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Abstract

Strong convergence rates for time-discrete numerical approximations of semilinear stochas-
tic evolution equations (SEEs) with smooth and regular nonlinearities are well understood
in the literature. Weak convergence rates for time-discrete numerical approximations of such
SEEs have been investigated since about 12 years and are far away from being well understood:
roughly speaking, no essentially sharp weak convergence rates are known for time-discrete nu-
merical approximations of parabolic SEEs with nonlinear diffusion coefficient functions; see
Remark 2.3 in [A. Debussche, Weak approzimation of stochastic partial differential equations:
the nonlinear case, Math. Comp. 80 (2011), no. 273, 89-117] for details. In the recent ar-
ticle [D. Conus, A. Jentzen & R. Kurniawan, Weak convergence rates of spectral Galerkin
approzimations for SPDEs with nonlinear diffusion coefficients, arXiv:1408.1108] the weak
convergence problem emerged from Debussche’s article has been solved in the case of spa-
tial spectral Galerkin approximations for semilinear SEEs with nonlinear diffusion coefficient
functions. In this article we overcome the problem emerged from Debussche’s article in the
case of a class of time-discrete Euler-type approximation methods (including exponential and
linear-implicit Euler approximations as special cases) and, in particular, we establish essen-
tially sharp weak convergence rates for linear-implicit Euler approximations of semilinear
SEEs with nonlinear diffusion coefficient functions. Key ingredients of our approach are ap-
plications of a mild It6 type formula and the use of suitable semilinear integrated counterparts
of the time-discrete numerical approximation processes.
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1 Introduction

This article studies weak convergence rates for time-discrete numerical approximations of semilin-
ear stochastic evolution equations (SEEs). We first review a few weak convergence results from the
literature and then present the main weak convergence result obtained in this article. This intro-
ductory section is based on Section 1 of Conus et al. [I1]. For finite dimensional stochastic ordinary



differential equations (SODEs) with smooth and regular nonlinearities both strong and numeri-
cally weak convergence rates of time-discrete numerical approximations are well understood in the
literature; see, e.g., the monographs Kloeden & Platen [27] and Milstein [34]. The situation is dif-
ferent in the case of possibly infinite dimensional semilinear stochastic evoluation equations (SEEs).
While strong convergence rates for time-discrete numerical approximations of semilinear SEEs with
smooth and regular nonlinearities are well understood in the literature, weak convergence rates
for time-discrete numerical approximations of such SEEs have been investigated since about 12
years and are far away from being well understood: roughly speaking, no essentially sharp weak
convergence rates are known for time-discrete numerical approximations of parabolic SEEs with
nonlinear diffusion coefficient functions; see Remark 2.3 in Debussche [17] for details. In this article
we overcome the problem emerged from Debussche’s article in the case of a class of time-discrete
Euler-type approximation methods for SEEs (including exponential and linear-implicit Euler ap-
proximations as special cases) and, in particular, we establish essentially sharp weak convergence
rates for linear-implicit Euler approximations of semilinear SEEs with nonlinear diffusion coeffi-
cient functions. To illustrate the weak convergence problem emerged from Debussche’s article and
our solution to this problem we consider the following setting as a special case of our general setting
in Section @ below. Let (H,(-,-),|||lz) and (U, (-,-);,|-|l;) be separable R-Hilbert spaces, let
T € (0,00), let (2, F, P, (Fi)tcpo,r]) be a stochastic basis, let (W}).c0,77 be a cylindrical Idy-Wiener
process with respect to (F;)cjo,r), let A: D(A) € H — H be a generator of a strongly continuous
analytic semigroup with sup(Re(spectrum(A))) < 0, let (Hy, (-,-)5 , |l ), r € R, be a family of
interpolation spaces associated to —A (cf., e.g., Theorem and Definition 2.5.32 in [25]), let ¢ € R,
§e€H,vel0,3], andlet F: H, — (N,<,_,H,) and B: H, — Lin(U, N,<,_~»H,) be functions with
the property that Vr € (—oo,. —v): [(H, 2 v~ F(v) € H,) € Cj(H,, H,)], with the property
that Vr € (—oo,0 — 1),v € H,: [(U 2 u+~ B(v)u € H,) € HS(U, H,)], and with the property
that Vr € (—oo,. — 2): [(H, 2 v+~ [U3u+~ B(v)u e H,) € HS(U,H,)) € C¢(H,,HS(U, H,))],
where for two R-vector spaces V; and V5 we denote by Lin(V3, V5) the set of all linear mappings from
V1 to V; and where for two R-Banach spaces (V4, |||y, ) and (Va, |||l,,) we denote by C7(V4, V3) the
set of all five times continuously Fréchet differentiable functions from V; to V; which have globally
bounded derivatives (see Subsection below for more details). The above assumptions ensure
(cf., e.g., Proposition 3 in Da Prato et al. [12], Theorem 4.3 in Brzezniak [§], Theorem 6.2 in Van
Neerven et al. [40]) the existence of a continuous mild solution process X : [0,T] x Q — H, of the
SEE

dX; = [AX, + F(X,)] dt + B(X,)dW,,  te[0,T], Xo=¢. (1)

As an example for (), we think of H = U = L?((0,1); R) being the R-Hilbert space of equivalence
classes of Lebesgue square integrable functions from (0,1) to R and A being a linear differential
operator on H. In particular, in Subsection [LTIl we formulate the continuous version of the
parabolic Anderson model as an example of () (in that case the parameter 7, which controls
the regularity of the operators F' and B, satisfies v = 1) and in Subsection we formulate a
fourth-order stochastic partial differential equation as an example of () (in that example we have
v = i) In this work we are interested in the analysis of numerical approximations of ([Il). For
example, let YV:{0,1,...,N} x Q — H,, N € N, be stochastic processes with the property that

forall N € N, n€{0,1,..., N — 1} it holds P-a.s. that

B (n+1)T
YN =g YN = (dy —ZA)! <Yn +F(Y,)Z 4+ [, B(Y,) dWS>. 2)

N

The stochastic processes YV, N € N, are referred to as linear-implicit Euler approximations of
.

Strong convergence rates for numerical approximations for SEEs of the form () are well un-
derstood. Weak convergence rates for numerical approximations of SEEs of the form (II) have been

investigated since about 12 years; cf. [39] 20} 16, 18, 19, 211, 17, 29, B, 43, 33, 30, 4. [7, 3] 32} 6



311, 28, [42] 11, A1) 2]. Except for Debussche & De Bouard [16], Debussche [17], Andersson & Lars-
son [4], and Conus et al. [I], all of the above cited weak convergence results assume, beside further
assumptions, that the considered SEE is driven by additive noise. In Debussche & De Bouard [16]
weak convergence rates for the nonlinear Schrodinger equation, whose dominant linear operator
generates a group (see Section 2 in [16]) instead of only a semigroup as in the general setting of the
SEE (), are analyzed. The method of proof in Debussche & De Bouard [16] strongly exploits this
property of the nonlinear Schrédinger equation (see Section 5.2 in [16]). Therefore, the method of
proof in [I6] can, in general, not be used to establish weak convergence rates for the SEE (). In
Debussche’s seminal article [I7], essentially sharp weak convergence rates for linear-implicit Euler
approzimations (see ([2))) of SEEs of the form (Il are established under the hypothesis that ¢ = 0
and that the second derivative of the diffusion coefficient B satisfies the smoothing property that
there exists an L € R such that for all z,v,w € H it holds thatEl

1B" (@) (v, )l gy < Llolly ), 1wl y, - (3)

The article Andersson & Larsson [4] also assumes () but establishes weak convergence rates for
spatial approximations. As pointed out in Remark 2.3 in Debussche [I7], assumption () is a
serious restriction for SEEs of the form (II). Roughly speaking, assumption (B]) imposes that the
second derivative of the diffusion coefficient function vanishes and thus that the diffusion coefficient
function is affine linear. Remark 2.3 in Debussche [I7] also asserts that assumption (3] is crucial in
the weak convergence proof in [I7], that assumption (B]) is used in an essential way in Lemma 4.5
in [I7] and that Lemma 4.5 in [I7], in turn, is used at many points in the weak convergence proof
in [I7]. Debussche’s article naturally suggests the problem of establishing essentially sharp weak
convergence rates in the case where Debussche’s assumption (@) is not satisfied. In Conus [II]
essentially sharp weak convergence rates have been established without imposing Debussche’s as-
sumption (3)) in the case of spatial spectral Galerkin approximations. To the best of our knowledge,
it remained an open problem to establish essentially sharp weak convergence rates for time-discrete
numerical approximations of the SEE ([l) without imposing Debussche’s assumption ([B]). In this
article we overcome this problem in the case of a class of time-discrete Euler-type approxima-
tion methods for SEEs (including exponential and linear-implicit Euler approximations as special
cases) and, in particular, we establish essentially sharp weak convergence rates for linear-implicit
Euler approximations of semilinear SEEs with nonlinear diffusion coefficient functions. This is the
subject of the following result, Theorem [[LTI Theorem [L.1] follows3 immediately from Corollary
and Subsection

Theorem 1.1. Assume the setting in the first paragraph of Section[l and let ¢ € C7(H,,R). Then
for every e € (0,00) there exists a C' € R such that for all N € N it holds that

[E[o(X7)] —E[p(Yy)]| < C- N~079, (4)

Let us add a few comments regarding Theorem [LIl First, we would like to emphasize that
in the general setting of Theorem [[LI| the weak convergence rate established in Theorem [
can essentially not be improved. More specifically, in Corollary in Section [ below we give
for every ¢ € R, v € [0,3] examples of A: D(A) € H — H, F: H, — (N, H,), B: H, —
Lin(U, Nye,—pH,) and ¢ € CP(H,, R) with Vr € (—oco,t —7): [(H, > v — F(v) € H,) €
Cy(H,, H,)|,Vre (—oo,.—21),veH:[(U>u— B(v)ue H,) € HS(U,H,)|,Vr € (—oo,. —
):[(H 2v~ [U>3uw— Bvue H,] e HSU,H,)) € Ci(H,HS(U, H,))| such that there
exists a C' € (0, 00) such that for all N € N it holds that

IE[o(Xr)] = E[p(Y)]]| = C- N~0-7, (5)

! Assumption (B]) above slighlty differs from the original assumption in [I7] as we believe that there is a small
typo in equation (2.5) in [I7]; see inequality (4.3) in the proof of Lemma 4.5 in [I7] for details.
2with H = H, in the notation of Corollary B2



In addition, we emphasize that in the setting of Theorem [l it is well known that for every
e € (0,00) there exists a C' € R such that for all N € N it holds that

E[|Xr - VY12 <o N5, (6)

The weak convergence rate 1 — — ¢ established in Theorem [LTlis thus twice the well known strong
convergence rate # in ([B). Next we add that Theorem [[Tlis, to the best of our knowledge, the
first result in the literature which establishes the essentially sharp weak convergence rate 1 —y —¢
for time-discrete numerical approximations of the continuous version of the parabolic Anderson
model (see Subsection [LT]] for details).

In the following we briefly outline a few key ideas in the proof of Theorem [[.T] (and Corollary [R.2]
respectively). For simplicity we restrict ourself to the case ¢ = 0. Our proof of Theorem [[1] is
partially based on the proof of the weak convergence result in Conus et al. [IT]. The first step
in the proof of Theorem [[I] is to rewrite the time-discrete stochastic processes YV, N € N,
(see (2))) as appropriate time-continuous stochastic processes (see (§) below). More formally, let
|-]Jn: R—= R, h € (0,00), be the mappings with the property that for all h € (0,00), ¢t € R it holds
that |t], = max((—o0,t] N {0,h, —h,2h, —2h,...}), let SV: {(t1,t2) € [0,T)*: t1 < to} — L(H),
N € N, be the mappings with the property that for all N € N, (t1,t,) € [0,T)* with ¢; < t, it
holds that
= (lt2)ryn—t1]T/N) N/T

SN, = (IdH — (= t1) ) A) (IdH — (ta—ta)7/v) A)_1 ( Idy — L A)

(cf.,, e.g., (142) in Da Prato et al. [I2]), and let YV: [0,T] x Q — H, N € N, be (Fi)icpo.r-
predictable stochastic processes with the property that for all N € N, ¢ € [0,7] it holds P-a.s.
that

YN =8¢ (8)
t

t
+/ SN (Idg —(s — LSJT/N)A)_lF(YLJS\GT/N)dst/ SN (Idg —(s — szT/N)A)_lB(YLJS\GT/N)dWS
0 0

(cf. (143) in Da Prato et al. [I2]). Note that for all N € N, n € {0, L, 2F,... T} it holds P-a.s.
that f/r% N = YN, Moreover, recall that the solution process X of the SEE (Il satisfies that for

all t € [0,77] it holds P-a.s. that

t t
X, =ele+ / HAR(X,) ds + / HAB(X,) dW. (9)
0 0

The next key step in the proof of Theorem [L1]is to use the idea in Conus et al. [T1] to plug an
appropriate process in between E[o(X7)] and E[o(Yy)] = E[o(Y)]. More formally, we use the
triangle inequality to obtain that for all N € N it holds that

E[p(Xr)] —E[p(Y?)]] < [E[o(Xr)] = E[p(Y)]| + [E[p(Y7)] —E[p(Y)]]  (10)

where YV: [0,7] x Q — H, N € N, are appropriate stochastic processes so that it is in some
sense not so difficult anymore to estimate }E[cp(XT)] — E[@(YI{V)H and ’E[gp(ff:ﬂv)} — E[@(?I{V)H
for N € N. The main difficulty and also a key difference of the proof of Theorem [LT]in this article
to the proof of the weak convergence result in Conus et al. [I1] is the appropriate choice of the
processes YV, N € N, which we put in between. In the case of Theorem [l it turns out to be
rather useful to choose YV: [0, 7] x Q — H, N € N, such that for every N € N, ¢ € [0, T] it holds
P-a.s. that

t ~

t
TN = et [ B, Jase [ B, ), )
0

0 Ls]r/n Lslr/n



cf. (M) with @) and [@). In the remainder of this article we refer to YV, N € N, as semilinear
integrated counterparts of (). In Proposition [6.4] (a key result of this article) in Subsection [6.3] the
terms ’E[gp(YTN)} - E[cp(f/TN)} }, N € N, in (I0) are estimated in an appropriate way by using the
mild Tt6 formula; see Theorem 1 in Da Prato et al. [I2]. More precisely, in Section [l we generalize
the mild Tt6 formula in Theorem 1 in Da Prato et al. [12] so that it applies also in the case of
stopping times instead of deterministic time points; see Theorem and Corollary in Sub-
section We then use Corollary to derive in Proposition in Subsection an estimate
for the expectation of a smooth function composed with an appropriate type of stochastic process
which we call a mild 1td process; see Definition 1 in Da Prato et al. [12] and, e.g., Definition 5.1l in
Subsection below. Next we recall that we have rewritten the time-discrete numerical approx-
imation processes Y, N € N, (see ([2)) as the time-continuous stochastic processes YN, N eN,
(see (§)) and we emphasize that YV, N € N, are mild It6 processes; see (142)-(146) in Da Prato
et al. [T2]. This allows us to apply the mild It6 formula and so also Proposition toYN, N e N.
Thereby we obtain an appropriate estimate for the terms }E[@(YTN )} — E[gp(ff:ﬂv )] , N € N, in
Proposition in Subsection The mild It6 formula has also been used in Conus et al. [I1]
to establish weak convergence rates for spatial spectral Galerkin approximations. In this work the
analysis is more involved than in Conus et al. [I1] as the numerical approximation processes YN,
N € N, are not solution processes of SEEs of the form () but merely mild It6 processes with
two-parameter evolution families (see Subsection [L4] and Section [ below for more details). For
the estimation of the terms |E[p(X7)] — E[@(Y2)]|, N € N, we use (as it is often the case in the
case weak convergence analysis; see, e.g., Roller [38], Debussche [17] and Conus et al. [11]) the
Kolmogorov backward equation associated to ([{l) and we also use again the mild It6 formula and
its consequences respectively (see Section [l and Section [ for details). Combining these estimates
with the in some sense non-standard mollification procedure in Conus et al. [I1] will allow us to
complete the proof of Theorem [LT] (see Section [ for details).

1.1 Examples

In this section we illustrate Theorem [[LT] by two simple examples. In Subsection [LT.I] we apply
Theorem [LIl to the continuous version of the parabolic Anderson model and in Subsection [LT.2] we
apply Theorem [L] to a linear Cahn-Hilliard-Cook type equation.

1.1.1 Parabolic Anderson model

Let H = L?((0,1); R) be the R-Hilbert space of equivalence classes of Lebesgue square integrable
functions from (0,1) to R, let T\ x,0,v € (0,00), £ € H, let (Q, F,P, (Fi)co,11) be a stochastic
basis, let (W})ejo,r) be a cylindrical Idg-Wiener process w.r.t. (F;)wco1, let A: D(A) C H — H
be the Laplacian with Dirichlet boundary conditions on H multiplied by v, let (H,, (-,) 5 , [|ll5,),
r € R, be a family of interpolation spaces associated to — A (see, e.g., Theorem and Definition 2.5.32
in [25]), let B € C(H,HS(H, H_14_s)) satisfy that for all v € H, v € C([0,1],R), z € (0,1) it
holds that (B(v)u)(x) = k- v(z) - u(z), and let YV: {0,1,..., N} x Q@ — H, N € N, be stochastic
processes which satisfy that for all N € N, n € {0,1,..., N — 1} it holds P-a.s. that Y{¥ = ¢

- (n+1)T
and YN, = (Idy —LA) 1(Yn + I%N B(Y,)dW,). The above assumptions ensure (cf., e.g.,

Proposition 3 in Da Prato et al. [I12], Theorem 4.3 in Brzezniak [§], Theorem 6.2 in Van Neerven
et al. [40]) the existence of an (F)cjo,r1-adapted continuous stochastic process X : [0,7] x Q — H
which satisfies that for all ¢+ € [0,T] it holds P-a.s. that X; = ¢ ¢ + fot e=9AB(X,)dW,. The
stochastic process X is thus a solution process (of the continuous version) of the parabolic Anderson
model

dXi(z) =v 88—;2Xt(x) dt + k Xi(x) dWy(x), X:(0) = Xy(1) =0, Xo(z) = &(2) (12)



for x € (0,1), t € [0,T] (cf., e.g., Carmona & Molchanov [I0]). Theorem [[I] applies here with
v = 3. More precisely, Theorem [IT] proves that for all ¢ € C}(H,R), ¢ € (0,00) there exists a
C € R such that for all N € N it holds that

IE[p(X7)] —E[p(YY)]| < C- N~/ (13)

1.1.2 A linear Cahn-Hilliard-Cook type equation

Let H = L?((0,1); R) be the R-Hilbert space of equivalence classes of Lebesgue square integrable
functions from (0,1) to R, let T\, x,0 € (0,00), £ € H, let (2, F,P, (F¢)icpm) be a stochastic
basis, let (W}):c0,17 be a cylindrical Idg-Wiener process w.r.t. (F;)ico,r), let A: D(A) € H — H
be the Laplacian with Neumann boundary conditions on H, let A: D(A) C H — H be the
linear operator with the property that D(A) = D(A?%) = {v € D(A): Av € D(A)} and with the
property that for all v € D(A) it holds that Av = —A*v — Av — v, let (H,, (-, )y, Il ), 7 € R,
be a family of interpolation spaces associated to —A (see, e.g., Theorem and Definition 2.5.32
in [25]), let B € C(H,HS(H, H_1/3_5)) satisfy that for all v € H, v € C([0,1],R), z € (0,1)
it holds that (B(v)u)(z) = k- v(z) - u(z), and let YV: {0,1,....,N} x Q@ — H, N € N, be
stochastic processes which satisfy that for all N € N, n € {0,1,..., N — 1} it holds P-a.s. that

_ (n4+1)T
Y& =¢and VY, = (Idy — % A) ! (Yo +Y, L+ [iz¥  B(Y,)dW,). The above assumptions ensure
N

