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Abstract

Localized surface plasmons are charge density oscillations confined to metallic nanopar-
ticles. Excitation of localized surface plasmons by an electromagnetic field at an incident
wavelength where resonance occurs results in a strong light scattering and an enhancement
of the local electromagnetic fields. This paper is devoted to the mathematical modeling of
plasmonic nanoparticles. Its aim is threefold: (i) to mathematically define the notion of
plasmonic resonance and to analyze the shift and broadening of the plasmon resonance with
changes in size and shape of the nanoparticles; (ii) to study the scattering and absorption
enhancements by plasmon resonant nanoparticles and express them in terms of the polar-
ization tensor of the nanoparticle. Optimal bounds on the enhancement factors are also
derived; (iii) to show, by analyzing the imaginary part of the Green function, that one can
achieve super-resolution and super-focusing using plasmonic nanoparticles. For simplicity,
the Helmholtz equation is used to model electromagnetic wave propagation.
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1 Introduction

Plasmon resonant nanoparticles have unique capabilities of enhancing the brightness of light and
confining strong electromagnetic fields [35]. A thriving interest for optical studies of plasmon
resonant nanoparticles is due to their recently proposed use as labels in molecular biology [22].
New types of cancer diagnostic nanoparticles are constantly being developed. Nanoparticles are
also being used in thermotherapy as nanometric heat-generators that can be activated remotely
by external electromagnetic fields [15].

According to the quasi-static approximation for small particles, the surface plasmon res-
onance peak occurs when the particle’s polarizability is maximized. Plasmon resonances in
nanoparticles can be treated at the quasi-static limit as an eigenvalue problem for the Neumann-
Poincaré integral operator, which leads to direct calculation of resonance values of permittivity
and optimal design of nanoparticles that resonate at specified frequencies [2, 6, 21, 30, 31]. At
this limit, they are size-independent. However, as the particle size increases, they are determined



from scattering and absorption blow up and become size-dependent. This was experimentally
observed, for instance, in [23, 33, 36].

In [6], we have provided a rigorous mathematical framework for localized surface plasmon
resonances. We have considered the full Maxwell equations. Using layer potential techniques, we
have derived the quasi-static limits of the electromagnetic fields in the presence of nanoparticles.
We have proved that the quasi-static limits are uniformly valid with respect to the nanoparti-
cle’s bulk electron relaxation rate. We have introduced localized plasmonic resonances as the
eigenvalues of the Neumann-Poincaré operator associated with the nanoparticle. We have de-
scribed a general model for the permittivity and permeability of nanoparticles as functions of the
frequency and rigorously justified the quasi-static approximation for surface plasmon resonances.

In this paper, we first prove that, as the particle size increases and crosses its critical value for
dipolar approximation which is justified in [6], the plasmonic resonances become size-dependent.
The resonance condition is determined from absorption and scattering blow up and depends on
the shape, size and electromagnetic parameters of both the nanoparticle and the surrounding
material. Then, we precisely quantify the scattering absorption enhancements in plasmonic
nanoparticles. We derive new bounds on the enhancement factors given the volume and electro-
magnetic parameters of the nanoparticles. At the quasi-static limit, we prove that the averages
over the orientation of scattering and extinction cross-sections of a randomly oriented nanopar-
ticle are given in terms of the imaginary part of the polarization tensor. Moreover, we show
that the polarization tensor blows up at plasmonic resonances and derive bounds for the ab-
sorption and scattering cross-sections. We also prove the blow-up of the first-order scattering
coefficients at plasmonic resonances. The concept of scattering coefficients was introduced in
[9] for scalar wave propagation problems and in [10] for the full Maxwell equations, rendering
a powerful and efficient tool for the classification of the nanoparticle shapes. Using such a
concept, we have explained in [3] the experimental results reported in [14]. Finally, we con-
sider the super-resolution phenomenon in plasmonic nanoparticles. Super-resolution is meant
to cross the barrier of diffraction limits by reducing the focal spot size. This resolution limit
applies only to light that has propagated for a distance substantially larger than its wavelength
[16, 17]. Super-focusing is the counterpart of super-resolution. It is a concept for waves to be
confined to a length scale significantly smaller than the diffraction limit of the focused waves.
The super-focusing phenomenon is being intensively investigated in the field of nanophotonics as
a possible technique to focus electromagnetic radiation in a region of order of a few nanometers
beyond the diffraction limit of light and thereby causing an extraordinary enhancement of the
electromagnetic fields. In [11, 12], a rigorous mathematical theory is developed to explain the
super-resolution phenomenon in microstructures with high contrast material around the source
point. Such microstructures act like arrays of subwavelength sensors. A key ingredient is the
calculation of the resonances and the Green function in the microstructure. By following the
methodology developed in [11, 12], we show in this paper that one can achieve super-resolution
using plasmonic nanoparticles as well.

The paper is organized as follows. In section 2 we introduce a layer potential formulation
for plasmonic resonances and derive asymptotic formulas for the plasmonic resonances and
the near- and far-fields in terms of the size. In section 3 we consider the case of multiple
plasmonic nanoparticles. Section 4 is devoted to the study of the scattering and absorption
enhancements. We also clarify the connection between the blow up of the scattering frequencies
and the plasmonic resonances. The scattering coefficients are simply the Fourier coefficients
of the scattering amplitude [9, 10]. In section 5 we investigate the behavior of the scattering



coefficients at the plasmonic resonances. In section 6 we prove that using plasmonic nanoparticles
one can achieve super resolution imaging. Appendix A is devoted to the derivation of asymptotic
expansions with respect to the frequency of some boundary integral operators associated with
the Helmholtz equation and a single particle. These results are generalized to the case of multiple
particles in Appendix B. In Appendix C we provide the technical modifications needed in order
to study the shift in the plasmon resonance in the two-dimensional case. In Appendix D we
prove useful sum rules for the polarization tensor.

2 Layer potential formulation for plasmonic resonances

2.1 Problem formulation and some basic results

We consider the scattering problem of a time-harmonic wave incident on a plasmonic nanopar-
ticle. For simplicity, we use the Helmholtz equation instead of the full Maxwell equations. The
homogeneous medium is characterized by electric permittivity €, and magnetic permeability
m, while the particle occupying a bounded and simply connected domain D € R3 (the two-
dimensional case is treated in Appendix C) of class C1* for some 0 < o < 1 is characterized
by electric permittivity €. and magnetic permeability u., both of which may depend on the
frequency. Assume that Re. < 0,e. > 0, Ry < 0, Sue > 0 and define

kp = WA/ EmHm, ke = Wy/Eclhe,

and
€D = 5mX(R3\D> + 5cX(D)7 mp = 5mX<R3\D) + ECX(‘D)7

where y denotes the characteristic function. Let u’(z) = e**n9® be the incident wave. Here, w
is the frequency and d is the unit incidence direction. Throughout this paper, we assume that
€m and p, are real and strictly positive and that Rk, < 0 and Sk, > 0.

Using dimensionless quantities, we assume that the following set of conditions holds.

Condition 1. We assume that the numbers em, tim, e, he a1 dimensionless and are of order
one. We also assume that the particle has size of order one and w is dimensionless and is of
order o(1).

It is worth emphasizing that in the original dimensional variables w refers to the ratio between
the size of the particle and the wavelength. Moreover, the operating frequency varies in a small
range and hence, the material parameters ¢, and p. can be assumed independent of the frequency.

The scattering problem can be modeled by the following Helmholtz equation

1
V.- —Vu+w?’pu=0 inR3\ID,
“pD

uy —u_ =0 on dD,
1 Ou 1 Ou

0|,

(2.1)
=0 ondD,

u® :=u — u' satisfies the Sommerfeld radiation condition.

Here, 0/0v denotes the normal derivative and the Sommerfeld radiation condition can be ex-



pressed in dimension d = 2, 3, as follows:

— ikpu| < Clz|7@+D/2

o
0lx|

as |x| — 4oo for some constant C' independent of x.
The model problem (2.1) is referred to as the transverse magnetic case. Note that all the
results of this paper hold true in the transverse electric case where ep and pp are interchanged.
Let

Fi(a) = —ui(a) = —enis,

1 ou i -
F - = Sy S lkmd'iﬁd_
@) = 0 = o)

with v(z) being the outward normal at x € 9D. Let G be the Green function for the Helmholtz
operator A + k? satisfying the Sommerfeld radiation condition. In dimension three, G is given
by

eiklm_m

G(z,y,k) = “inlr—

By using the following single-layer potential and Neumann-Poincaré integral operator

SpY)(z) = - G(z,y, k)¢ (y)do(y), z € R?,

(Kb i) = [ 96w, v.k) ) )do(y),  x e oD,

op  Ov(7)

we can represent the solution u in the following form

[ W SEY),  xeRA\D,
= | §s16), D, (2:2)

where ¢, ¢ € H —3 (0D) satisfy the following system of integral equations on 9D [7]:

{ Sy ]~ Siyl9) = F,

(2.3)
km ke
o (31d+ (KB ) [W] + - (31d = (KE)") 6] = F,
where Id denotes the identity operator. In the sequel, we set S% = Sp.
We are interested in the scattering in the quasi-static regime, i.e., for w < 1. Note that for
w small enough, SFs is invertible [7]. We have ¢ = (Sfs)~! (S’B” ()] — F1), whereas the following
equation holds for

Ap(w)[¥] =, (2.4)



where

11 oo 11 . _
Ap(w) = T(§1d+(/c’,§,m) )+/7(§1d—(1c’;;) )(SE) IS (2.5)
1,1 . _
f = Fz+;(5fd—<i<%>)<szc> [F). (2.6)
It is clear that
1,1 i 1,1 oy 1 1 IR R
AD(o)_AD,O_Tm(gdeCD)+Z(51d—/cp) = (—Q#m +2MC)Id (Mc um)’CD’ (2.7)

where the notation K%, = (K%)* is used for simplicity.
We are interested in finding Ap(w)~!. We first recall some basic facts about the Neumann-
Poincaré operator K}, [7, 13, 25, 27].

Lemma 2.1. (i) The following Calderdn identity holds: KpSp = SpK},;

(it) The operator K7, is self-adjoint in the Hilbert space H_%@D) equipped with the following
inner product

(u,v)p» = —(u, Spv])_ (2.8)

11

272

with (-,-)_1 1 being the duality pairing between H 2 (0D) and Hz (0D), which is equivalent
272

to the original one;

(111) Let H*(OD) be the space H_%((?D) with the new inner product. Let (\j,¢;), 7 =0,1,2,...
be the eigenvalue and normalized eigenfunction pair of K}, in H*(0D), then \; € (f%, %]
and \j — 0 as j — 00;

(iv) The following trace formula holds: for any ¥ € H*(0D),

(—31d+Kp)ly] = 2500

(v) The following representation formula holds: for any ¢ € H~Y/2(0D),

Kplw] = N0, 0)u- @ ¢j.
§=0
It is clear that the following result holds.

Lemma 2.2. Let H(OD) be the space H%(OD) equipped with the following equivalent inner
product

(u,v)u = ((=Sp)~'[u],v)_
Then, Sp is an isometry between H*(0D) and H(ID).

%’% (2.9)
We now present other useful observations and basic results. The following holds.

Lemma 2.3. (i) We have (—3Id+ K%)Sp' [x(0D)] = 0 with x(D) being the characteristic
function of OD.



(ii) Let N\g = % Then the corresponding eigenspace has dimension one and is spanned by the

function oo = cSpt[x(0D)] for some constant ¢ such that ||pol|3+ = 1.

