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HOLDER REGULARITY FOR MAXWELL’S EQUATIONS
UNDER MINIMAL ASSUMPTIONS ON THE COEFFICIENTS

GIOVANNI S. ALBERTI

ABSTRACT. We prove global Holder regularity for the solutions to the time-
harmonic anisotropic Maxwell’s equations, under the assumptions of Hélder
continuous coefficients. The regularity hypotheses on the coefficients are min-
imal. The same estimates hold also in the case of bianisotropic material pa-
rameters.

1. INTRODUCTION

This paper focuses on the Holder regularity of the solutions E, H € H(curl, Q) :=
{F € L*(Q;C3) : cwrlF € L*(Q;C?)} to the time-harmonic Maxwell’s equations [16]

curlH = iweE + J, in Q,
(1) curlE = —iwpH + Jp  in £,
Exv=Gxv on 0,

where ) C R? is a bounded, connected and simply connected domain in R3, with
a connected boundary 9§ of class C1'! and the coefficients ¢ and p belong to
L> (Q; (C3X3) and are such that for every n € C3

(2) 287 I <7-(e +E7) m, 207 [ < (u+ A7) m and |ul+le] < A ae. in Q

for some A > 0. The 3 x 3 matrix ¢ represents the electric permittivity and u
the magnetic permeability. The current sources J. and J,, are in L? (Q; (CS), the
boundary value G belongs to H(curl, Q) and the frequency w is in C\ {0}. We are
interested in finding (minimal) conditions on the parameters and on the sources
such that the electric field F and/or the magnetic field H are Holder continuous.
The study of the minimal regularity of 92 needed goes beyond the scopes of this
work; domains with rougher boundaries are considered in [3], 12}, [6] [7], @] [§].

Let us mention the main known results concerning this problem. The Holder
continuity of the solutions under the assumption of Lipschitz coefficients was proven
in [22]. The needed regularity of the coefficients was reduced from W to W13+0
for some 6 > 0 in [I]. The case of bianisotropic materials was treated in [13] ], with
similar hypotheses and results. For related recent papers, see [23] 20} 18] [15]. The
arguments of all these works are based on the H! regularity of the electromagnetic
fields, which was first obtained in [2I] for Lipschitz coefficients, and then in [I] for
W13+9 coefficients. Thus, the coefficients were always required to belong to some
Sobolev space.
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The purpose of this work is to show that it is sufficient to assume that the
coefficients are Holder continuous. Due to the terms eF and pH in , this is
the most natural hypothesis on ¢ and/or u, and turns out to be minimal (see
Remark 3| below). Our approach is very different from that of [I], and is based
on the Helmholtz decomposition of the electromagnetic fields, as in [2I], 22] and
several related works. However, the argument used is new, and allows to avoid any
additional differentiability of £ and H. As far as the differentiability of the fields
is concerned, it is worth mentioning that ideas similar to those used in this work
may be applied to prove the H' regularity of the fields with W13 coefficients [2].

The main result of this paper regarding the joint regularity of £ and H, under
the assumptions that both € and p are Holder continuous, reads as follows.

Theorem 1. Assume that holds true and that

(3) e € OV (Q; €39, el co.a@coxsy < A,

(4) IS CO’Q(Q; (CSXB)a ||M||Cov°‘(ﬁ;(C3X3) <A,

for some o € (0, %]. Take J,, J,, € C%(Q;C?) and G € CH*(curl, Q), where

)
CNHL (cwrl, Q) = {F € CV(C%) s ewlF € OV (€%}, NeN,

equipped with the canonical norms. Let (E, H) € H(curl,Q)? be a weak solution of
({1). Then E,H € C**(Q;C3) and

(B, H)ll co. gicye < CUNE, )l p20ye)2 HIGll e eun,o) HI (es Tm) lgo.a gicoye)
for some constant C depending only on 2, A and w.

The higher regularity version is given below in Theorem [7] This result can be
easily extended to treat the case of bianisotropic materials, see Theorem [§] below.

