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FAST MAGNETIC RESONANCE ELECTRICAL IMPEDANCE
TOMOGRAPHY WITH HIGHLY UNDERSAMPLED DATA *

YIZHUANG SONG t, HABIB AMMARI ¥, AND JIN KEUN SEO §

Abstract. This paper describes the mathematical grounds for a highly undersampled Magnetic
Resonance Electrical Impedance Tomography (MREIT) method, with the aim of visualizing the dy-
namic changes in electrical tissue properties that occur in response to physiological activity. MREIT
with fully sampled MR data (satisfying the Nyquist criterion) has been shown to be capable of high-
resolution conductivity imaging in numerical simulations and in animal experiments. However, when
the data are undersampled (violating the Nyquist criterion for reducing data acquisition time), it is
difficult to extract the component of magnetic flux density that is induced by boundary injection
currents, and it is the data from this component that are used in performing the standard MREIT
algorithm. Here, we show that it is possible to localize small conductivity perturbations using high-
ly undersampled MR data. We perform various numerical simulations to support our theoretical
results.
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1. Introduction. Magnetic resonance electrical impedance tomography (MRE-
IT) is a recently developed MR-based imaging method that enables high-spatial-
resolution imaging of electrical conductivity distribution at a frequency below a few
kHz [18, 19, 26]. The spatial contrast information gained in this manner appears to
be unique as no other method, including electrical impedance tomography (EIT), has
managed to produce high-resolution conductivity images in realistic environments.
The drawback of MREIT is its low temporal resolution due to the slow data acqui-
sition process, which is unavoidable because of the constraints of imaging obtained
using an MR scanner; i.e., the MR data acquisition time is roughly proportional to the
number of time-consuming phase-encoding steps in k-space (or the spatial frequency
domain)[21]. Although EIT enables data acquisition with high temporal resolution,
when its inherent ill-posed nature is taken into consideration, it is difficult to probe
small local conductivity changes located away from the measuring positions.

The aim of this study was to develop a highly undersampled MREIT method for
visualizing the dynamic changes in electrical tissue properties that result from tissue
physiological activity[4, 5, 7, 10, 15, 25]. The poor temporal resolution of MREIT
can be greatly improved by using highly undersampled MRI data that skip many
phase encoding lines in the k-space, given the inherent tradeoff between spatial and
temporal resolutions. Accordingly, when undersampled k-space data are used, it will
be necessary to incorporate some prior information regarding the target image.

Some difficulties arise in using highly undersampled MR data for MREIT re-
construction. In standard MREIT reconstruction, it is necessary to measure the
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z-component of magnetic flux density (B,) induced by an external current injected
through surface electrodes, where the z-axis is assumed to be in the same direction
as the main magnetic field of the scanner. MREIT reconstruction is based on the
fact that B, reflects the conductivity distribution ¢ inside the imaging object €2 via
Ampére’s law V x B « oE, where E is the corresponding electrical field. The B,
data can be extracted from the inverse Fourier transform of fully sampled k-space MR,
data given by

Slharkyza) = [ Mgy 2)et B b i) dagy,
QN{z==z}

where M (x,y, 2) is a conventional MR magnitude image and ¢ is a known constant.
Here, any systematic phase artifacts were ignored. However, B, cannot be extracted
from a highly undersampled MRI data. The undersampled k-space data are obtained
by skipping the data of the time-consuming phase-encoding direction (e.g. y-direction)
by the factor of N. In accordance with the Poisson summation formula [21], only N-
folded data of Me**B=are obtained as a nonlinear function of B,. It is impossible to
extract B, for the folded data, and it is difficult to handle the inverse problem of
conductivity imaging using the N-folded data of Me*“P= alone. A careful analysis is
necessary to express conductivity in terms of the undersampled MR data.

In this paper, we show that it is possible to use highly undersampled data to
localize conductivity changes in time, under the assumption that the time-difference
conductivity is sparsely supported within an imaging object. We find that the time
derivative from the N-folded data of Me*B- provides location information for con-
ductivity changes by using an asymptotic expansion of the time derivative of B,,
in which the magnitude decays quadratically with distance from the support. We
perform various numerical simulations to test the feasibility of the proposed method.