(111) Moreover, H*(0D) = H{(OD) & {ppo, p € C}, where Hi(OD) is the zero mean subspace
=0 for j > 1. Here, {¢;};

of H*(OD) and ¢j € H5(OD) for j > 1, i.e., (cpj,x(ﬁD))_%é
is the set of normalized eigenfunctions of K7,.
From (2.7), it is easy to see that
o
Apolt] =D 75, 0)u-05, (2.10)
j=0
where ] ] 1 1
S + (= — ) 2.11
! 2pm 2pc (Nc Mm) ! ( )

We now derive the asymptotic expansion of the operator A(w) as w — 0. Using the asymp-
totic expansions in terms of k of the operators %, (S%)~! and (K%)* proved in Appendix A,
we can obtain the following result.

Lemma 2.4. As w — 0, the operator Ap(w) : H*(0D) — H*(OD) admits the asymptotic

expansion
Ap(w) = Apo +w?Ap 2 + O(w?),

where )
EmMUm — Eclle * _
Aps = (em — c)Kpa + u(im —K5)S5 Spa (2.12)

He
Proof. Recall that
1,1 .

1,1 i ~
(514 (K)")(SE) Sy (2.13)
By a straightforward calculation, it follows that

(SE)ISE = Id+ w(yEeteBpiSp + VEmttmS,y Sp1) +
w? (ectteBp 28D + VEckcEmbtmBp1Sp,1 + é‘mMmSBlSD,Q) +O(w?),
= Id+ w(vEmbm — VEehe)Sp'Spa +
W ((Embim — Ectte)Sp Sp 2 + VEcke(\/Eche — \/Embm)Sh Sp1Sp ' Sp 1)
+0(w?),

where Bp 1 and Bp 2 are defined by (A.5). Using the facts that
1 * -1
(5Id — ICD)SD Sp1=0

and

1 1
Sld - (Kh)* (ild —K}) — k*Kpa + O(k?),

the lemma immediately follows. O



We regard Ap(w) as a perturbation to the operator Ap o for small w. Using standard pertur-
bation theory [34], we can derive the perturbed eigenvalues and their associated eigenfunctions.
For simplicity, we consider the case when A; is a simple eigenvalue of the operator K7,.

We let

Rji = (Ap2lejl, ¢1) 40 (2.14)

where Ap  is defined by (2.12).
As w goes to zero, the perturbed eigenvalue and eigenfunction have the following form:

Tiw) = T —|—w27'j’2+0(w3), (2.15)
piw) = @;+wipjs+ Ow?), (2.16)
where
rs = Ry, (2.17)
R,
pi2 = . (L_L)](A‘_A)W (2.18)
I£§ \Hm — pe) VT A

2.2 First-order correction to plasmonic resonances and field behavior at the
plasmonic resonances

We first introduce different notions of plasmonic resonance as follows.

Definition 1. (i) We say that w is a plasmonic resonance if

ITj(w)| <1  and is locally minimal for some j.

(i1) We say that w is a quasi-static plasmonic resonance if |7;| < 1 and is locally minimized
for some j. Here, 7; is defined by (2.11).

(iii) We say that w is a first-order corrected quasi-static plasmonic resonance if |7; —|—w27j,2| <1
and is locally minimized for some j. Here, the correction term 72 is defined by (2.17).

Note that quasi-static resonances are size independent and is therefore a zero-order approx-
imation of the plasmonic resonance in terms of the particle size while the first-order corrected
quasi-static plasmonic resonance depends on the size of the nanoparticle (or equivalently on w
in view of the non-dimensionalization adopted herein).

We are interested in solving the equation Ap(w)[¢] = f when w is close to the resonance
frequencies, i.e., when 7;(w) is very small for some j’s. In this case, the major part of the solution
would be the contributions of the excited resonance modes ¢;(w). We introduce the following
definition.

Definition 2. We call J C N index set of resonance if 7;’s are close to zero when j € J and
are bounded from below when j € J¢. More precisely, we choose a threshold number ng > 0
independent of w such that

|| >no >0 for jeJ .

Remark 2.1. Note that for j =0, we have 19 = 1/, which is of size one by our assumption.
As a result, throughout this paper, we always exclude 0 from the index set of resonance J.



From now on, we shall use J as our index set of resonances. For simplicity, we assume
throughout that the following conditions hold.

Condition 2. Fach eigenvalue \j for j € J is a simple eigenvalue of the operator K7, .

Condition 3. Let

Hm T+ e
A= ——n—k. 2.19
E— 219
We assume that X # 0 or equivalently, pe # —fim.-
Condition 3 implies that the set J is finite.
We define the projection Pj(w) such that
) _ Py (W), .] € J)
Pl ={ P €]
In fact, we have
1 _
Pow) = 3P = 3 o [ (€= Ape))ag, (220)
jeJ jeJ RE

where «; is a Jordan curve in the complex plane enclosing only the eigenvalue 7;(w) among all
the eigenvalues.

To obtain an explicit representation of P;(w), we consider the adjoint operator Ap(w)*.
By a similar perturbation argument, we can obtain its perturbed eigenvalue and eigenfunction,
which have the following form

Tjw) = 7Ww), (2.21)

Piw) = ¢ +w’Pia+ 0. (2.22)
Using the eigenfunctions ¢;(w), we can show that

Prw)le] =) (2,8i(w)) - 05(w)- (2.23)
Jje€J

Throughout this paper, for two Banach spaces X and Y, by £(X,Y) we denote the set of
bounded linear operators from X into Y.
We are now ready to solve the equation Ap(w)[¢p] = f. First, it is clear that

(f,85(w)

¥ = Ap(@) 1] = 3T 2 I+ Ap ()™ P (2.24)

jedJ
The following lemma holds.
Lemma 2.5. The norm || Ap(w) ™ Pje(w)|l ci+o0)2+(0p)) is uniformly bounded in w.

Proof. Consider the operator

Ap(w)|je : Pye(w)H*(OD) — Pye(w)H*(OD).



For w small enough, we can show that dist(c(Ap(w)|s),0) > L, where o(Ap(w)|se) is the
discrete spectrum of Ap(w)|se. Then, it follows that

14D (@)~ (Pre(@) )| = [ (Ap(@)]pye) " (Pre(@) )]l S %exp(%)\\Pﬁ(w)ﬂl,

where the notation A < B means that A < CB for some constant C.
On the other hand,

Piw)f = Y (£:8(w)y.0iw) =D (f,05 + OW)),,. (9 + Ow))

jeJ jeJ
= > (£05)3.0i(@) + Ow).
jed
Thus,
[1Pye(w)|| = [|(Id = Ps(w))[| < (1 + O(w)),
from which the desired result follows immediately. O

Second, we have the following asymptotic expansion of f given by (2.6) with respect to w.

Lemma 2.6. Let

= =iy (L d (@) + (310~ Kp) S5 (o~ 2)])

and let z be the center of the domain D. In the space H*(0D), as w goes to zero, we have
f = Wfl + O(W2)>
in the sense that, for w small enough,

If —w/fil

for some constant C independent of w.

1 < Cw2

10



Proof. A direct calculation yields

fo= B (- (K Sk) R

C

= —wluL Emtime T [d - v(z)] + O(w?) +

1

Lo
eik’md~z 1 .
= (5l kD)8, (@D) - P

e

. tkmd-z L vz i 1
Wiy/EmHme (Mm[d ( )]+Mc(2
L) + (51— K)S5'ld- (o2

((%Id —K5)((Sp) ™' +wBpa) + 0(&)) [—e™m®Z (\(8D) + iwy/Empim[d - (x — 2)]) + O(w?)]

tkmd-z 1
(gld — K5)Bp,1[x(0D)] —

we

Id—Kp)Spld - (v — z)]> + O(w?)

— wifEmiettmd (
+0(w?),
where we have made use of the facts that
(%Id K3)S5 (D)) = 0

and
Bp[x(dD)] = ¢Sy [x(dD))]

for some constant c; see again Appendix A. O
Finally, we are ready to state our main result in this section.

Theorem 2.1. Under Conditions 1, 2, and 3 the scattered field u® = u — u’ due to a single
plasmonic particle has the following representation in the quasi-static regime:

u® = Sf)m [¥],

where

Y = Zw(fl’sz"(w))%*ﬂ"j(W)

+ O(w),
Y 7j(w) )
ikme 2 (d . v(z), i) ,,.0; + O(w?
_ Z ( (z) ‘PJ)H2<PJ ( )+O(w)
, A=A+ O0(w?)
JjeJ

with X being given by (2.19).

11



Proof. We have

v = Z(-f’[ﬁj(w));{*@j(w)

7j(w)

+ Ap(w) N (Pe(w) f),

jeJ
o Z w(fla@]);.[*(p]—i_O(wg)
- 1

1 1 1
ied Fum T 2w T (E - m))‘j + O(w?)

+ O(w).

We now compute ( f1, goj) with f1 given in Lemma 2.6. We only need to show that

»
((Ga-K5)S5' M- (0= 2.s) = (@ vl (2.25)
”
Indeed, we have
((%Id — Kp)S5Hd - (x — 2)], Spj>H* = —(S‘l[d- (x — 2)], (%Id - ICD)SD[QDj])ilyl
(S o z)],SD(%Id Kp)ler)_,
= —(d (x — 2), (fId - IC*D)[QOJ])_17l
= —(d ( - Z)v 88250]] ‘7>7;’;
B ald - (x — z)]
— /aD 5 Sply;ldo
- [ (8la: (= = 2Sles) - ASplpild- o - 2)])da
D
— —(d . y(x),gOJ)H*,

where we have used the fact that Sp|p;] is harmonic in D. This proves the desired identity and
the rest of the theorem follows immediately. O

Corollary 2.1. Assume the same conditions as in Theorem 2.1. Under the additional condition
that

min [ ()] > o, (2.26)
jeJ
we have . ( (@) ) )
tkme™ P E (d - v(x), ©i) .0 + Ow
¢:Z e 3711[ i1 + O(w).
i AN () e

More generally, under the additional condition that

min 7;(w) > w™,
Jj€J

12



for some integer m > 2, we have

oy ikme® @ (d - v(x), ;) .05 + O(w?)

AN (= ) e e (e~ ) T

+ O(w).

Rescaling back to original dimensional variables, we suppose that the magnetic permeability
te of the nanoparticle is changing with respect to the operating angular frequency w while that
of the surrounding medium, p,,, is independent of w. Then we can write

polw) = 1/ () + i (). (2.27)

Because of causality, the real and imaginary parts of u. obey the following Kramer—Kronig
relations:

" 1 oo 1 /
piw)=——pv. ' (s)ds,
e (2.28)

/ 1 oo 1 "
plw)=—pv. p(s)ds,

—00

where p.v. stands for the principle value.
The magnetic permeability p.(w) can be described by the Drude model; see, for instance,
[35]. We have
w

w) = 1—-F ) 2.29
pele) = poll — F ) (2:29)
where 7 > 0 is the nanoparticle’s bulk electron relaxation rate (77! is the damping coefficient),
F is a filling factor, and wy is a localized plasmon resonant frequency. When

(1—F)(w® —w))? — Fui(w? —wd) + 7 %?% <0,

the real part of u.(w) is negative.
We suppose that D = z + §B. The quasi-static plasmonic resonance is defined by w such
that
R C)
2(/~Lm - Nc(w))
for some j, where \; is an eigenvalue of the Neumann-Poincaré operator K}, (= K};). It is clear
that such definition is independent of the nanoparticle’s size. In view of (2.15), the shifted
plasmonic resonance is defined by

, 1 1 1 5
argmin + - — —)Aj Fw T 0],
2im  2pie(w) (uc(W) um) ’ ’

where 7; 5 is given by (2.17) with D replaced by B.

13



3 Multiple plasmonic nanoparticles

3.1 Layer potential formulation in the multi-particle case

We consider the scattering of an incident time harmonic wave v’ by multiple weakly coupled
plasmonic nanoparticles in three dimensions. For ease of exposition, we consider the case of L
particles with an identical shape. We assume that the following condition holds.