If only one of the parameters is C%®, for instance ¢, the corresponding field E
will be Hélder continuous, provided that p is real. (The Campanato spaces L2
are defined in Section [4])

Theorem 2. Assume that and hold true and that Su = 0. Take J.,G €
C%(Q; C3) with curlG € L?>*(;C3) for some A > 1 and J,, € L>*(;C3). Let
(E,H) € H(curl, Q)2 be a weak solution of ([1). Then E € C%P(Q;C?), where

8= min()‘g1 , %, a) for some Ae (1,2) depending only on Q and A, and

||E‘|coﬁ(ﬁ;«:3) < C(||EHL2(Q;C3) +[1(G, Je)”co,a(ﬁ;(cS)? + [ (curlG, Jm)”LZA(Q;CB)z)

for some constant C depending only on 2, A and w.

We conclude the introduction by noting that the regularity assumptions on the
coefficients are indeed minimal.

Remark 3. Let Q = B(0,1) be the unit ball and take a € (0,1). Let f €
L®((—=1,1);R) \ C*((—=1,1);R) such that A=t < f < A in (—1,1). Let € be
defined by e(x) = f(z1). Choosing J. = (—iw,0,0) € C%*(Q;C3), observe that
E(x) = (f(z1)7%,0,0) and H = 0 are weak solutions in H (curl, Q) to

curlH = iweE + J, in Q, curl = —iwH in €,

such that E ¢ C%*(Q; C?). This shows that interior Holder regularity cannot hold
if € is not Holder continuous, even in the simplified case where € depends only on
one variable.
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This paper is structured as follows. In Section [2] we prove Theorem [[]and discuss
the corresponding higher regularity result. Section [3|is devoted to the study of
bianisotropic materials. Finally, in Section[dwe prove Theorem 2] by using standard
elliptic estimates in Campanato spaces, which are briefly reviewed.

2. JOINT HOLDER REGULARITY OF E AND H

2.1. Preliminary results. We start by recalling the Helmholtz decomposition of
a vector field.

Lemma 4 ([4, Theorem 6.1], [3, Section 3.5]). Take F € L?(Q;C?).
(1) There exist g € H}(Q;C) and ® € HY(Q;C3) such that
F=Vq+curld inQ,

divd =0 in Q and ®-v =0 on 0N.
(2) There exist g € H*(Q;C) and ® € H'(;C?) such that

F=Vq+curld inQ,
divd =0 in Q and ® x v =0 on 09Q.
In both cases, there exists C > 0 depending only on ) such that
12/ g1 0.0y < CIF | p2i0scs) -
We shall need the following key estimate.

Lemma 5 ([4]). Take p € (1,00) and F € LP(Q;C3) such that curlF € LP(£2;C?)
divF € LP(Q;C) and either F-v =0 or F x v =0 on Q. Then F € W1P(Q;C3
and

)
||F||W1vP(Q;(C3) < C(||Cur1F||LP(Q;C3) + HdiVF”LP(Q;(C))’
for some C > 0 depending only on  and p.

2.2. Proof of Theorem With an abuse of notation, several positive constants
depending only on 2, A and w will be denoted by the same letter C.

First, we express E'— G and H by means of scalar and vector potentials by using
Lemma [} there exist ¢z € H{ (% C), g € H' (4 C) and 5, &y € HY(Q;C?)
such that

(5) E -G =Vgg+curl®g in €, H =Vqy +curl®y in Q,

and

(6) divlg =0 in Q, divlyg =0 in Q,
drg-v=0 on 01, dg xv=0 on N.

Moreover, there exists C' > 0 depending only on €2 such that
@ 18l e < CIE G r@ens s 1%l < CIH e -
By Lemma [5| the vector potentials enjoy additional regularity.

Lemma 6. Assume that holds true and take p € [2,00). Take Jo,Jpm €
LP(Q;C3) and G € WhP(curl, Q). Let (E,H) € WhP(curl,Q)? be a weak solu-
tion of , where

WhP(curl, Q) := {F € LP(Q;C?) : curlF € LP(Q;C?)},
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equipped with the canonical norm. Then curl®g, curl®y € WHP(Q;C3) and
HCUYI‘I’EHWLP(Q;@) <C|(H, JM7cur1G)”LF(Q;C3)3 )
HCUY@H“WLP(Q;CB) <C|(E, Je)HLp(Q;CS)? J
for some constant C depending only on 2, A and w.
Proof. Set ¥ := curl®g. By and the third equation of we have
Upxv=(curl®Pg)xv=(E—-—G)xv—Vqggxv=0 on o,

since gqg is constant on 92. Thus, using the first equation of and the identities
curlV = 0 and div curl = 0 we obtain

curlVp = —iwuH + J,, — curlG in Q,
(8) divig =0 in £,
Upxv=0 onof.