2. Basic imaging setup of undersampled MREIT. Let the imaging object
such as human body occupy a three-dimensional domain  C R? with a smooth
connected boundary 9€). Assume that o(r,t) is an isotropic conductivity depending
on position r = (z,y, z) € Q and time ¢. The goal is to detect the time differential of
the conductivity, %‘:, using MREIT technique with a highly undersampled MR data
violating Nyquist criteria [21].

Let us begin with briefly reviewing the process of data acquisition [16, 17] in
MREIT to explain difficulties of extracting the data from a highly undersampled
k-space data. Let the direction of the main magnetic field of MRI scanner be the
z-axis. In MREIT, we attach a pair of surface electrodes €T and £~ on 99 to
inject a current of J mA with the pulse width of T, during the MR data collection
process, as shown in Figure 2.1. The injection current produces the internal electrical
field (E = (E,, Ey, E.,)), current density (J = (Jy, Jy, J»)) and magnetic flux density
(B = (B;, By, B.)) inside Q. The z-component of B, B, produces an extra phase shift
in the MR signal which can be described as follows: For each slice Q,, := QN{z = %},
the k-space MR signals influenced by B, can be expressed as

S(kra kya 20, t) - / M(‘T7 Y, ZO)ei’yTCBZ (m,y,zg,t)eiQﬂ(kzx+kyy)dxdy7 (21)
Qz

where M(z,y,z) > 0 is a conventional MR magnitude image and v = 26.75 X
107rad/T-s, the gyromagnetic ratio of hydrogen. Here, all systematic phase artifacts
were ignored.
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(2)

Fi1G. 2.1. A current is injected to the imaging object Q2 through a pair of electrodes attached on
Q. (a) The imaging object with electrodes attached on its boundary. (b) The cross-sectional image
of Q with the electrode configuration.

In MRI, the spacial resolution of M is determined by the k-space sampling. As-
sume that we apply the phase encoding gradient in y-direction and the frequency
encoding gradient in z-direction. Assume that the MR image M is displayed in the
region {(x,y) : — FOTV <z,y< &2‘/} with the pixel width Az = Ay, where FOV
denotes the field-of-view. According to the Nyquist sampling theorem [21], this image
resolution corresponds to the k-space sampling distance Ak, = Ak, = 1/FOV and
the maximum spatial frequency being 1/Az. For simplicity, assume FOV = 1. In
the absence of the injection current, the discrete image of M, £ AOIV x £ AO V. image ma-
trix, can be obtained by the inverse discrete Fourier transform with the fully sampled

k-space data

1

{S(mAky,nAky, 20,) : m,n=0,%1,--- ,im}.

The data acquisition speed is roughly proportional to ﬁ in the time-consuming

phase encoding direction (y-direction). For fast MREIT, we reduce the scan-time
significantly by using N-times undersampled k-space data

1

. I
{8(mAky, jNAky, 20,t) : m=0,£1,--- ,£——, j=0,%1,--- ’iZNAy}'

2Ay

From the Poisson summation formula [21], the inverse Fourier transform of N-times
undersampled k-space data in (2.1) produces the following N-folded image:

N-1
/\/lN(gc,y,zO7 Z M(x y—|— 20 )ei"’TcBZ(””’y"’%’Zo’t). (2.2)
7=0

All reconstruction methods in MREIT use the full sampling k-space data which
is the case of N = 1. In this case, the B, data is extracted easily from M?! from the

identity (2.2), because the imaginary part of ln< ) directly gives a wrapped
B, data. With this B, data, MREIT methods [ , 19, 20, 22, 23, 26] reconstruct the
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conductivity o using the Biot-Savart law:

1 B (r—r') x (o(r',?) Vu(r’,t)).e ./ 1 . or 1
%Bz(r,t)—/ﬂ 2d +MOH() forr e, (2.3)

4r|r — 1’|

where e, = (0,0,1), uo = 47 x 107"H/m is the permeability of the free space and
‘H is a harmonic function in €, representing the z-component of the magnetic field
induced by the current flux density on electrodes and lead wires [23]. Here, u(r, )
satisfies

V- (o(r,t)Vu(r,t)) =0  forreQ,

U 2.4
— a(r,t)g—n(r,t) =g(r) for r € 092, 24

where g € LZ(09) = {¢) € L*(0Q) : [, 1ds = 0} represents the injection current
through the pair of the surface electrodes, n denotes the unit outer normal vector to
09.