Condition 4. All the identical particles have size of order § which is a small parameter and the
distances between neighboring ones are of order one.

We write D; = z; + 5l~?, l=1,2,...,L, where D has size one and is centered at the origin.
Moreover, we denote Dy = §D as our reference nanoparticle. Denote by

L

D={JDi, ep=enx(R\D)+ex(D), pp = pmx(R*\D) + pex(D).
=1

The scattering problem can be modeled by the following Helmholtz equation:

1
V.- —Vu+w?’epu=0 inR3\9D,
KD
uy —u_ =0 ondD,
1 ou 1 Ou (3.1)
——| ———] =0 onadD,
fm OV | e Ov|_
u®:=u — u' satisfies the Sommerfeld radiation condition.
Let
uz(x) — eikmd-x’
E,l(aj) = _UZ(I)‘(aDl = _elkmd.x GIE
o’ . ikmd-x
Fio(z) = — o (z) o) = —ikme d- z/(;c)‘aDl,
and define the operator IC'BW p, Py
0G(x,y, k)
k _ s Y
KD, .p [¥](z) = /aD Twwy)da(y), x € 0D;.
p
Analogously, we define
Sp, o Wl(@) = [ Glw,y,k)e(y)do(y), = €dD;,

oD,

14



The solution u of (3.1) can be represented as follows:

L
u'+ > Sprl,  x e RAD,
=1

u(z) = ;

> Spla, zeD,

=1

where ¢, € H ~3 (0Dy) satisfy the following system of integral equations

([ Shrlw] — Skl + > Sk b, le] = Fia,
p#l

11 1.1

—(Gld+ KWl + - (5

o 2 (= (K)o

1 k
+— Y K5 ] = Fia,
m
p#l

and ,
F 1 =—u" on 0Dy,

)

3.2 First-order correction to plasmonic resonances and field behavior at plas-
monic resonances in the multi-particle case

We consider the scattering in the quasi-static regime, i.e., when the incident wavelength is
much greater than one. With proper dimensionless analysis, we can assume that w < 1. As a
consequence, Sf)c is invertible. Note that

o = (S’B:l)il (SET [vi] + ZSgZ,Dl [1hp] — F1).-

p#l
We obtain the following equation for ;’s,
Ap(w)[y] = f,

where

ADl (w) 0 ./41,2(0.)) Al,L(W)

.AD2 (w) AQJ(W) 0 AQ,L(Q})
Ap(w) = + : 0 )
Ap, (w) Ap1(w) Apr—1(w) 0

15



P1 fi

(4> f2
1/}: . ) f: : )
(C73 fr
and
Aplw) = —(Sra— (k) (Sk) 18l ) + Kl
T e DI JREDS DDy, T Dy Dy
11 « _
fi = Fl,2+;(§ld_(ICkDCl) )(51]53) 1[Fl,l]-

The following asymptotic expansions hold.

Lemma 3.1. (i) Regarded as operators from H*(0D,) into H*(0D;), we have

Ap,(w) = Ap, 0 + O(6%w?),

J

(it) Regarded as operators from H*(0D;) into H*(0D;), we have

1,1 1
App(w) = —(51d - Kb,)Sp, (Spro1 + Spio2) + Mfm/Cp,z,o,o +0(8%?) + 0(3").

c

Moreover,
1 * —1 52
(51d=Kp,) o Sp, @ Spron = 0(5°),
1 N _
(57d=KD,) o Sp, ©Sproa = 05,
Kpioo = 0O(5?).
Proof. The proof of (i) follows from Lemmas 2.4 and B.3. We now prove (ii). Recall that
1 ke \* 1 * 2 2

(SE) = 8p = keSp!SpaSp! + 0(6°w?),

SE D = Spi00+ Spi01 + Spio2 + knSpi1 + knSpi20 + 0(6h) + O(w?6?)
Ko, = Kpioo+OW?s?).

Using the identity
1 o
(g—rd - ICDZ)SDZI [x(Dy)] =0,

16



we can derive that

1.1 1
Ap(w) = /l( Id— KDgcgg)lsg;m p — K00 + O(82w?)

1 1 -1 km 1 2 2
1,1

= /1, (QId ,CDL)S (SpJ’oo + S 1,0,1 + S loz—i-k‘ Spll +k Sp120+0(54))

f/CpJ,op + 0(52w2)

1 1

= . ( Id— ICDZ)S (Sp,l,O 1+Sp00 2) + ?’CPJ 0,0 T 0(52(,02) + 0(54).

The rest of the lemma follows from Lemmas B.3 and B.6. O

Denote by H*(0D) = H*(0D1) X ... x H*(0Dy), which is equipped with the inner product

L
=> (%1, 0w+ om1)-
=1

With the help of Lemma 3.1, the following result is obvious.

Lemma 3.2. Regarded as an operator from H*(0D) into H*(0D), we have

Aw) = Apo+Ap1+ O(w?s?) + 05,

where
Ap. o 0 Api12  Api3
A A 0 A
Apo = D3,0 LA = D,1,21 D,1,23
Ap; 0 Ap.1.11 ... Apirr-1 O
with
1 1 1 1
Apo = (——— t —)d— (= — =K,
o (2um 2uc) e ™ a1
1,1 1
Apipg = ( 1d = Kp,)Sp (Sap0.1 + Sap0.2) + —Kgpo0-
He Hm
It is evident that
oo L
Apolt] =D ) 7, 0501950, (3.2)
=0 1=1
where
1 1 1 1
T o= —(— = —)\, (3.3)
2m  2pc Me  HUm
il = Pje (3.4)

17



with e; being the standard basis of RE.

We take A(w) as a perturbation to the operator Apg for small w and small 6. Using a
standard perturbation argument, we can derive the perturbed eigenvalues and eigenfunctions.
For simplicity, we assume that the following conditions hold.

Condition 5. Fach eigenvalue \j, j € J, of the operator K7, is simple. Moreover, we have
2
w* L 0.

In what follows, we only use the first order perturbation theory and derive the leading order
term, i.e., the perturbation due to the term Ap ;. For each [, we define an L x L matrix R; by
letting

Ripg = (Apaleip)s 1g)ap
— <AD,1[<Pzep], goleq>H*,
= (AD,l,pq[SOZ],(pl)H*.

Lemma 3.3. The matriz R} = (Rjpq)p.q=1,..1 has the following explicit expression:

Ripp = 0,

3 1 — 2z )CH'ﬁ
R = N3 / / 7(11’ Yy do(z)do
1= 2>|a| D e e R

1 ),
+ - do(z)do
(47% 47r oy Jon, |Zp_zq‘3¢z( z)pi(y)do(x)do(y)
= 0(8%), p#aq

Proof. 1t is clear that R;,, = 0. For p # ¢, we have

Rl,pq Rl ,Pq + Rl Pq + Ri 4

l,pq>
where

1

Rl,pq = MC((QId ,CD )S S q,p,0, 1[80l] 90[>'H*(3Dl),
1

leq = m ((2Id ’CDP)S S q,p,0, Q[Sol] ®l >'H*(<9Dl),
1

Rl{{;{] = M?(Kq,p,O,O[@l]a(PI)H*(aDZ)'

We first consider RlI g~ BY the following identity

1
7)3015

1 . 1
(§Id — K5, )Sp,lei] = Sp, (§Id —Kp,)lei] = (N — 5

18



we obtain

1/,1
I * —1
Ry py = T ((ﬁfd —Kb,)Sp, Sapolel, Sp, [@l])LQ(aDl)v
1 1
= E()\j - 5)(5117197071[901]75& [SOZ])H(E)DZ)‘

Using the explicit representation of S 01 and the fact that (x(0D;), ¢1)L2(3Dj) =0 for j # 0,
we further conclude that

1
R}, =0.

Similarly, we have

1 1
1 3(zp — 24)*7 Sapr®y?
Loy - / / 3 = 2" s | a0 ) V() do (@) do (y)
He ! | ‘ ‘6| 1 0Dg JODg 47T|Zp—2,’q| 47T|Zp—zq|3>
3<A > [ [ ¢ D 8oy @) pr(y)dor(@)do ()
= o CUy‘Pleol?/ o\Tr)aoc\y
47-(“0 | |=|8|=1 0Dg J 0D ‘ZP_ZQ|5
1
b Y [ et a@a)de(@)da().
drpie ‘ =y /Do JaD, |zp — 24]3
Finally, note that
1 1 3
Kapoolol] = ————a-v(@) = ————— 5" tmvm(2),

Ar|zp — 24|

where a,, = ((y — Zg)ms gol)LQ(aDq), and a = (a1, az,as)
By identity (2.25), we have

1
117
Rlqu = _7(vap7070[80l]’ @Z)H*(BDZ)
Hm
1
= Il P V@ e omy

' ((;Id —Kp,)Spi(a- (x = 2)), wz)

Ar|zp — zq|3 fim H+(0Dy)

1 1
= i =B N T e (= 2) ) paap,

Ar|zp — 2q|*
1 1

- p) /8 N /8 & vaaay)do (@)do (y)

This completes the proof of the lemma.
O

We now have an explicit formula for the matrix R;. It is clear that R; is symmetric, but not
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self-adjoint. For ease of presentation, we assume the following condition.
Condition 6. R; has L-distinct eigenvalues.

We remark that Condition 6 is not essential for our analysis. Without this condition, the
perturbation argument is still applicable, but the results may be quite complicated. We refer to
[26] for a complete description of the perturbation theory.

Let 7, and X;; = (Xju1,+,X;.0)T, L = 1,2,..., L, be the eigenvalues and normalized
eigenvectors of the matrix R;. Here, T' denotes the transpose. We remark that each X;; may
be complex valued and may not be orthogonal to other eigenvectors.

Under perturbation, each 7; is splitted into the following L eigenvalues of A(w),

(W) =75+ 70 + O(8) + O(w?6%). (3.5)

The associated perturbed eigenfunctions have the following form
L
pii(w) =D Xjipepps + O(6%) + O(w?6?). (3.6)
p=1

We are interested in solving the equation Ap(w)[y)] = f when w is close to the resonance
frequencies, i.e., when 7j(w) are very small for some j’s. In this case, the major part of the
solution would be based on the excited resonance modes ¢;;(w). For this purpose, we introduce
the index set of resonance J as we did in the previous section for a single particle case.

We define

Pr(w)@jm(w) = { gf””(w)’ jjee J{f
In fact,
Piw) = 3P =3 o [ (€~ Ape))ag, (37)
Vi

jeJ jeJ

where ; is a Jordan curve in the complex plane enclosing only the eigenvalues 7;;(w) for | =
1,2,...,L among all the eigenvalues.

To obtain an explicit representation of Pj(w), we consider the adjoint operator Ap(w)*. By

a similar perturbation argument, we can obtain its perturbed eigenvalue and eigenfunctions.

Note that the adjoint matrix R;‘F = Rj has eigenvalues 7;; and corresponding eigenfunctions

X Then the eigenvalues and eigenfunctions of Ap(w)* have the following form

Tulw) = 7 +750+0(6") + O(w?s?),
Giaw) = @i+ 0(6") +Ows?),

where

L
Bii =Y Xj1pep0;
p=1

with X'j,l’p being a multiple of Xj; .
We normalize ¢;; in a way such that the following holds

(®jps Pia)m=@D) = Opg>
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which is also equivalent to the following condition
T~
Xjp Xjq = Opg-

Then, we can show that the following result holds.

Lemma 3.4. In the space H*(0D), as w goes to zero, we have
f=wfo+O0w??),

where fo = (fou,..., fo,L)T with

fou = —iy/Emfime’m <u1dly($) ul (lld Kb,)Sp, ld- (z — 2)]> =0(52).

