following system of equations.'

VooVl 4N =0 in RA\DV,

v-lvu + 2yN =0 in DV,

uf —uN =0 on oDV, (5.1)
1 0ulY 10 _ N

E% - E gy - =0 on 8D s

u?V — u™ satisfies the Sommerfeld radiation condition,

N

where u” is the total field and w is the frequency. Then the solution u” can be written

as

N (z) = { um + Sk W], 2 eR3\DN, 52)

k
Sp ], x € DV,
for some surface potentials 1,1, € L? ((“)DN ). Here, we have used the notations

L*(0DN) = L2(0DY) x L*(ODY) x --- x L*(dDY),

> Shvl],
1<j<N !

Splpl= D Spalwgl
1<j<N

16



Using the jump relations for the single layer potentials, it is easy to derive that 1
and v, satisfy the following system of boundary integral equations:

AN (w, 8)[ W] = P, (5.3)
where
Skb _Sk ¢N uin
AN ,(5 = DN . DN i , \I/N: ( b >7 FN: ( in) ‘
) <_51d+lcgz’v —5(%Id+IC'BN) PN 5% lapw

One can show that the scattering problem (5.1) is equivalent to the system of bound-
ary integral equations (5.3) [9, 7]. Furthermore, it is well-known that there exists a
unique solution to the scattering problem (5.1), or equivalently to the system (5.3).

We are concerned with the case when there is a large number of small identical bubble
dimers distributed in a bounded domain and the frequency of the incident wave is close
to the hybridized Minnaert resonances for a single bubble dimer.

We recall that for a bubble dimer z + sRyD, there exist two quasi-static resonances
which are given by

1

wi(0,z + sRyD) = ;wl((;, D),
1

0.)2((5, z+ SRdD) = g&)g((s, D)

We are interested in the limit when the size s tends to zero while the frequency is of
order one. In order to fix the order of the resonant frequency, we make the following
assumption.

Assumption 5.1. § = p?s? for some positive number > 0.

As a result, the two resonances have the following asymptotic expansions:

w1 (0, D;V) =wm1 — imip?s 4+ O(s?),
wa(6, DY) = warg + pPins® —iptins® + O(s?),
where
w1 = 0py/ (Ci1 + Ci2), wme =0/ (Ci — Cra).

Moreover, the monopole and dipole coefficients are given by

25(C11 + Ch2)
O(w, 8, DNY = 1+0(5'? 5.4
g (LL), 9 Vi ) 1—W1((5,D§V)2/w2( + ( ))7 ( )

g'(w,8, DY) = (g} (w, 8, DY), (5.5)

where
M2U2 3

P2%d;d;.
(w2(8, D)2 — w?) !

%W@Dﬁ:ﬁ/

(SD) M wily; + 5
oD

17



Assumption 5.2. w =wp 2 + as® for some real number a # ;.

Then
2s(C C
(.8, DY) = 2T C) 0 (5.6)
L= WM,1/WM,2
2~2
945w, 8, D)) = e __P2dyd; + O(sP). (5.7)

 2[D|wa2 (B3 — a) — ip*ias)
We introduce the two constants

0_ 2Cu+C) (*0? 9
1—wiy /wipsy’ 2|D|war2(pdim — a)

We now impose conditions on the distribution of the bubble dimers.
Assumption 5.3. sN = A for some positive number A > 0.

Note that the volume fraction of the bubble dimers is of the order of s3N. The above
assumption implies that the bubble dimers are very dilute with the average distance
between neighboring dimers being of the order of —=

N1/3°
Assumption 5.4. The bubble dimers are regqularly distributed in the sense that

. N N _1
rg;;l\zi —zj'| = N3,

for some constant n independent of N. Here, ané can be viewed as the minimum
separation distance between neighbouring bubble dimers.

In addition, we also make the following assumption on the regularity of the distribu-
tion {ZJN : 1 <j < N} and the orientation {d;v :1<j< N}

Assumption 5.5. There exists a function V€ CY(Q) such that for any f € C%*(Q)
with 0 < a <1,

max 1ZG(Z?—Zvak)f(ZfV)—/S]G(zjj-v—y,k)v(y)f(y)dy\ <C

1<j<N N &~
7]

1
N3

| fllco.e ()

(5.8)

for some constant C' independent of N.