(cf., e.g., Proposition 3 in Da Prato et al. [12], Theorem 4.3 in Brzezniak [§], Theorem 6.2 in Van
Neerven et al. [40]) the existence of an (F;).c(o,71-adapted continuous stochastic process X : [0, 77 x
Q) — H which satisfies that for all ¢+ € [0,7] it holds P-a.s. that X; = e ¢ + fot et=9AX ds +
fot e=94PB(X,)dW,. The stochastic process X is thus a solution process of the linear Cahn-
Hilliard-Cook type equation

dXi(x) = [ — 25 Xo(x) — 25 Xo(x)] dt + K Xy (x) dWi(x),

X/(0)=x,1)=x"0) =X 1) =0,  Xo(z) =) )

for z € (0,1), t € [0,7]. Theorem [T applies here with v = 1. More precisely, Theorem [[1] proves
that for all ¢ € C(H,R), € € (0,00) there exists a C' € R such that for all N € N it holds that

IE[p(X7)] —E[p(YY)]| < C- N~ (15)

1.2 Notation

Throughout this article the following notation is used. By N = {1,2,3,...} the set of natural
numbers is denoted and by Ny = N U {0} the union of {0} and the set of natural numbers is
denoted. Moreover, for a set A we denote by Ids: A — A the identity mapping on A, that is, it
holds for all a € A that Ida(a) = a. Furthermore, for a set A we denote by P(A) the power set of
A. Let &1 [0,00) — [0,00), € (0,00), be the functions with the property that for all x € [0, 00),

r € (0,00) it holds that &(z) = [ >0 z?n F(r)”}l/2 (cf. Chapter 7 in [22] and Chapter 3 in [25]). In

n=0 TI'(nr+1)
addition, let (-)*,(-)7: R — [0,00) be the functions with the property that for all a € R it holds
that a™ = max{a,0} and ¢~ = max{—a, 0}. Moreover, for a number k € Ny and normed R-vector

spaces (Ei, ||l 5,); @ € {1,2}, let ||k ) » 1 lLiph (2.2 + CT (B, E2) — [0, 00] be the mappings
with the property that for all f € C*(Ey, E,) it holds that

5P @ =1 0, )

gt o) = SUD = ’ (16)
Ay
k
”f”Lipk(El,Eg) = Hf(O)HEQ + Z ‘f‘Lipl(El,Eg) : (17)
1=0

7



Furthermore, for a number k € Ny and normed R-vector spaces (Ej, |||z ), i € {1,2}, let
Lipk(E1>E2) be the set given by Lipk(ElaEZ {f € CHEy, Ey): ||f||L1p (E1,B2) < OO} In
addition, for a natural number £ € N and normed R-vector spaces (E;, ||| E) i € {1,2}, let
|'|C§(E1,E2) , ||-||CE(E17E2) : CH(Ey, Ey) — [0,00] be the mappings with the property that for all
f € C*(Ey, E,) it holds that

|f‘Ck(E1,E'2) = sup Hf(k)<x)HLk By E5) ”fHCk(EhEQ ”f ”EQ _'_ ‘f|Cl (E1,E2) (18>
b weEy (E1,E2) b

and let CF(E), E») be the set given by CF(Ey, Ex) = {f € CH(E\, Es): Hf”ck (BB < 00}
Moreover, for a normed R-vector space (U, ||-||;;) and a linear operator A: D(A) CU — U we
denote by spectrum(A) C C the spectrum of A. For sets A and B we denote by M(A, B) the set
of all mappings from A to B. In addition, for measurable spaces (€2;, F;), i € {1,2}, we denote
by M(Fy, Fy) the set of all F;/Fs-measurable ‘mappings. For two separable R-Hilbert spaces
(H, (-, >H Allg) and (A, ¢ 0 1Nl ) let S(H H) be the strong sigma algebra on L(H, H) given
by S(H,H) = o (Yoerr UAeB(H) {Ae L(H, H): Av e A}) (see, e.g., Section 1.2 in Da Prato
& Zabezyk [13]). Finally, let |-|,: R — R, h € (0,00), and [-],: R — R, h € (0,00), be the
mappings with the property that for all t € R, h € (0, 00) it holds that

[t], = max((—o0,t] N {0, h, —h,2h, —2h,...}), (19)

[t], = min([t,00) N {0, h, —h,2h, —2h, ... }). (20)

1.3 General setting

Throughout this article the following setting is frequently used. Let (H,(-,-), .| ll4), (U, (-,")y
I-l;;), and (V,(-,-) . |]|l,;) be separable R-Hilbert spaces, let U C U be an orthonormal basis of
U, let A: D(A) C H — H be a generator of a strongly continuous analytic semigroup with the
property that sup (Re(spectrum(A))) < 0 (cf., e.g., Theorem 11.31 in Renardy & Rogers [37]), let
(Hpy (5 p s Il ), 7 € R, be a family of interpolation spaces associated to —A (cf., e.g., Theorem
and Definition 2.5.32 in [25] and Section 11.4.2 in Renardy & Rogers [37]), let T € (0, 00), let
Z=A{(t1,t2) € [0,T: t1 < ta}, let (Q, F, P, (Fy)iepo,r]) be a stochastic basis, and let (W;)sepo.17 be
a cylindrical Idy-Wiener process w.r.t. (F)ejo,r1-

1.4 Evolution family setting

In Sections [0 [ and [ below the following setting is also frequently used. Assume the setting
in Section m let h € (07 00)7 (CT)TER g [17 00)7 <C7“7P>7“7P€R g [17 00)7 (CvaP)TfJ)ER g [17 OO),
R e M(B([0,T]), B(L(H_1))), S € M(B(£), B(L(H_;))) satisfy that for all ¢;,5,t3 € [0, T] with
ty <ty < t3 it holds that S, +,5% 1, = Sh 1, and that for all (s,t) € £, r,p€[0,1), 7 € [-1,1 —r)
it holds that Ss,t(H) - H, Ss,t RS(H—T‘) - HF) ||6tA||L(H,Hp) < Cp tipa ||€tA - IdHHL(H,H_p) < Cptpa
1Sl < Co, 116 Relloi, iy < Co (t = 8)77, (1S5 — €94 pn,y < Copph? (t — 5)=(0=)7,
and ||Ss,t RS — e(tis)AHL(H_MHF) S 07"77:7/? h* (t — 8)7(p+r+77)+'

1.5 Examples of evolution families

In this subsection we provide two examples of evolution families which satisfy the assumptions in

Subsection [T.4].



1.5.1 Exponential Euler approximations

Assume the setting in Section and let S € M(B(£),B(L(H-1))) and R" € M(B([0,T]),
B(L(H_1))), h € (0,00), satisfy that for all h € (0,00), t € [0,T], (t1,t2) € £ it holds that
Sppy = 274 and R = e(=1Un)A Then it is well-known (see, e.g., Lemma 11.36 in Renardy &
Rogers [37]) that there exist real numbers (C,),er C [1,00) such that for all h € (0,00), t1,t9,t3 €
0,T] (s,t) € Z, r,p € [0,1), 7 € [-1,1 —r) with t; < to < t3 it holds that Si, 1,5t 1, = St 14,
Set(H) € H, Soy RNH_,) € Hy, ||| L,y < Cot™, e = Wdullpm_,) < Cot?, |Ssulloi <
Co, 1S5 Rell e, my < Cr (t =), 186 — "9 m,y = 0, and [[S RY — e i, 1) <
Crirep 9 (1 — ) 57"

1.5.2 Linear-implicit Euler approximations

Assume the setting in Section and let S" € M(B(£),B(L(H-1))), h € (0,00), and R" €
M(B([0,T]), B(L(H-1))), h € (0,00), satisfy that for all & € (0,00), t € [0,T], (t;,t2) € £
it holds that S, = (Tdy —(ty — |t1]n) A) (g —(ts — [t2]4) A) " (1dgy —hA) ~ g
Ry = (Idg —(t — [t]n) A)_l. Then there exist real numbers (C,),cr C [1,00), (Cyp)rper C [1,00),
(Crip)riper C [1,00) such that for all h € (0,00), t1,t2,t5 € [0,T], (s,t) € £, r,p € [0,1),
Fe[—1,1—r) with t; <t < tg it holds that S , S, = S;, . Sl(H)C H, S!,R!(H_,) C H,
e r i,y < Cot™?, e =1dull i,y < Cot?, 12l < Co, 192 Rillpqr_,m < Cr (t=5) 7",
157, — e i,y < Copph? (t — s)"=7 and ||SE, RE — =4 iy, < Crpph? (t —
S) —(ptr+7) T )
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2 Strong a priori estimates for SPDEs

In this section we establish in Proposition 2] below an a priori estimate (see (22)) for an appro-
priate class of stochastic processes (see (2II)) which includes solution processes of certain SEEs
as special cases. The proof of Proposition 1] uses the generalized Gronwall lemma in Chapter 7
in Henry [22] (see, e.g., also Corollary 3.4.6 in [25]). Related estimates can, e.g., be found in
Proposition 2.5 in Andersson & Jentzen [1].

2.1 Setting

Let (H,(-,)y.|llly) and (U, (-, )y, ||ll;) be separable R-Hilbert spaces, let T € (0,00), p €
2,00), ¥ € [0,1), y,z € [0,00), let (2, F,P, (Fy)ecpo,r)) be a stochastic basis, let (W;)icpo,m be a
cylindrical Idy-Wiener process w.r.t. (F)cjo,r], let X : [0, 7] xQ — H be a stochastic process with
suPseo,7] || Xsll Loy < 00, and for every ¢ € (0,77 let Y*: [0,¢] x @ — H and Z*: [0,{] x Q —
HS(U, H) be (F;)sepg-predictable stochastic processes which satisfy that for all s € (0,) it holds
that

Xu X :
¥ iy < PRI and |2 sy < TR (21)




2.2 A strong a priori estimate

Proposition 2.1 (A strong a priori estimate). Assume the setting in Section [21. Then it holds
for all t € [0,T] that P( [} |YE|u + 1 21350 ds < 00) =1 and it holds that

(1-9)
sup || Xl zee;m) < \/55(1_19) [% + z\/p (p—1) T(1—19)]

te[0,7)
t t
X, — [/ Ytds+/thW}
0

- sup

< ll g “”‘”Tu_m] (22)

t€[0,T] Lp(P;H) V20-9)
V2E1_g) {yIT(l - +Z\/p 1) 70~ ’”} sup | X o e,y < 00,
t€[0,T]

Proof. We first observe that (21]), Holder’s inequality, and the assumption that sup,¢(o 77 | Xs| o ;)
< oo imply that for all ¢ € [0, 7] it holds that

t ! Supv s ||XU||LP P;H
/ |’}/;t|’LP(P;H) ds < y/ E[O,t]_ . ( )ds
0 0 (t—s)

1/2
+(1=9) /t SUDyelo,s] ||Xv||%P(IP’;H) ds] < 00
0

(23)
<y

1-9) (t—s)

In addition, we note that (2I)) and again the assumption that sup,co 1 [| Xsl|zr(e,zr) < 00 show that
for all ¢t € [0, 7] it holds that

t 1/2 ! sup 1, |12 1/2
-1 -1 ve(0,s] vllLp(PH
|:p(p2 )/ HZQ‘%P(P;HS(U,H)) dS} <z [p(p2 )/ (t—s) 1 gs < 0. (24)
0 0

Combining ([23)-(24) and the assumption that p > 2 proves that for all ¢ € [0,7] it holds that
fot Y o2 ey + HZﬁH%Q(P;HS(U’H)) ds < oo. This, in turn, shows that for all ¢ € [0, 7] it holds P-a.s.
that

t
/ 1Y + 124 s ds < oo, (25)
0

It thus remains to prove (22)) to complete the proof of Proposition 21l For this observe that ([23)—
(28) and the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabezyk [13]
imply that for all ¢ € [0,77] it holds that

+

t t
/ Yids / ZLdW,
0 Lp(P;H) 0

(1-9)/2 — t Xl
- yt . p(p—1) / SUDyelo,s] 1 X017 (BH)
=~ Vi-v 2 ; (t—s)?

Next we observe (cf., e.g., [24]) that for all ¢,u € [0,T] with ¢ < w it holds that

L (P;H)
1/2 (26)

/t SUPye(o,s] HX HLP(]PH)d _/u SUPye[0,s—u+t] HX HLF (P;H)
0 u

d

(t=s)7 ~ (u=s)? )
2 2 (27)

“ SUPye(o,5] HXUHLP(P;H) * SUPvel0,s] HXUHLP(]P;H)
< ds < ds.
u-t (u—s)? 0 (u—s)?
Moreover, we note that the Minkowski inequality ensures that for all ¢ € [0, 7] it holds that
(RGeS
t t t t (28)
X — {/ Yids +/ Z! dWS} / Yids ZdW
0 0 L7 (P;H) 0 L (B;H) 0 L7 (P;H)

10



Combining ([28) - ([28) with the fact that Va,b € R: (a + b)* < 2a2+2b? proves that for all u € [0, T
it holds that

t t
sup ||Xt||L,,(P ) <2 sup || X; — [/ Yids +/ Z! dWS] (29)
te[0,u] t€[0,T] 0 0 LP(P;H)
2 2
=)/ 1 u SUPyeo.9] || Xt|| 1.
Lo |Y . pp—1) / veios | }LL ®H) (30)
V1-19 2 0 (u—s)

This and the assumption that supeg 7y || Xsl[zr e,y < 00 together with the generalized Gronwall
lemma in Chapter 7 in Henry [22] (see, e.g., also Corollary 3.4.6 in [25]) proves the first inequality
in (22). In the next step we note that (26) implies that

t t
Xt—[/ Y;ds+/ ZﬁdWs}
0 0

sup
t€[0,T] Lp(P;H)
t t
< sup || Xyl popy + SUP /Ystds + /ZﬁdWs ] (31)
te[0,717] te[0,7) 0 Lp(P;H) 0 Lr(P;H)
y 70 p(p—1)T0-

This proves the second inequality in ([22). The third inequality in (22]) is an immediate consequence
of the assumption that sup,c(o 1 | Xsl|zr e,y < 00. The proof of Proposition 2.1lis thus completed.
]

3 Strong perturbations for SPDEs

In this section we prove in Corollary Bl a perturbation estimate (see ([B3)) for an appropriate
class of stochastic processes which includes solution processes of certain SEEs as special cases.
Corollary B follows immediately from Proposition 1] in Section Corollary Bl extends the
perturbation estimate in Proposition 2.5 in Andersson & Jentzen [I]. Further related strong
perturbation estimates for SEEs can, e.g., be found in Hutzenthaler & Jentzen [23].

3.1 Setting

Let (H, (-, )y, |Illz) and (U, (-, -);;, ||||;) be separable R-Hilbert spaces, let T' € (0, 00), p € [2, 00),
v € [0,1), y,z € [0,00), let (2, F, P, (Fi)epo,r]) be a stochastic basis, let (W;)ie0.] be a cylin-
drical Idy-Wiener process w.r.t. (Fy)wcpo,r, let X, X: [0,7] x Q@ — H be stochastic processes
with supco 7 | Xs — Xsllze@ay < oo, and for every t € (0,77 let Y, Y*: [0,¢] x @ — H,
Z' 7" [0,t] x Q@ = HS(U,H) be (Fs)sepg-predictable stochastic processes such that it holds
P-a.s. that fot WYEila + 1Y e+ 1Z s,y + ||Z§||§{S(U7H) ds < oo and such that for all s € (0,1)
it holds that

t ot Y supyeo,s 1 Xu—XullLr B;m) t ot zsup,,c(o,s] | Xu—XullLp (B;1)
1Yy =Y{ o) < =L N Ze=Z e smswmy) < a7 - (32)

3.2 Strong perturbation estimates

In the next result, Corollary B.1] a certain strong perturbation estimate is presented. Corollary B.1]
is an immediate consequence of Proposition 2.1l Corollary B.1lis an extension of the perturbation
estimate in Proposition 2.5 in Andersson & Jentzen [I].

11



Corollary 3.1 (A strong perturbation estimate). Assume the setting in Section[31. Then

(1-9)
sup || X; — Xell ey < V2E0-9) [y\[Tl +z\/P —1)70- ”)]

te[0,7)
t t t t
X, — [/ Ystds—i—/ ZﬁdWs} + [/ Ystds—i—/ szWs:| - X,
0 0 0 0 Lr(P;H) (33)

(1—-9) (1-9) — (1-9)
<V2E1 v [L % + Z\/p (p— 1)T(1"9)] {1 + % + 24/ %}

- sup || Xy — )_(tHLp(lp;H) < 0.
te[0,7

- sup
t€[0,T]

As an application of Corollary B.I] we establish in the next result, Corollary B2l an a priori
estimate for the difference of two numerical approximation processes with possibly different initial
values. Corollary is an extension of Corollary 2.6 in Andersson & Jentzen [I].

Corollary 3.2. Assume the setting in Section 31, let S € M([0,T], L(H)), and assume that for
all t € [0,T] it holds P-a.s. that

t t t t
Xt:StXO+/ y;ds+/ Ztaw, Xt:St)_(o+/ deer/ Ztaw,.  (34)
0 0 0 0
Then
sup ||Xt_Xt||LP(IP;H)
te[0,7)
] i (35)
< \/_ Sup ||St||L(H ||X0 — XOHLP(]P’;H) 5(179)|: V10 +Z\/p (p — 1) T(lﬁ):| .
te[0,T

4 Strong convergence of mollified solutions for SPDEs

In this section we establish in Proposition below an elementary a priori bound on the differ-
ence between a certain stochastic process and a mollified version of this process. In the proof of
Proposition 4.3 we use Corollary B.1] from Section Bl above. Results related to Proposition can,
e.g., be found in Proposition 4.1 in Conus et al. [I1] and in Lemma 2.8 in Andersson & Jentzen [I].

4.1 Setting

Assume the setting in Section L3 let p € [2,00), ¥ € [0,1), I € M(B([0,
(

). B([0,T1)),
(C)repoy € [1,00), F € Lip"(H,H_y), B € Lip®(H,HS(U,H_sp)), L € M(B

T
), B(L(H_1)))
T

satisfy that for all ¢ € [0,77] it holds that II(t) < ¢ and that for all (s,¢) € (£ (0, 2) pel0,1)
it holds that LQJ(H) Q H, Ls,t(H—p) Q H, ||6tA||L(H) S CQ, ||6tA - IdHHL(Hp C tP and
| Lstlloer_,my < Cp(t —5)77, and let Y*: [0,T] x Q — H, x € [0,T], be (]:t)te 0,7]-P redlctable
stochastic processes which satisfy that for all k € [0,71 it holds that sup,coy [[Yiillre@m < 00

and which satisfy that for all k € [0,T], t € (0, 7] it holds P-a.s. that Y = Y} and

t t
Ve =LYt [ Lae PG ds+ [ L BY) dW. (36)
0 0

4.2 A priori bounds for the non-mollified process

In this subsection we establish two elementary and essentially well-known a priori bounds for the
processes Y, k € [0,T], from Subsection LTl The first a priori bound is presented in Lemma [£]]
and the second a priori bound is given in Proposition below.
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Lemma 4.1. Assume the setting in Section [{.1] and let k € [0,T]. Then supyeio 7 ||| e ;)
< Q.

Proof. We observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato
& Zabcezyk [13] ensures that for all ¢ € [0, 7] it holds that

t
1Y oy < N Lo Y6 | o) + / 1 Lo €™ F (Vi) ooy ds
0

¢ 1/2
-1 K K
+ {p(pz ‘)/0 ILst € B(Yfi ) 3o @rsiv.mmy) dS]

t
Co Cy |1F(YF o) lLe @ m_ )
e e
0

t 2 2 K 2 1/2
+ p(pfl) |CO‘ ‘Cﬂ/2| ||B(Yn(s))||Lp(]p;Hs(U,HJ9/2)) d
2o i—s)? S

CoCo T |Fllysomm_y | CoCo/2Vp@-1)THY) IBllLipo . mrsw.a_y )
1-9) V2—20

< |Co+

- sup || max{1, |y llz e ew)-
s€[0,T]

This and the fact that sup,cg g | max{1,|[Y{{,lu}rer) < 1+ supciom Vi lr@m < o0
complete the proof of Lemma .11 O

In the next result, Proposition B2, an a priori bound for the process Y is established. The
proof of Proposition uses Corollary B.Il and Lemma [£.1] above.