Proof. We first show that

Lim
lullsony) = 02" [ullyyap)

3
lull2+ D) = 0

for any homogeneous function u such that u(éx) = é™u(x). Indeed, we have n(u)(z) = 6™ u(z).
Since Hn(“)”y*(af)) =52 |ul[3¢+(aDy) (see Appendix B), we obtain

3
[ull3e=op0) = 02 11(W) |3y 95y = By

which proves our first claim. The second claim follows in a similar way. Using this result, by a
similar argument as in the proof of Lemma 2.6 we arrive at the desired asymptotic result. [

Denote by Z = (Z1,...,Z1), where Z; = ikme @2 We are ready to present our main
result in this section.

Theorem 3.1. Under Conditions 1, 2, 3, 4, and 6, the scattered field by L plasmonic particles
in the quasi-static regime has the following representation

u’® = Sf)m [¥],
where
L fa(p]l( ))7_[*9031( ) 1
o= > Y —rh) +Ap(w) " (Pre(w) f)
jed =1 3
L 2¢3
. + O(w*02
_ ZZ ), Pj)n 1(8D0)1 X100+ O(w?6?) L O@ws?).
jed i=1 A— (T - ,Tn) 7j1 4+ O0(6%) + O(6%w?)
Proof. The proof is similar to that of Theorem 2.1. O

As a consequence, the following result holds.

Corollary 3.1. With the same notation as in Theorem 3.1 and under the additional condition
that

min |7, (w)] > wiéP,

jeJ | J,l( )|
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for some integer p and q, and
Tju(w) = Tjipq + 0o(w?o),

we have

L o(d- ‘ X, 0 25%
b= 33 L@ biuoon It pia + OWH2) o ss)

T
]GJ l:]. ]7lvpvq

4 Scattering and absorption enhancements

In this section we analyze the scattering and absorption enhancements. We prove that, at the
quasi-static limit, the averages over the orientation of scattering and extinction cross-sections of
a randomly oriented nanoparticle are given by (4.10) and (4.11), where M given by (4.7) is the
polarization tensor associated with the nanoparticle D and the magnetic contrast p.(w)/pm. In
view of (4.15), the polarization tensor M blows up at the plasmonic resonances, which yields
scattering and absorption enhancements. A bound on the extinction cross-section is derived
in (4.17). As shown in (4.20) and (4.22), it can be sharpened for nanoparticles of elliptical or
ellipsoidal shapes.

4.1 Far-field expansion

For simplicity, we assume throughout this section that D contains the origin. We first prove the
following representation for the scattering amplitude.

Propsition 4.1. Let x € R? be such that |x| > 1/w. Then, we have

with

A ( d ) = [ S uda) (42)

[]
being the scattering amplitude and ¢ being defined by (2.3).

Proof. We recall that the scattered field u® can be represented as follows:
wi(z) = Spll(x)
1 eikmkrf—y\
= / T ¢(y)do(y).

4 oD |a:—y\

From
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it follows that

W () = ekl e P TV (y) <1 v (”‘;’3)> do(y) + o <|w1’2> :

- drlz| Jap

which yields the desired result. O

4.2 Energy flow

The following definitions are from [20]. We include them here for the sake of completeness. The
analogous quantity of the Poynting vector in scalar wave theory is the energy flux vector; see
[20]. We recall that for a real monochromatic field

Uz, t) = R [u(z)e ™,

the averaged value of the energy flux vector, taken over an interval which is long compared to
the period of the oscillations, is given by

F(z) = —iC [u(z)Vu(x) — u(x)Vu(z)],

where C' is a positive constant depending on the polarization mode. In the transverse electric
case, C' = w/py, while in the transverse magnetic case C' = w/ey,. We now consider the outward
flow of energy through the sphere 0Bpg of radius R and center the origin:

W= F(z)-v(z)do(x),
OBR

where v(z) is the outward normal at 2 € 0Bg.
As the total field can be written as U = u®+u*, the flow can be decomposed into three parts:

W=W +W+W,
where

Wi = —iC [J(;c)vui(x) - ui(a:)vﬁ(a;)} () do(z),
OBRr

W =—iC u¥(z)Vui(z) — v’ (z)Vus(z)] - v(x) do(z),
OBr

W = —iC [E(x)vuS(x) — ¥ (2) Vi (z) — u(z) Vad (z) + E(x)vui(;p)] () do ().
O0BRr
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In the case where u' is a plane wave, we can see that W* = 0:

Wi = —iC [ﬁ(a;)vui(g;)—ui(x)vﬁ(x) do(z),
9Bn
= —iC {e_ikmd'xikmdeikmd'x + etfmdep de=tkmdT| (1) do(x),
OBr
= 2Ck:md-/ v(z)do(x),
9Bp
= 0.

In a non absorbing medium with non absorbing scatterer, VW is equal to zero because the
electromagnetic energy would be conserved by the scattering process. However, if the scatterer
is an absorbing body, the conservation of energy gives the rate of absorption as

Therefore, we have
W+ WS = W'

Here, W is called the extinction rate. It is the rate at which the energy is removed by the
scatterer from the illuminating plane wave, and it is the sum of the rate of absorption and the
rate at which energy is scattered.

4.3 Extinction, absorption, and scattering cross-sections and the optical the-
orem

Denote by U’ the quantity U’(z) = ’E(aﬂ)vw(m) — u!(z)Vui(z)|. In the case of a plane wave

illumination, U%(z) is independent of = and is given by U? = 2k,,.

Definition 3. The scattering cross-section QQ°, the absorption cross-section Q% and the extinc-
tion cross-section are defined by

W/

ext __

we o owe
Fa Q_U7‘7

Q=
Note that these quantities are independent of x.

Theorem 4.1 (Optical theorem). If u’(z) = e®*m%® where d is a unit direction, then

Q" =Q + Q" = S [A(d)] (1.3)
8 = #)|?do (& .
Q—/SQ|AOO< )2dor(2) (1.4)

with Ao being the scattering amplitude defined by (4.2).
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Proof. The Sommerfeld radiation condition gives, for any x € 0BRg,
Vui(x) - v(z) ~ ikpu’(z). (4.5)

Hence, from (4.1) we get

I _ ) 2Ckm z\|?
u®(z)Vus(z) - v(z) — us(x)Vu'(x) - v(z) ~ AFEE Ao ER
which yields (4.4). We now compute the extinction rate. We have
Vul(z) - v(z) = ikpnd - v(z)emte, (4.6)
Therefore, using 4.5 and 4.6, it follows that
_ _ . vi . eikm(|x|—d~x) p . eikm(|x|—d~x)
u(x)Vus(z) - v(z) — v’ (x)Vui(z) - v(z) = zme .nilme
_ikmeikmm‘_d'l’(w)
= d- —1).
o @@ -
For x € 0BpR, we can write
_ _ ikmefikau(z)-(dfu(m))
u(x)Vu'(z) - v(z) — u’(z)Vui(x) - v(x) = (d-v(x)—1).

4R

We now use Jones’ lemma (see, for instance, [20]) to write the following asymptotic expansion
as & — oo

i, G0 o) < T (e G,
where
G(w(z)) =d v(z) - 1.
Hence,
/(9 N [ (@) V() — () Vi (2)] - (@) ~ ~A(d) a5 R = o0,
Therefore,
W = —iC [As(d) — Ano(d)] = 20 [Ano(d)] .
Since
1O [0 () Vi (2) — ui(x)vﬁ(x)‘ = 2|C k.,
we get the result. O
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4.4 The quasi-static limit

We start by recalling the small volume expansion for the far-field. Let A be defined by (2.19)
and let

M(\, D) = /@ (A= Kp) e doo) (47)

be the polarization tensor. The following asymptotic expansion holds. It can be proved by
exactly the same arguments as those in [6].

Propsition 4.2. Assume that D = §B+2z. As § goes to zero the scattered field u® can be written

as follows:

u(r) = —kZ (;C = 1> |D|G(x, 2, km)u'(2) — V.G(x, 2, k) - M(\, D)Vu'(2)

m

o (M)

for x away from D. Here, dist(\,o(K7))) denotes min; |X — \;| with \; being the eigenvalues of
K.

(4.8)

Assume for simplicity that €. = ¢,,,. We explicitly compute the scattering amplitude A, in
(4.1). Take u’(z) = e*m9® and assume again for simplicity that z = 0. Equation (4.8) yields,
for [z > 1,

54
dist (), a(icg)))'

eikm\aﬂ '

=——ik
u®(x) 47r]:c|zm

. T X

Since we are in the far-field region, we can write that, up to an error of order 64 /dist(\, 0(K%)),

() = 2, ( v M(A,D)d) +0 (,;@ . (4.9)

x| \Jaf

In the next proposition we write the extinction and scattering cross-sections in terms of the
polarization tensor.

Propsition 4.3. The leading-order term (as § goes to zero) of the average over the orientation
of the extinction cross-section of a randomly oriented nanoparticle is given by

Qi = s M (x, D)), (4.10)

where Tr denotes the trace of a matriz. The leading-order term of the average over the orientation
scattering cross-section of a randomly oriented nanoparticle is given by

167

Q= ki~ [TrM(X, D). (4.11)

Proof. Remark from (4.9) that the scattering amplitude A, in the case of a plane wave illumi-
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nation is given by

LY 2 P
Aoo(x|> kmm M(X, D)d. (4.12)

Using Theorem 4.1, we can see that for a given orientation
Q" = —kn,S[d- M(\,D)d].

Therefore, if we integrate Q*** over all illuminations we find that

Qeat :ng[ d-M()\,D)ddU(d)]-
T s2

Since M (A, D) is symmetric, it can be written as SM (X, D) = P'N(\)P where P is unitary
and N is diagonal and real. Then, by the change of variables d = P!z and using spherical
coordinates, it follows that

Qurt — Z:[/SQ;C.N()\)de(x)],

and therefore,
km

et 3 [TrN(N\)] = %’”s [TrM (N, D)] . (4.13)

Now, we compute the averaged scattering cross-section. Let M (A, D) = P!N(\)P where P is
unitary and N is diagonal and real. We have

s _ 4 . 2
@ = E [ e MODI dota) do(a)

- [l ot s [

Then a straightforward computation in spherical coordinates gives

7. 1\7(/\)07‘2 do(7) da(ci)].

167

@ = k=g [TEM (X, D)[*,

which completes the proof. O

From Theorem 4.1, we obtain that the averaged absorption cross-section is given by

Q= %m% (M (A, DY — k

m

16
74"777 ITeM (A, D).
Therefore, under the condition (2.26), Q% blows up at plasmonic resonances.

4.5 An upper bound for the averaged extinction cross-section

The goal of this section is to derive an upper bound for the modulus of the averaged extinction
cross-section Q%' of a randomly oriented nanoparticle. Recall that the entries M, (A, D) of
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the polarization tensor M (A, D) are given by

M (N, D) := /anl()\I K5) vm] () do(z). (4.14)

For a CY® domain D in R, K3, is compact and self-adjoint in H* (defined in Lemma 2.1 for
d =3 and in Lemma C.1 for d = 2). Thus, we can write

(M — KC5)~ Z W, % ”* ®%
J=

9

with (A}, ¢;) being the eigenvalues and eigenvectors of K7, in H* (see Lemma 2.1). Hence, the
entries of the polarization tensor M can be decomposed as

My (A, D) =)
j=1

(4.15)

>
>
<

where al(ir?m = (Vm;@j)H* (‘Pjaxl)_%%- Note that (v, x(0D))_

that Ao = 1/2, we have (v, po)n+ = 0 and so, Oéz(,% =0.
The following lemmas are useful for us.

