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Abstract

We analyze the approximation of the solutions of second-order elliptic prob-
lems, which have point singularities but belong to a countably normed space of
analytic functions, with a first-order, h-version finite element (FE) method based
on uniform tensor-product meshes. The FE solutions are well known to converge
with algebraic rate at most 1/2 in terms of the number of degrees of freedom,
and even slower in the presence of singularities. We analyze the compression
of the FE coefficient vectors represented in the so-called quantized tensor train
format. We prove, in a reference square, that the resulting FE approximations
converge exponentially in terms of the effective number N of degrees of freedom
involved in the representation: N = O(log®e™!), where ¢ € (0, 1) is the accuracy
measured in the energy norm.

Numerically we show for solutions from the same class that the entire pro-
cess of solving the tensor-structured Galerkin first-order FE discretization can
achieve accuracy ¢ in the energy norm with N = O(log® ¢~ !) parameters, where
K< 3.
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1 Introduction

Linear second-order elliptic boundary-value problems with analytic data admit solu-
tions analytic up to the singular support of the data and to the geometric singularities
on the boundary or interfaces. Classical Lagrangian finite-element (FE for short) dis-
cretizations, based on uniformly refined meshes, can exploit only finite regularity of
the solution. They thus realize asymptotic convergence rates that are at best alge-
braic, when measured in terms of a discretization parameter, such as the mesh width.
In two dimensions, continuous piecewise-bilinear FE approximations converge, with
respect to the number of degrees of freedom representing the approximations, with
the rate 1/2 at best. Adaptivity does not essentially improve the situation: adaptive
mesh refinement can compensate for a local loss of regularity (e.g. due to corner
singularities) but the maximal convergence rate achieved by adaptivity is still limited
by the approximation order of the underlying FE method.

For singular solutions, the exponential convergence afforded by analytic regularity
is realized by the so-called hp-FE method, as was proved in the 1980s in a series
of papers, see [6] and references therein. The key ingredients in the analysis were a
geometric mesh refinement towards the singularities of the solution (such as vertices
of a polygonal domain 2) and the use of high approximation order on large elements
away from the singularities.

The idea of combining a tensor-structured representation with a low-order tensor-
product discretization has been exploited computationally in a number of papers. A
comprehensive overview is given in [28|; we provide further references in section 2. The
reference most relevant to the present paper is [52, section 6.2.1], where the solution of
a linear system corresponding to a boundary-value problem for the Poisson equation
in (—=1,1)3\ [0,1)® (partitioned into 7 cubic patches) is considered as a numerical
example. In [52], the authors show that a tensor-structured solver of the discrete
problem outperforms an algebraic multigrid method in solving the linear system. The
algebraic treatment of that example in [52], however, bypasses the singular nature of
the solution and the question of how well the FE space used to obtain the linear
system approximates the solution.

In the present paper, we consider countably normed classes @%(Q) C HY(Q) with
B €[0,1). They consist of functions defined on the reference square Q = (0,1)? that
are analytic in its closure clQ except the origin, where the functions may exhibit
algebraic singularities. Those countably-normed analyticity classes were introduced
in [7, 5] following the regularity analysis of the solutions of linear elliptic boundary-
value problems in weighted Sobolev spaces; see, e.g. [42, 43, 49, 9, 4, 44]. By the reg-
ularity and analyticity results of the aforementioned papers, the solutions of a broad,
practically relevant class of boundary-value problems, namely for linear second-order
elliptic operators with analytic coefficients in straight and curvilinear polygons, be-
long to Q:QQ’ 5(82) respectively, where € is, generally, a curvilinear polygon partitioned



into quadrilaterals mapped analytically to Q and & and B denote tuples of corners
and singularity orders.

The purpose of the present paper is to establish, for the functions from @%(Q),
the exponential convergence of tensor-structured approximations, which combine a
naive quasi-uniform discretization with tensor decompositions. Namely, we consider
QTT-FE approximations, by which we mean continuous Lagrangian FE approrima-
tions whose coefficient vectors are compressed in the quantized-tensor-train (QTT)
format [56, 55, 54].