Proposition 4.2 (An a priori bound for the non-mollified process). Assume the setting in Sec-
tion[4.1. Then

sup [V Loy < \/5{ sup max{ L, || Loz } 11Y0 |l oo

te[0,T] te(0,T]
Co T NFO)|a_, Co/2/p(p—1) TU=Y) ”B(O)”HS(U,H719/2) 38
T (1-9) + \/2(1_19) ( )
\/5019 T=7) ‘FI ipO (H,H_
&9 { \/f;p TR0 4 Cﬁ/Q\/p (p—1)T0=Y) |B|Lip°(H,HS(U,H19/2)):| < 00.

Proof. Throughout this proof let L: {(t1,t,) € [0,T)?: t < t2} — L(H_;) be the mapping with
the property that for all (t1,¢;) € Z, v € H_; it holds that L, ;,v = Ly, 4,v and with the propert
that for all ¢ € [0,77] it holds that L;; = Idy ,. Combining Corollary Bl and Lemma ] show
that

t t
sup ||YY]| ooy < V2 sup ||Los YY)+ [ Loy F(0)ds+ [ Ly, B(0) dW,
Ly (p;H) te[0,7) 0 0

te[0,7

<& VeTU D oo + — 1) T0=9 Cy), | B
1=-9) | " /g Y | |Lip0(H,H,19) p(p ) /2 | |Lip0(H,HS(U,H_79/2)) .

Combining ([B9) with the triangle inequality and the Burkholder-Davis-Gundy type inequality in
Lemma 7.7 in Da Prato & Zabczyk [I3] completes the proof of Proposition A2l O

Swith X; = 0, Y! = Ly +F(0), Z! = Ls+B(0) for s € (0,t), t € (0, 7] in the notation of Corollary BI]
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4.3 A strong convergence result

Proposition 4.3 (A bound on the difference between the mollified and the non-mollified pro-
cesses). Assume the setting in Section[{d] and let k € [0,T], p € [0,5%). Then

sup ||V =Y ooy < Fr |:Supt€(0T max {1, | Lol oqn  max{1, [Y§'||zo@im}

t€[0,T)
B — 2
CpClyChi T(1—9) ||F||Lip0(H,H_19) CpCyya Cp+19/2\/p(p71) T(1=29) ||B||LipO(H,HS(U,H,,9/2))]

(1-9-p) V2 (1-0-2p) (40)

(1-9) 2
. ‘5(1719) [%Whipwﬂﬂ_g) + \/p (p—1) T Cy Cyyo |B|Lip0(H,HS(U,H_0/2)):| ) '
Proof. First of all, we observe that Lemma [£1] allows us to apply Corollary B.1] to obtain] that

SUP vy -y HLP(]PH)
te[0,7]

K (1-9) K —
< 5(1—19) [Cﬁ e AF|Lip0(H,H_0) ﬁ\/le + Cﬂ/z le AB|Lip0(H,HS(U,H_W2))\/p (p—1) T ﬂ)] (41)

V2 sup

t€[0,7]

t

t
[ Let (=) P st [ L (1 =) B .
0

Lr(P;H)

Moreover, we observe that for all ¢ € (0,7 it holds that

t
/ Ls,t (IdH —€RA) F<Y]9(s)> ds
0

C,Cryo K’
= / ﬁ ”F(Yg(s M re@a_g) ds
Lr(P;H) 0 (42)
CpCypytd=0=0)
< % I ipo ) st max{1, HY;’O”LP(IP;H)} "

sel0,

In addition, the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [13]
implies that for all ¢ € (0,77 it holds that

l

t
/L&t(IdH—e Y B(Yj)) AW,
0

LP(P:H)
1/2
1) €, C +19/2’% °P 43
< {p@ / p ar IBY )| 2e@msw.m_y ) 5 ()
o \/W
< p+ﬁ/2\/2 25 1, Bl Lipo (a1, 150,81 9/2)) S}(l)p max{ L [V | o } -
sE€

)

Putting (42) and (43)) into (@I]) yields that

Sup HYtO — Y HLP(]P;H)
te[0,7]

(1-9)
€y [%mem{ﬂ_g) + \/p (p—1) T Cy Cyya |B|Lip0(H,HS(U,H_19/2)):| (44)

< V2r” sup max{1, Y| e }
te[0,7

CpCpig T Cp Cproa/p(p=1) TO—7-20)
. {% ||F||L1p HH_g) T : p+0/2¢2 21129 1p ||B||L1p (H,HS(U,H_ 19/2))]

iwith Xy = Y/, YI = Ly e F(Yﬂ“(é)) Zt = Lg, e“AB(YH’”"(S)) for s € (0,t), t € (0,7] in the notation of
Corollary B
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Combining Proposition 2 and (4]) proves that

Y2 = Y7 ooy < 27 [ sup max{L, || Zoallzn} max{L, Y9 llooem}

te(0,77
Cy T NFO)u_,  CopaVP@-D)TDNBO)asw.n_y )
+ =) + NoEST]
(45)
Cp Cpypp TH=9=P) ”F”LipO(H,H_ﬂ) Cp Cpro/2/p (p—1) T1=7=20) ”B”LiPO(H,HS(U’H—ﬂ/z))
) (1—9—p) V2—20—4p
V2TU=9) Cy Cy |F|y, O, H_y) 2
: ’5(1_19) { — o+ \/p (p— )T Co Copo | Bluipd (1,551 )
Hence, we obtain that
Y2 = Y7 | ooy < 55 LS(I(l)pﬂ max{1, || Lol e } max{1, |5l Lo }
Cy TODNFO)|a_y | CoraV/P =) T NBOasw,m_y )
+ (1-0) + V2—20
e (46)
Cp Cppp TU) IF N0 (a1, _y) Co CprojaV/p(p=1)TE—) ”B”LipO(H’HS(U’Hfﬁ/Q))
’ (1—0—p) V2—20—4p
V2T Co Cy |F|y; O(H,H_,) 2
: '5(1—19) [ o . = - \/p (p - 1) T1=9C, C'19/2 |B|LipO(H,HS(U,H,,9/2))
This implies ([@0). The proof of Proposition B3] is thus completed. O

5 Mild stochastic calculus

In Theorem 1 in Da Prato et al. [I2] a new — somehow mild — It6 type formula has been proposed
and this formula has been called mild It6 formula. The mild It6 formula suggested in Theorem 1 in
Da Prato et al. [I2] has been proved from the deterministic starting time point ¢y € [0, 00) to the
deterministic end time point ¢ € [tg, 00). In Theorem [(E.3]in this section we generalize this mild It6
formula by allowing the end time point ¢ € [tg, 00) to be a stopping time. We then use Theorem [.3]
to derive a mild Dynkin-type formula in Corollary This mild Dynkin-type formula, in turn,
is used in Proposition below to derive suitable estimates for expectations of compositions of
smooth functions and mild Ito6 processes. Proposition is used intensively in the proof of the
weak convergence result in Theorem [L1] (see Section [@ for details).

5.1 Setting

Throughout this section we assume the following setting. Let ¢ty € [0,00), T € (tg,0), £ =
{(t1,t2) € [to, T)?: t1 < ta}, let (Q, F, P, (Fi)iejto,r]) be a stochastic basis, let (Wo)ieto,r) be & cylin-

drical IdU_VViener process w.r.t. (‘E)tE[t07T}7 let (Ha <'7 >H ’ ||||H)7 (Fla <'7 '>ﬁvv ||||EI)’ (I:I, <'7 >ﬁ ) ||||H)7
(U, -, Ilg), and (V, (-, )y, ||-]l/) be separable R-Hilbert spaces with H C H C H continuously

and densely, and let U C U be an orthonormal basis of U.

5.2 Mild It6 processes

For the convenience of the reader we recall the notion of a mild It6 process; see Definition 1 in Da
Prato et al. [12].
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Definition 5.1 (Mild Ité process). Assume the setting in Section 5.1} let S: Z — L(H, H) be

B(£)/S(H, H)-measurable mapping such that for all t1,t,,t5 € [to,T] with t; < to < t3 it
holds that Sy, 4, Si.m = Sk, and let YV [to, T] x Q — H, Z: [to,T] x Q@ — HS(U, H), and
X: [to, T] x Q — H be (F)wefy 1-predictable stochastic processes such that for all ¢ € (to, T] it

holds P-a.s. that ft 11Ss+Ysll i + ||Ss.6Zs ”HS v,y @ < 00 and
¢ t

Xt == Sto,t Xto + / Ss,t}/s ds +/ S&t ZS dWS (47)
to to

Then we call X a mild It6 process (with evolution family S, mild drift Y, and mild diffusion 7).

Lemma 5.2 (Regularization of mild Ito processes). Assume the setting in Section [1] and let
X [to, T] x Q — H be a mild Ito process with evolution family S: 2 — L(H H), mild drift
Y [to, T] x Q — H, and mild diffusion Z: [t,T] x Q — HS(U, H). Then

(i) there exists an up to indistinguishability unique continuous stochastic process X [tg, T]xQ —
H withVt e [to,T): ]P(Xt = St,TXt) =1

(i) and for all continuous stochastic process X : [to, T] x Q — H with ¥t € [ty,T): P(X, =
St7TXt) =1 and all t € [ty,T] it holds that X is (Fs)sepo1)-predictable, it holds P-a.s. that
X = Xp and it holds P-a.s. that

t t
X, = Sto.r Xty + / SsrYsds + / Ssr ZsdWs. (48)
to

to

Proof. The assumption that X is a mild Ito process, in particular, ensures that it holds P-a.s. that
ftf |96, 7Ys|| 7 + HSSvTZSH?{S(UH) ds < oo. This implies that there exists a continuous stochastic

process X : [to, T] x Q — H such that for all ¢ € [to, T it holds P-a.s. that

t

t
Xt == Sto,T Xto +/ S&T}/;ds + / S&T ZS dWS (49)

to to

Next observe that Definition [5.1] ensures that for all ¢ € (¢y,7") it holds P-a.s. that

t t
Soa X+ [ SuaVedst [ S Zodw,

to . to . (50)
= St,T (Sto,t Xto -+ / Ssﬂg Y;\ ds —+ / Ss,t Zs dWs) = St,T Xt.
to to
This establishes that for all ¢ € [tg, T) it holds P-a.s. that
t t
Sto,T Xt() + / SS7T}/;d$+ / SS7T ZS dWS = St7T Xt' (51)
to to

Combining (1)) with (@9) shows that there exists a continuous stochastic process X:[tg, T] xQ —
H such that for all ¢ € [tg, T') it holds P-a.s. that

t t
Xt — Sto,T Xto + / SS,T }/3 dS + / SS,T ZS dWS — St,TXt- (52)
to to

Moreover, observe that for all continuous stochastic processes X,Y: [0,T] x Q — H with Yt €
[to, T): IP’()_Q = 57,5) = 1 it holds that IP’(Vt € [to, T]: X, = Yt) = 1. Combining this with (52)
proves Item (). Item (i) is an immediate consequence from (52)) and Item (). The proof of
Lemma is thus completed. O
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5.3 Mild Ito6 formula for stopping times

Theorem 5.3 (Mild It6 formula). Assume the setting in Section[Zd, let X : [ty, T] x Q — H be a
mild It6 process with evolution family S: £ — L(H, H), mild drift Y : [to,T] x Q — H, and mild
diffusion Z: [ty,T) x Q — HS(U,H), let X: [to,T] x Q — H be a continuous stochastic process
with V't € [to, T): P(X; = SyrX;) =1 (see Lemmal53), let r € [to,T), ¢ = (¢(t, T))iefrr), vefi €
CY2([r, T} x H,V) and let 7: Q — [r,T] be an (F;)iepm-stopping time. Then it holds P-a.s. that

T
/ [(Z0) (s, Ss0X)Ssx Y|, + |[(Z0) (s, SS,TXS)S&TZSHZS(UM ds < o0, (53)

T
/ (5 (5, Ssr Xy, + () (s Sr X o rvy S50 Zs s m ds < oor (54)

T

o(1, X;) = p(r, SrrX,) +/ (g ©)(s, S5 Xs )ds+/ (BQ )(s, Ss17Xs) Ssr Ysds
' (55)
/ (20)(s, S Xy) Ser ZodW, + 1Y / 25 0)(8, SsrXs) (S Zsu, Sy Zsu) ds.

uel

Proof of Theorem[5.3. First of all, we note that Theorem 1 in Da Prato et al. [12] establishes
(G3) and (B4). It thus remains to prove (B5). For this let ¢ [r,T] x H =V, po1: [r,T] x
H — L(H,V), oo: [r,T] x H — L®(H,V) be the functions with the property that for all
t € [r,T], x,v1,v5 € H it holds that ¢19(t,2) = (2¢)(t 2), poi(t,z)v1 = (Z¢)(t,z)vi, and
wo2(t, x)(vy,v2) = (aa—;@) (t,x)(v1,v2). Then note that Item (i) of Lemma and the standard
[t6 formula in Theorem 2.4 in Brzezniak, Van Neerven, Veraar & Weis [0] show that it holds P-a.s.
that

o(r, X0) = o, X,) + / rols, Xs) ds + / oi(s, X,) Sar Y, ds
, " " (56)
"—/ (,001(8 X)SSTZ dW-'- Z/ QOQQSX)(SSTZUSSTZ u)d

uel

Combining this with Lemma 1 in Da Prato et al. [I2] and with the fact that V¢ € [to, T): P(X; =
St Xt) = 1 shows that it holds P-a.s. that

o(1,X;) = ¢(r, SprXy) +/ ©1,0(s, Ss,rX5) ds +/ ©00,1(8, Ss1Xs) Ss1Ysds

T (57)
+/ 001(8, Ss7Xy) Sop Zo AW, + 1 Z/ 002(8, Se1X,) (SerZsut, SerZsu) ds.
r uelU
The proof of Theorem is thus completed. O

Definition 51.4V(Extended mild Kolmogorov operators). Assume the setting in Section B.1], let
S:Z — L(H,H) be a B(£)/S(H, H)-measurable mapping such that for all t,,t,t5 € [to,T]
with ¢, < to < t3 it holds that Sy, 1,5, 1, = St 4, and let (t1,%3) € Z. Then we denote by
Ly, C2(H,V) — C(H x H x HS(U,H),V) the function with the property that for all ¢ €
C2(H,V),ze H,ye H, ze HS(U, H) it holds that

(‘Cfl,tg(p) (.T, Y, Z) = (p/(Stl,tQ SL’) Stl,t2 Y+ % Z 90//<St1,t2 x)(Stl,tQ Z U, Stl,tg z U) (58)

uelU

The next corollary of Theorem specialises Theorem to the case where r = tg and where
the test function (p(t, %)),c (11, ccr € CV*([to, T] x H, V') depends on = € H only.
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Corollary 5.5. Assume the setting in Section (1], let X: [to,T] x Q — H be a mild Ito pro-
cess with evolution family S: £ — L(H,H), mild drift Y: [to,T] x @ — H, and mild dif-
fusion Z: [to, T] x Q@ — HS(U,H), let X: [to,T] x Q — H be a continuous stochastic pro-
cess with YVt € [to,T): P(X; = SirXy) = 1 (see Lemma [53), let ¢ € C*(H,V), and let
7: Q — [to, T) be an (Fy)iepto,11-stopping time. Then it holds P-a.s. that ftf ' (Ss.7Xs)Ss 7Yl +
||<p’(SS7TXS)SS,TZS||§{S(U7V) 1" (Ss o X) | Lo v HS&TZSH?{S(U,H) ds < oo and it holds P-a.s. that

0(X;) = ©(SiyrXt,) + / (LSTQO)(XS,YS,Z )ds+/ O (Ss1Xs) Ssr Zs AW (59)

to to

5.4 Mild Dynkin-type formula

Under suitable additional assumptions (see Corollary 5.6 below), the stochastic integral in (BJ) is
integrable and centered. This is the subject of the following result.

Corollary 5.6 (Mild Dynkin-type formula). Assume the setting in Section[id, let X : [to, T]x 2 —
H be a mild It6 process with evolution family S: £ — L(H, H), mild drift Y: [to, T] x Q2 — H, and
mild diffusion Z : [to, T|xQ — HS(U, H), let X : [to, T| xQ — H be a continuous stochastic process
with V't € [to, T): P(X; = SyrX:) = 1 (see Lemmal[52), let o € C*(H,V), and let T: Q — [to, T
be an (Fy)iep,,)-stopping time with the property that E| ftz ' (Ss7Xs) Ss.r ZSH%{S(U,V) ds|'/?] +
min{E{[|¢(Si.rXe,) + [ (L3r0) (X, Y, Zo) ds|lv], E[lo(X)llv]} < oo Then E[fo(Xo)[lv +
||§0(St0,TXto) + LZ(‘CSS,TQO)(X& Ys, ZS) d‘SHV} < 00 and

E[QP(XT)] = E[Qp(sto,TXto) + ftq(—) (‘CSS,T()O)(X& Ytsa Zs) dS] . (60)

Corollary is an immediate consequence of Corollary and, e.g., of the Burkholder-Davis-
Gundy inequality in Problem 3.29 in Karatzas & Shreve [26].

5.5 Weak estimates for terminal values of mild Ité processes

Proposition 5.7. Assume the setting in Section [2.1, let X : [to, T] x Q2 —>AI;T be a mild Ito pro-
cess with evolution family S: £ — L(H, H), mild drift Y: [to, T] x Q — H, and mild diffusion
Z: [to, T) x Q — HS(U, H), let ¢ € C*(H,V), and assume that {|¢ (S, Xy + ftT SsrYsds +
ftz Ser Zs dAW,)|lv i (Fo)iepy ) -stopping time 7: Q — [to, T]} is uniformly P-integrable. Then it
holds that E|||o(X7)|lv + l¢(SterXe,)|lv] < 0o and

B[]y < [1B[w StoTXto}HVHE[H Sre) (XY 20|, | ds. (61)

Proof. First of all, we observe that the assumption that the set {||¢(SyrX¢, + ftT s Ysds +
ftz Ser Zs dAW,)||lv : (F)tefto,r-stopping time 7: © — [to, T} is uniformly P-integrable ensures that

E[lle(X)lv + [|¢(StwrXw)|lv] < oo. It thus remains to prove (BI). For this let 7,,: Q — [to, T,
n € N, be the functions with the property that for all n € N it holds that

t
T, = inf({T} U {t € [to, T]: [||¢'(Ss1Xs) Ssr ZS||§{S(U7V) ds > n}) (62)
to

and let X: [tg,T] x Q — H be a continuous stochastic process with the property that ¥Vt €
[to, T): IP’(X} = S,;TXt) = 1. Note that Item (@) of Lemma ensures that X does indeed
exist. Moreover, observe that for all n € N it holds that 7, is an (F)sep,,r-stopping time.
Next note that Corollary shows that it holds P-a.s. that [ ||¢/(Ss7X;) Ssr ZS||§{S(U7V) ds <
oo. This, in turn, establishes that it holds P-a.s. that lim, _,. 7, = 7. In addition, note that
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Item () of Lemma B2 together with the assumption that the set {||¢(Sy, 7 Xy + ftz SsrYsds +
ftz Ser Zs dAW,)|lv: (F)tefto,r-stopping time 7: © — [to, T} is uniformly P-integrable ensures that
the set {||o(X,,)||v: n € N} is uniformly P-integrable. This and (62]) establish that for all n €
N it holds that E[[|o(X,,)|lv] + E[ [;" l¢/( STSS,TZS)H%{S(U,V) ds] < oo. We can thus apply
Corollary to obtain that for all n € N it holds that

E[p(X,)] = E[o(StrXu) + fi (L3r0) (X, Ys, Z4) ds]. (63)
The triangle inequality hence proves that
lim sup [E[e(X)] < ([E[o(SrXio)]llv + Jo BIILIre) (Xs. Vs, Zs)lv] ds (64)

This together with the uniform P-integrability of {||o(X,,)|lv: n € N} proves (6I). The proof of
Proposition 5.7 is thus completed. !