However, with undersampled k-space data M” (N > 2), it may not be possible
to extract B, from the formula (2.2). Let us see this non-uniqueness for the case of
N = 3. It is easy to see that there are infinitely many ¢ such that

2 .
= ZMl (z,y —|— 20) (1 - e”TCQb(”"y"’%)) for (x,y, 20) € Q-
7=0

Then, if B, satisfies (2.2), so does for B, 4+ ¢. This non-uniqueness with the nonlinear
relation between B, and M® is the major difficulty to deal with the inverse problem
corresponding to the undersampled MREIT.

3. Main results In this section, we show feasibility of the undersampled M-
REIT in recoverlng 7 under its sparsity constraint. We assume that o(r,t) is of the
following form:

o(r,t) =o(r,0) +nt)xp(r) forreQ, t>0,

where D is a smooth subdomain of €2, xp is the characteristic function of D, and 7
is a C! function such that 7/(t) # 0 and 7(0) = 0. We also assume that there exists
a positive constant A such that

A <o(r,t) <A forre Q and t > 0. (3.1)

Denote D,, = §,, N D. Assume that M in (2.1) satisfies

1
- < M(z,y,20) < c for (x,y,20) € Qzp» (3.2)
c

where c is a positive constant. Assume that we have the reference data M! at time
t = 0, which is obtained from a fully sampled k-space data at a fixed time period. Let
N > 2. The goal is to detect D, from the N-folded data M® for t > 0.

Taking the time derivative on (2.2), we obtain

aMN

0B, J
ot ot DY N

Lo z0,t). (3.3)

N-1 .
.’L' y,Z(), ZMl .’17 y+ )
Jj=0
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Let us introduce a function BY defined by:

1 %MN(xawaOat)
Zrch Ml(m7y7 20, 0)

BN (2, y, 29, t) = for (z,y,20) € Qsp- (3.4)

Note that B, in the special case when N = 1, is a wrapped version of 852 . We will

explain how the data BY probes

DzNo :{(xuyaZO) eon : ($7y_%720) EDzov J=0,1,--- 7N_1}'

In the next section, we provide a rigorous analysis for the simple case of D.

3.1. Estimation of the folded domain Di\g. For a rigorous analysis, let us
restrict ourselves to the simplest case where o(r,0) =1 for r € Q and D is a simply
connected domain. To be precise, D is expressed as

D:ro—l—eﬁ,

where D is a smooth domain containing the origin, € > 0 is a small scaling factor, and
ro = (Zo,Y0,20) € D,,. We also assume that L := dist(D,0) > 0. For each t > 0,
let v(-,t) € H} _(R3?) be a function solving the equation

Av =0 inRS\B,
Av =0 inﬁ7

vt —v|[T =0 on 9D, (3.5)
ovt  ov~ ~
1 a0 9Y 2 D
()5~ =0 o 9D,
v(iE)—€¢—0 as [£] = 400,
where £ = =2 is a local variable, v = v|5 and v~ = V\Q\ﬁ. Let ®(r) = _ﬁ\rl be

the fundamental solution. We introduce
P56 ) = Sp[Vev(&, tn](6),

3 (6.0) = Sp | VSp | V¢ 47 (10VE.0) Valro,0) n] ) )

o5}
=~

where u(r,t) is the solution of (2.4) with the homogeneous reference conductivity
o(r,0) =1 for r € Q and Sq[t)] is the single layer potential defined by

Sa[Y)(r) = /m O(r — r')(r')dSy  forr € R\ 9Q.