Therefore, by Lemma [5| we have that curl®p € W1P(Q; C3) and
||cur1<I>E||W1,p(Q;<C3) <C ||(Ha Jma CurlG)||LP(Q;C3)3 .

The proof for ® g is similar, only the boundary conditions have to be handled in
a different way. As above, set ¥y := curl®y. By [16] equation (3.52)] and (6] we
have

Uy -v=_(curl®y) v =divogo(Py x ) =0 on 9.

Moreover div¥ g = 0 in 2 and using the second equation of ([1) we obtain curl¥ gy =
iwe B+ J, € LP(; C?). Therefore, by Lemmalf| we have that curl®y € W1P(Q;C?)
and

HCUﬂ‘I’H||W1>p(Q;c3) < C|(E, Je)HLP(Q;C3)2 : 0
We are now in a position to prove Theorem

Proof of Theorem [l The proof is divided into two steps.
Step 1. W'S-regularity of the scalar potentials. By Lemma |§| with p = 2 and
the Sobolev embedding theorem, we have that curl®g, curl®y € L°(Q;C?) and

(9) ||(Cur1(I)E’ Curl(bH)||L6(Q;C3)2 S C H (Ea H7 curlG, Jea Jm)”[ﬁ(g;@&)s .
Using the first equation of we obtain that div(eE) = div(iw™!J.). Thus, by
we have that qg is a weak solution of

(10) { ~div(eVgp) = div(eG + ecurl®p —iw ™' J.) in Q,

ge =0 on 99Q.
Similarly, using the second equation of and we have

(11) —div(uVaqy) = div(pcurl®y + iw=1J, —iw teurlG) in Q,
—(uVaqy) v = (ucurl®y +iw=1J,, —iw tcurlG) - v on 09,

where the boundary condition follows from uH -v = iw™!curlE - v —iw='J,, -v and

curlE - v = divga(E x v) = divoa(G x v) = curlG - v on 0.
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Therefore, by the LP theory for elliptic equations with complex coefficients (see,
e.g., [B Theorem 1]) applied to the above boundary value problems, we obtain
Vaqg,Vaqg € LG(Q;CS) and
(12)  IVae, Vau )| ps.cs)2
< O(H(CUTI(I)ECUTI(I)H)||L6(Q;C3)2 + ||G||W1,6(cur179) + [1(Jes Jm)||L6(Q;C3)2)'

Step 2. CY*-reqularity of the scalar potentials. Combining @D and we have
E,H € L5(Q;C3) and
(B, H) Looycoye < CUIE, H)l 2000y2 + 1Gllwseun,e) + 11(Tes Tl o aucs)2) -
Thus, by Lemma |§| with p = 6 we obtain curl®g, curl®y € W16(Q; C?) and

[(curl® g, curl® g ) [ y1.6(,c0)2
< C(I(E, H)ll p2queoye + 1GHw o (eurte) T 1Jes )l Lo (qucaye)-
By the Sobolev embedding theorem, this implies curl® g, curl®y € C%z (€; C3) and

|(curl® g, curl® g )| %% (@82

< C(H(E’H)||L2(Q;C3)2 Gl cuno) + (e, Jm)||L6(Q;C3)2)'

In view of —, by applying classical Schauder estimates for elliptic systems
[14, [17] to (10) and we obtain

I(ae, 4m) | cr.o@cye < C (B, H)ll p2(ueoys G et euney H (Tes ) oo @iesyz) -
Finally, the result follows from (5)) and the last two estimates. O
2.3. Higher regularity. The proof of Theorem [I]is based on the regularity of the
scalar and vector potentials of the electric and magnetic fields. In particular, the
regularity of & and @5 follows from Lemma [5] while the regularity of ¢g and gy
follows from standard LP and Schauder estimates for elliptic systems. Since all these

estimates admit higher regularity generalisations [4] [I7], by following the argument
outlined above we immediately obtain the corresponding higher regularity result.