Proposition 5.8 (Test functions with at most polynomial growth). Assume the setting in Sec-

tion [0, let X: [to,T] x Q@ — H be a mild It6 process with evolution family S: Z — L(H, H),

mild drift Y : [to, T] x Q — H, and mild diffusion Z: [to, T| x Q@ — HS(U, H), and let p € [0, 00),
e : _ T

p € C*(H,V) satisfy sup,cpr [lo(@)llv (L + [|2lf) "] < oo and [[S, 1 Xullg + f,, 1SsrYella ds +

L 18arZal2 gy d5]'* € LP(PiR). Then it holds that E[[[o(Xr)[lv + ¢ (S rXeo)llv] < o0
and

B[]y < [IB[w StoTXto}HVHE[H Sre) (XY 2|, | ds. (65)

Proof. Throughout this proof let X: [to,T] x Q@ — H be a continuous stochastic process with
Vit € [tg,T): IP’(Xt = SLTXt) = 1. Item () of Lemma ensures that X does indeed exist. In
addition, we observe that Item (i) of Lemma also implies that for all ¢ € [ty, T] it holds P-a.s.
that

g (@) lv .
||S0(Xt)||v < [SIEIII; W (1 + ||Xt||§r){)
’ (66)
<3 e@lv_ Sy 7 X, || ' Sy 7Yl g d ’ ts Z.d ’
<3 s - (1 + ||:L,||p) 1+ || to,T t0||ﬁ+ || s, T SHH s+ s, T s WS :
xeH 24 to to q

Moreover, e.g., the Burkholder-Davis-Gundy inequality in Problem 3.29 in Karatzas & Shreve [20]
shows that there exists a real number C' € [0, 00) such that
p/2
] : (67)

Combining (66) and (G7) yields that there exists a real number C' € [0, 00) such that

p

E <CE

sup
te(to,T)

T
/ ||SS7T ZSH?‘IS(U,H) dS

to

t
/ Ss s dW

H

E

X
S (X Hv] -

p/2

T
/ 1Sz Yl ds

to

T
/ ||S‘97TZS||§-IS(U,H) dS

to

P
|+

< C(l +E[l1St0.1 X 1%, ] + E[

).

In the next step we combine (G8) with the assumption that ||Sy, X,z + ftf |Ss.rYsll g ds +
1/2 : >
[fto |Ss.1Zs HHS(UH) ds} 2 c LP(P;R) to obtain that E[supte[tmﬂ H(p(Xt)HV} < oo. Item (@) of

Lemma [£.2] hence proves that E[supte[to,ﬂ |l o(St. Xty + fti SsiYsds + fti SsiZs dWs)Hv] < 00.
Combining this with Proposition 5.7 completes the proof of Proposition O
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6 Weak temporal regularity and analysis of the weak dis-
tance between Euler-type approximations of SPDEs and
their semilinear integrated counterparts

In this section we establish a weak temporal regularity result in Proposition 6.2l below. In addition,
we prove a weak approximation result in Proposition below. The proofs of Proposition and
Proposition use Proposition which, in turn, is established by an application of the mild It6
formula.

6.1 Setting

Assume the setting in Section [4] let o € [0,1), F € Lip®(H, H_y), B € Lip’(H, HS(U, H_y3)),
p € [2,00), let (B")pey C C(H,H_y5) be the functions with the property that for all v €
H, b € Uit holds that B*(v) = B(v)b, let ¢pp € R be a real number given by ¢pp =
max{ 1, [| Fllyipom,m_y)» ”BHiipO(H,HS(U,H,M))}’ let Y,Y:[0,7] x Q = H be (F;)iepo,r)-predictable

stochastic processes such that ||Yo||ze.sr) < 00, such that Yy =Yg, and such that for all ¢ € (0,7
it holds P-a.s. that

t t
Y; = S(),t}/() —|—/ Ssﬂg Rs F<Y\_8Jh> ds -+ / Ssﬂg Rs B<Y|_5Jh) dWS, (69)
0 0

t t
Y= ey, + /0 TINE(Y ) ds + /0 I B(Y,) AW, (70)

and let (K;),e[0,00) C [0, 00] be extended real numbers which satisfy that for all r € [0, 00) it holds
that K, = sup, yeo.ry B[ max{1, [|Yall7, 127 }]-

6.2 Weak temporal regularity of semilinear integrated Euler-type ap-
proximations

In Proposition below we establish a weak temporal regularity result for the process Y in
Subsection [6.Il The proof of Proposition uses the following elementary result.

Lemma 6.1. Assume the setting in Section 61 Then

sup K, = K, (71)
rel0,p]
Co 1F |0 (11,11 )T(l—ﬁ) Co /P (p—1) T(1—9) IBll1p0 (11,175 (0721 o) 2p
< | Co max{1, [¥oll ogeian} + R = -
3 V2Cy T Pl o "
26+ gy [ ) 00/2\/]9 (p—1)T0=?) |B|Lip0(H,HS(U,Hg/2)):| < .

Proof. First of all, we observe that the equality in (1) follows from the fact that for all x € H,
r,s € [0,00) with < s it holds that max{1, ||z||;} < max{1, ||z||5}. Moreover, we note that the
second inequality in ([ZI)) is an immediate consequence from the assumption that ||Yo||Lr@p,m) < 00.
It thus remains to prove the first inequality in ({7I]). For this, we observe that the Burkholder-
Davis-Gundy type inequality in Lemma 7.7 in Da Prato & Zabczyk [13] ensures that for all k& €
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{1,2,...,TIx/n} it holds that
| Yen| o (20

kh
< ||S0,kn Yol Lo mry + / Ssrn Bs B(Y(s),) AW
0

kh
/ Ss,kh RS F(YLth)dS
0

.

L (P;H) L (P;H)

kh
< Co Yo llowgearn, + / 1Suin Re F(Yo), )| ooy ds
0

R 1/2
; [M | 1800 B BV ) ey ds]
0

kh
< Co 1Yol o,y + Co | FlLipo a1y LE{OT?MIQ 5 | max{1, ||th||H}HLp(]P’;R)} / m ds
gLy 0

kh 1/2
—1
+ Cﬂ/g ||B||Lip0(H7HS(U7H719/2)) |: max H maX{]- || h||H}HLp ]P’]R):| |:p(p2 ) /(; (khis)ﬂ d$:|

je{0,1,...k
Co 1Flip0 21 ) [kR| (=) Cojp /P (p=1) k| =) IIB”LipO(H,HS(U,H_ﬂ/Q))
< |Co+ (1—19)0 + V2=29
s max{ LYl e
(72)
This and the assumption that ||Yol| 2o,y < 0o allow us to conclude inductively that
Y, ) = Y, gy < 00.
Slél;] | [t]n ||LP(]P,H) ke{o’géﬁjh/h} | thLP(]P,H) o0
We can hence apply Proposition to obtair[l that
sup ||Yil| 2o,y < V2
te[0,7)
Co TU=D||F(0)||rr_ 1 T0=9)
| Col¥olean + G 0 T B O s | (1)
V2C,y T(=9) I[Pl O(H,H_y)
. 8(1719) |: m L O _'_ Cﬂ/2 \/p (p - 1) T(liﬁ) |B‘L1p0(H,HS(U,H_79/2)) :

Next we note that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato &
Zabczyk [13] shows that

sup |[|YVillzo@m < S [Fmax {1, [Vill ] 1o ey

t€[0,T)
C Co IFllLipo iy T Cop VPO DT Bluom mswn_y,) (74)
’ o+ (1—9) + V2—29 :

Moreover, we observe that for all s,¢ € [0, 7] it holds that

E[ max{1, [|Y|[7, IVill5}] < E[[IVall] + E[max{1, | Y;l%}]
< sup ”Y HLP P;H) + Sl[lp Hmax{l ”Y HH}HLP(P]R

ue[

(75)

This together with (73]) and (74) proves the first inequality in (7I)). The proof of Lemma [6.1] is
thus completed. O

Swith K = 0, Lot = Sot, Lst = Ss.t Rs, II(s) = |s]p for (s,t) € (£N(0,T]?) in the notation of Proposition 2
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Proposition 6.2. Assume the setting in Section[61 and let n € [0, 00), g € [0,00) N (—o0,p — 3],
p€0,1 =), = ((@,y))eyen € C*(H x H,V) satisfy that for all x1,x9,y € H, i,5 € {0,1,2}
with v 4+ 7 < 2 it holds that

(i+9) (i+9)
(S5 ) (@1,9) = (Faay ) (2. 9| s vy < mmax{ L, [zl lzallE [yl ler — 22l -
Then for all (s,t) € Z it holds that E[||w(Y;, Ys) — (Y, Yy)|lv] < oo and

[E[0(Y:, Ys) = (Ve Y|, < 0Col "V |G, crp Kygus (= 5)°

20 (2 Co+Cpi9+2(Cy 2l +2Cs 192 00/2)3<1_0—p)+(cﬂ+%‘cﬁ/z|2) |t—s|(1 7P (76)
t_” (1—9—p) :

Proof. Throughout this proof let (g,)rejo,00) © C(H,R) be the functions with the property that
for all r € [0,00), x € H it holds that g,(x) = max{1, ||z||;} and let ¢, o: H x H — L(H,V),
VYo1: Hx H — L(H,V), 9o: Hx H — LO(H, V), thoo: Hx H — LO(H,V), ¢1,: H x
H — L®(H,V) be the functions with the property that for all x,y,v;,v5 € H it holds that
bro(z,y) v = (ge(z,y))(v1) and

Yo (x,y) v = (g(,y))(v), Yooz, y)(vi,v2) = (Z50(,9)) (01, v2), (77)

Vo2, y)(v1,v2) = (53—;2 (@,9)) (v1,02), (e, y) (v, 0) = (5 a0 (@,9)) (01, 02). (78)
Next we observe that Lemmal6.J]and the assumption that ¢ < p—3 ensure that K, < K43 < 00.
Combining this with the fact that

Vay,xa,y € H: |[Y(@n,y) — ez, y)llv < 2nmax{L [lz |57 [lz2ll% lyllE "} (79)

shows that for all (s,t) € Z it holds that E[[|¢(Y;,Y;) — ¢(Ys, Ys)[lv] < oo. It thus remains to
prove (76). To do so, we make use of a consequence of the mild It6 formula in Corollary
above. More formally, an application of Proposition showdd that for all (s,t) € £ it holds that
E[[[¢ (e 94Y,,Y,) = (Ye, Yo)|lv] < oo and

|E[0(Y:, Ye) = (Yo, YOl |, < [[E[w(e" 1YL, Y,) — (Ve Y|l

t
+ [ Ellnale ¥ )]

+/E[ V} dr.

In the following we establish suitable estimates for the three summands appearing on right hand
side of (80). Combining these estimates with (80) will then allow us to establish (76). We begin
with the second and the third summands on the right hand side of (80). We note that the
assumption that Vi, 29,y € H:

(80)

%bz%jwz(](e(tfr)A }7;’ Y*S) (e(tfr)A Bb(Y\_TJh)u e(tfr)A Bb(Y\_TJh»
S

[z, y) = (2, y)lly < nmax{l, (a7, [le2llE, |yl5} e — zalla (81)

implies that Y2,y € H: [[4r.0(z, )y < nmax(L, |4, |4} . This, in turn, proves that for
all (r,t) € £, u,v,w € H it holds that

H,QZ)LO(e(tfr)A u, ’U) e(tfr)A F(w)HV
<0 |Co| maxc{1L, [full % [[vll %} 1€ i, mp) 1F ()l

_ MCol? Comax{1, [ulliy, [0/l lluipo a1, _y) 91(w)
- (t—r)? '

Swithtg = s, T =t, H=H x Hx H,p=q+1, and ¢(z,y,2) = ¥(x,y) — ¥(z,y) for (x,y,2) € H in the
notation of Proposition 5.8

(82)
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Next we observe that the assumption that V., z9,y € H:

1901, y) = Pro(ee, Y vy < mmax{l [z, lzalls, [yl iz — w2lla (83)

shows that Va,y € H: |[t20(2,y)|lp@ @y < nmax{1, |lz]|%, lyll7;}. This, in turn, proves that for
all (r,t) € £, u,v,w € H it holds that

1 Z Hw20( U U) (e(tfr)A Bb(w), (t—r)A Bb HV

< 7 [Col? mase{ 1, Jull ol e ™ B(w) s (84)
_ 1ICI"  1Co (L, ol 10BN s 9200
= (t—r)? '

Furthermore, we note that Holder’s inequality implies that for all r,1 € (0, 00), s,t € [0, T] it holds
that

E [max{ 1, [|Y;[5 1Yl } 9:(Ys),)]

. ( s mas{1, HH,HYHH}HMM)) ( - Hmax{l,unuz}uwmﬂj 5)
u,wel0,T u€0,T]

< \Kr+l|m ‘KrJrl‘m = Ky

This and the fact that for all [ € [0, 00) it holds that sup ey E[g:/(Y]s,)] < K prove that for all
r,l €[0,00), s,t € [0,T] it holds that

Efmax{L, [¥illj [¥illir} 0i(¥iug,)] < Kot (86)

Combining ([82), (84), and (84 implies that for all (s,¢) € £ it holds that

/ E[|[¢no(e Y., Yo) e AE(Yy,) |, ] dr

Lol J

t
<n ‘Co‘q <C’19 HF”LipO(H,H_g) + % ‘Cﬂ/ﬂ2 HB”iip‘)(H,HS(U,H,ﬂ/g))) Kq+2/ m dr

Gl (Co + 1|Copal?) 65 Kgn (£ — 5)0 77
(1-9) '

IS (€AY, V) (€A BY (Y ), €A B (Y ,))

bEU

(87)

Inequality (87)) provides us an appropriate estimate for the second and the third summand on the
right hand side of (80). It thus remains to provide a suitable estimate for the first summand on
the right hand side of (8{). For this we will employ Proposition again and this will allow us
to obtain an appropriate upper bound for HE[@Z)(e(t*S)A Y, Ys) — (Y, YS)} Hv for (s,t) € Z. More
formally, let ﬁ’ns,t: HxHxH—=V,rel0s),sec(0,t),te(0,T], be the functions with the
property that for all t € (0,7, s € (0,t), r € [0,s), u,v,w € H it holds that

Fr,&t(u, v,w) =g (e(t’r)A U, Sy.s v) elt=mA F(w) — 19 (e(s”’)A u, Sy v) els—m)A F(w)

88
+ [¢0,1 (e(tir)A u, Sr,s 'U) - ¢0,1 (6(8774)14 u, Sr,s U)] Sr,s Rr F(w) ( )

and let an,t: HxHxH—V,re|0,s),s € (0,t),te (0,7, be the functions with the property
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that for all t € (0, 7], s € (0,t), r € [0, s), u,v,w € H it holds that
Bygi(u, v, w) = =3 g (e(t_”)A U, Sy.s v) (e(t_”)A Bb(w), et=)4 Bb(w))
beEU

_ % Z 'QZ)Q,O (e(sfr)A u, Sr,s ’U) (e(sfr)A Bb(w), 6(sfr)A Bb(w))
belU

+ % Z [w072 (e(t_r)A u’ ST,S U) - w072 (e(s_r)A u’ ST,S ,U)j| (ST7S Rr Bb(w)7 ST,S RT Bb(w)) (89)
belU
+ Z wl,l (e(tir)A u, Sr,s U) (e(tir)A Bb(w)a Sr,s Rr Bb(w))
belU
- Z 1/}1,1 (e(S_T)A u, Sr,s U) (e(s—r)A Bb<w>7 Sr,s Rr Bb(w)) '
belU

An application of Proposition then showd] that for all ¢ € (0,7], s € (0,¢) it holds that
[E[p(e" Y, Y) — (Y, YOI, < E[||y (e Yo, So,s Yo) — ¢ (e Yo, So.s Yo) [, ]

s B N S - _ (90)
+ /0 E[|| By (Vi Vi Yoy, ) ] dr + /0 E[| Byt (V. Vs Yoy, )] dr

In the next step we estimate the summands on the right hand side of ([@0). We observe that for
all t € (0,77, s € (0,t) it holds that

[ (e Yo, So.s Yo) — ¥ (e Yo, Sos Vo) |,
< nmax{1, [|e" Yoll%, [|S0,s Yollfr } lle" Yo — e Yol (91)
<7 |Col? go(¥) e — € [[Yollu < 0 Col” gqsn (Vo) LU=

This and the fact that E[gy+1(Ys)] < Kyq1 imply that for all ¢ € (0,77, s € (0,¢) it holds that

E[||v (e Yo, Sos Yo) — 1 (€% Yo, So.s Yo)llv] < n[Col? Kygyr S (1 — )7 (92)

Inequality ([©@2) provides us an appropriate estimate for the first summand on the right hand side
of ([@0). In the next step we establish a suitable bound for the second summand on the right hand
side of ([@0)). Note that for all ¢ € (0,77, s € (0,t), r € [0, ), u,v,w € H it holds that

HQ/JLO (e(t’r)A u, Sy v) et=m)A F(w) — 1 (e(s”’)A u, Sy v) els—m)A F(w) HV
< H WLO (e(t_r)A U, Sy, U) — Y10 (G(S_T)A u, Sy U)} elt=m4 F(w) Hv
(- 1,5,00) €004 (94— 1) P

O e 1S, svn‘z} e L B G

<y max{1, [l

+n max{1, [|e® |4, 1S, 0l } ([ (794 — 1dy) F(w)|,, (93)
- 0| Col? max{ L, [Julf, [lv]|% } |C,l? (t — 5)° HUHHCﬁ 1 | ipo e, ) 91(w)
- (s—=r)(t—r)?
L |Colmax{1, ully, [|vl|% } Cpro Cp (t = 8)” | FllLipp(ar_,) 91(w)
(s—r)(PJrﬁ) ’
H [wo,l (e(t—r)A u, Sr,s U) _,QZ)OJ (e(S_T)A u, Sr,s )} ST‘SR F HV
< 0 |Col*max {1, [lullf, lol5} 1“7 w = el Sy s Rell ey, 1 (w) 11
_ 0| Col* max{ L, [[ullf, [l } |Col? (t = 8)° [ullir Co | Flluipo ., 91 (w) (94)
- (3—7“)(0"’79)
TI|CO|q|C 1 Cymax{1, [[ull 5, |0l15} I1F luiporm_) 1 (w) (t = )7
(S—'r)(PJFﬁ) '

Twithtg =0, T=s, H=Hx H,p=q+1, and ¢(x,y) = (e 4z y) —(x,y) for (z,y) € H in the notation
of Proposition B.8
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Inequalities (O3) and (@4) prove that for all ¢t € (0,7, s € (0,t), r € [0,s), u,v,w € H it holds
that

|’ﬁr,s,t(u7v7 U})HV
[ |Cp|2019 Cor0 Cp |Cp|2019
(s—=r)P(t—r)?  (s—r)et) = (s—7r)t)) (95)
~max{ L [ull & [0l I Lo,y 1 (w) (t = 5)°

[C,(2C,Cy+ Cig)
<Gl | P a1l Y N i 9:0) ¢ = )"

< n[Col?