Let Dy ={r € Q : dist(r, D) < d} for a fixed positive number d satisfying

diam(€,,)

d
Ve<d< 3N

(3.6)
Now, we are ready to state our main theorem, which allows to detect N-folded
Dé\g from a simple thresholding.
THEOREM 3.1. Assume that d satisfies the condition (3.6).
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(i) Ifr € DY, then

1o 1 M (g, t)
IuOB (r8) = ivT. M1(r,0)

[—n’(t)f‘% ( ;r ,t) + (6% (rﬁ ;ro,tﬂ e+ 0>,

where ry is the point in D, such that ry —r = (0, %,0) for some integer n.
(ii) There exists a positive constant C' independent of € such that

———=2Vu(rg,0)-
(3.7)

1BN(r,t)‘ < Cé, (3.8)
Ho

forr e (Q\ Dg)N{z =z}

The proof of Theorem 3.1 relies on the following Lemma, which provides an
estimation of 853; both inside and outside of D.
LEMMA 3.2. Under the assumption of Theorem 3.1, we have the followings:

(i) For r € D, we have

1 0B, 1 (T 0 o (T —Tp 3
T (r,t) = Vu(rg, 0) - {_n’(t)Fﬁ ( ,t) +n(t)r'; . ) e+ O0(e).
(i) Forr € Q\ Dy, we have
1 0B, e3
- <
fo Ot (r1)| < C[d + dist(r, Dg))?’

where C' is a positive constant independent of €.
Proof. (i) A simple integration by parts yields

u(r,t) = *ﬂ(t)/DVr/‘I)(r*r/)'VU(r'vt)dr'*Da[f(wt)](rHSQ[g](r) re, (3.9)

where f( ) = u(+,t)|aq and Dg[¢)] is the double layer potential of 1/ € L?(9Q) given

by Do[Y](r) = [4q d‘ba(:l =) ) P(r')dSy for r € R?\ 0Q. Taking the time derivative on

both 81des of the 1dent1ty (3.9), we obtain

_%(r,tF/Dvr@(r—r’)'Vr’ [’7'“)“@/’”*”()8& (') | dr’

o (3.10)
+ Dq [(,t)} (r,t) forreQ.
ot
Denoting J(r,t) = —o(r, t)Vu(r,t), we have
0J 0o Ou
a(r,t) = E(r,t)Vu(r,t) —o(r,t)V 5 —(r,t). (3.11)
Substituting o(r,t) = 1+ n(t)xp and (3.10) into (3.11), we get
oJ
5 (T t) = [ +n(t)xo]
ou
V/ Ve ®(r —1') - Vo |0 (Hu(r’, t) +n(t )(% (r', t)] dr’ (3.12)
D

A Ol 00 + 1+ 00900 |20 o),
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From (2.3), 2
aBz o ’ 0 ’ /
ot (r,t) = ,uo/QVr/CI)(r r') x a.](r ,t) - e dr’. (3.13)
Substituting the identity (3.12) into (3.13) and denoting V+ = (6%7 —%, 0), we get
iaBz(r t)*if(r t)+iR‘(I‘ t) forr € Q (3.14)
po Ot 7]_:1] ’ = T orr ’ '
where
Iy(r,t) == — / Ve®(r —1') - Viu(r, t)dr',
To(r,t) :==n(t)n'(t) / Ve®(r—r)- Vg V;CI)(I" — ) - Vu(t, t)drdr’,
D
- ou
Is(r,t) := /Vr/q) r—r)-VZ /V(I) Va (¥, t)drdr’,
Ri(r,t) :=1n'(t) Vr@)(r—r / Vi®(r' — 1) - Vu(r,t)drdr’,
o(r,t) :=n(t /Vr/fbr—r VL/V@ vg (F,t)didr’,

’Rg(r,t)::/ﬂ[1+n() p|Ved(r —1') - VDg [8{;’)} (r')dr'.