Theorem 7. Assume that holds true, that O is of class CNtLY and that
g€ CN’O[(Q; CSX3)7 ||(5a N)||CN=Q(5;C3X3)2 < A’

for a € (0,%] and N € N. Take J., J,, € CV*(Q;C?) and G € CNT1(curl, Q).
Let (E, H) € H(curl, Q)% be a weak solution of (I). Then E,H € C™*(Q;C3) and
(B, H)ll oo @y < CUE, H) g2 eyt I Gllovsno unoy I ey ) llow.o @coy2)

for some constant C depending only on Q, A, w and N.

3. THE CASE OF BIANISOTROPIC MATERIALS

In this section, we investigate the Holder regularity of the solutions of the fol-
lowing problem

curlH =iw(eE+&H)+J. in Q,
(13) curlE = —iw (CE + pH) + J, in Q,
Exv=_Gxv onodf.
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In this general case, is not sufficient to ensure ellipticity. As we will see, the
leading order coefficient of the coupled elliptic system corresponding to — is

Re —Se RE -

e Re Q€ RE

RC =S¢ Rp —Su |7

S¢C RC S Ru

where the Latin indices i, j = 1, ..., 4 identify the different 3 x 3 block sub-matrices,
whereas the Greek letters a, 8 = 1, 2, 3 span each of these 3 x 3 block sub-matrices.
We assume that A is in L>(Q; R)*?*12 and that satisfies a strong Legendre condition
(as in [I1], [14]), namely

(14) A%ﬁngné > A n)*, neR?  and |A?jﬁ’ <A a.e. in

— A9B —
A=A =

for some A > 0. This condition is satisfied by a large class of materials, including
chiral materials and all natural materials [I, Lemma 10 and Remark 11]. Moreover,
generalising the regularity assumptions given in —, we suppose that

(15) 8767 C7M € 007a(§7 (C3><3)7 ||(€a€7 Cu M)||Co,a(ﬁ;c3x3)4 < A

for some a € (0, 3].

The main result of this section reads as follows.
Theorem 8. Assume that and hold true. Take J.,J, € C%(Q;C3)
and G € CH*(curl, Q). Let (E,H) € H(curl,Q)? be a weak solution of (L3). Then

E,H € C%*(Q;C3) and
||(EaH)Hcova(§;c3)2 < C(||(E, H)||L2(Q;(C3)2+HG||Clva(cur1,Q)+||(JG’ Jm)”cﬂ-,a(ﬁ;csﬁ)
for some constant C depending only on Q, A and w.

Proof. The main ingredients are the same used for the proof of Theorem In
particular, the regularity result on the vector potentials &g and ¢y of £ — G and
H given in Lemma [6] holds true also in this case. The only difference lies in the
fact that, since the bianisotropy mixes the electric and magnetic properties, the
corresponding estimates will be

(16) [[(curl® g, curl®p ) || y1p (uc)2 < C (B, H, Je, I, curlG) || 1y .00y -

Similarly, as far as the scalar potentials are concerned, the two equations —
become a fully coupled elliptic system, namely

—div(eVqg + £Vqy) = div(eG + ecurl® g + Ecurl®y — iw™1J,) in Q,
—div(¢Vaggr + pVay) = div(¢G + Ccurl® g + pcurl®y + iw=1(J,, — curl@)) in Q,

augmented with the boundary conditions

qe = 0 on 09,
—(¢VqE +uVay)v = (G + Ceurl® g + peurl® g + iw=1(J,, — curlG))-v on 9.

By , this system is strongly elliptic, and since the coefficients are Holder con-
tinuous, both the LP theory and the Schauder theory are applicable [I7, Theorem
6.4.8].

We now present a quick sketch of the proof, which follows exactly the same
structure of the proof of Theorem By with p = 2 we first deduce that
curl®yz and curl®y belong to L. Thus, by applying the L? theory to the elliptic
system above, we deduce that the scalar potentials are in W1, By , this implies
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that £ and H are in L®. Using again with p = 6 we deduce that curl®p and
curl®y are Holder continuous. Finally, by the Schauder estimates we deduce that
Vqg and Vqpg are Holder continuous. The corresponding norm estimate follows as
in the proof of Theorem O

4. HOLDER REGULARITY OF THE ELECTRIC FIELD E

The proof of Theorem [2] is based on standard elliptic estimates in Campanato
spaces [10], which we now introduce. For A\ > 0, let L?*(£2; C) be the Banach space
of functions u € L? (2;C) such that