This and (86) prove that for all ¢ € (0,77, s € (0,¢) it holds that

/0 E[|Fra (Y, Yy, Vi) o] dr

(96)
n|Co|qc 20, Cy+Cry B
(1(— Q9p— ) = ) ||F||Lip0(H7H_19)Kq+2 (t_s)ps(l 9—p)

Next we provide an appropriate bound for the third summand on the right hand side of (@0).
Observe that for all t € (0,77, s € (0,t), r € [0,s), u,v,w € H it holds that

Z 1/}270 (e(tfr)A u, Sr,s U) (e(tfr)A Bb(w), e(tfr)A Bb(w))

belU

= 3 o (e u, S, ) (404 BYw), €A BP(w)) ||

belU

< 2 |[[20(e % s 8w ) = (07w, S ) [ (74 B (w), VA B )

+ Z [1h2,0 (€A, S, s v) ((elt=4 + el=1A) BY(w), els=4 (elt=9)4 —Tdpy) Bb(w HV (97)

n |Co|qma><{1, [ull%, [[o|5 3 ICol? (8 = 8)? l|ullm |Cop
(s —r)e(t—r)?
1 Colt mac{ L [l 1011} 2 Cops Coe Cp (¢ = 812 1B o sy 92(20)

(S — r)(PJFﬁ) ’

| ||B||L1p (H,HS(U,H_ q9/2))92( )

belU

Z [¢02(€(t r) u, Srs ) %,2 (6(3771)‘4 u, Sr,s 'U)} (Sr,s Rr Bb<w>75r,s Rr Bb(w))HV
n|Colmax{ 1, ully ol Gl (¢ = 7l 102 1B oy sy 2 (@) )

(3 — 'r)(P'f‘ﬁ) ’

E ,lvz)l,l (e(tir)A u, Sr,s U) (e(tir)A Bb(w)a Sr,s Rr Bb(w))

belU

- Z ,lvz)l,l (6(8774)14 u, Sr,s U) (6(8771)‘4 Bb(w)v S?",s Rr Bb(w)) HV

belU

S Z ‘ [1/}1,1 (e(t—r)A u, Sr,s U) - ’l/}l,l (e(S_T)A u, Sr,s U)] (e(t—r)A Bb<w)7 Sr,s Rr Bb<w)) ‘

belU

+ > ]wm (e, S, v) (e4=M4 (el=94 —1dy) BY(w), Sps R» Bb(w))] (99)

belU
0 |Col? max{L, [[ullfy, [0} G (t = )” llullr [Copl” 1Bl Lo ms ) 92(w)

(s — 1) (t — 1)k
1 |Col* max{1, [[ull7, [[0][5} Cpropa Cp (t = )7 Cops |

(S — r)(PJFﬁ)

<

. |B||L1p O(H,HS(U,H_y,2)) 92( )
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Inequalities (@7)—([@9) imply that for all ¢t € (0,7], s € (0,t), r € [0,s), u,v,w € H it holds that

| Brs.e(w, v, w)llv < |Col" max{ 1, [[ull 5™ [oll 5™} (8= ) IBIE o msoary ) 92 ()

. % \Cp|2 |C19/2|2 % 20&/2 Cp+q9/2 Cp % |Op|2 |C19/2‘2 |Cﬁ|2 |C19/2‘2 Cp+19/2 CP 019/2

(s—r)P (t—r)? (s—1)(P D) (s—r)(P+?) (s—1)(P+7/2) (t—r)7/2 (s—r)PF9)
< C q qg+1 q+1 P 2 (100)
< [Colt mas{L Jull ™ 05 ¢ = )7 1By rsion_ o 92(0)
. 2 Cp Cﬂ/g (Cp Cﬂ/Q + Cp+q9/2)

(5 — r)(P+79) ’
This and (86]) prove that for all ¢ € (0, 7], s € (0,t) it holds that
B Bneale o Vg )y
0 (101)

|B|)? 2C,Cp (Cp Copp + Cp+19/2) st=0)
Lip®(H,HS(UH_y,,)) (1—1—p) )

<n|Col" Kgy3 (t — 5)”|

Combining ([@0) with the estimates (02), (O6), and (I0T) yields that for all ¢ € (0,7T], s € (0,¢) it
holds that

B[ (1Y, Vo) = (¥, V)]

n|Col?C, (2C,Cy+ Chiy _9—

<l (i(_gp_ ) p0) 1F g0 i) Kogra (8= 5)? 807077

1 |Co|?2 Cp C29/2 (Cp C’19/2 + Cp+”/2) 2 1—9—
+ T—0—p) 1B ipo ot a5, _g ) Kavs (8= 8)° s (102)

<0 |Col? Kgir 122 (1 — 5)7

P
sP

Iy

2 (1—9—p)
q p |1C,2 | Cn (200019+Cp+19+2 Cp|Cy/al?+2Cp49/2 Cﬂ/Q) s
< n|Col*<rp Kqus (t — ) l o T a—0—p)

sP

Cy+C Cy/o2+2C C (1=0—p)
< |G, |Col%spp Kyya (t — 5)° [LJF (2Co+Cpro+2] “”ﬂi,fiw on)° p]

In addition, we note that for all (s,¢) € Z it holds that

HE[w(e(tis)A 1787 }/:9) - 1/10757 }/sﬂ HV
< nEmax{1, |V |15, [Vllh 1Yallf ) e = 1da [l 1Yol a]

~ _ (103)
< |Col Y E [max {1, [|Va|%, [1Ya]1% } Vsl o]
< |Col ™V E [max {1, [Vl IVl }] < n|Col TV K.
Combining this with (I02]) proves that for all (s,¢) € £ it holds that
[E[¢( 1Y, Y,) — (Y, Yl
. _g)P (t—s)? (2Cy4+C,r9+2|Cy /o2 +2C Cy o) s1=0=0)
<n |Cp|2 |CO|(q+1) SeB Kgis {mm{l, ¢ sp) } + ( S (11912797,)) s 19/2) ]
:77|CP|2 |CO|(q+1) SF,B Kq+3 (104)
(t—s)p (t—s)p (tfs)p (2 Cy+C +79+2\Cﬁ/2\2+20 192 00/2)8(1_19_p)
' {1[511(5)' o T ]1[0,%)(5) " (t=s)? - 1—9—p) ’
_s)P (t—3)? (2C9+C,i9+2|Cyo|>+2C C s(1=0=p)
< |G, |Col "V cpp Kyys [ﬁi o + (2C0+Cors gy o2) ] .
Combining this, ([87), and (B0) establishes that for all (s,t) € Z it holds that
[E[¢(Ye Ys) = o (Yo, Yo) [l < 0lCol" V|G, rp Kgua (t = 5)°
91p | (2C9+Cpp942C/2l?+2Cp 1972 Coya) s177 P+ (Co+3|Cy o2 [t—s] 777 (105)
’ H + (1—9—p) :
The proof of Proposition is thus completed. O

26



6.3 Analysis of the weak distance between Euler-type approximations
and their semilinear integrated counterparts

Lemma 6.3 (Analysis of the analytically weak distance between Euler-type approximations and

their semilinear integrated counterparts). Assume the setting in Section and let p € [0,1),
€ [0,1— 22— p*), t € (0,T]. Then

- 1
1Y: = Yill o,y < |Kp[» R (106)
Cpoo . Co,—p0 tli(ﬂ+gip)+HFHLipO(H,H779) Coj2,—pog VP (p—1) t1=(9F20-20)F ||B||Lip0(H,HS(U,H_W2))
tle—p)T (I=(0+e—p)T) V/2-2(9+20-2p)+
Proof. First of all, we observe that
Y= Vil < | [ (S = ) PO, s
(P
. LP(B:H-p) (107)
t—s)A tA
/ (S‘Svt R, — et ) B(Y(s),,) dWs + H (SOJ —¢€ ) YOHLP(}P;H,,,) :
0 LP(P§H7p)
Next we note that
c_,
H(SOt - etA)Yb”Lp (P;H_,) < ||SO,t - 6tA||L(H7H ||}/0||LP(P H) ) + ||}/0||LP(P H) h®
c ., (108)
- 5 1o
— tle—p)* ‘K ‘ *h

and

t t
H/ (Ss R = ) F(Yy,) ds = / (S B = "INVt oo, 45
0 Lo(PiH,)

tCy o he||F(Y, : Cy,_ppt'~0reP)"
< / 9,—p,0 H ( 19[ Jh)”fp(Pvaﬂ) ds < V.o ||F||L1 O(H,H
0 (t — 5)(@W+e—p) (I—-(0+o—p)*) o

Moreover, observe that the Burkholder-Davis-Gundy type inequality in Lemma 7.7 in Da Prato &
Zabczyk [13] proves that

(109)

1
)|Kp|p he.

t
/0 (Set Ry — e(t_S)A)B(YLS 1n) AW

LP(PH_,)
, 1/2
t—s)
< [P [ = ) B s 8
1/2 110
oo 1) [ 1o 1BV B (110)
< ds
= 9 o (t — 5)@+20-20)F
Cﬁ/ Vo (p— 1) -0 +2e-2p)* 1
—L2 T HB”LipO(H,HS(U,H_ﬂ/Q)) | K| h°.
V2 =20+ 20— 2p)
Combining (I07)-(II0) completes the proof of Lemma 6.3 O

Proposition 6.4 (Weak distance between Euler-type approximations and their semilinear inte-
grated counterparts). Assume the setting in Section[G.1] and let n € [0,00), ¢ € [0, 00)N(—00, p—3],
p€10,1=9), Y= ((x,y))eyen € C*(H x H,V) satisfy that for all z,y1,ys € H, 1,7 € Ny with
i+ j <2 it holds that

| (G

Hli+i)
8J128y9 T, 9 ) - (

) (@ Y2 || o vy < 1 max{L )G, Iyl lellf v — vellm
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Then for all t € (0,T] it holds that E[||¢(Y;, Y;) — (Y, Yy)|lv] < oo and

HEW(YQJ@ —¥(Y;,Y4)] Hv <n|Col?<rp K443 h”

1-v

C;()é 4 (CﬁoijQcﬂ/200/20p+2(\0ﬂ/2\ +C) Cop+2(|Copl® + C) G, (111)

C Copop " W FllLigoarm_yy | CO2mp VIOH@H2) OBl (1, mrs (i —v/2))
| Cpp T (1-9) + V2—-29

Proof. Throughout this proof let (g,),cf,00) © C(H,R) be the functions with the property that
for all € [0,00), x € H it holds that g,(x) = max{1, ||z||;} and let ¢, 0: H x H — L(H,V),
Yo1: Hx H — L(H,V), 9o: Hx H — LO(H, V), tho: Hx H — LO(H,V), ¢1,1: H x
H — L@®(H,V) be the functions with the property that for all x,y,v;,vo € H it holds that
bro(z,y) v = (F(z,y))(v1) and

Yo (x,y) v = (grib(,y)) (v), Yooz, y)(v1,v2) = (Z50(2,y)) (01, v2), (112)

Yo2(z,y)(v1,v2) = (59—:2 (2,9)) (v1,v2), Yra(z,y) (v, v2) = (a%a% (z,y))(v1,v2).  (113)

Next we observe that Lemmal6.J]and the assumption that ¢ < p—3 ensure that K, < K43 < 00.
Combining this with the fact that

Y,y g € He 0(,y0) = 9(z,y2)llv < 2nmax{L 257 lnlls ™ lelly " (114)

shows that for all ¢ € (0,77 it holds that E[[|¢(Y;, Y;) —(Y;, Y;)|lv] < co. It thus remains to prove
(III). To do so, we make use of a consequence of the mild It6 formula in Corollary B35 that is, we
will apply Proposition above. For this let Fs,t: HxHxH —V, (st) € Z, be the functions
with the property that for all (s,t) € £, u,v,w € H it holds that

Foi(u, v, w) = [Y10(e =)y, Seev) — Pro(e (t=9)A g elt=9)A u)] A P (w)

115

+ @/)0,1( (t=5)4 4, S, it v) Sst Rs F(w) — o1 (e(t_s)A u, elt=)4 u) elt=9)4 F(w) (115)
and let B,,: Hx H x H — V, (s,t) € Z, be the functions with the property that for all (s, t) € Z,
u,v,w € H it holds that

B 1(u, v, w)
_ % 5 [1/}270 (e(t—s)A u, Ss,tv) — g (e(t—s)A u, elt=5)A u)} (e(t—s)A Bt (w), elt=)4 Bb<w>)

beU
+ % > tos (e(t*S)A u, Sst v) (Ss,t R, B(w), S+ Ry Bb(w))
belU

— LS (e u, 4 ) (94 B (), )4 Bb(w) (116)
bV
+ > 1(6(t D, Sstv) ( (t=s)A Bb( ), Ss R Bb(w))
beU
. E wl 1( (t—s) 76(tfs)A U) (e(tfs)A Bb(w), e(tfs)A Bb<w))
b€V

An application of Proposition then showsd that for all ¢ € (0,7 it holds that
[E[0(Ye, Ya) = v (Y, Yo) Il < E[ll (e Yo, So. Yo) — v(e" Yo, e Yo) [lv ]
t
+ [ B[R oY) ] + B B2 V)l ] s

Swith to =0, T =t, H=H x H,p=q+ 1, and ¢(x,y) = ¥(z,y) — ¥(x,z) for (x,y) € H in the notation of
Proposition

(117)
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In the following we establish suitable estimates for the two summands on the right hand side of
(IT7). We begin with the first summand on the right hand side of (II7). Observe that for all
€ (0,77 it holds that

| (" Yo, So Yo) — (e Yo, Vo) ||,

< {1, So. Yol e oll} S — Yol 118)
Co|? C, Yo) h?
< 01O 94() 1S0s — ¢ s [ < T Qo gt TR

This and the fact that E[gq41(Ys)] < Kgq1 imply that for all ¢ € (0,77 it holds that

1 1Col? Co,p K1 hp
tP

E ||y (e Yo, St Yo) — ¥ (e Yo, e Yo) [lv] < (119)

Now we will estimate the second summand on the right hand side of (II7). Observe that for all
(s,t) € £, u,v,w € H it holds that

H [wLO (e(t—s)A u, Ss,t U) wl 0( (t—s) u’ 6(t—s)A u)] 6(t—s)A F(w) HV
< pmax{1, [|Secvllf, e ullf HISs v — e ul| g (| F(w)||n
B |Co|® max {1, [[ullf, |05} [[I(Ss: — 9N ollg + [l (v —w)||x] Co | F(w)|la_,

(t—s)”
q q (120)
< MGl Cy max{L, [[ullf, vl } 1F Lo, 91 (w)
(t— )
Collv — ullm
Ss _ (t—9)A 4 —p
H t— € ”L(H) HUHH+ (t—S)p
Moreover, we note that the assumption that Va,y,,y. € H:
1 (@, 31) — (@, y2)lv < nmax{1, |l=ll3, lvllf, ly2l%} v — vella (121)

implies that for all x,y € H it holds that |[¢o1(z,y)||vy < n max{1,|z|%, [|y||5}. This, in
turn, proves that for all (s,t) € Z, u,v,w € H it holds that
H%,l (e(t_s)A u, Ss v) Sst Rs F(w) — g1 (e(t_s)A u, et=)4 u) et=9)A4 F(w)
< (05,0 S — M,
+ H [1/}0 L (t u Sst'U) 1/}0 1( (t—s) u’ e(tfs)A U)] e(tfs)A
S n maX{la ||Ss,tv||H7 ||6(t ? uHH} H [Ss,t Rs - e(t_S)A] F(w HH
+ 1 max{ 1, [|Sesollf, e ull§ } 1So0v = e |y [l F(w) | a
< 1 |Col* max{L, [[ul|f; |vlIF} 1 E leipo,_,) 91 (w)

HV (122)

[

Cy Collv—ullg
Ss Rs_ (t—s)A v Ss . s)A P —p )
12 B = Pty + 7y 1500 = el ol + ==

Inequalities (I120)) and (I22)) imply that for all (s,t) € £, u,v,w € H it holds that

1E (w0, w0) |y < 9 |Col* max {1, ullgy, [0l } 1F llLipo .01 p) 91 (w)
{cﬁvo,p +2CyCo, ||v||H} 1oy 2C0Cllv - uHH_p] | (123)

(t — 5)t0) (t — 5) D)
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Next we observe that for all (s,t) € Z, u,v,w € H it holds that

S H [%70 (e(t—s)A u, Ss,tv) — g (e(t—s)A u, e(t=)4 u)} (e(t—s)A Bb(w), e=9)4 Bb(w Hv
beU

GO oy {1 ol [} B i 920
= (t—s)? (124)
Cpllv—ullu_
s)A 4 p
1= e~ ol + = 2|
Z HQ/JQQ (e(t_S)A u, St v) (Ss,t R, B*(w), S+ Ry Bb(w)) (125)
o 1/}02( u 6( —s)A u) (e(tfs)A Bb(w), e(tfs)A Bb(w)) HV

<> wa =4, Sy, 0) ([Ses Ry + =] BY(w), [Ssy Ry — ¢4 Bb(w))||,
belU

+ E H ['@Z)O,Z (e(t—s)A u, Ss,t v) o 'QZ)O,Z (e(t—s)A u, e(t—s)A u)} (e(t—s)A Bb( ) e(t s)A Bb )HV
be

< |Col* max{1, [[ullF, [[v]% }[IISstv — |y | B(w) s

+[1(Ss By + %) B(w) | usw,m [|(Ssy Ry — €% B(w)l!st,H)}

< |Col max{ L, [[ullty, 0153 1 Bllipo s, ) 92(w)

1S5, R + " niar_y i) 1560 B = =, )

|Cop|® (t—s)A Cpllv = ull,
+ (t—S) ||S8t_6 ||L(H ||'U||H+ (t—S)p )
and
S || (et 9w, Sy v) (eW94 Bb(w), S, Ry BY(w)) (126)
beU

(¢ ) (N Bw), e B )
< 3 e (09, 5 0) (0794 BYw), [Sur Re — 9] BV (w) |,
belU

i Z H [wl’l(e(t—s)A u, Sy U) _ wl’l(e(t—s)A u, et=)4 u)} (e(t—s)A Bb(w), et=94 Bb(w )Hv
< 1| Col* max{1, [[ulF, [|v[|% }[HSstv 9N g [l

+ 1€ B(w)|| s,y || [Ss Bs — €4 B(w) | ms UH)]
< | Col " max{1, [lull i, 10115} 1BI im0 mrser o L 92(w)
Copa 1St Rs — € piar_y iy |Copal?

e i Cy o~ ull
(t—s)A 4 P
— e (1= M ol + g =50 |

B(w)] %{S(U7H)

Combining (I24)—(126]) implies that for all (s,t) € £, u,v,w € H it holds that
| Bs i, 0, w) v
< 20| Col* Copo max{1, [[ullfy, 105 1Bl a1 s,y 92(w)

Copop + Copa Copllvllar] ,,  ConCollv —ulln,
(t — 3)(P+79) (t — 3)(P+79) ’

(127)
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Next observe that (I23)) and (I27) show that for all (s,t) € £, w,v,w € H it holds that

1o, v, w) v + [ Boa(w, v, w)lly < |Col” max{1, ullf, [lol3} k.5 ga2(w)

Cﬁ707p + 2 019/2 Cﬂ/2707p + 2 (|Cﬂ/2|2 + 019) Co7p (U) he 2 (|Cﬂ/2|2 + 019) Cp ||v — u||H7p
(t— s)P+) g1 (i = )07 -

(128)
In addition, note that Holder’s inequality ensures that for all r € (0,00), s € [0, 7] it holds that

E[ max{1, | Vel 1Yell } 92(Yis),)]
< ( sup HmaX{l, ||Yu||7}{, ||KJ||TI§}HL1+2/T(HJ>;R)> ( Sup HmaX{l, ||Yu||%I}HL1+T/2(P;R)> (129)
u,ve[0,T] u€e[0,T

< |Kr+2‘ﬁ |Kr+2‘Tlr/2 = Kr+27

E[g2(Yis),) 1Ys = Yallr_, ] < Nlo2(Visp) Loy 1Ys = Yillageir_,)

. (130)
< |K3|2/3 ( sup HYU - Y“HLS(P-H_ )) )
ue0,T) o
and
B [max{L, [¥alli Yl 92(Yiag) 1Ys = Vil )
< [fmax{1, [[Ysll7, [1Ysllm H prvsr ooy ”92(YLSJh)”L(”S)/Q(P;R) IYs = Yallzreaein,) (131)