Assumption 5.6. There exists a matriz valued function B € C*(Q) such that for f €
(CO ()3 with0 < a < 1,

1
max |(—
1<j<N'N

1
= 1 fllco.e @)

P AR CAR Y ECAEEANI)E /Q FW) BV Gly== k)dy| < C—

i#]
(5.9)
for some constant C' independent of N.
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Assumption 5.7. There exists a constant C > 0 such that

forall1<j < N.

Remark 3. If we let {ZJN : 1 < j < N} be uniformly distributed, then V is a positive
constant in . We can also let the orientation be uniformly distributed in the sense
that the average of the matrix djy(déy)T in any neighborhood of any point in Q tends to

a multiple of the identity matriz as N tends to infinity. In that case, B is a positive
constant multiple of the identity matriz at each point.
5.1 The homogenized equations

We now formally derive the homogenized equation.
For 1 < j < N, denote by

U;N — i 1 ZSgN W], (5.10)
i#j
ust = S’Bév W], (5.11)

It is clear that u;N is the total incident field which impinges on the bubble D;V , and

uj’N is the corresponding scattered field. Denote by

Qn = Q\ Urgj<n B(Z§V, Vs).
We have

u (z) = u' + Z uZN(:p) = u;N(az) + UZ’N(Z‘), foreach 1 < j < N and z € Qu.
1<k<N

Proposition 5.1. Under Assumptions 5.1, 5.2, 5.3, we have that, for x € Qy,

SN/ N0 0 Ny, N[N N N, Ny 1 N N
u; (z) = g (w, 9, D; )uj (2;)G(z — 2; ,k)—f—Vuj (2;) -9 (w,6,D;" )VG(z — 25", k).

We assume that there exists some u € C%(Q) such that

uN (z) — u(z) for z € Qy.

In particular, u;N(zJN ) — u(zJN ). Hereafter, the convergence is in the sense that for any
€ > 0, there exists Ny such that for all N > Ny, we have

[ (2) —u(@) < €
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for all z € Q.
Since u’ N(z) = 0 for |z — sz| > /s, we can neglect the effect of the scattered field

uj’N from each bubble Dj-v . Thus we have

’U/i-’N( N

As a result,

i 1 -
go(w, 0, D;-V)uj’N(z]N)G(az — zJN, k) — NAu(Zjv)gOG(x — 2N, k),

N/ Ny 1 N N
Vu; " (25) - g (w, 6, Dy, 2; )VG(:c—zj k) —
On the other hand, we have

yeu Y 0w, 6, DN N (NG k) Y VN ()¢} (w, 6, DY)V G (2

1<j<N 1<j<N

By letting N — oo, we obtain
z) =u" + /QAgou(y)f/(y)G(x -y, k)dy + /Q AG'Vu(y)BVG(z — y, k)dy.  (5.12)
Applying the operator A + k2 to both side of the above equation, we get
(A + K)u(z) = A Vu(z) + V - (Aévu) (z), in Q.
Or equivalently,
v (1 - Aglé) Vu(z) + (k2 — AZ°V)u(z) =0, in Q. (5.13)

In other words, u satisfies

V - M (z)Vu(z) + Mo(z)u(z) =0, in R? (5.14)
where
I, in R?\ ,
M, = ~
I—A§'B, in Q,
and

M, — k2, ) in R2\ Q,
k2 — AG'V, in €.

Remark 4. If the bubble dimers are distributed such that B is a positive matriz with
B(a:) > C > 0 for some constant C for all x € ), then we see that for w in the form
w = wyro+as® with a < p*hy, and sufficiently large A, both the matriz Id—AG'B and the
scalar function k% — Ag°V are negative. Therefore, we obtain an effective double-negative
medium with both negative mass and negative bulk modulus.