1
5 -
ul? | o = sup P / ‘uyfi/ u(z) dz
H“’Q 2€Q,0< p<diam Q(z,p) ) |Q($ap)| Q(z,p) )

where Q(z,p) = QN {y € R3 : |y —z| < p}. The space L%*(Q;C) is naturally
equipped with the norm

2
dy < o0,

||u||L2~>\(Q;C) = HU’HL?(Q;(C) + [u]2,xn0-

We shall use the following standard properties.
Lemma 9 ([19, Chapter 1]). Take A > 0 and p € [2,00).
(1) If A € (3,5) then L (;C) = C%*5" (Q; C).
(2) Suppose A < 3. If u € L*(Q;C) and Vu € L** (Q;C3) then u € L>*T (Q;C),

and the embedding is continuous.

(3) The embedding LP (;C) — L>3*% (Q;C) is continuous.
We now state the regularity result regarding Campanato estimates we will use.

Lemma 10 ([19, Theorem 2.19]). Assume that holds and that Su = 0. There
exists A € (1,2) depending only on Q and A such that if F € L** (Q; (C3) for some
A€ [0,)], and u € H' (;C) satisfies

div(pVu) = divF  in Q,
uNVu-v=F-v on 0,

then Vu € L?? (Q;(C3) and
(17) IVull 2.3 sca) < ClUF L2 i)
for some constant C depending only on Q and A.

We shall need the following generalisation of Lemma [5|to the case of Campanato
estimates. For a proof, see the second part of the proof of [22] Theorem 3.4].

Lemma 11. Take A € [0,2) and F € L*(Q;C?) such that cwrlF € L**(Q;C?),
divF € L>M(;C) and F x v =0 on dQ. Then VF € L**(;C?) and

HVFHLM(Q;C:%) < C(||Cur1F||L2=/\(Q;C3) + HdiVF||L2=/\(Q;C))7
for some C' > 0 depending only on  and \.
We are now in a position to prove Theorem

Proof of Theorem[3 With an abuse of notation, several positive constants depend-
ing only on €2, A and w will be denoted by the same letter C.

Write £ — G and H in terms of scalar and vector potentials (¢g,®g) and
(¢, PH), as in . By Lemma |§| and the Sobolev embedding theorem curl®y €
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LG(Q;CS) and ||Cur1‘bH||L6(Q’C3) S C ||(E7 Je)||L2(Q;C3)2. ThuS, by Lemma @ part
(3), we have that curl®y € L?2(Q;C3) and

||Cur1‘1)H||L2,2(Q;<c3) <C|(E, Je)”]ﬂ(g;(cs)’z :
Therefore, applying Lemma |10| to we obtain that Vqy € Lz’mi”(j")‘)(Q;CS)

and
IVaull p2.minin 0oy < CUE, Je)ll L2 qucoy2 + [ (urlG Tl p2x (e9)2)-
Combining the last two inequalities we obtain the estimate
V| s sy < CUE T qaueoys + 101G, Tl o e
As a consequence, applying Lemrpato Up =curl®g, by and the fagt that L>°
is a multiplier space for L>™"(AN) we obtain that Veurldp € L2 (Q; C3)
and

||VCUTI¢EHLZ,min(:\,)\)(Q;(Cfi) <C(|[(E, Je)||L2(Q;C3)2 + [l(curlG, ‘]m)”LQ'*(Q;(CE‘V)'
Hence, by Lemma@, part (2), and we have that curldy € L22+min(A3) (;C3)

and
||Cur1®E||L2,2+min(5\,>\)(Q;C3) <C(I(E, G, Je)”L2(Q;C3)3 + [[(curlG, Jm)||L2”\(Q;C3)2)'

min(3,\)—1
2

Then, by Lemma@, part (1), we obtain that curl®g € C* (€2;C?) and

lewrl®p] _, mingy2 - < C(I(E, G, Jo)ll L2 quesys + 1(ewrlG, T || 2 ue992)-

(e3)
By , classical Schauder estimates applied to yield Vgg € C%8(Q;C?), where

8= rnin(>‘§17 %,a), and
||VQE||(;0,B(§;¢:3) < C(HE”L?(Q;CB) +||(curlG, Jm)HLM(Q;cS)2 +(G, Je)||co,a(ﬁ;<c3)2)~

Finally, combining the last two estimates yields the result. O
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