42 _
< |KT+3‘1”+3 ( sup HYu - Yu‘ Lr+3(P;H_ )) :
ue[07T] 3 P

Combining (I28)—(I31)) with Lemma and the fact that 1 — (42 — p)* > p yields that for all
t € (0,7 it holds that

t
/ E[Hﬁs,t(}_fs,Y;,YLth)Hv} +E[Hés,t(?vas>YLth)Hv} ds < n|Col9 sp,5 Kqysh? t1-7=0)
0

(1=9—p)
| Co0p+2Cos Coppp+ 2 (|Copl* + Cs) Cop + 2 (|Cop)* + Cp) C, (132)
Co,—pp NPl omm_yy  Cop2pp V(@3 (@2 "D NBlLipo i mswn_y )
’ (C—pvp + (1-9) : =+ V2—20 o )

Putting (IT9) and (I32) into (IIT) proves (IIIl). This finishes the proof of Proposition [64l O

7 Weak convergence rates for Euler-type approximations
of SPDEs with mollified nonlinearities

In this section we use the results of Section [6l and the Kolmogorov backward equation associated
to an SEE to establish weak convergence rates for temporal numerical approximations of SEEs
with mollified nonlinearities; see Corollary and Corollary below. Some of the arguments in
this section are similar to some of the arguments in Section 3 in Conus et al. [I1].
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7.1 Setting

Assume the setting in Section [, let ¥ € [0,3), F € Cy(H,H,), B € C;(H,HS(U, Hy)),
p € C(H,V), let (B)ey € C(H,H) be the functions with the property that for all v €
H, b € U it holds that B’(v) = B(v)b, let sgp € R be a real number given by ¢rp =
max{1, HF”%?(HH HBHC3 (HHSU.H y2) } let X,Y:[0,7] xQ — H,Y:[0,T] x Q — H;, and
X7 [0, T|xQ — H,z € H, be (E)te[o’T] predlctable stochastic processes such that for all x € H it
holds that sup,co 7 |:||Xt||L5(]P>;H) + | XE | sy ] < 00, X§ = x, Yo € L¥(P; Hy), and Yy = X, = Y}
and such that for all z € H, ¢t € (0,7] it holds P-a.s. that

t t
X, =" Xo + / A P(X,) ds + / e =94 B(X,) dW,, (133)
0 0
t t
Xr=ely+ / eI P(XT) ds + / =94 B(XT) AW, (134)
0 0
t t
Y; = So. Yo +/ Set Ry F(Y[y),)ds + / Set Ry B(Y]s),) dWs, (135)
0 0
B B t t
Y, =Y, + / e F(Y],,) ds + / =4 B(Y,,) dWs, (136)
0 0

let u: [0, 7] x H— V be the function with the property that for all z € H, t € [0,T] it holds that
u(t,xz) = E[@(X%ft)], let ¢s, 5, € [0,00], d1,...,0, € R, k € {1,2,3,4}, be the extended real

.....

numbers with the property that for all & € {1,2,3,4}, 1, ..., € R it holds that

C§1,62,...,0, — Sup sup sup
t€[0,T) x€H vy,...,u, € H\{0}

[Ny (
: 137)
(T —t)tr+ *5’“ HwHHél o okl

let s, 6,650, € [0,00], 01,02,05,04 € R, be the extended real numbers with the property that for
all 01,...,d4 € R it holds that

651,52753754
U tx 2 t, T Viyooy U
= sup sup sup H ((8:1:?6 — ; (8:1:4 )( 2))( 1 4)HV ’ (138>
te[0,T) Z‘l,l‘;éEH, v1,...,v4€H\{0} (T - t) ! * ||{L‘1 - xQHH ||'Ul||H51 et ||'U4||H(;4
T1F£T2

let (K)refo,00) € [0, 00] be the extended real numbers which satisfy that for all € [0, 00) it holds
that K, = sup, ;cjo 7 B max{1, [|Y;|[%, [|Y:ll3;}], and let wyo: [0, T]x H = V and ug: [0, T]x H —
LE(H,V), k € {1,2,3,4}, be the functions with the property that for all ¢ € [0,T], x € H,
ke {1,2,3,4}, vi,..., v € H it holds that uyo(t,z) = (at w)(t,z) and wgi(t,x)(v1,...,0) =

((Zeu)(t,2)) (v, - ., vg).

7.2 Weak convergence rates for semilinear integrated Euler-type ap-
proximations of SPDEs with mollified nonlinearities

Lemma 7.1. Assume the setting in Section [71] and let t € [0,T), ¢ = (Y(2,Y))zyenr € M(H X

V), ¢ € M(H,V) satisfy that for all x,y € H it holds that ¢¥(z,y) = w1 (t,z)F(y) and ¢(x) =
Y(x,x). Then it holds that ¢ € C3(H x H,V), ¢ € C3(H,V) and for all x,x1,T2,y,y1,y2 € H il
holds that

a(zﬂ) o(i+3)
i Mo i<a |Gz ) @1, ) = (G w)<x2’y)HL(i+j)(H,V) (139)
< ”x(lTixf”H HFHC2(HH 9) [0719,0 + Cc_ 90,0+ 0779,0,0,0} max{1, |ly|la},
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e () @) = ) @9 s (140)

< ”%/“7yt2”}1||F||C3HH 9) [C 9+ Cogo+C 1900}
(@) (@) ,
Zer{r(l)alg} H‘b (21) = ¢ (2 HL(z)(H,V) (141
< ?%726)279”1{ ||F||C,§(H,H_ﬂ) [0—19 +c_9o+Ccpo0+ C—ﬁ,o,o,o} max{1l, ||z m, ||z| m}-
Proof. First, we note that the assumption that F € Lip*(H, H,) and the fact that (H > x
up(t,x) € L(H,V)) € C3(H,L(H,V)) ensure that v € C*(H x H,V) and ¢ € C*(H, V). Next
we observe that for all x,y, vy, ve, v3 € H with ||v1|| g, ||v2|lm, [|vs]|z < 1 it holds that

1(Z0) @ w) il = [uoa(t, ) (F), v, < =55 IF@)n_,, (142)
[(Z5) (2, 9) (vr, 02)]],, = [luos(t ) (F(y), on,0) |, < G255 1E W)y (143)
1 (Z) (. 9) (01,0, 08) ||y, = [Juoa(t, ) (F(y), vhvz,vs)Hv T IF@) (144)
[(Ge) @ y) iy, = lluoa(t2) ') nlly < =5 1F W)l wr_,), (145)
125 )(%y)(vlavz HV: o, (£, ) (F" () (v1, v Hv = "W oy, (146)
ZL‘ V1, U2, Ug = U01 T (3) V1, U2, Ug

(5 ays y> My = llwoa(t,2) (FO (y)( Ny (147)

< —0 HF( (y)”L(@(H,H,ﬂ)a
(5235 4) (@) (vn, v) ||y = [luoa(t, @) (F'(9) vav) [y < o 1E' W), (148)
IC==> V) (@ /y)(vmvs)Hv = Hms(t,:v)(F’(y)vl,ws)HV (149)

< (Tﬁfg \F ()| Lo m_y)s

(5 ) (@) (01, vz, 03) [y, = [Juoa(t, @) (F"(y) (vr, v2), vs) [, (150)

= ;“1915;9 ||F”( )HL(?)(H,H_@)-

Combining (I42)-(I44) and (I48)-([I50) with the fundamental theorem of calculus in Banach
spaces proves ([[39). Moreover, combining (I43)—(I50) with the fundamental theorem of calculus
in Banach spaces shows ([40). It thus remains to prove (I41]). For this we observe that (142)—(I50)

ensure that for all z, vy, v9,v3 € H with ||vy|| g, ||ve]| &, [|vs]|g < 1 it holds that

@l < Il + Il .
< c_ ﬂ0||F(x)||H_ﬂ(;c tl; (1F" @)L, m_y) < [c_ (?—ct 9,0) ||F||Cl ) max{l, ||$||H}>

16" (@) (v, o),

< | (F=v) (@, @) (o1, 02) |y, + 2| (Fgy0) (2, 2) (or, w2)fy, + || () (@, 2) (w1, 0) |,
c—o.00 IF@Il_y+2¢_9.0 IF' @z n_g oo IF" @ @) g1, (152)
T—0°

IA

2[c_y+c_y otc_
= fTi’;g; 2090 | Pl o) max{1, ||zl|x},

IA

69 @) (.15, < (2500 2) o,y + 3 ) . (o, 20,

+3H(amay2w)(‘” ) (v1,v2,03) Hv+ H(ays )(%90) (v1,02,03) HV

- c=0000 IF@H_y +8e—000 IF@)lagt_y+3e-00 1" @011 _p o= IFO N oy (153)
> (T—t)?
3le_ptc_v,0tc—v,0,0tc—v,0,0,0]
< S Fllop ) max{L, [|z)ln}-
Combining (I51)-(I53) with the fundamental theorem of calculus in Banach spaces establishes (I41]).
The proof of Lemma [7.1] is thus completed. O
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Lemma 7.2. Assume the setting in Section [71) and let t € [0,T), ¥ = (Y(2,y))wyen € M(H X

V), ¢ € M(H,V) satisfy that for allx,y € H it holds thatw(a: Y) = > pen to2(t, x)(B(y), B*(y))
and d(x) = (z,x). Then it holds that € C*(HxH,V), ¢ € C*(H,V) and for all z, x1,x2,Y,y1,Ys €
H it holds that

olit+) olit+i) 2 ||lx1—x2||
i,jéggi}ijSQ H (axiayj 'QZ)) (l'l, y) - (Bxiayj w) (ZL'2> y) HL(iH)(H,v) < (71“_t)219—H (154)
MBI msiwar_ ) (=020 + €opaap00 + Eoja 0] max{L, [lyllF},
9li+3) oli+3) 6 [ly1—y2l|
Z,jE&%ﬁjﬁQ H (Bxiayj ’l/}) («Tu yl) - (Bxiayj ’l/}) («Tu y2) HL(ivLj)(H,V) S (71“_,5)—279 H (155)
BI04 1) e~ F =0 020+ Cops —apo00] max{1L, lyall . w21}
(i) (4) 8 |lz1— :L“2||H
A |0 (x1) — ¢ ('TQ)HL(Z')(H,V) S T ”BHCS(HHS(UH 0/2)) (156)

. [0—19/2,—19/2 + C_vpo, 920 T Cvfo, 0200 T 5—19/2,—19/2,0,0} max{1, |11, ||z2l%}-

Proof. First of all, we note that the assumption that B € Lip*(H, HS(U, H;)) and the fact that
(H 5z + wp(t,z) € LW(H,V)) € C*(H,L¥P(H,V)) ensure that v € C*(H x H,V), ¢ €
C*(H,V), and (H x H > (z,y) (aa—;w)(x,y) e LO(H,V)) € C*(H,L®(H,V)). Next we
observe that for all x, z1, g, y, vy, vo,v3 € H with ||vy|| g, ||ve|lm, [|vs]|z < 1 it holds that

[GEe) @l < 3 uost,2) (B ), B'w), w)]|,

C_9/2,-9/2,0 2 <157)
S ey | B(y )HHS(U,H_WQ)?
| (Z50) (2,) (v, v)]], < Z |uo.a(t, z) (B (y), B*(y), v1,v2) |,
C (158)
< =G HB(ZJ)HHS(U,HJ/Q),
1(Z50) (21, y) (v1,v2) — (Zz¢) (22, 9) (v1, )|,
< bez%j || (uo,a(t, 1) — woa(t, 22)) (B*(y), B*(y), v1, v2) Hv (159)
= e ELO)| [ R
| Ge) @ vyl <23 fJuoalt, ) (B(w), (B () )l
e s (160)
< — 7572 B s o) 1B W) Lo as@,m_y )
1(5z) (@) (o, w2)] |,
<2 Z Hu(),z t,x)((B®) (y) v1, (B®) (y) va) + uoa(t,z) (B (y), (B*)"(y)(v1,v2)) ], (161)

2c _ )2, 79/2

< T—t)? (HB/( )H% (HHS(UH_y),)) + ||B(?/)||HS(U7H_19/2) ||B”(y)||L(2)(H7H5(U7H719/2))),

1(Z0) (& ), v, 05),

S22 Hu0,2 (B () var (B (y)(0r, 03))

+ uga(t, ) ((B®) (y) v1, (B”)"(y) (2, v3))
+uo (L, 2) ((BY) (y) vs, (B®)"(y)(v1, v2)) (162)
t,z)(B
3

+uga(t, ) (B'(y), (B)® (y)(v1,v2,v3)) ||,
2¢
< 7(;/215 22 (311B' ()| nimmswr o 18" (y e uswm_y,))

+ ||B(y)||HS(U,H_19/2) ||B(3 (y)||L(3)(H,HS(U,H,19/2)))’
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|G @ ) el <2 3 Juoalt @) (B*@). (B (9) v, )y

2 (163)
C_9 9
< =52 IBWrsw._o ) 1B' W)l msw.m_oy),
H(amQQy )(’Ul,’l}g,’l}g)HV
<2 Z HUOA t,x) (Bb(y)a (Bb),(y) vl,v2,v3)HV (164)
20
< g (1B asw,m_y) 1B' W)l msw,m ),
H (axﬁy ) )<U1’v2’v3)HV (165>

<2 bEZU Huo,s (2 $)((Bb)/(?/) v, (BY) (y) va, Us) + ug 3(t, $)(Bb(?/), (B®)"(y)(v1, va), Ug) Hv

2¢_ 99 9
< # (||B/(y)||%(H,HS(U,H,ﬂ/2)) + ||B(?/)||HS(U,H_79/2) ||B”(y)||L(2)(H7HS(U,H719/2)))'

Combining (I57)-([I59) and ([I63)-([I60) with the fundamental theorem of calculus in Banach
spaces proves ([I54]). Moreover, combining (I60)—(I65) with the fundamental theorem of calculus
in Banach spaces establishes (I55). It thus remains to prove (I56). For this we observe that
(I57)—(I65) ensure that for all x, vy, ve,v3 € H with ||v1] i, [|v2]| &, ||vs]|z < 1 it holds that

lo'@ wlly < [|G) @ @) oilly + [ (54) (@ 2) ],

c_9a, 92,0 1B s m 19/2)+2 C_92, 92 ||B($)||HS(U,HJ9/2) ||B'(x)llL(H,HS(U,HJ/Q))

. - s (166)
2[c_9/5 _9pFC_ 9/ _ ]
< 92, qzé%_t)ﬁﬁ/z, 9/2,0 HB”CI}(H,HS(UﬂJp)) maX{L Hl’”%r}a

H¢” Ulvv2 Hv
< H am2 01,02)Hv +2 H axay (x ) (v1, v2) Hv + H(ayQ )(ZL‘,?L‘) (vl’vz)HV

C_9/2,-9/2,0,0 ||B(93)||HS(U,H,19/2)+4c—ﬂ/27—‘9/270 I1B@)lms( U’H—ﬁ/Q) 15 @z H’HS(UyH_ﬂ/Q))
< Ty (167)

2¢_vs5 02 (”B/(x)||2L(H,HS(U,H719/2))+”B($)”HS(U7H719/2) ”B”(m)”L@)(H’HS(U’HJ%)))
=07

Alc_9/5 _95FC_ 90 95 0FC_0/5 0 ]
N 1Bl ez s,y max{L, [l2]l3}.

In the next step we observe that (IG2), (I64), (IGH), and the fact that (H > x — ¢"(z) —

( m2@[))(:p x) € LO(H,V)) € CY(H,L®(H,V)) show that for all z,z1,29,v1,vs,v3 € H with
|villa, [|va]| &, [|vs]|g < 1 it holds that

135 (6" (@) = (F) (2, 2)) (01, 02, v3) Hv<2H(axzay ) (@, ) (01, vz, vs)|, (168)

+3 || (5 ) (2, 2) (01, v2,03) | + | (S ) (3 2) (01, 2, w5) |,
dc_ g9 _9/2.0,0 ”B(x)”HS(U,H_ﬂ/Q) 1B’ (= )||L(H,HS(U,H_19/2))
= (T_t)ﬁ

66,19/2,,&/2,0 (||B’($)||i(H,Hs(U,H7ﬂ/2))+||B(J»‘)||HS(U,H719/2) ”B”(z)HL(Q) (H,HS(U,H70/2)))
(T-t)?

/ 7 (3)
6c_g/0 0/ (llB (5’3)||L(H,HS(U,H719/2)) B (JL“)HL(Q)(H’HS(U’HJ/Q))ﬂLHB(x)HHS(U,HJ&) B ($)||L(3)(H,HS(U’HJ/Q)))
(T—t)?

6(c_ 0/ _0mtC 9/ 09 0FC 09 _ ]
< 9/2,-0/2 19(/72;7;9)/5,0 9/2,-9/2,0,0 HB”CZC:(H7H5(U7HJ9/2)) max{l, H«THH}
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In addition, we combine (I59) and (I64]) with the fundamental theorem of calculus in Banach
spaces to obtain that for all z1, xe,v1,ve € H with ||vy||g, ||ve|lz < 1 it holds that

H 88—;@(:61,3:1) - (Bwa) (3727552))(7}17@2)”\/
< H((a:ﬁ )(‘Tl’xl) (ame)(xQ’xl))(vl’vz)HV
+ ([ () (w2, 21) — () (@2, 22)) (01, )|,

C_9y _d lz1—z2| m
< /2,—9/2,0,0

169
< T | B(x1) H?{S(U,H_ﬂ/g) o

2¢_9 llz1—z2]|
= 19(/;20)0 = HB”CI}(H,HS(U,HJ/Q)) max{1, [|z1][m, [|z2| 1}

2 — ~
< II(ﬂﬁTl_Zc)%IIH HBH%;(H,HS(U,HJ/Q)) [c,ﬂ/27,q9/270,0 + c,v/27,q9/270,0} max{1, ||z, |3, ||z}

Combining (166])-(I69) with the fundamental theorem of calculus in Banach spaces finally yields (I56]).
The proof of Lemma is thus completed. O

Lemma 7.3 (Weak convergence of semilinear integrated Euler-type approximations of SPDEs
with mollified nonlinearities). Assume the setting in Section [7.1] and let p € [0,1 — ). Then it
holds that E|||o(X7)|lv + le(Yr)|v] < oo and

|E[e(X1)] — E[p(Yn)]||, < LG oel =2 ¢y i b2

: [Cﬂ? + €90 + C—p,00 T C—9,000 T C—9/a,—9/2 T C9ja —9/50 T C—ifa —0/20,0 T 5—19/2,—19/2,0,0}

. [2(/)4-1) + (?7(119_:9/))) (2 Cy + Cp_Hg + 2 |Cﬂ/2|2 + 2 Cp+19/2 019/2 + Cg,om + 2 C’ﬂ/g 00/2707p (170)

1—v

(1-9) VeC T(1-0)/2
3(|Cl9/2|2+019)+2(|Cl9/2|2+019) Cp C_P,p+ Cﬁ,*&,pz;) + 9/2,—p,p i|)]

Proof. First of all, we observe that the assumption that sup,eo 7y [|X:||zs@;m) < oo implies that
E[|l¢(X7)|v] < co. Moreover, combining the assumption that Yy € L°(P; Hy) with Lemma
proves that K5 < co. This shows, in particular, that we have that sup i 7 E[lle(YD)|lv+11Ysllm, +

fOT o 1 (t, Y2) B(YLtJh)”%IS(U,V) dt] < oco. This and the standard It6 formula in Theorem 2.4 in
Brzezniak, Van Neerven, Veraar & Weis [9] prove that

E[SO(?T)] - E[QO(XTH = E[“(ﬂ YT) —u(0, YE))]

= /0 E[u1,0<t7 Y;f) + u071<t7 Y;) (AY; + F<YLtJh))] dt (171)

+ = Z/ [uo2(t, Y2) (B*(Yey,), B (Yiy),))] dt.

belU

Exploiting the fact that w is a solution of the Kolmogorov backward equation associated to
X7 [0,T] x Q — H, x € H, and ¢ (cf., e.g., Theorem 7.5.1 in Da Prato & Zabczyk [14])
hence shows that