20
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5.2 Justification based on the point scatter approximation

In this section, we justify the homogenization theory. The rigorous theory for the original
scattering system (5.10) is very technical. According to Proposition 5.1, each bubble
dimer behaves as the sum of a monopole source and a dipole source when the frequency
is close to the two quasi-static Minnaert resonances. We can simplify the presentation

and analysis significantly by considering the following system:

VN (@) = um (@) + YoM (@)

i#]

J J’J

We denote by

oN(z) = u"(@) + > oi N (@)
We introduce the following four integral ope;ators:
T Che(Q) 5 O Q). Tif(r) = / Gla -y, W)V (1) f () dy:
T : (C(Q))? = (), / fW)B(y)VG(z -y, k)dy;

T3 : CHYQ) — (CO(Q)3, Taf(zx) = / VaG(x =y, k)V (y) f(y)dy;

Ta: (CO(Q)? = (C¥(Q)3, Taf(z / fW)B)V.V,G(x —y, k)dy.

We also define 7 : C1%(Q) x (C%¥(Q))3 — CH(Q) x (C%*(Q))? by

7[u] = [°ATu+ 3 ATov] _ [3°71,6' 2] [u
o) = A Tu + AT =N 9070 o]

Lemma 5.2. The operators Ti, T2, T3, T4 and T are compact.
Lemma 5.3. The following statements are equivalent:

(i) There exists a unique solution to the integral equation (5.12);

v (@) = g (w, 8, DM (V) GF (2, =) + ViV () - gt (w, 6, DY 2N )VGE (@, 2

(5.15)

(5.16)

(5.17)
(5.18)
(5.19)

(5.20)

(5.21)

(i) There exists a unique solution to the differential equation (5.14) such that u — u™

satisfies the Sommerfeld radiation condition at infinity;

(iii) There exists a unique solution to the system
u u u'n
F=mE) L)
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We assume that the homogenized system is well-posed. More precisely, we make the
following assumption.

Assumption 5.8. For each incident field u'™, there exists a unique solution to (5.14)
such that u — u™ satisfies the Sommerfeld radiation condition at infinity.

Lemma 5.4. Under Assumption (5.8), the operator Id— T is invertible with a bounded
inverse in CH*(Q) x (C%(Q))3.

We now introduce the discrete version of the operators 71, T2, T3, T4 and 7. We
define

TN :CVN VYN S TV O 5 OV T e o oY

by the following formulas: for 2% = (¥, ,2l) € CV, yV = (yI¥,--- ,y¥) € C, we
let
(T N]_NZG k) (5.22)
7]
(TY); = 5 2w ) (4 VG =2 k) (5.23)
i#]
1
(73"2Y); = & D_ VG — 2" k)l (5.24)
i#]
(EN N j - N; y] dN) (dNV \ G( — 2V k). (5.25)
i#]

We also denote by TV : CV x C3N — CN x C3V,

N ~OATN_.N | ~1AN, N
N AT 2™ + G ATy
_ |9 J . 2
T o] = [oarin L5z 20
We have
o7 () = (&) + 30", 8 DY ()G — 2 k)
i
+ 3 VM) - 0w, 6, DYVGEY - 2V k)
i
. AG° o
i#j
Agt szN 1+ 0(s)VG (2N — 2N k),
i#]
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and

VU;-’N(Z?[) = Vum(z]N) + Zgo(w, 0, va)vi’N(z{V)VVmG(sz - zJN, k)

i#]
+ Z VUZ’N(ZZN) - gH(w, 8, DM\, V,G (2 — zJN, k)
i#j
= Vu' () + Ag? > 1+ 0N (2N VLG — 2N k)
J N J i z i g
i#]

AZ° i
+ o 2 V) (14 0() VeV G — 2 k).
i#]

If we denote by

wV = (2 aN) = 07V (), o (ew),

v = uN) = (Vo (), VRt (ew),
WY = (W (z1), - u"(2n)),

N = (Vum(zl), , Vu'(zn)),

then (xV,3™")7 satisfies the following equation:

=7 [+ o]

Lemma 5.5. Viewed as operators from (C*V || - |ls) to (C*V, || - ||oc), we have
1T = TVl < Cs
for some constant C independent of N.

On the other hand, we have the following lemma which follows by a standard inter-
polation argument.

Lemma 5.6. Under Assumption (5.8), the operator I — TN is invertible for N suffi-
ciently large. Moreover,

HI - TNHOO <C
for some constant C' independent of N.

Lemma 5.7. We have

(W™ (21, Vo (7)) = (u(=))), Va(z]'))

uniformly as N tends to infinity.

Finally, we prove our main result.
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Theorem 5.8. Under Assumptions 5.1, 5.2, 5.8, 5.4, 5.5, 5.6, and 5.8, we have
vV (x) = u(x) uniformly for x € Q.