Now, we use the inner expansion in [1, 2, 3] to get the following pointwise expan-
sion

u(r,t) = u(rg,0) + ev (&,t) - Vu(rg,0) + O(¢*) forr € D, (3.15)

, we have

where £ = =0
Vu(r,t) = eV,yv(€,t)Vu(rg, t) + O(e) forre D

and
Viu(r,t) = Vév({)VU(ro, 0)+O(e) forreD.

Substituting (3.14) into Z; (j = 1,2, 3), we obtain
3

3" Zi (e, )(x,t) =~ (£) Vu(ro, 0) - /vl (/_r%) Vo ®(r — r')dr’

i=1 D ‘
U(ro, 0)- (3.16)

1)V
/ / "ot { (r_ va>: Ve Vi®(r — ') Ve &(r — ') didr’.
F

or R1, we have

Next, we estimate ijl R,(r,t).

‘v#/ Vi®(r' — F) - V3iu(r, t)dr| = /v Ve (r — 1) - V4iu(r, t)di
D

3| D|1/23/2
/ |V4Eu(t, t)|dF < %\\v%(-,wnyw) for v’ € OQ.
D

(3.17)

<
— 8rL3
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Here, the last inequality comes from Jensen’s inequality and the fact that [D| = €3|D|.
From Lemma 1 in [6], there exists a constant Cy > 0, independent of ¢, such that
IV ul )2y < IV ul0)lz2(py + 1V [ul- ) — (-, 0)]|| 22(p)

< [fgg |V u(r,0)] + C'1Hﬁ|1/253/2 (3.18)

< [Callgll 20y + C1]|DI2e%/2,

where C is a constant independent of e. The last inequality of (3.18) comes from the
standard interior estimate [9]. Substituting (3.18) into (3.17), we obtain that

‘vi/ Ved(r' — ) - VEu(E, )di| < §|LL (Collgllz2omy + Cilé®  for 1/ € OG0
Hence, we have
Rae )] < 100 220 [Collglizon + O] Salll@)e forre . (319
Next, we will estimate Ro. Note that 8“ satisfies the following equation

0 :
v (a0 ) = V- 00w e
(3.20)
V@ ‘nlpo =0
o Moo =0
It follows from (3.18) and (3.20) that
ou
Voo <A
L2(D) (3.21)

<Al (O] [Callgll L2 a0) + C1]|D|V2e3/2,

where A is the positive constant given in (3.1).
By repeating the arguments as in estimating R, we obtain

3|D
87|TL5|)’ [Callgllz2(00) + C1]Sa[1](r)e®  for r € Q. (3.22)

It remains to estimate R3. From the outer expansion in [3], we have

u(r,t) = u(r,0) — Vu(rg, 0) - QA(t), ﬁ)V./\/'(r,ro) + O(eh) for r € 042,

[Ra(r, )] < A% |/ (1)]

where Q(), lA)) = (qij)ﬁjzl is the polarization tensor given by
s = /6 OT = K5) (€6

with A(t) = 2( )(;2 and K5¢(r) = [,p 41;‘? :1,”‘2 &(r")dSy, the dual of the trace operator

[8] and N is the Neumann functlon7 the solution of
AN(r,r')=6(r—1') forreQ,
o1
on, 2T 09 (3.23)

N(r,r)dSy =0 forre Q,
89
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Hence, we have
22
ot

Therefore, the proof of (i) follows from (3.16), (3.19), (3.22) and (3.24) with the
change of variable £ = *=X0,
(ii) Let r € 2\ Dy4. Using Jensen’s inequality, we have

Rs(r,t)| = 4+ 0(eh). (3.24)

Sq {VLDQ [Vu(r0,0)~ (A(t)f))wv(r,ro)] 'n}

1
47 d?

D|1/2

(e, )| < |0 (¢ l
|Z1 (v, 1) < [n'(2)] 47 d?