E[o(Yr)] —E[p(X7)]

:/ E[uoi(t,Y:) F(Yy,) — uoa(t,Y:) F(Yy)] dt (172)

+3 %/ (o2 (t, Vo) (B (Yie), ). B* (Yiul,)) — woa(t, Vo) (B (Y1), B*(Y2))] dt.
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The triangle inequality hence shows that

IE[p(Xr)] —E[p(Y2)] ],

T _ _
< ({ B [uo.1(t, Ye) F(Yiey,) — woa(t, Yiep,) F(Yiey,)] |, dt
T _ _ _
+ g HE[uO,l(tv YUJh) F(YUJ}) - uO,l(tv YUJh) F(YUJh)] HV dt

-+ O}:HE[UQJG, YUJh) F(?\_ﬂ}) — UO,l(t, Y;g) F(Y;g)] HV dt

T B _ _

+ 5 [[E| S uoalt, Yo) (B*(Yiey,), B' (Vi) — S woalts Yy, ) (B® (Vi) Bb(YLtJh))] dt
0 L beU belU \%
T i _ _

+ 35 [ E| Suoa(t, Yiy,) (B (Vi) B* (Vi) — Suoa(t, Vi) (B*(Yie,): B (Yie,)) }
0 _bEU belU \Va
T B _ _ _ _ _ _

+if|E Zqu(t’YLtJh)(Bb(YLtJh)aBb(YLtJh))—Zuo,z(t%)(Bb(Yt)va(ﬁ))] dt.
0 L bcU belU \%

In the next step we combine Lemma [Z.T] and Lemma with Proposition to obtain that for

all t € (0,7) it holds that
|E[uoa(t,Y:) F(Yie),) — uoa(t, Yiey,) F(Yie,)] Hv
+ B o1 (t, Yiey,) F(Vieg,) = woa(t,Ye) FV)]|],,

E{be%uoz(fv Y (B®(Yie), B*(Yien)) — %}uoz(ﬂ YLtJh>(Bb(YLtJh)’Bb(YLtJh)):|

+1

\%

+}

B| S malt. Vi) (B (i, ). B (V1)) — S0t ) (B(7). ()|

|4

[Col? C, |2 2
< S K B max{ L || Fllupo ) ||B||Lip0(H,HS(U,H_79/2))}

: [4 [c—o + c_9,0 + c—9,00 + C-0,00,0) 1 F 03 r1,11_)

+5 [0_0/27_19/2 + C9ja,—9/20 T C—v/2,—0/2,0,0 T 5—19/2,—19/2,0,0} HB”?Jg(H,HS(U,Hm))}

|:2/3 (2C9+Cpy942|Co/22+2Cppn/2 Coy2) 1E]nl 10 =P+ (Co+31Co o |?) (t—LtJh)(lﬂp)}
S (1—9—p) '

In addition, we combine Lemma [Tl and Lemma with Proposition and the fact that Vt €

[h, T]: |t]n > t/2 to obtain that for all ¢ € (0,7 it holds that
HE[UO,l(t’ YLtJh) F(YUJh) - uO,l(t’ YLtJh) F(YUJh)} HV

\%

+3 E{ > toa2(t, Yiey, ) (B (Yiey,), B (Y1) — %}uoa(taYLtJh)(Bb(YLtJh)vBb(YLtJh))}
< gt Kah? max{ L | Flluigocanr o) 1Bl i srsosr_y )

. max{l, ||F||Lip0(H,H_0)a ||B||Lip0(H,HS(U,HJ/2))} <[C—19 +c_yo+ 0—19,070] ||F||Cg(H,H_g)

+ 3 [c_ujo,—op2 + Coja,—9/20 + C_oja,—9200] ”BH%‘S(H,HS(U,H_WQ)))

(1=9—p)
3_;+%<gﬁ0p+zcﬂ/200/20,,+2(|00/2\2+Cﬂ)+2(|ag/2| +C)C,

— 1-9)/2
. C + Cﬁ’_p7p T(l i + \/6019/277P,P T( )/
—pp 1-9) -0 :
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Combining (I73)—(I7H) proves that
HE[QO(XT)} — E[@(YT)] HV <5 |Co| |C |2 COngB K5 h? f (T— t)ﬂtp dt (].76)

: [Cw + €90 T C—9,00 T C—9,00,0 T C—v/2,—9/2 T C9/s —9/50 T C—v/s —9/20,0 T 5_19/2,_79/2,070]

| [WH) + <1Tf§f;> <2 Cy + Cpro +2|Copl* +2Cpiopp Copp + Co0,p +2 Copp Copa0,p

1-v

B (1—9) V6C _, pT(l—ﬁ)/Q
This and Lemma 3.1.6 in [25] showﬁ (I70). The proof of Lemma is thus completed. O

7.3 Weak convergence rates for Euler-type approximations of SPDEs
with mollified nonlinearities

The next result, Corollary [[.4], provides a bound for the weak distance of the numerical approx-
imation and its semilinear integrated counterpart. Corollary [[.4] is an immediate consequence of

Proposition and of Lemma [Z.3]

Corollary 7.4 (Weak distance between Euler-type approximations of SPDEs with mollified non-
linearities and their semilinear integrated counterparts). Assume the setting in Section[7.1] and let
p €[0,1—1). Then it holds that E[||o(Yr)|lv + [lo(Yr)|lv] < 0o and

[E[o(Yr)] = E[o(YD)] ||, < B el Ks b sps (177)

1+ (fuﬁ ﬂ; (Cﬁop+20ﬂ/z Cﬁ/zop+2(|cq9/2| + Cy)

oy TO=) Gy VETA=)
2(ICsl? + Co) Cy | Oy + Loty + e D]

The next result is a direct consequence of the triangle inequality, of Corollary [[4] and of
Lemma [7.3]

Corollary 7.5 (Weak convergence of Euler-type approximations of SPDEs with mollified nonlin-
earities). Assume the setting in Section[7d] and let p € [0,1—0). Then it holds that E[||o(X7)||v +
le(¥Yz)llv] < oo and

HE [p(Xr)] —E[p(Yr)] Hv < 2k |Cpgfcg’f$?p{lj(lim} Sk K5 h?

T(1—=9)

+1
2(P )+(1 )

(2 Cy + Cp_,_g + 2 |Cﬂ/2|2 + 2 Cp+19/2 Cﬂ/g + Cg,om + 2 Cﬂ/g 019/2707p

(1—9) 1—v

_ (1-9)/2
3 (|Cﬂ/2|2 + 019) ) (|Cq9/2|2 + 019) Cp |:C—p,p + Cy,—pp T(1-9) n \/6019/2,—9,,3T })] (178)

: [||80||Lip2(H,V) +C 9+ C 9ot 900t C9,000F Covjo, v+ C v _vp0

+ C_9/5 900 T 549/2,49/2,0,0} .

with 2 =1 — 1 and y = 1 — p in the notation of Lemma 3.1.6 in [25]
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In the next result, Corollary [Z.6] we use Lemma to estimate the real number K5 on the
right hand side of (I78). For the formulation of Corollary we recall that for all z € [0, 00),

0 € [0,1) it holds that & _g(z) = [ Y07, %]W (see Section [[2).
Corollary 7.6 (Weak convergence of Euler-type approximations of SPDEs with mollified nonlin-

earities). Assume the setting in Section [71] and let 0 € [0,1), p € [0,1 — ). Then it holds that
Elllo(Xt)llv + e(Yr)llv] < 0o and

[E[o(xn)] ~ E[e(vp)]||, < AR Qapm il o e

CQ T(l_e) ”F”LipO(H,H_g) 10T(179) 10
- | Comax{1, [ Xoll Ls@;m } + 1-0) + Copy -0 HB”LipO(H,HS(U,H_Q/Q))

_ 5
V2C, T 0) ‘FILipO(H,H7

) -
. ’5(1—9) [ — © +2Cy V5T |B|Lip0(H,HS(U,Hg/2)):|

: [2<P+1> + ({jyfg) (2 Co + Cpro + 2|Cop|* + 2 Corop Cop + Co0.p + 2 Copy Copap (179)

B (1-9) V6Cy,, _ TA=9)/2
3 (1Coal 4+ Co) + 210l +C) Oy |0y + Poppy + T2 D]

: [HSOHLip?(H,V) +Ce 9+ Ccyot o900+ C9,000+ Covz,—v2+ Cvjo_vj20

+ C_9a, /200 T 549/2,49/2,0,0] .

8 Weak convergence rates for Euler-type approximations
of SPDEs

In this section we use Corollary in Section [0 and the somehow non-standard mollification
procedure in Conus et al. [II] to establish in Corollary weak convergence rates for temporal
numerical approximations of a certain class of SEEs. Corollary R2] in turn, implies Theorem []
in the introduction. The arguments in this section are quite similar to the arguments in Section 5

in Conus et al. [11].

8.1 Setting

Assume the setting in Section [[4] assume that h < T, let § € [0,1), ¥ € [0,12) N [0,0], F €
CY(H,H_y), B € CP(H,HS(U,H_g)2)), ¢ € Cp(H,V), let <pp € R be a real number given by
spp = max{l, ||F||302(H’H_6), ||B||6C§(H7HS(U,H79/2))}’ let X,Y:[0,T)xQ — Hand X"*: [0,T]xQ —
H, k € [0,T], x € H, be (Fy)ejo,r-predictable stochastic processes which satisfy that for all
k € 10,T], z € H it holds that sup;o 1 Xl sy + | X5 s @y ] < 00, X5 = 2, and Yy = X,
and which satisfy that for all k € [0,T], x € H, t € (0,T] it holds P-a.s. that

t t
X, =Xy + / A P(X,) ds + / =94 B(X,) dW, (180)
0 0
t t
Xt =+ / HTIA P (X5 ds + / I B(XT) dW, (181)
0 0
t t
Y, = SQ,tYE)+/ Ss7tR5F(YLth)d5‘|‘/ Ss,tRsB(YLth)dWsa (182)
0 0

let u): [0,7] x H — V, k € [0,T], be the functions with the property that for all x,¢ € [0, 7],
r € H it holds that v (t,z) = E[cp(X;’ft)}, let cf;’f) 5, €10,00], 01,...,6, € R, k € {1,2,3,4},

.....
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k € [0,T], be the extended real numbers with the property that for all k € [0,7], k € {1,2,3,4},
01,...,0 € R it holds that

(k) _
Cs1.60,....6, — Sup sup sup
te[0,T) z€H vy,...,u,€H\{0}

[CTUTRSTINE P

(T —t)ort- *‘”@ ||v1||H51' orllay,

and let 55;?52753754 € [0,00], 61,02,03,04 € R, k € [0,T], be the extended real numbers with the
property that for all k € [0,T7], 61, d2, d3,d4 € R it holds that

~(x)

€51,52,63,04
(™), 21) = (Fau™) (t,22)) (v, - i), (184)
= sup sup sup B3y .
te[0,T) xl,x;éEH, v1,...,v4€H\{0} (T - t) ! * Hxl - 'TQHH Hvl”H(;l ’ ' HU4HH54
XT1FIT2

8.2 Weak convergence result
Proposition 8.1. Assume the setting in Section[81 and let r € [0,1 — 1), p € (0,1 —0). Then it
holds that E|||o(X7)|lv + le(Yr)|v] < oo and

|E[p(Xr)] = E[o(vr)] [, < 57 [max{T, 1} |¢y|2°| noi=on

<9CP/2-H9T(1 ? HFHcl(HH ) Coy2 C(p+9)/2 V10700 ”B”cl
(1—0—r/2) Vi—0—p

max{1, || Xol|zs@,m } +

10
(H,HS(U.H_g/5)) ]

5

V2Co Co T Pl gy gy, /
' a 9)[ —" © 4+2C, CypV5T0O0) \B|c;(H,HS(U,H_9/2))

: [2<r+1> + e (2 Co + Crig +2|Cop|* +2Criyop Copy + Coo + 2 Cosy Copror (185)

1-9  V6C T=9)/2
3(|Copl? + Cy) + 2(|Cop* + Cy) C, [C,m + Cﬂ’_{if;)l + A D]

lellezryvy + sup [C(—Hg

~€(0,T]

|Cppal? |Col? |Cr|? Co,r |Co—s|® |C -9 5|° max{1, 70"} cp
e | elorayy + 19— T"

K K K) K) K) K) K)
+C() +C(1;700+C(19000+C(79/2 79/2+C(_79/2 19/20+C(79/2 79/200+C(79/2 79/200])} < 00.

Proof. First of all, we note that there exist up to modifications unique (F;)¢co,r-predictable

stochastic processes Y*9: [0,T] x Q — H, x,6 € [0,T], and X”“S 0,7] x Q — H, k,6 € [0,T],
which satisfy that for all x,0 € [0, 7] it holds that sup;c( | X7 ||L5(]p .y < 00 and X’“S =Y =

e’ X and which satisfy that for all x,6 € [0,T], t € (0,T] it holds P-a.s. that

t t
X0 =X+ / eFHTIAR(X50) ds + / e HTIAB(X ) AW, (186)
0 0
R t t
"= So. Y + / Set R e F(Y ) ds + / Set Ree™ B(Y)) dW, (187)
0 0

(see, e.g., Proposition 3 in Da Prato et al. [12], Theorem 4.3 in Brzezniak [8], Theorem 6.2 in
Van Neerven et al. [40]). In the next step we combine Lemma 6. with the fact that Vk,d €
0,77: ”Y(JH’(;”L%P;H) < oo to obtain that for all x,d € [0,77] it holds that sup;c( HY HLS(P;H) <
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oo. This, the fact that Vr,6 € [0,7]: sup;ep ]\Xf’5|]L5(P;H) < oo and the assumption that
¢ € Lip*(H, V) ensure that for all &, € [0, 7] it holds that

E[llo(X7")llv + lle(Y7)llv] < co. (188)

This proves, in particular, that E[||¢(Xr)||v + [|¢(Y7)|lv] < co. It thus remains to show (IZE).
For this we observe that the triangle inequality ensures that for all x,d € [0, T] it holds that

[ELp(X2)] - E[e(2)] ], < [[Elp(X2")] — E[o(XF")]],

L] = B[], + [EBLe(F)] —E[p(7 )],
In the following we provide suitable bounds for the three summands on the right hand side of (I89).
For the first and the third summand on the right hand side of (I89) we observe that Proposition 3]

together with the fact that Vx,d € [0,T]: sup,co ||Y§ji||L2(lP’;H) < SUPyeqo 1] ||}A{5”’5||L2(P;H) < 00
shows that for all x,d € [0,7] it holds that

(189)

IE[e(X%)] —E[o(X5)] [, + |E[e(V7D)] = B[V ||, < 2922 o) i vy

SA Co Cpjato T ||F||Cg(H7H_9) Coyz Clp+0))2V =0 ”B”cg
Comax{1, [|e* Xo|| r2@;m} + 1—0-r/2) + V10-—p

14
2

(190)

2
<H,HS(U,H_9/2>>]

2

(1-0)
) ‘5(179) [% |F‘C§(H7H_0) +V2T0-0 C, Cyy |B‘C§(H,HS(U,H_9/2)):|

Next we bound the second summand on the right hand side of (I89). For this we note that for all
k € (0,77 it holds that

A A
max{l, e” F”%g(H,H_@)a [e” B”%g(H,HS(U,HJ/g))}

3 6 —3(0-9) (19
S ‘09,19‘ |C(0—q9)/2| SF,B max{l, K }

This and Corollary show that for all k,0 € (0,77] it holds that

IE[o(X5)] = B[],

< OO CorlC P el ) a1, 570} i

| Comax{1, e Xo | ogen } + Co =0 ”?:i;”%wﬂe) N CyyVIOTT=0) ||6KAlBi||gcg(H,HS(U,H_@/2))] v

. ’ o |:\/§CQT(19) \j'iAeF\c;w,H_g) n 2CG/QW|BHAB|C;(H,HS(U7H0/2)):| 5

: [2(T+1) + (1T,(17;9,)1) (2 Cy + Cryy +2 |C19/2|2 +2Cq0p, Copy + Cyor +2Cos Cosy (192)

o T(=0) V6O _MT(lfﬂ)/2
+3(Copf? +Co) + 2(Copl? + Co) Cr g + Py 4 205 D]

. [H@H vy T+ 0+ 0+ 000 T _un T s o
00T a0 |

Plugging (I90) and (I92) into (I8J) then shows that for all x,0 € (0,77 it holds that
HE[@(X%‘S)} — E[(p(}}jg’é)} HV < max{4 /@5, 57 max{l, /(3(9*79)} hr} |Co|*
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Co Cpjatg TH0 1Ell o3

Co 0)2 V10 TU=) || B|| 1
(H,H_g) /2 p+ )/2 Cy
: [max{l, ||X0||L5(]P;H)} (1—0—7/2) =

V1-0—p

10
(HHS(UH _g,5)) ]

5

V2Co CyT1=0) \Fletmm_y)
’ a 9){ =0 4 2 Cy V5 TO0) | Blegmsw.m_g,y)

. [2(T+1) + (f:;?;) (2 Cy+ Cryg+2 |Cq9/2|2 + 2 Cr+19/2 Cﬂ/g + 01970,7" + 2 C’ﬂ/g 00/270,7» (193)

Cy o TA=D) V6O _MT(lfﬂ)/2
3(|Cﬁ/2|2+019)+2(|00/2|2+C19) G |C,, + — (ij;) + o2, — })

) 4 ®)

(1—9—r) 1T SE.B [||<P||c3(HV) +cy

|Cpyal? |Col? |Cr|2 Co,r |Co—s|® |Cg—9) 5| ® max{1, 70"}
" | TTer2 el H\V)

(%) (%) (%) (%) (%) ~(r)
€900 T C0,000 T Cippmopp T Coipp vpp0 F Coipo 0500 T Coipp—0200 H :

In addition, we observe that

inf max{4 /{5, 57 max{ 1, x30=9) } hr}

K€E(0,T]
2r g 2r —3(6—’19)
< max{4 [min{l,T} }%‘(HG(G*ﬂ))] , 57 max{l, [min{l,T} }%‘(HG(Gfﬂ))] } hr}

2r g 2r —3(6—’19)
= max{4 [min{l7 T} ‘%‘(He(efﬂ))} ,BTh' [min{l,T} }%‘(HG(Gfﬂ))] }

(194)
min{1T))8 577 GHT-T
_ 4| min{1,7 57 T(P+6(0-9 S L —
= max{ Tﬁg__ﬂ)) ; |min{1,T}\3(@—0) } h (p+6(6—0))
57 h G-
<57 max{ _ max{1, 73" } |GG <
— |m1n{1 TH™? | min{1,T}3(0—") (r+3(0—9)) "
‘mm{T, T}}
Combining (193) and (I94) yields that for all § € (0,77 it holds that
|ELo(X2)] = E[p(72 )], < |57 [max{T, 43| """ |Gy hiwselion (195)

Co Cpjato T ||F||Cl

Coy C(p+9)/2\/m||3||cg
max{1, ||Xo||L5(P;H)} (1—0—r/2)

V1-0—p

(H,H_g)

10
(H,st,H_e/Q))]

5

V2Co CoT19) IF‘Cl(HH ) /
’ a 9){ — = +2C CoppVETU | Bl msw,n 0/2))

. [2(r+1) + (?(119 ﬂi <2 Cy+ Crig+2 |Cq9/2|2 + 2 Cr+79/2 019/2 +Cyor+2 Cﬂ/g Cﬂ/Q’OJ

(1-79) \/60 T(1=9)/2
3(Canl? + o) 4 2(Cspl? + C) [y + St~ 4 Lz 20)

(1—9) 1—v

—9)
|Cp/2‘2 ICOI3 ICT‘Q CO,T ‘00—19‘3 ‘0(0—19)/2‘6 maX{LT(l } (H)
: [Tp/g lole H)V) (A—9—r)T" SF.B ||<P||cg(H,V) + zz]pﬂ [0779
K )

(k) (k) (k) (k) (k) (k) ~(r)
0T o007t Cl9000F Clop s T Clipn 20 T Cipa—vp00 T Cv/z,ﬂ/z,o,o}H :
In the next step we note that Corollary together with Lebesgue’s dominated convergence the-
orem yields that limgﬁoE[cp(X%‘s)} = E[¢(X7)] and lim(;_,OE[cp(ng’é)] = E[¢(Yr)]. Combining

this with inequality (I93]) proves the first inequality in (I85]). The second inequality in ([I83]) follows
from Andersson & Jentzen [I]. The proof of Proposition is thus completed. O
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Corollary 8.2. Assume the setting in Section 81 and let p € (0,1 —0) N (6(6 — ), 00). Then it
holds that E|||o(X7)|lv + le(Yr)|v] < oo and

|E[¢(X7)] — E[e(Yr)] HV < [ﬂ] 1 (P—6(0—9))

[min{T, 2}

Co Cpjao TH9 ||F||cg Cosg Cp40),V1I0TU=0) ”B”cl}

10
(H,H_p) (H,HS(U,H_g,5))
max{1, || Xo||zs@,m} + 1—0—0/2) =+ V1i—0—p = ]
V2CoCo T |Fl gt iy °
. ‘ (1-0) [ — ST 4 9 CooV5T0=0) |B‘C§(H,HS(U,H79/2))
( —
| lz(pﬂ) + d=7 (2 Co + Cpio +2|Copl* + 2 Cpiapp Cops + Co0,0 + 2 Cops Cip,p (196)

Tt V6Cy, T/
+3(1Coul? + Ca) + 2(ICopl* + Co) G, | Cpp + Spy— o+ 225005 D]

|Cpal? |Col3|Cpl? Co,p |Co—v|? |C(9719)/2|6maX{l,T(l—ﬁ)}cp,B (k)
) { Tr/2 |90|C;(H,V) + 1—9—p)T° H@Hcg(H,V) + nzthpT] [C—ﬂ

(r) (%) (%) (%) (r)

(k) ~(k)
T C 90T Ch00 T C9000 1 Cooo—ops T Clio—o/20 T Coija—vpp00 T C—ﬁ/z,—ﬁ/z,o,oD < 0.