1 = 0. So, considering the fact
2

S

Lemma 4.1. We have

aff) >0, j>1.
Proof. For d = 3, we have
1 1,1 N
(j,e1) 11 = ((5 =) (21d—’Cz))[Sﬂj],Iz)_éé
__ —1  (9Splyj]
- 1/2—>\]< v ’wl);,;
ox

= [ Shspleds— [ (uSoles) - miaSole))ds

oD D

(Vlaspj)}[*

12—\

where we used the fact that Spp;] is harmonic in D. The same result holds for d = 2 if we
change Sp by Sp (see Appendix C). Since |A;| < 1/2 for j > 1, we obtain the result. O

Lemma 4.2. Let 4)

o0
M (M, D) Z
7=1

be the (I,m)-entry of the polarization tensor M associated with a CY* domain D € R®. Then,
the following properties hold:
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(i)

(ii)
9] d
G _ (d=2)
Z Ai Z al,Jl - 2
j=1 =1
(i)
o0 d (
Z Aj Z O‘zjz) =
j=1 =1
Proof. The proof can be found in Appendix D. O
Let A =X 4 i)\’. We have
00 )\//| Zl 1 a(])
| (Tr(M( Z A (4.16)

]=1

For d = 2 the spectrum o(K7}))\{1/2} is symmetric. For d = 3 this is no longer true.
Nevertheless, for our purposes, we can assume that o(K},)\{1/2} is symmetric by defining
al( l) = 0 if A; is not in the original spectrum.

Without loss of generality we assume for ease of notation that Conditions 2 and 3 hold. Then
we define the bijection p : N — NT such that Ap(j) = —Aj and we can write

1 00 |)\//|5 > )\’/W (p(4))
‘%(Tr(M()\,D)))’ Y (Z (N = \j) J+ \/'2 +Z (N 4 2)) 2 N2
j=1 ]=1

V| & ()\/2+)\”2+>\32')(5(] + BNy 42X N;(BY) — Blel))

2 = (()\/ — A2+ )\//2) (()\/ A2+ )\,,2)

)

where 3; = Zal

From Lemma 4.1 it follows that

(N2 4 N2 4 A?)(ﬁ(i) + Ble@)) 4 2)\//\j(5(j) — plel))

(()\/ _ )\j)Q + )\//2) (()\/ + )\j)Q + )\//2) = 0.
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Moreover,
(N2 + N2+ A?)(ﬁ(a’) + BNy 42X N;(BY) — Ble)) B
(()\/ _ )\j)Q + )\//2)((>\/ 4 )\j)z 4 )\//2) -
(V24 N2 4 /\?)(B(j) + By 4 2)\f)\j(5(j) — ple)))
)\//2(4)\/2 + )\//2)

)\//2
+ 0(4)\/2 + )\//2 )
Hence,
|%( MO D)))‘ [\ i (V24 N2 4 A?)(ﬁ(i) + B 2N (X;80) + /\p(j)g(p(j))) Lo A2 )
2 )\//2 (4)\/2 + )\//2) 4A/2 + )\/12 '

j=1
Using Lemma 4.2 we obtain the following result.

Theorem 4.2. Let M(\, D) be the polarization tensor associated with a CH® domain D € R?
with X\ = X + X" such that |\'| < 1 and |N'| < 1/2. Then,

d|X"[| D]
1 2 ( (d 2)
+ V(N2 + 4N72) (d/\/ |D| + —— ‘D’ +Z/ |IVSply ’ ||°dz + 2)N ~—|D|

)\//2
4N\2 + )\//2) :

S(Tr(M (X, D)))| <

+ O(

The bound in the above theorem depends not only on the volume of the particle but also on
its geometry. Nevertheless, we remark that, since |\;| < %,

(9] d
d|D
S22y aff < A7
j=1 =1
Hence, we can find a geometry independent, but not optimal, bound.
Corollary 4.1. We have

1

|%(TI‘(M<)\, D)))‘ < ’)\//|()\//2 +4)\/2) <d‘D’(X2 !

DN

(d 2) dX"||D| X"
) A s ARG Tl
(4.17)
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4.5.1 Bound for ellipses

If D is an ellipse whose semi-axes are on the x1- and xo- axes and of length ¢ and b, respectively,
then its polarization tensor takes the form [7]

172 0
2 a+
M\, D) = ’D| . (4.18)
0 PR D S
A+ 2 a+b

On the other hand, it is known that in H*(9D) [27]

. 1/a—0b\’ .
U(ICD)\{l/Z}:{j:2 (a—l—b)’ j:1,2,...}.

Then, from (4.15), we also have

o) & )
Fai() Fao ()
M()\,D) _ . 2 \a+b Zgjz b

B &
> )

j= 1)\——<a—+b> j=1 \ —

(=

a—>o J
b

N[
S|
+

1 b
Let Ay = 5 Z " and V(\;) = {i € N such that K},[pi] = Aje;}. It is clear now that
>ooali= Y afh=IDl Y afl= Y afh=o0 (4.19)
1€V(A\1) i€V(—A1) 1i€V(Aj) 1€V(=A5)
for j > 2 and A
=0
’LGV()\]')
for j > 1.

In view of (4.19), we have

B N B(3) - AN2B0) 4 \2(BU) 4 B ( A2 )
()\I _ )\j)Z + )\/12 ()\l + )\j)Z + )\/12 - )\//2(4)\/2 + )\/12) 4)\/2 + )\/12 :
Hence,
’)\//| 0 4)\/2B(j)+)\,/2(/6(j)+ﬂ(j)) N2
‘%(FI‘I.(]\4—()\7 D)))‘ S 2 )\//2(4)\/2 + )\1/2) + 4)\/2 + AIIQ)'
j=1

Note that for for any ellipse D of semi-axes of length a and b, S(Tr(M (X, D))) = S(Tr(M (A, D))).
Then using Lemma 4.2 we obtain the following result.
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Corollary 4.2. For any ellipse D of semi-azes of length a and b, we have

|D]4N2 2|\||D| N2

IS(Tr(M (A, D)))| < I v T e e +O0( ) (4.20)

Figure 1 shows (4.20) and the average extinction of two ellipses of semi-axis a and b, where
the ratio a/b = 2 and a/b = 4, respectively.

25 T T T
—— Bound
-—-a/b=2
--a/b=4

Averaged extinction

Figure 1: Optimal bound for ellipses.

We can see from (4.16), Lemma 4.1 and the first sum rule in Lemma 4.2 that for an arbitrary

shape B, |3(Tr(M (A, B)))| is a convex combination of % for A\j € o(K})\{1/2}. Since
J

ellipses put all the weight of this convex combination in +A; = %Z—;z, we have for any ellipse

D and any shape B such that |B| = | D),
IS(Tr(M (X", B)))| < [S(Tr(M (X", D)))]

with A* = £5920 4 )",
Thus, bound (4.20) applies for any arbitrary shape B in dimension two. This implies that, for
a given material and a given desired resonance frequency w*, the optimal shape for the extinction

resonance (in the quasi-static limit) is an ellipse of semi-axis a and b such that X (w*) = %Z—;Z.
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4.5.2 Bound for ellipsoids

Let D be an ellipsoid given by

2 2 2
LI N (4.21)
b1 by b3

The following holds [7].

Lemma 4.3. Let D be the ellipsoid defined by (4.21). Then, for x € D,
Splwvl(z) = sz, 1=1,2,3,

where

__ DP1p2p3 1

= > ds.
2 /0 (P} + )/ (01 + 9)(P5 + ) (3 + 9)

Then we have
3
3 /D VSplu][2de = (52 + 52 + s2)|D|.
=1

For a rotated ellipsoid D = RD with R being a rotation matrix, we have M (], D) =RM(\,D)RT
and so Tr(M (X, D)) = Tr(M (A, D)). Therefore, for any ellipsoid D of semi-axes of length p1, pa
and ps the following result holds.

Corollary 4.3. For any ellipsoid D of semi-azes of length p1,ps and ps, we have

~ D] (BX2 + N — L+ (53 + 53 + 53)) N BMIDI o N

S(Tr(M(A, D))) < IV 407 RV (W)’ (4.22)

where for j =1,2,3,

__ P1p2p3 1

o *° ds.
) 2 /o (W} + V(07 +5) (w3 + )(p3 + 9)

5 Link with the scattering coefficients

Our aim in this section is to exhibit the mechanism underlying plasmonic resonances in terms
of the scattering coefficients corresponding to the nanoparticle. The concept of scattering co-
efficients was first introduced in [9]. It plays a key role in constructing cloaking structures. It
was extended in [10] to the full Maxwell equations. The scattering coefficients are simply the
Fourier coefficients of the scattering amplitude As. In Theorem 5.1 we provide an asymptotic
expansion of the scattering amplitude in terms of the scattering coefficients of order £1. Our
formula shows that, under physical conditions, the scattering coefficients of orders +1 are the
only scattering coefficients inducing the scattering cross-section enhancement. For simplicity we
only consider here the two-dimensional case.
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5.1 The notion of scattering coefficients

From Graf’s addition formula [7] and (2.2) the following asymptotic formula holds as |z| — oo

w@) = (= u)a) = = 3 HD el [ ualul)e " 5(0)do (),

neL

where x = (|z|,0,) in polar coordinates, H{Y is the Hankel function of the first kind and order
n, Jy, is the Bessel function of order n and v is the solution to (2.4).

For u'(z) = e*m?® we have

w' (@) =D am(u) T (k)€™
meZ

imy(

3 0a), By the superposition principle, we get

'¢ Z am wma

mEZ

where a,,(u') = e

where 1, is solution to (2.4) replacing f by

m m 1 1 * o\ — m
1= B (51 = (C5)) (S ) T ™)
with
F™ (@) = —Jn(mlz])e™,
(m) 7L6Jm(k‘m|x|)eime’”
F2 ('I) - Lim 81/ .
We have
w' (@) = (u—u')(@) = =7 3 HD (k)™ Y W™ 30,
nez meZ
where
Wam :/8D Jn(km’y‘)e_meywm(y)da@)- (5.1)

The coefficients W, are called the scattering coefficients.

Lemma 5.1. In the space H*(0D), as w goes to zero, we have

fO = ow?),
f(il) _ Wfl(il)—i-O(wQ),
= O@w™), |m|>1,

where

—e€

Vembm (1 i
= (e + (1= Kp)S5 [le™]).
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Proof. Recall that Jo(z) = 1 + O(z?). By virtue of the fact that
1 . _
(51d = (K))(Sp) ™" [x(9D)] = O(w?),
we arrive at the estimate for f(°) (see Appendix C). Moreover,

Jei(w) = £5 +0(?)

together with the fact that
1 1 ~
(51— (K§5)") (k)™ = (51d — Kp)Sp' + 0w logw)

gives the expansion of f*1) in terms of w (see Appendix C).
Finally, J,,(z) = O(2™) immediately yields the desired estimate for f (m), O

From Theorem C.1, it is easy to see that

™ 3. (). o (w
¢mzz (f 790]( ))’H*(pj( )+AD(w)_1(PJc(w)f). (52)

Y 7j(w)

Hence, from the definition of the scattering coefficients,

(£, 350)) . (05(@)s T ()i )

7j(w)

N|=

)

N|=

anzz

+ / Tnlkmly e O(w)do (y).
jeJ oD

(5.3)
Since

1 ex \Iml
Il D (2Im|)

as m — 0o, we have

ol

|m|lml

F] <

Using the Cauchy-Schwarz inequality and Lemma 5.1, we obtain the following result.

Propsition 5.1. For |n|,|m| > 0, we have

O(wlnl+mly — cln+im]

minje s [7;(w)| [n[I"l m]Im!

[Wam| <
for a positive constant C' independent of w.