IVEul, )llpioy < 1 (2)] IV ul, )l c2(p).-

From (3.18), we obtain
Dl

T <In
T 0] < I (8)] s

[Callgll L2 a0) + Cile’. (3.25)

From Calderon-Zygmund estimate [11], we have

(]

where C3 is a constant independent of e. Hence, for r € Q\ D,, we have

vﬁ/ Ved(r' — F) - Vu(F, t)dF
D

2 1/2
dr’) S CgHVU(',t)HLz(D),

Cs|D|
4md?
Same method can be used to estimate Z3(r,t) for r € Q\ Dy:

|Za(r, )] < In(®)] |0 (¢)]

[Callgll L2 (a0) + Cil€’. (3.26)

CsA|D|
4rld + dist(r, Dy)]?

The proof of (ii) follows from (3.25), (3.26), (3.27), (3.19), (3.22) and (3.24). This
completes the proof. O

Now we are ready to prove Theorem 3.1.
Proof of Theorem 3.1 Dividing iyT.M*(r,0) on both sides of (3.3), we obtain

| Zs(r,t)] < 0*(t) [ (1)] [Collgllz2(o0) + Cile®. (3.27)

(r+aj,t), (3.28)

where a; = (0, 4,0) for j =0,1,2,--- ,N — 1.

(i) Forr € Dé\g, due to the periodic structure, there exists n such that ry € D,
andr+a; € Q, \ (DgN{z=2}) for j =0,1,2,--- ,N — 1 and j # n. Hence, from
(3.28) we obtain

N-1

M (ry,t) OB, M(r+a;,t) 0B,
ATMi(r,0) ot Tt F D AT MI(r,0) 0t

BY(r,t) = (r+aj,t). (3.29)

J=0,j#n
(3.7) follows from the identity (3.29) and Lemma 3.2.

(ii) Let r € (2\ Dg) N{z = 20}, using the periodic structure and the assumption
that d < FBO—NV, we haver +a; € (Q\ Dg) N {z =20} for j =0,1,2,--- ,N — 1. (3.8)
follows from the identity (3.28), Lemma 3.2 and the assumption (3.2). This completes
the proof. [J
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3.2. A remark on Theorem 3.1. According to Theorem 3.1, the N-folded
Di\(], can be detected from the method of thresholding:

DY ~{req. : |BY(r,t)| =7}, (3.30)

where T is a suitably chosen thresholder. Although the theoretical results are ob-
tained under the assumption that the reference conductivity is homogeneous and D
is a single anomaly, various numerical simulations show that the proposed detection
method works well for very general cases. In Figure 3.1, we test the proposed method
when the reference conductivity o(r,0) is inhomogeneous and D consists of two sub-
domains Dy and Dy. We set Ty = 10% x [|B*(-,t)[| L~ (q.,)- Comparing Figure 3.1
(b) and (d), we know that this approach for detecting the D2, works very well even
for the general cases.

D, D,
(a)
x10™"
5
» 4
3
40 2
1
60 0
80 _1
-2
100 _3
4
120 -5
() (d)

Fic. 3.1. Detection of D‘ZL0 when the reference conductivity o(r,0) is inhomogeneous and D
consists of two subdomains D1 and D2. (a) The reference conductivity distribution and configuration
of two subdomains D1 and Dy . (b) Configuration of D‘ZLO. (c) The image of B%. (d) The threshold
image of B* by setting T = 10% x HB4(-,t)||Loo(QZO).

3.3. Localization of D, from M" in general case. From the arguments in
the previous sections, the folded domain Dé\g can be estimated from (3.30). It remains
to select D,, out of Dﬁg. The selection is possible with the use of the governing
equations (2.3), (2.4), and (3.3) .

To be precise, denote

DN = {reD! : r+(0,%,0)eDzo} for j=0,1,--- ,N—1.  (3.31)
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Set 0;(z,y, 20,t) = o(z,y, 20,0) + n(t)xD%,j. Using the method in [23], we generate
the simulated Mév from the formula (2.2) with the conductivity ;. We select a
number j out of the set {0,1,--- ,N — 1} which minimizes the misfit [|MY(-,t) —
M;y('7t)||L2(on)‘ Then Dzo ~ Dé\g’j.
We summarize the selection procedures as follows:
Step 1. At t = 0, we get the data of M!(r,0) and BI(r,0) (j = 1,2) on the
slice Q,,, and reconstruct o(r,0) for r € Q,, by using the harmonic B,
algorithm [18].
Step 2. Fix N > 2, and get the corresponding skipped k-space data for ¢ > 0.
Generate MY (r,t) by taking inverse Fourier transform.
Step 3. Compute BN (z,y, 29,t) in (3.4).
Step 4. For a given thresholder T;, segment the N-folded region DZN0 by (3.30).
Step 5. For each Di\g’j, j=0,1,2,--- ,N —1, set oj(r,t) = o(r,0) + n(t)XD%,j
to generate the simulated data MY .
Step 6. Select j = argminjeqo,1,... n—1} [MYN(,t) — M;V(',t)”Lﬁ(QZO) and D,, =
DN,