Instead of the function values at the nodes, which are associated to “hat func-
tions”, the degrees of freedom of QTT-FE approximations are the parameters of the
corresponding QTT representations. We prove that, with respect to the number of
such degrees of freedom, QTT-FE approximations of singular functions from the an-
alyticity classes QZ%(Q), B € [0,1), do converge exponentially. This mathematical
result paves the way for exponentially-convergent low-order FE approximations in el-
liptic boundary-value problems with analytic or, more generally, piecewise-analytic
coefficients.

In the QTT-FEM, the method of solving such problems using QTT-FE approx-
imations, the uniform mesh underlying the construction of the low-order FE space,
whose refinement to high accuracies is computationally prohibitive, becomes virtual.
Indeed, the entire mesh may never be explicitly accessed by a QTT-FEM solver.

We start with discussing, briefly, tensor decompositions and, in more detail, the
tensor-train and quantized-tensor-train decompositions in section 2. We revisit the
basic properties of these tensor formats, which make them suitable for the tensor-
structured solution of PDEs.

In section 3, we give definitions of a curvilinear polygon 2 and of weighted Sobolev
spaces and countably normed analyticity classes %%(Q) and Q:Qﬂ (Q). By the analyticity
shift result of [6, Theorem 3.1], the solutions of boundary-value problems in € for
linear second-order elliptic operators with analytic, consistent data belong to EB%(Q)
with appropriate orders 8 € [0,1). In section 3.4, we consider a model boundary-value
problem of that type.

In section 4, we define, in d dimensions, uniform tensor-product partitions and the
corresponding FE spaces for functions with n components defined on Q = [0, 1]¢. The
components shall represent restrictions of functions defined in a domain of complex
geometry to patches that are mapped to Q, similarly as it is done in composite-
wavelet [22, 62, 35, 61, 20, 21] and composite-spectral [17, 18, 19, 63] methods. In
section 4.3, we define the QTT-FE format for such multi-component functions.

In section 5, we return to the case of d = 2 dimensions and analyze an h-FE
approximation based on hp approximation as auziliary. We introduce hp spaces,
prove the approximation and stability properties of corresponding projections and,
finally, show the low-rank QTT-FE structure of the resulting approximations.



In section 6, we demonstrate the QTT-FE approximation in Q numerically and
apply the QTT-FE method to solve a model problem in an L-shaped domain and in
a domain with a cut.

Section 7 presents concluding remarks and the Appendix contains auxiliary results
used in the paper.

2 Tensor Decompositions. TT and QTT Formats

2.1 Tensor-train (TT) representation

By tensors we mean multidimensional arrays, vectors and matrices being notable
examples. A cornerstone of the present paper is the tensor-train (TT for short)
decomposition, a non-linear low-parametric representation of multidimensional arrays
based on the separation of variables, developed by Oseledets and Tyrtyshnikov [56, 55].

Let us consider a d-dimensional nq X. . . xng-vector w. If two- and three-dimensional
arrays Uy, Us, ..., Uy satisfy the equation

1 Td—1
Wiy iy = Z Z U (i1, 0q)
a;=1 ag_1=1
- Us(aa, iz, a2) -+ - Ug—1(d—2, ia—1, @d—1) - Ua(@a—1,4a) (2.1)
for i, = 0,...,np — 1 with & = 1,...,d, then u is said to be represented in the
TT decomposition in terms of the core tensors Uy, Us,...,Uy. The summation in-
dices a1, ...,aq—1 and limits r1,...,r4_1 on the right-hand side of (2.1) are called,

respectively, rank indices and ranks of the representation.

A tensor-train decomposition with d cores, exact or approximate, can be con-
structed via the low-rank representation of each of d — 1 matrices; for example, using
the SVD. In particular, for every k = 1,...,d — 1 the representation (2.1) implies a
rank-r, factorization of an unfolding matriz U* with the entries

Uk, . (2.2)

U1,y lhs Lhglse-rtd ks Tkt ld
Here, the overscore denotes the unfolding of a multi-index into a long scalar index:
k k
k= die J] (2.3)
k=1 k'=k+1

for the row index, and similarly for the column index, so that U” is a usual matrix
with two “long” indices.



Remark 2.1. Conversely, if a vector w is such that the unfolding matrices U,
U2,... .U given by (2.2) are of ranks r1,...,rq_1 respectively, then the cores
U, ..., Uy satisfying (2.1) do exist; see [55, theorem 2.1].