Proof. For x € Qy, we have

= 4" AP Zl+0 NEMG(z - 2N k)
A7l ZV“V C(140(s))VG(z — 2N, k)
- <>+% B ACICICRARY
A7t Zv ENGNY VG — 2N k) + O(s).
Define
N () — i o 9 NGl — Ag' N
o (z) =u"(x) + N Zu(zz) z—zN + ZVu — 2z k).

By Lemma 5.7 and Assumption 5.7, we can show that @ (x) — v" () — 0 uniformly.
On the other hand, we have

u(z) = u™(z) + /Q AGu(y)V (y)G(x — y, k)dy + /Q AG'Vu(y) BVG(x — y, k)dy.

Using Assumptions 5.5-5.6, one can show that u(z) — @V (x) — 0 uniformly. Therefore,
it follows that vV (x) — w(x) uniformly. O

6 Numerical illustrations

In this section, we illustrate the double-negative refractive index phenomenon in bubbly
media by numerical examples.

We consider a cubic array of identical spherical bubble dimers. Suppose 2 is a cube
with a side length of L = 20, i.e., = [0,20]3. Let a = 0.2 and define a small cube
Q, = [0,a]®. Then © can be considered as a union of small cubes as follows:

0= U Qq + a(n1,n2,n3).

n1,n2,n3=0,1,...,99

We assume that a bubble dimer is centered in each of the small cubes. Then the total
number of dimers is N = 10° and the periodicity of the dimer array is a = 0.2.
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Recall that a bubble dimer is described by z + sR;D, where z is the center of the
dimer, s is its characteristic size, and Ry is a rotation in R® which aligns the dimer in
the direction d, where d is a unit vector. We set the characteristic size of the dimers to
be s = 0.1. Since D has unit volume, the radius rg of the bubbles comprising the dimers
is 79 = 5(3/4m)/3 ~ 0.005.

Weset p=i=1andp=k=5x10%. Thenv=0=1,k=k=w, and § = 2x107%.
We assume that the two bubbles comprising each dimer are separated by a distance of
I = 5rg = 0.0248. Moreover, each dimer is randomly oriented so that the unit vector d is
uniformly distributed on the unit sphere. Under these assumptions, we can easily check
that A =8 x 10%, V =~ Q|71 = 1.25 x 107%, and B ~ (2|Q|)~'I = 6.25 x 10~°1.

Now we consider the effective properties of the homgenized media. Recall that the
effective coefficients of the homogenized equation (5.13) are k2 — AGV and T — AG'B.
Using the above parameters, we have

K= AV 2w - 30 =’ (1 -3 /u?),
I—A§*B~(1-g'/2)I (6.1)
Note that the coefficient I — Aglé can be roughly considered as a scalar quantity. The

scattering functions gy and g; can be computed as follows. Since gg = sgg and g1 =~ sg1,
we have from (4.18) and (4.19) that

2(Ci1 + Ci2)

1—w?/w? ’
592

2(w? — w?)

3°(w, 6, sRyD) ~

G4 (w, 0, sRyD) ~ P2d;d;.

The resonance frequencies w; and wy can be easily calculated using a standard mul-
tipole expansion together with a root finding method such as Muller’s method [9]. We
find that wi &~ 4.6171 —0.09267 and w- =~ 5.3253 — 0.0005¢. Then it is simple to compute
§" and §'.

In the left of Figure 1, we plot the two effective coefficients as functions of frequency.
Clearly, there is a narrow region contained in the interval [5.2,5.4] in which both of
the coefficients are negative. So we expect that the negative refraction occurs in this
frequency region.

We next consider the refractive index. In view of (5.13) and (6.1), the effective mass
density pery and the effective bulk modulus sy can be computed approximately by

peff 1 — g'/2, Kepr ~ (1 — /w1
As usual, we define the refractive index n.ss by
-1
Neff = \/ﬁeff Kegg

In the right figure of Figure 1, we plot the refractive index as a function of frequency. It
is clear that the refractive index becomes negative in a narrow region contained in the
interval [5.2,5.4], as expected.
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Figure 1: The effective properties of the homogenized media (left), and the refractive
index (right).
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