4. Numerical experiments. To validate the proposed algorithm, we perform
numerical experiments by constructing a modified 3D Shepp and Logan phantom
[24]. This phantom is constructed by 11 ellipsoids using COMSOL 3.5a. Figure 4.1
(a) illustrates the geometry of this phantom. In Figure 4.1 (b), we cut a half of the out
layers of this phantom to see the internal structures. There are two subdomains D;
(j = 1,2) where the conductivity changes occur; in Figure 3.1 (a) we show the position
of D; through a slice 2, of . We assume that o(r,t) = o(r,0)+0.04tx p, +0.02tx b, ,
where o (z, y, 20, 0) is illustrated in Figure 4.1 (¢). Two pairs of electrodes €ji (j=12)
are attached to 0f2. Through Eji we inject a sinusoidal current with amplitude of
5mA (see Figure 2.1). The z-th component of the magnetic flux density B, B, can

0.12
c—
0.1
0.08
0.06
0.04
0.02
0
(@) (b)

Fi1G. 4.1. Modified 3D Shepp and Logan phantom; (a) geometry of the phantom; (b) the internal
structures of the phantom; (c) conductivity distribution in the cross-sectional slice Q. at t = 0.

be generated using the forward solver proposed in [12, 21]. Particularly, for ¢ = 0, we
inject two linearly independent current I; through two pairs of surface electrodes 5}.
The generated BJ(x,y,20,0) (j = 1,2) are respectively shown in Figure 4.2 (a) and
(b). Using the harmonic B, algorithm [18], we reconstruct the reference conductivity
distribution o(x,y, z0,0); the reconstruction result is shown in Figure 4.2 (c).

For t > 0, we first generate the k-space signal S(k,,ky, 20,t) by taking Fourier
transform of M*(z,y, 29,t) which can be calculated from formula (2.2). We skip
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Fic. 4.2. Reconstruction of the reference conductivity using harmonic B, algorithm: (a) the
image of BL(z,vy,20,0); (b) the image of B2(x,y,20,0); (c) the reconstructed conductivity distribu-
tion O'(CI), Y, 20, O)

(©

S(kz, ky, 20,t) by N steps in the y direction, and generate S™ (k, k,,z0,t). Figure
4.3 illustrates the fully sampled k-space data S*(k,, ky, 20,0) and undersampled k-
space data for SN (ky,ky,20,1) by a factor of N = 4. If we take inverse Fourier

250
’ 200

150
| 100
50
0

(b)

15

10

5

0

s

-10

15

(d)

F1G. 4.3. MR k-space data: (a) and (c) show the real and imaginary parts of S*(kz, ky, 20, 0)
respectively; (b) and (d) show the real and imaginary parts of S*(kx, ky, 20,1).

transform of S*(k,, ky, z0,1), we will obtain the 4-folded complex magnitude image
M*A(z,y, 20, 1) shown in Figure 4.4. Using these images and the formula (3.4), B* can
be obtained in Figure 4.5 (a). By setting Y1 = 10% x [[B*(-,1)]| 1= (q.,), We could get
the threshold results shown in Figure 4.5 (b).