5.2 The leading-order term in the expansion of the scattering amplitude

In the following, we analyze the first-order scattering coefficients.
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Lemma 5.2. Assume that Conditions 1 and 2 hold. Then,

wQ
b = S o),

o W)

VoI (x%m - ﬁ) (€%, pj)n=0j + O(w’ logw) 0
ey = jze; o + O(w).

Proof. The expression of v follows from (5.2) and Lemma 5.1. Changing Sp by Sp in Theorem
1 ~ ) ,
2.1 gives <(§[d—ICB)SBIHx]eZGZ], wj)?—t* = — (e, ;). Using now Lemma 5.1 in (5.2) yields

the expression of 941. O

Recall that in two dimensions,

1 1 1 1
_(7_7

=—+
2fm  2Me CHe  Hm

7 (w) )/\j + O(w?logw),

where J; is an eigenvalue of K7, and A9 = 1/2. Recall also that for 0 € J we need 7; — 0 and so
tm — 00, which is a limiting case that we can ignore. In practice, Pj(w)[po(w)] = 0. We also
have (gpj,x(ﬁD))_%’% =0 for j # 0.

It follows then from the above lemmas and the expression (5.3) of the scattering coefficients that

4
Woo = Y O(w logw) +OWw),

o i)
WS og w
Wot1 = ZW+O(W)7
= J
w3
Wi = Z(:((w>) + O(w?).
jeJ v

Note that W1 has a special structure. Indeed, from Lemma 5.2 and equation (5.3), we have

+ :l:wivs'gum(i — i) (@5, J1 (k| ] )eFi0=) (eiw”,goj)ﬂ* + O(wlog w)

Wit = Z . ik +0(w?)
jej T](W)
+ k2 Emiim (ﬁ—i)(%ﬁja\I|€¢i9”),%,%(eiw”a%’)y*+O(W410gw) )

> +0(w?),

je] T](OJ)

+ + . Fiby +i6, . O 2]

(), Ot

4 A=A+ O(w?logw) ’

jeJ
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where X is defined by (2.19). Now, assume that minje; |7j(w)| > w?logw. Then,

2 [ (o laleT)

Wity = % | -
jeJ

+i6
11 (€%, 05),,.
202 *oom|. (5.4)
J

Define the contracted polarization tensors by

Nio(\ D) = /d el (A = ) 1) doa).

It is clear that

Ny (A, D) = My (A D) — Mys(\ D) +i2M 5(A, D),
Ny _(A\D) = M;1(\ D)+ Mys(A D),
N_(\,D) = My 1(\ D)+ Mys(A D),
N__(\D) = M;(AD)— Mas(\ D) —i2M; 5(\, D),

where M ., (X, D) is the (I, m)-entry of the polarization tensor given by (4.7).
Finally, considering the above we can state the following result.

Theorem 5.1. Let Ay be the scattering amplitude in the far-field defined in (4.2) for the
incoming plane wave u'(x) = e*m4*  Assume Conditions 1 and 2 and

min |7j(w)| > w? log w.
jeJ
Then, As admits the following asymptotic expansion
T
Ane <x> = T Wid + O(w?),
|z| ||

where
Wy = ( W_i1+ Wi —2Wi, i(Wioy — W_on) >
i(Wio1 — W_p) —W_p1 =Wig =2Wn )

Here, Wy, are the scattering coefficients defined by (5.1).
Proof. From (4.12), we have

T
Aso (”3) = k2 27 M\, D)d.
|| ||

Since K7, is compact and self-adjoint in H*, we have

< (5 [ole™) s

Nis(\,D) = >

J=1

(%‘,Ix!e T)oii
= > Y +0(1).

jeJ J
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We have then from (5.4) that

k‘2
_TmN+,+()‘v D) = Wi+ O(OJQ),
kQ
— N (WD) = Wi+ O(w?),
k2 9
—y N-t(AD) = Wi+ 0w,
k’2
N -(AD) = Wi+ O(w?).
In view of
1
My = 1 (N4 ++N__+2N, ),
1
M22 = Z (—N+7+ — N_,_ + 2N+7_) s
—1i
My = - (Nyq —N--),
we get the result. O

6 Super-resolution (super-focusing) by using plasmonic parti-
cles

It is known that the resolution limit (or the diffraction limit) in a general inhomogeneous space
is determined by the imaginary part of the Green function in the associated space [1]. By
modifying the homogeneous spaces with subwavelength resonators, we can introduce propagating
subwavelength resonance modes to the space which encode subwavelength information in a
neighborhood of the space embedded by the subwavelenghth resonators, thus yield a Green’s
function whose imaginary part exhibits subwavelength peaks and therefore break the resolution
limit (or diffraction limit) in the homogeneous space. The principle has been mathematically
demonstrated in [11]. Here, using the fact that plasmonic particles are ideal subwavelength
resonators, we consider the possibility of super-resolution (super-focusing) by using a system of
identical plasmonic particles. The results in this section can be viewed as a consequence of the
results in Section 3.

6.1 Asymptotic expansion of the scattered field
In order to illustrate the superfocusing phenomenon, we set

eikm|x—xo|

Uz(l') = G(x,fl:o,km) = 7m

Lemma 6.1. In the space H*(OD), as w goes to zero, we have

)?

N

F=fo+OwWs?)+0(s
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where fo = (fo1,--- ,f(),L)T with

ot =~ (anm — ) vl@) + (5 1d = Kp) St (1 — ) - (o zm) — 0@

Proof. The proof is similar to that of Lemma 2.6. Recall that

1,1 i _
fi=Fa2+ ;(gfd - (’Ckpcl) )(Sf)cl) R,
We can show that
1 out 1 5 3
F = -—— —-— — . 5 = . * D )
2=, yE—r _wolg(zl z0) - v(x) +0(62) + O(wdz) in H* (D)
Besides,
) eikm|zl—I0| 1 5 3 .

i (@)lop, = (D) + (21— w0) - (= ) + 0(63) + Owd?) in H(OD)).

4rlzy —1:0|X 47|z — o3

Using the identity (5/d — ICBl)Sl_)ll [x(0Dy)] = 0, we obtain that

(= (Kl5)") (5%5) [P =

1

1 L
_m(ild_’cm)‘g&[@l x0) - (. — 2)].

This completes the proof of the lemma. O

We now derive an asymptotic expansion of the scattered field in an intermediate regime which
is neither too close to the plasmonic particles nor too far away. More precisely, we consider the
following domain

1
_ 3. :
Dsi = {3: cR ,lrgnllSan:—zl\ > 9, lrglag(L lx — 2| < %}

Lemma 6.2. Let ¢y € H*(OD;) and let v(x) = Sgl [W)(x). Then we have for x € Ds,

o(@) = Glaak)(—— — i) L /M yr(y)do(y) + 0% lr - omn

|z — 2| .

+G(z, 2z, k) - Ui (y)do(y).

|z — 2| B

Moreover, the following estimates hold

o) = 0(7) if di(y)do(y) =0,
0Dg

o) = 0(3) if Yi(y)do(y) # 0.

9Dg

Proof. We only consider the case when [ = 0. The other case follows similarly or by coordinate

39



translation. We have

v(z) = SplYl(z) = o, G(z,y, k)Y (y)do(y) = —/aDO 4W‘x_y‘¢(y)da(y).
Since , »
G(w,y,k)zG(x,o,k)JrZM Y Y Ga:Ok;) "
lo=1] m>2 |a=m)|
and

0G(z,0, k) etklzl 1 N T %
=— — —ik)— = G(z,0,k -,
oy i (g~ ) g = 0B (g~ )

we obtain the required identity for the case [ = 0. The estimate follows from the fact that

o 2|al+1
1y* lropy) = O(0™ 2
This completes the proof of the lemma. O
Denote by
x— 2z
Sji(x,k) = Gz, 2,k)——5 - yej(y)do(y),
lz = 2> Jap,
Sik) = Gloak) [ powdo),
9Dy

1

Hj (o) QT E—

((Zl — x) - v(), Spj)H*(aDO)'
It is clear that the following size estimates hold
Sz, k) = 0(52),  Si(x, k) = O(67), Hjy(zo) = O(62) forj #£0, Hoy(wo) = 0.

Theorem 6.1. Under Conditions 1, 2, 3, 4, and 6, the Green function I'(x,xq, ky) in the
presence of L plasmonic particles has the following representation in the quasi-static regime: for
T € Dé,km;

[z, x0,km) = G(z, mo,k; )

ol 10X 1.955 (x km) + O(6%) + O(wé?)
+ZZ Jip 0 J p J1:9°27,9 +O(53).

Proof. With u'(z) = G(z, 2o, k), we have

=" aueut > aoup01 + O(62),

jeJ 1<I<L 1<I<L
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where

3 5
aji = (f,@50)uop) = (fo, 8j)m=@p) + O(wd?) + 0O(62),
1 1 =
= (= 2 )it Hip(w0) + Ows?) + O(3%),
_ 5
aor = (f,P01)nap) = O0(02).
By Lemma 6.2,
‘S]E)m lpjl(z) = Z 8 Xjippjep)(@ Z ilpSpr el (@)
1<p<L 1<p<L
= > XupSip(t,km >+0(5%)+0(w5%>.
1<p<L
On the other hand, for 5 = 0, we have
Sirlpod@) = 0(62),
T(w) = T+ 0(54) + 0(62w2) =0(1).
Therefore, we can deduce that
wo= =D > apSplel + Y a0SH lpo + 0(8%),
jeJ 1<I<L 1<I<L
1 ~
S Z ( YV H,p(20) X j1p X 1S g (@ ) + O(wd?) + 0(54))
jet =1 Tja(w Hm
+O(63)
= ZZ Hjp(xo) leXJl,qSJq(m k )+O(W53)+O(54) +O(53).
D AN+ (- fm)* i + O(6%) + O(52w?)

6.2 Asymptotic expansion of the imaginary part of the Green function

As a consequence of Theorem 6.1, we obtain the following result on the imaginary part of the

Green function.

Theorem 6.2. Assume the same conditions as in Theorem 6.1. Under the additional assump-

tion that
1 L1 4 2 2
A=A+ (7 ) i > 0(0%) + O(6*w?),
He  HUm
1 1.1 1 1
§R<>\—)\l+ _ - — T‘l> < %<)\—/\~+ _ - —
J (Mc ,um) 7 J (Mc Lo
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for each l and j € J, we have

ST(x, 0, km) = SG(x,x0, km) + O(0°) +

L
>R (Hyp(w0) Kjap X Sia(a, 0) + Owd*) + 0(6%))

jeJ =1

1
(A— N+ (o — ,ﬁn)_lTjJ) ’

&

X

where x,xg € D, -

Note that R (Hj,p(ﬂ?o)XjJ’pXj’Lqu,q(J,‘,0)) = O(63). Under the conditions in Theorem 6.2,
if we have additionally that

1 |
3 - =0(53)
(A_)‘J'_‘_(Mlc_;in) 173',1) o

for some plasmonic frequency w, then the term in the expansion of ST'(z, xg, ky,) which is due
to resonance has size one and exhibits subwavelength peak with width of order one. This breaks
the diffraction limit 1/k,, in the free space. We also note that the term SG(x,xo, ky,) has size
O(w). Thus, we can conclude that super-resolution (super-focusing) can indeed be achieved by
using a system of plasmonic particles.

7 Concluding remarks

In this paper, based on perturbation arguments, we studied the scattering by plasmonic nanopar-
ticles when the frequency is close to a resonant frequency. We have shown that plasmon resonant
nanoparticles provide a possible way not only of super-resolved imaging but also of scattering
and absorption enhancements.