Proof. First of all, we applyl"d Proposition Bl to obtain that E[lle(Xr)|lv + le(Yr)|v] < oo and

2

|E[e(X7)] — E[e(Yr)]]],, < [\min{;’;‘io(l:-;((?—ﬂ))} R =

10
CoCoppro T ONF oty oy Co2 Clor0)VIOT Bl (i s m_y,)
max{1, || Xol|zs@;m } + o=y =+ V105 : -
V2Co G0 \Elot ) \/ i
' ‘ (1-6) [ = = +2C) CyppV5 T |B|C§(H7HS(U7H79/2))
(1-9)
| [NH) == (2 Co + Cpio +2|Copl* + 2 Cpiaps Cops + Co0,p + 2 Cops Cip,p (197)

Cy (1—9) \/éc 3 T(1—19)/2
+3 (‘Cﬂ/2|2 +C) +2 (‘C%‘Q +Co) G| Cpp + - (pip—jq;) + = ifﬂ })]

lellepvy + sup [C(—%
~€E(0,T]

|Cya]? 1Col? |Co|? Co,p |Co—s|? |C9—9) 5 |° max{1, 7} <
“ | ez |90|C,}(H,V) A—0—p)T° |

(k) (k) (k) (k) (k) (k) ~(k)
T o0t o001 Clo 000t Coopo—vpp T C i 00t Clije—vp00 T Cfv/z,fv/z,o,o} )} < 0.

Next we note that

2
p 1 1. 6(0—9) _6(6-9)
h(F6(@=9) — h”[ue(e—ﬂ)/p =5 ]hp[l -]

1 6(6—9) (198)
< mas{1, Ty Plisseiors 1+ 5] Jom00-9) < |inax(1, T o900,
Plugging (I9]) into (I97) implies (I96]). This completes the proof of Corollary B2 O

Owith r = p in the notation of Proposition Bl
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9 Lower bounds for weak errors of Euler-type approxima-
tions for SPDEs

In this section a few specific lower bounds for weak approximation errors of temporal numerical
approximations are established in the case of concrete example SEEs. A few specific lower bounds
for weak approximation errors of spatial spectral Galerkin approximations can be found in Section 6
in Conus et al. [IT]. Lower bounds for strong approximation errors for examples of SEEs and for
whole classes of SEEs can be found in [I5, B5 36] and the references mentioned therein. The
article [36] and Section 5 in [11] study exclusively parabolic SEEs driven by additive noise. The
papers [15], B5] investigate parabolic SEEs driven by possibly non-additive noise. In this section
we consider exclusively parabolic SEEs driven by additive noise.

9.1 Setting

Throughout Section [ the following setting is frequently used. Let (H, (-,-);, ||||;) be a separable
R-Hilbert space with H # {0}, let HH C H be an orthonormal basis of H, let h € (0,00), T €
{h,2h,3h,...}, B € [0,3), £ = {(t1,t2) € [0,T*: t; <o}, let A, u: H — R be functions such
that sup,eg Ao < 0 and Y, g [p6]? || ™% < o0, let A: D(A) € H — H be a linear operator
such that D(A) = {v € H: 3,5 | Mo (b,0) ;> < 0o} and such that for all v € D(A) it holds that
Av =73 cu Mo (0, 0) b, et (H, (5 ) gy s [, ), 7 € R, be a family of interpolation spaces associated
to —A (see, e.g., Theorem and Definition 2.5.32 in [27])), let (Q, F,P, (F¢)icp,r)) be a stochastic
basis, let (W3).c0,71 be a cylindrical Id z-Wiener process w.r.t. (F)cjo,r, and let B € HS(H, H_p)
satisfy that for all v € H it holds that Bv =), .yt (b, v) ;; b. The above assumptions ensure that
there exist X,Y],Y; € ./\/l(]:, B(H)) which satisfy that it holds P-a.s. that X = fOT eT=9)4 B qv,,

V= ) e Baw, and Y, = [ (1dg —ha) " paw,

9.2 Variance estimates for Euler-type approximations of SPDEs

Lemma 9.1 (Variance estimates for exponential Euler approximations). Assume the setting in
Section[Z1 and let b € H. Then it holds that E[|(b, X)y|* + (b, Y1) n|*] < oo and

mb‘z (1 _ €—2|>\b\T) h

e (199)

Var (0. X)) — Var((b,11),,) >

Proof. First, observe that it holds P-a.s. that

T T
<b’ Y1>H — <b’/ e(T=lsln)ApB dWS> _ / <6(T—|_8Jh)A b, BdWs>H
0 H 0

T T
— / e~ Ml(T=Ls]n) (b, BdW,),, = Mb/ e~ Ml(T=Ls]n) (b, dW,),, .
0 0

(200)

This shows that E[[(b, X)x|*> 4+ [(b,Y1)u|*] < co. It thus remains to prove ([QJ). For this we
combine ([200), It6’s isometry, the fact that Vs € [0,T]: T — |T — s|n, = [s]n, and, e.g., Lemma 6.1
in [11] to obtain that

T
Var(<b,X>H) — Var(<b,Y1>H) — mb|2/ e2ls _ p—2ls1h g
0

T/h

T h
= |Mb|2/ e 21lls]n (62|>\b‘([51h_5) — 1) ds = || Z o2 Au[kh / (62|>\b\5 — 1) ds (201)
0

k=1 0
1 — 2%l h
_ 2 —2|Xp|s —2|X\p|
= |l (m)/o (72l — 72l .
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Moreover, note that

h h/2
/ (c2Pols =2y gg > / (c2Pols =2y g > g (e olh — =2y (202)
0 0

Combining ([201)) and (202) yields that

o2 Pl (1 — e=2MIT) 71— e—Iuln
Var((b, X)) — Var((b,Y1),,) > 9 1 — e—2lh h. (203)
This and the fact that Vo € [0,1): 0=#)/(1—2?) = Y/(142) > 1/2 finish the proof of Lemma [0.11 O

Lemma 9.2 (Variance estimates for linear-implicit Euler approximations). Assume the setting in
Section[Z1 and let b € H. Then it holds that E[|(b, X)y|* + |(b, Y2)u|*] < oo and

o (L= e 2T) b 2 (1 — e 2iT)
A1+hN)  © A el

Var((b, X)) — Var((b,Y2),,) > >0 (204)

Proof. First, we observe that it holds P-a.s. that
(0. Y2)
! (T LsJn)/n ! (T LsJn)/n
= (b [ (g —na) " gawy = [ (g —na) T Baw)
(1 (10un ), = [ {(an-a) BAV), (o
T T
= [ Al B W) = g [ (04 BT b,
0 0
This shows that E[[(b, X)y|* + [(b, Ya)u|*] < co. It thus remains to prove (204). For this we

combine (208]), [t0’s isometry, the fact that Vs € [0,7]: T — |T — s|, = [s|n, and, e.g., Lemma
6.1 in [11] to obtain that

o [1—e 2T g —os]n/h
Var(<b,X>H) — Var(<b,Y2>H) = || R (1+ RNy n/h dg
1 — e 21%IT T/n 1 — e 2T [1 _ (1 + h|)\b|)f2T/h}
= |m|? —h Y (1L+h|A = |l - :
Il | g L D = W[+ A
(206)
The fact that Vz € [0,00): (1+z)~! > e~ hence yields that
1 1
Var((b, X Var((b, Y- > e 2lT [ — ]
(0 X)) = Var((b:2) ) 2 Il (1 = ™) | 5 = s (207)
B |/~Lb|2 (1 _ 6—2\)\b|T) h
B 2(2+ h|\)
This implies ([204]). The proof of Lemma 0.2 is thus completed. O

9.3 Lower bounds for the squared norm as the test function

Proposition 9.3. Assume the setting in Section[d.1], let b: N — H be a bijective function, and let
¢,pe(0,00), 8 €R,ie{1,2} satisfy that for alln € N it holds that N, = —cn? and ju, = |\, | .
Then it holds that B € N¢(_oo 111,420 S(H, H;) and

_e—ch) (1—@‘1) 7(/p+28)T 26 h(l—[l/p+25]+)

2 2 (1
E[||X||H:| - E[||Yl||H:| Z 4(1+P57)62PecT (p+(1+2p5)_) > O (208)
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Proof. First of all, we observe that for all r € (—oo, —3 [1/p+ 24]) it holds that 2p(r +6) < —1 and

1Bl mrsem) = Y i, * o, [ = Z X, [P0HD) = 0 p2040) < oo, (209)
n=1 n=1

This proves that B € N,
note that

1/p+s)HS(H, Hy). Tt thus remains to prove (208). For this we

€(~o0,~1

2

n+1 pd n+1 2p6
ecnﬁh Z/ ec( n+1 dr > Z/ ec(n+1 dx

0 n+1 92— 2p0~ 2P 2p0 1 0 :L,2p5 <210>
> n:1/L e2FcxPh L= 4p8~ 1 e2rcxPh
Combining ([2I0) with Lemma [0.1l and Lemma [0.2] ensures that
E[|X[15] —E[IYill3] = 3 | Var((bn, X),,) = Var((b,Yi) )|
n=1
20 1 — =2 h & 2p8 20 1 — 2T h [ 2pd
> c ( e ) Z n > & ( e _ ) / x dr
4 ecn’h A(1+p6~) e2rcxlh
n=1
(1 o 672CT) p(1=26=1/p)  poo ,.(1/p+26-1) (211)
= —d
2(3+2p0t) pcl/p /QPch et t

(1 _ e—ch) p(1=26—1/p) 2ech . (1/p+26-1) 20ecT .(1/p+25-1)
> max{/ _— d:c,/ E— dx}
2 2

= + 1
2(3+2p07) pc /e Pch er pcT er

(1 _ 672CT) h(172571/p) 2Pech 2PecT
> max{/ g (et 2-1) dx,/ (et 2-1) dx} .
2 2

- 342p0t) p2recT 1
2(+p )6 « pc/p Pch pcT

Next we observe that the fact that Va € (0,00): (etl) > 1 implies that for all r,q € (0,00) it
holds that

er er q q __ 1 er —q 1 _ —q
/ vt dr =1, / 29 dy = (et = 1) >ri, / 21D dy = M. (212)

q q

This and the fact that Vz € (0, 00): & g::;x)) < (1 ¢*) < 1 ensure that for all r € (0,00), ¢ € R
it holds that

er L e
/ 20D gy > T (21 : = ). (213)
. q

In the next step we combine (2I1]) and (2I3]) to obtain that
E[[IX1%] - E[HYH%J
Y - 8)~ 5—
(1 _ o2 T) (1 1—(1/p+29) )h(l 25—1/) max{[Qpch](l/p+26) [QpCT](l/pHs)}
= 2(3+2pst) ezﬂechcl/p (1 + (1/p + 25)7) !
(1 _ 672CT) (1 _ 671*0/{74’25)7) 20 1, (1—20—1/p)
— A(1+p6~) g2PecT (p + (1 + 2p5)—)

v

(214)

max{h(l/”+25), T (1/p+2) b

This together with the fact that max{h(/¢+20) TC/e+20)y — T/p+20)7 p=(/e+20)" jmplies (20K). The
proof of Proposition is thus completed. O

The next result, Corollary @0.4] specialises Proposition to the case where ¢ = 7% and p = 2
(Laplacian with Dirichlet boundary conditions on (0, 1)) and slightly further estimates the right
hand side of (208]).
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Corollary 9.4. Assume the setting in Section [9.1], let b: N — H be a bijective function, and let
§ € R, i € {1,2} satisfy that for all n € N it holds that N, = —m>n? and p, = |Xo,|”. Then it
holds that B € Mye(—oo,—5—1/0)HS(H, H,) and

1—e 1) (1—e? T(l/2+25)+7r45 min _
E[IXI3] - E[IVil3] > |l e o et s 0 (1)

9.4 Lower bounds for a specific regular test function

Lemma 9.5. Let (H,(-,-) ., ||lz) be a separable R-Hilbert space with H # {0}, let (2, F,P) be
a probability space, let H C H be an orthonormal basis of H, let o € M(H,R) satisfy that for all
v € H it holds that ¢(v) = exp(—||v||%), and let X,Y € L*(P; H) be such that (b, X),;, b € H,
is a family of independent centered Gaussian random wvariables, such that (b,Y),, b € H, is a
family of independent centered Gaussian random variables, and such that for all b € H it holds

that Var({b, X) ;) > Var((b,Y) ;). Then it holds that ¢ € C}(H,R) and

(E[IX3] — E[Y]3])
exp(6E[IX]3])

E[p(Y)] - E[¢(X)] > (216)

Proof. First of all, we observe that it is well-known that ¢ € CP(H,R) (see, e.g., (97)-(102)
in [I1]). Next we assume w.l.o.g. that H is a finite set ((2I6) in the case where H is an infinite set
follows from Lebesgue’s dominated convergence theorem and (2I6]) in the case where H is a finite
set). Next we note that the assumption that (b, X),, b € H, is a family of independent centered
Gaussian random variables, the assumption that (b,Y"),, b € H, is a family of independent centered
Gaussian random variables, and, e.g., (103) in Conus et al. [TIT] imply that

E[p(Y)] —E[p(X)]

=T [+ 2Var((0,v),)] " = T [t +2Var((b, x),,)] "

. e [1+2Var((Y),)] "
— <b1;1[41 [1+2Var((b,Y),,)] ) 1- [};1[41 2 Var (5 X )] (217)
B [14+2Var((0,Y) )]
—Ele)] {1~ Lgﬂ [1+ 2 Var({b, X), )]
Moreover, Jensen’s inequality shows that
E[o(Y)] = exp(=E[[Y7]) > exp(—E[IX]I3]) - (218)

Next we observe that the facts that Vb e H: 2 [Var((b, X)) — Var((b,Y),)] > 0 and Vn €
N:Vay,...,z, €[0,00): [Ti_,[14+ @] > 14> _, ) prove that

4
2 [Var(<b,X>H) — Var(<b,Y>H)}
(142 Var((b,Y),)]

[1+2Var((5,Y),)] e

b= [H 15 2Var((b,X), )]

beH

=1— H

LbeH

[1+ 2Var(<b,X>H)]
[1+ 2Var(<b,Y>H)]
~1/2

(219)

1+

2 [Var( <b X)) = Var((b,v), )]

> 1+Z [1+2Var((0,Y) )]

beH
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In addition, we note that the fundamental theorem of calculus ensures that Vo € [0,00): 1 —
14272 = s 1+ 72 dy > iz [1+2]"*% Hence, we obtain that Vo € [0,00): 1 —
[1+224]72 > 21+ 22]"*2. Combinig this with (L) implies that

. [H [1+2Var((b,Y),)]

[142Var((b, X), )]

Var({b, X)) — Var({5,Y),) ] "
1+QZ 1—|—2Var(<b7Y>H)}

beH

Z Var(<b, X>H) — Var(<b, Y>H)

[142Var((b,Y),,)]

(220)

Var((b, X)) = Var((b,¥),)] "

[1 22 T 2Var((5,Y), )]

beH

beH

In the next step we combine ([2I7), [2I8), and ([220) with the fact that Vb € H: Var((b, Y>H) <
Var((b, X),) < E[||X|[/%] to obtain that

Var((b,X),,) — Var((0. ),

2 [142Var((b,Y),)]

beH
—3/2

E[o(Y)] —E[p(X)] > exp(-E[[|X|%])

Var <b X>H) Var(<b,Y>H)

2 N () )]

Var((b, X), ) — Var((b,Y), )

2 [1+2E[||X]%]]

beH
—3/2

(142 Var((h, X))

beH

= exp(~E[IX[3]) [1+2E[IX13]] 7 (BIIX 1] - E[YIE]).

Combining (221)) with the fact that Yz € [0,00): (1 + 2)~! > ¢ implies (ZIG). This completes

the proof of Lemma O

> exp(~E[| X|%]) (221)

The next result, Corollary [0.6] is a direct consequence of Lemma 0.1 of Lemma [0.2] and of
Lemma

Corollary 9.6. Assume the setting in Section[91 and let i € {1,2}, ¢ € M(H,R) satisfy that for
allv € H it holds that ¢(v) = exp(—||v||%). Then

E[p(V:)] — E[p(X)] > e BIXIEL (R[] X|3] - E[IYil%]) - (222)

The next result, Proposition 0.7 is an immediate consequence of Proposition and of Corol-

lary

Proposition 9.7. Assume the setting in Section [, let b: N — H be a bijective function, let
ie{1,2}, ¢,p e (0,00), § € R satisfy that for all n € N it holds that Ny, = —cn? and p, = | X, |’
and let p € M(H,R) satisfy that for all v € H it holds that ¢(v) = exp(—||v||3). Then it holds
that o € Cy(H,R), B € Nye(_oo—L1/pra5)HS(H, H;) and

(176—2@) (176—1) 7(Yp+28)T 26
40+p57) exp(20ecT+6E[| X [[2]) (p+(1+200) )

E[p(Y:)] = E[p(X)] >

Rt 201) 5 g, (223)
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In the next result, Corollary 0.8, we specialise Proposition to the case where ¢ = 72 and

p = 2 (Laplacian with Dirichlet boundary conditions on (0, 1)) and slightly further estimates the
right hand side of (223)).

Corollary 9.8. Assume the setting in Section [9.1, let b: N — H be a bijective function, let
§ € R, ie {1,2}, assume that for all n € N it holds that \,, = —7n>n? and p,, = |\, |°, and
let ¢ € M(H,R) satisfy that for all v € H it holds that p(v) = exp(—||v||%). Then it holds that
p e CE(H, R), B e ﬁre(,oo7,5,1/4)HS(H, Hr) and

(1_6—T> (1_6—1)T(1/2+26)+7r45 min{1/2—25.1}
E[QO(YZ‘)] N E[MX)] = 40+267) (3445-) exp(12n2T+6 E[[| X[|%,]) h > 0. (224)
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