To select the domain D, from the 4-folded D7 , we need to minimize the misfit

function [|M3, ;. (1) = M*(-,1)[|z2(q,,)- The meaning of j; and jp are depicted
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Fic. 4.4. MR images: (a) and (c) show the real and imaginary parts of M (kz,ky,20,0); (b)
and (d) show the real and imaginary parts of M*(kg, ky, 20, 1).
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FIG. 4.5. (a) is the image of B*(z,y, 20,1). (b) is the threshold result by setting T1 = 10% x

IB4(., 1)||L°°(9z0)’ (¢) shows the meaning of j1 and jo in the notation M;;sz'

20 a0 0 a0 100 120

(©)

N

-

) )

in Figure 4.5 (c). Table 4.1 gives the results of M}, ; (1) — M*(-,1)|[12(q.,) for

J1,J2

j1,72 = 1,2,3. As we can see that when j; = 1, jo = 2, ||./\/l;¥17j2(-, 1)—- M2, 1)||L2(QZO)
is minimized. Therefore, D,, = Dgél’g.

To test the performance of our algorithm, we also set N = 8 N = 16 and
N = 32; for these N, Figure 4.6 illustrates the images of BY(z,y,20,1) and the
threshold results by setting Y1 = 10% x || BN (-, Dz (.,)- As we can see from the
images that, it is possible to localize the source region D,  if N = 8 and N = 16.
However, since each D%?j is not well separated, it could be difficult to localize D,
for the case N = 32.

At last, we add Gaussian random noise to the simulated B,. From [13, 17] we
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TABLE 4.1

Values of ||./\/l;*1 g (5 1) — MA(, 1)||L2(on) for SNR = oo

s1=1 J1=2 Jj1=3
jo=1 1.356x10"7 1.669 x 10~7 1.659 x 107
jo =2 0 1.604 x 1077 1.525 x 1077

jo=3 1176 x 1077 1.608 x 10~7 1.527 x 10—~

know that the standard deviation s of B, is given by s = 1/2yT.SNR, where T, = 50
ms and SNR = 2000 is the signal-to-noise ratio. Repeating the above procedures, we
get the images of BN (x,v,20,1) for N = 4,8,16 as shown in Figure 4.7. Table 4.2
gives the values of [|M], ; (-, 1) — M*(,, Dl z2(a.,) for SNR= 2000. From Table 4.2,
it is obvious that D, = D312,

12

x10 " x10

-
x10
25
4
. 2 T
15
@ 1 o 2
0.5
& 0 0 ol 0
-0.5
w0 4 ol -2
100 -15 100} 4
-2 -1 N
10 -25 1
0 “© 60 80 100 e 80 100 i) 20 a E) 80 100 > -6
(a) (©

(d) (© (M

(b)

FIG. 4.6. Images of BN (z,y,20,1) and the threshold images for SNR= co. (a), (b) and (c)
are respectively images of BN (x,y, 20,1) for N = 8,16 and 32. (d), (e) and (f) are respectively the
corresponding threshold results for T1 = 10% x ||BN (-, 1)||Loo(QzO).

TABLE 4.2
Values of | M3, ;, (- t) — M4(~,t)||L2(QzO) for SNR = 2000
=1 J1=2 j1=3

jo=1 892x1077 8991 x10"7 8978 x 1077
jo=2 8795 x 1077 8.940 x 1077 8.922 x 1077
jo=3 8862x1077 8952x1077 8.942x 1077

5. Discussion and conclusion. In this paper, we provide a mathematical
ground for highly undersampled MREIT, which aims to localize conductivity changes
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FIG. 4.7. Images of BN (x,y, z0,1) and the threshold images for SNR= 2000 and N = 4,8 and
16. Each figure has the similar meaning as that in Figure 4.6.

associated with tissue physiological activity. Numerical simulations show that the
proposed method is capable of localizing the conductivity changes using only 1/16
of the k-space data. Since the data acquisition speed is roughly proportional to the
number of the phase encoding encoding lines in the k-space, 1/N-subsampled MREIT
may has nearly N times faster data acquisition speed. Hence, the proposed method
can be used for functional MREIT to provide a mapping of conductivity perturba-
tion associated with neural activity or pathological changes in tissue [14, 27]. Future
studies include in vivo animal experiments to test the performance of the proposed
method in practical environment.
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