We have derived the shift and broadening of the plasmon resonance with changes in size.
We have also consider the case of multiple nanoparticles under the weak interaction assumption.
The localization algorithms developed in [7, 8, 18] can be extended to the problem of imaging
plasmonic nanoparticles. We have precisely quantified the scattering and absorption cross-
section enhancements and gave optimal bounds on the enhancement factors. We have also
linked the plasmonic resonances to the scattering coefficients and showed that the leading-order
term of the scattering amplitude can be expressed in terms of the +-one order of the scattering
coefficients.

The generalization to the full Maxwell equations of the methods and results of the paper is
under consideration and will be reported elsewhere. Another challenging problem is to optimize
the super-focusing phenomenon in terms of the organization of the nanoparticles. This will be
also the subject of a forthcoming publication.
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A Asymptotic expansion of the integral operators: single par-
ticle

In this section, we derive asymptotic expansions with respect to k of some boundary integral
operators defined on the boundary of a bounded and simply connected smooth domain D in
dimension three whose size is of order one.

We first consider the single layer potential

SplYl(z) = |Gy, k)(y)do(y), =€ oD,
where
G k eik‘xfm
(,y, k) = —m

is the Green function of Helmholtz equation in R?, subject to the Sommerfeld radiation condition.
Note that

e (k[ =yl 1 ik o (ik|z — y|)7™!
Gk == ey = g A
7=0 7j=1
We get
Sh=8p+ > KSpj, (A1)
j=1
h
o i [ Gl — gy
Spilule) =~ [ i(p)day),
In particular, we have
Soaldl@) = —¢- | v(w)io(v) (A2)
1
Spaldl(z) = —L;aDM—yW@de- (A.3)

Lemma A.1. |[Spllz(n+op)m@D)) i uniformly bounded with respect to j. Moreover, the
series in (A.1) is convergent in L(H*(OD), H(OD)).

Proof. 1t is clear that

ISp.jllz(z20D), 11 90y < C,
where C is independent of j. On the other hand, a similar estimate also holds for the operator
Sp, ;- 1t follows that

18D.5ll -1 (op),22(00)) < C-

Thus, we can conclude that ||SD,j||£( is uniformly bounded by using interpo-

H™%(0D),H% (9D))
1 1

lation theory. By the equivalence of norms in the H~2(0D) and Hz(9D), the lemma follows

immediately. O
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Note that Sp is invertible in dimension three, so is S’f) for small k. By formally writing
(SE) ' =Syt +kBp1+k*Bpa+ ..., (A.4)
and using the identity (S%)~1S¥ = Id, we can derive that
Bpi=-Sp'Sp1Spt, Bpa=-85'Sp2Spt + 85 Sp 1S, SpaSy (A.5)
We can also derive other lower-order terms Bp ;.

Lemma A.2. The series in (A.4) converges in L(H(OD), H*(0D)) for sufficiently small k.

Proof. The proof can be deduced from the identity

SE) Tl =Id+S;' KSp,) s,
D »J D

j=1
O
We now consider the expansion for the boundary integral operator (IC’B)*. We have
(Kp)* = Kb +kKp1+kKpa+..., (A.6)
where
i iz —y|) ! 7(j—1) / -3
; = —— =— — —y)- d .
Kp,;l)(z) = -~ o j0n() U(y)do(y) yr lz—yl " (z—y)-v(x)P(y)do(y)
In particular, we have
1 T —y) vz
Koa =0, Kpalil) = = [ E )00, (A7)
dm Jop |z =yl

Lemma A.3. The norm ||Kp ;| cc+op) = (0p)) is uniformly bounded for j > 1. Moreover, the
series in (A.6) is convergent in L(H*(OD), H*(0D)).

B Asymptotic expansion of the integral operators: multiple
particles

In this section, we consider the three-dimensional case. We assume that the particles have size
of order § which is a small number and the distance between them is of order one. We write
Dj; = z; + (55, Jj=1,2,...,M, where D has size one and is centered at the origin. Our goal
is to derive estimates for various boundary integral operators considered in the paper that are
defined on small particles in terms of their size. For this purpose, we denote by Dy = 6D. For
each function f defined on 9Dy, we define a corresponding function on D by

n(f)(x) = f(07).

We first state some useful results.

44



Lemma B.1. The following scaling properties hold:
) 1005 2oy = 51l 2000)5
. _1
(i6) 11(H) o) = 52 1 lomoy;

_3
(it) [1n(F)lape0m) = 0 2 1f 1= (9D0) -
(6D)

Proof. The proof of (i) is straightforward and we only need to prove (ii) and (iii). To prove (iii),
we have

FlI2 = / / x)do(y
ooy = [ [ S is(sty
& / / ﬂdo T)do (%
obJop  4mlT — Y] (&)do ()
- 53””(.]0)”2 *(85)7
whence (iii) follows. To prove (ii), recall that

1 l2eo00) = IS0 Fllae-@0) -
Let u = 8501 [f]. Then f = Sp,[u]. We can show that
n(f) = 6Sp(n(w))-

As a result, we have

1) 3405y = 0S5y a5 = dlln(u)

)s
which proves (ii). O

Lemma B.2. Let X and Y be bounded and simply connected smooth domains in R3. Assume
0e X,Y and X = 5X Y =6Y. Let R and R be two boundary integral operators from D'(JY)
to D'(0X) and D’(@Y) to D'(8X), respectively. Here, D' denotes the Schwartz space. Assume
that both operators have the same Schwartz kernel R with the following homogeneous scaling
property

R(6x,dy) = 6" R(x,y).

Then,

IR 2= (o) 0x)) = 52+m||73||£ H (7)1 (9%))
IRl @vymoxy = 6" IR e o7),00%))
Proof. The result follows from Lemma B.1 and the following identity

R=6""y"1oRon.

45



We first consider the operators S§j and (IC]’%J,)*. The following asymptotic expansions hold.
Lemma B.3. (i) Regarded as operators from H*(0D;) into H(0D;), we have
Sh, = Sp, + kSp, 1 + k*Sp; 2 + O(K*5%),
where Sp, = O(1) and Sp; ;m = O(6™);
(it) Regarded as operators from H(OD;) into H*(0Dj), we have
(Sh,) " = Sp, + kBp,1 +kBp, 2 + O(k*5%),
where SB; = O(1) and Bp; m = O(0™);
(111) Regarded as operators from H*(0D;) into H*(0D;), we have
(KKh,)* = K, + K0,
where K, = O(1).
Proof. The proof immediately follows from Lemmas B.2, A.1, and A.3. O

We now consider the operator Sf)j p,- BY definition,

Sf)j,Dl W](l’) = 5D G(]I,y, k)w(y)do-(y)7 T € al)l

Using the expansion
Gz, y. k) = > k"Qm(x,y),
m=0

where | | .
"M — y|™m
Qm(fL', y) - Ta

we can derive that

k
SDj,Dl = Z kmSj,l,m7

m>0
where
Sjpmll(@) = [ Qm(z,y)(y)do(y).
oD;
We can further write
Sjim = ZSjJ,m,na
n>0
where S, is defined by
1 glal+sl N 5
Simaltl@) = [ Y Qa1 ) = 2% = )00 do)

7 |al+[Bl=n
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In particular, we have

1

Sinool)(x) = "z — 2l (v, x(0D;)) 172D, 11/2(00,) X (D1),

Sl = 3 T E (o 0D vagoy ey + (- 5% 8)X(DD).

=1 |Zl _ZJ|3

1 8 Qo(zl, Zj)

Sipo2ll@) = > B Dzedy? (@ — 2)*(y — ) ¥ (y)do(y),
jal+gl=2 Y
Sj,hl[l/}](x) = —ﬁ("t/% X(aDj))Hﬂm(aDj),Hl/?(aDj)X(Dl)a
1
Sja2ol¥l(@) = —la =z, x(0D;)) g-120p,),11/2(50,) X (D1)-

The following estimate holds.
Lemma B.4. We have HSj,l,m,n||£(7-L*(BD),H(8D)) S O(5n+1)

Proof. After a translation of coordinates, the stated estimate immediately follows from Lemma
B.2. O

Similarly, for the operator IC]B;? D, defined in the following way

0G(z,y, k)
k _ y I
Kb, i) = | FgrsPutiot), « e on,
we have
K%ijl = Z E™ Z Kj,l,m,na
m>0 n>0
where
1 0"Kp (21, 2 o
Kitmaldl@) = [ 5 OIS )Py 2) - ) @) bl)do(y)
D; | 1gl=n Y
with ( | | 5
_d™m = 1)z —y|™
In particular, we have
1
Kjiool](xz) = o P {(95 —2z) - V(f’«")(l/%X(aDj))H—I/Z(apj),Hl/Q(aDj)
_(Q;Z)a (y - Zj) : V(x))H_l/Q(BDj),Hl/Q(BDj)
+(21 — 25) - V(x)(¢v X(aDj))H71/2(3Dj),H1/2(aDj)} ) (B.1)
Kiiim[Y] = 0 forall m. (B.2)

Lemma B.5. We have ‘|ch7l,m,n||£(H*(8Dj),H*((9Dl)) S O(6n+2)
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Proof. Note that

B o = 2y — 2)%(a — 2) @) ()

Kitmalila) = [

Pi Jal+181=n
1 9"Kpn(2, 2 .
_/8[) ) ! a$5g;azj)($_zl)ﬁ(y_zj) (y = 2j) - v(2)p(y)do(y),
7 laf+Bl=n

o/ p ) oy ) - ) vl o).

After a translation of coordinates, we can apply Lemma B.2 to each one of the three terms above
to conclude that K m, = O(6"3) + O(6™2). This completes the proof of the lemma. O

To summarize, we have proven the following results.

Lemma B.6. (i) Regarded as an operator from H*(0D;) into H(OD;) we have,
S/l_g)]-,Dl = 38100+ Sj101+ Sji02 +kSji1+ k2 Sj 120 + O(6*) + O(K*52).

Moreover,

Sitmn = O™ ).
(i1) Regarded as an operator from H*(0Dj) into H*(0D;), we have
Kb, p, = Kjroo+ O(K*6%).

Moreover,

Kji00 = 0(6%).

C Adaptation of results to the two-dimensional case

In this section we adapt the layer potential formulation to plasmonic resonances in two dimen-
sions. We only consider the single particle case. For the multiple particle case, a similar analysis
holds.

Recall that in R? the single-layer potential Sp : H~1/2(0D) — H'Y?(dD) is not, in general,
invertible nor injective. Hence, —(u,Sp[v])_ 11 does not define an inner product and the sym-
metrization technique described in Lemma 2.1 is no longer valid.

To overcome this difficulty, a substitute of Sp can be introduced as in [13] by

. { Sply]  if (¢, x(9D))_

Splv] = (C.1)

x(0D) if ¢ = o,
where ¢ is the unique (in the case of a single particle) eigenfunction of Kj}, associated with
eigenvalue 1/2 such that (yg, x(0D)) = 1. Note that, from the jump relations of the layer

potentials, Sp|go] is constant.
The operator Sp : H~'/2(0D) — H'?(9D) is invertible. Moreover, the following Calderén

11
2'2
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identity holds ICD§D = §DIC*D. With this, define

Thanks to the invertibility and positivity of =S, D, this defines an inner product for which K7, is
self-adjoint and H* is equivalent to H~/2. Then, if D is C1*, we have the following results.

Lemma C.1. Let D be a CY® bounded simply connected domain of R? and let Sp be the operator
defined in C.1. Then,

(i) The operator K7, is compact self-adjoint in the Hilbert space H*(0D) equipped with the
inner product defined by

(u,v)p = —(U,gD[v])_;

1
272

(C.2)

with (-,-)_1 1 being the duality pairing between H=Y2(dD) and HY?(OD), which is equiv-
272
alent to the original one;

(it) Let (\j, ¢5),
with )\0 =

Jj =0,1,2,..., be the eigenvalue and normalized eigenfunction pair of K},
. Then, \; E( 2,2] and A\j = 0 as j — oo;

I\D\H\_/

(1it) H*(OD) = H5(OD) & {ppo, 1 € C}, where H{(OD) is the zero mean subspace of H*(0D);

(i) The following representation formula holds: for any v € H='/2(dD),

o
Z/\j 1, (Pj H* @ @j.
7=0

Lemma C.2. Let H(OD) be the space H%((?D) equipped with the following equivalent inner
product

(u’ U)?—l = (_851 [u]’ U)f

Then, Sp is an isometry between H* (D) and H(OD).

(C.3)

11
2'2

Remark C.1. Note that ggl[x((?D)] = o and (—31d+ K}) = (—31d + K5)Pa, where Py
is the orthogonal projection onto H(9D). In particular, we have (—3Id+ K*D)ggl[x(aD)] =

Let us now consider the single-layer potential for the Helmholtz equation in R?

Splv)(z) = - G(x,y,k)(y)do(y), =z € dD,

where G(z,y,k) = —fHO (k:|:v y|) and H(()l) is the Hankel function of first kind and order 0.
We have

i 1 - '
— B (klz = yl) = 5-logla =yl + i+ Y (b log bl — 9] + ¢;)(klx — yI),
j=1
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where

— L (logk log2)— L b= E 1 = —bj log2 — T 3
7= ggllosk by —log2) =g b=ty o = b |1 -lee2- 5 =3 O
and -y is the Euler constant. Thus, we get

Sh=8h+>" (K 10gk) Sp) + S kS, (C.4)

j=1 j=1

where

K@) = Spll(@) + / []do,

oD

S () = /8 byl =P ul)doty)

P = [ o=yl 1os e — ]+ v do ).
Lemma C.3. The norms HS(D{)]. | 22+ (oD),21(0D)) and HSZ()Q’)]. | 22+ (0D),21(0D)) are uniformly bounded
with respect to j. Moreover, the series in (C.4) is convergent in L(H*(0D), H(0D)).
Proof. The proof is similar to that of Lemma A.1. O

Observe that

(80 =80) ] = (Sp —8p) Prsl] + (¥ 0 o0l = (. 20} (Spleo] = x(9D).

Then it follows that

ShIv] = Spl] + (¥, v0)w+ (Spleo] — X(OD)) + 74 - Yo + (¥, 90)upodo = Spv] + Tr[t],

where

T[] = (¥, v0)n (Splee] — x(OD) + 1) . (C.5)

Therefore, we arrive at the following result.

Lemma C.4. For k small enough S¥ : H*(dD) — H(AD) is invertible.

Proof. Y} is clearly a compact operator. Since S, p is invertible, the invertibility of SIL?) is equiv-
alent to that of S}%ggl = Id+ Tkg’Bl. By the Fredholm alternative we only need to prove the
injectivity of Id + 'I‘kg[_)l.

Since Vv € H'/2, TS5 [v] € C, for (Id + Tk§51> [v] = 0, we need v = Splagy] = a € C.

We have

(Id+ Tkgl_)l) |:§D[Oég00ﬂ = a(Spleo] + ) =0 iff Splpo] = —11 or a = 0.
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Since we can always find a small enough & such that Sp[yg] # —7k, we need a = 0. This yields
the stated result. O

Lemma C.5. For k small enough, the operator S% : H*(9D) — H(OD) is invertible.

Proof. The operator & E -8 f) is a compact operator. Because S f) is invertible for k£ small enough,
by the Fredholm alternative only the injectivity of S]f) is necessary. From the uniqueness of a

solution to the Helmholtz equation we get the result.
O

We can write (C.4) as

where G, = k?log kSg)l + k28(2) + O(k*log k). From the two lemmas above we get the identity

Sy = (104 )G (S

It is clear that ||( AE)_1||L(H(8D)7H*(8D)) is bounded in k. Thus, for k£ small enough, we can
formally write

(SH) ™= (85) 7" — (85)7'Ge(Sh) T + Ok log” k).
We have the identity

. ~ N1 ~
(k™ = (S5'sh) 85"
N——
ALt
Here,
Ay, = Id + (-, 00)3+(Splwo] — xX(OD) + 73) 0.
Then,
- Splpo] — x(OD) + 7,
At =1d— (., : :
k ( SDO)'H SD[SO()]"‘Tk ®o
and therefore,
a-1
Sk\—1 -1 o—1 (SD [']a%ﬁo)%*
=S, — (S5, pg +

Finally, we get
(SE)™' = Lp+U — K 1oghLpSH) Lo — k¥ (LpSEh Lo — log kUkSH) L + LoSHU) )
+O(k?log ™ k)

(Sp' [, o)

. We note that U, = O(log™ ' k).
Splwo] + Tk 70 F (log™" k)

with Lp = 777.[3551 and Uy, =

We now consider the expansion for the boundary integral operator (K%)*. We have

(KE)* = K% + Z (k% log k) K Z kZJ/cDJ, (C.6)
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where

x —yl¥
KB = [ b2 st

0 (|lz — y|¥ (b log |z — C;
i = [ QEm Bl Z i) )

Lemma C.6. The norms ||]Cg?j||£(H*(6D),H*(8D)) and WCSJQ,)J'HL(H*((?D),H*(aD)) are uniformly
bounded for j > 1. Moreover, the series in (C.6) is convergent in L(H*(OD), H*(0D)).

Proof. The proof is similar to that of Lemma A.1. O
Recall (2.5) and (2.6), we can show that the following result holds.

Lemma C.7. Regarding Ap(w) as an operator from H*(0D) to H*(0D), we have
Ap(w) = Apo+ w2(10g UJ)ADJ + O(wZ),

where

11 11
A = (—+ Id+ (— — —)Kp,
Do (2um 2uc) (um uc) D
1,1 <
Ap1 = K9 (emld —ePys) + (51~ Kp)Sp'SH) (tmemld — peecPys) -

C

Proof. We have

Skt = Lp+ Uy, —?(log w)scucEDSS,)lﬁD +0(w?)
S = Sp + Tk, +w?(log W)Emﬂmsz()l,)l +O0(w?).

Also, LpYy,, = Pys(gD)_lTkm =0, where Ty, is defined by (C.5). Hence,
(SE) IS = Pug + U Sp + Uy, T, + w0 (10gw) (EmpimLDSH)) — ectteLpSH L LpSp) + O(w?)
— PHS + Z/lkch + U, T, + w2 log w/JDSI(jl?l (5m,umId — chcP’HS) + O(wz).

From Remark C.1, it follows that
1 *
(Eld — ICD)LIkC =0.

Since $Id — (Kk)* = (31d — K})) — k2 log k:ng?l + O(k?), we get the desired result. O

Under Conditions 2 and 3, the perturbed eigenvalues and eigenfunctions of Ap(w) have the
following form

7j(w) = 7 +w?(logw)Tj1 + O(w?), (C.7)
pi(w) = ¢ +w(logw)p;i + OwW?), (C.8)
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where

Ti1 = Rjj, (C.9)
R;

L= Y , C.10

¥ij,1 £ (L — i)()\] — )\Z)QOZ ( )
#j \BPm  fe

and
R = (Apalejls o1)m-

It is clear that Lemma 2.5 holds in the two-dimensional case. We also have the following
asymptotic expansion for f in terms of w.

Lemma C.8. In the space H*(0D), as w goes to zero, we have
f=whi+ 0w,

where ) L1
fi = =i e i, <um[d Vi) + (Gl - Kp)Sp'[d- (x - z)])

and z is the center of the domain D.

Finally, the following result holds.

Theorem C.1. Under Conditions 1, 2, and 3, the scattered field by a single plasmonic particle,
u® = u — u', has in the quasi-static limit the following representation:

u® = Sk,

where

ikme*m 4z (d - v(x), ;). 0 + O(w? logw)
v=2 ()\—/\-+O]23J{21()]gw) +0w)
= J
with X being defined by (2.19).

Proof. We have

p = Z(f@j(w))w@j(w)

7j(w)

+ Ap(w) ™ (Pre(w)f)

jeJ

T w(f1,95) -5 + O(w? (logw))
1

1 1 1
57 B 3~ (ue — )N T O(WP logw)

O(w).

Since d - (z — 2) is a harmonic function, changing Sp by Sp in Theorem 2.1 yields

(- kil o 95), =

Then, the proof is complete. O
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Corollary C.1. Assume the same conditions as in Theorem 2.1. Then, under the additional
condition
min |7 (w)| > w?,
jed
we have . ( (@) ) (o )
ikme™ 2 (d - v(x), p;j),.p; + O(w’logw
) : .

A—Aj+w? logw(i — #im)*lml

O(w).

jeJ
D Sum rules for the polarization tensor

Let f be a holomorphic function defined in an open set U C C containing the spectrum of K.

Then, we can write f(z Z a; 2 for every z € U.
7=0

Definition 4. Let -
Kp) == a;(Kp),
=0

where (K3)) ==K, oK} 0..0K}.

J times

Lemma D.1. We have -
FKD) = GG ei)nee)

j=1
Proof. We have
FKD) = D ai(Kp) = aiy N, oj)wue;
i=0 i=0  j=1

_ Z(zal ) o s

Jj=1 \=0

o0

= Zf Q)= Pj-

From Lemma D.1, we can deduce that
| st (Cploml@)dote) = 3 F3)af), (D.1)
oD =

Equation (D.1) yields the summation rules for the entries of the polarization tensor.
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o
In order to prove that ol = d1.m|D|, we take f(A) =11in (D.1) to get
l,m )
j=1

Next, we prove that

Taking f(A) = A in (D.1), we obtain
00 d d
A Q) 1 KHl(z) do(x
ggjij, EjADl[ﬂm> (x),

/ 7 Kpv)(x /
oD
_1Dr
2

gte) + 2] (@) o),

(;
/ OSplv]
P

ag, ’_(x)da(a:). (D.2)

Integrating by parts we arrive at

dSplv]
/8D x gy l ’_(m)da(:c) :/Del(x)'VSD[VZ](x)da:+/DxlASD[Vl](a:)d:c.

Since the single-layer potential is harmonic on D,

z 831’]/[”’] ‘_(m)da(x) = | alx): V.D(z, 2"\ (2)do(z') ) da.
Y5) 9 D oD

Summing on ¢ and using V,I'(z,2') = =V T'(z, 2’), we get

Ed: /8 DxlasaDV[V (z)do(z) = / < / u(x’)-vxfr(x,x’)da(x')> dr,
=1

/DD

—|DI, (D.3)
where Dp is the double-layer potential. Hence, summing equation (D.2) for i =1,...,d, we get
the result.

Finally, we show that
00 d ) d—4 d
ZA? Zal(,jl) =1 D[ + Z/ IVSplw]*da.
j=1  i=1 =170

55



Taking f(\) = A% in (D.1) yields

00 d d

fozal{ Z 2 (K5) 2w (z) do(z)
oD
J=1 = =
—Z ’CD [y ()Kp[vi](z) do(z)
-y Koyl Zd 3 Kol 25214
s /8D plyls 0+IZ;/BD plyi] L

( Z/aDylaSDVl‘ i +Z ‘ 358Dl/[7/z]‘_d0‘

[1 12
From (D.3) it follows that
D
]
Since x; is harmonic, we have x; = Dplyi](x)|- — Sp[v](x) on 0D, and thus,

Z [, v solle) ) (@aot)
8Sp 1]
:—|D‘+ZZ;/6DSD[V1]§VZ‘_CZO',
d
= — 1% 2 XI.
- |D\+ZZ;/DWSD[ )2

Replacing I; and Is by their expressions gives the desired result.
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