Further, the TT format admits an efficient approximation algorithm, which is
quasi-optimal with respect to the 2 norm. Specifically, if the unfolding matrices can
be approximated with ranks r1,...,r4_1 and accuracies €1,...,e4_1 in the Frobe-
nius norm, then the vector itself can be approximated in the TT format with ranks
T1,...,74—1 and accuracy ¢ in the ¢2, where e < ef+---+¢2 . This opens the pos-
sibility of efficient, ¢?-stable low-rank TT-structured approximation of vectors given
in the full format or in the TT format with larger ranks. For details, we refer the
reader to theorem 2.2 with corollaries and algorithms 1 and 2 in [55].

So far, there has been mostly experimental evidence that many applications admit
approximations in the TT or related formats with moderate ranks, e.g. O(d) or
O(log9 n) with a small § > 1 and n = max{ny,...,ngq}. This property is crucial for
the applicability of tensor-structured methods; we refer the reader to the papers [37,
58, 13, 46, 23, 41, 52, 24, 38, 39, 45|, to the literature survey [28] and more recent
works [10, 12, 1].

2.2 Quantized-tensor-train (QTT) representation
2.2.1 Quantization of a dimension.

The quantization of a dimension of a given tensor consists in folding it into a few
modes representing different levels, or scales, of the former.

For the present paper, we assume that nj = 2'* with I, € N. Then the index iy
running from 0 to ny — 1 can be equivalently represented in the binary form, i.e. by
{ indices i1, ..., ix; taking values in {0, 1}:

l
. . . _%_ l_q .
, = = E . .
(Th1y v @) € U =1, .., Uiy 2%y (2.4)
g=1

Here, ix1 and ig; are the major and minor indices representing the coarsest and finest
scales along the kth dimension. The value of ij1 selects between the “left” and “right”
halves of {0,1,...,2" — 1}, and the value of ij;, between odd and even elements of
the same index set. Here, the overscore denotes such vectorizations of multi-indices,
in which the scale of the indices refines from left to right.

We refer to original dimensions and indices representing them as “physical”, in
contrast to the “virtual” dimensions produced by quantization. Transformations of
this type are quite common: matrices are unfolded from representations with linear
indexing, arrays are reshaped in MATLAB, and the positional notation for numerals
relies on a bijection similar to (2.4). By quantizing every dimension, one recasts a



d-dimensional 2! x - - - x 2l-vector indexed by iy = 411, ..., 91,504 = id1,-- ., 44 S
a dl-dimensional 2 x ------ x 2-vector indexed by 11, ..., %17, ««..-. s Tdly - e s Bl

2.2.2 Ordering the indices. QTT representation

The idea of applying low-rank tensor decompositions to separate the “virtual” dimen-
sions produced by what we call now quantization appeared in [64] in the context of the
canonical polyadic decomposition of tensors. It has since been widely used with the
tensor-train (TT) decomposition, which separates indices in a given ordering. Since
the “virtual” indices can be grouped and ordered in many ways, quantization offers
additional freedom in selecting the type of low-rank structure under consideration by
arranging the indices in a particular way.

By applying the TT format to quantized vectors with the natural ordering of the
“virtual” indices,

TRV I Aty dal (2.5)
—_—— —_———
1st dimension dth dimension

one arrives at what is usually meant by the quantized tensor-train (QTT) format [50,
40, 54]. Then a QTT decomposition of a vector involves dl QTT cores and dl — 1
QTT ranks.

In the present paper, we use the transposed indexing: we merge the indices within
each level to obtain

FEUUUUE FEUS PP R (2.6)

1st level 2nd level lth level

When d = 2, this indexing coincides with the indexing used by the standard QTT
format for matrices, whose row and column dimensions correspond to the two spatial
dimensions in our case, see [54, (1.3) and section 4.2].

For vectors, the transposition used in (2.6) was first suggested by Oseledets’,
who applied the TT format to separate all the dl virtual indices without merging
them. In (2.6), the “virtual” indices corresponding to the same level of quantization
of different physical dimensions are merged and shall reside in the same core. The
resulting indices, each ranging from 0 to 2% —1, shall then represent the [ scales resolved
by the quantization according to (2.4) in d-dimensional vectors of size 2! x --- x 2L.
The transposed indexing (2.6) was applied for the solution of the chemical master
equation in [38]. We also refer to [14] for an adaptive algorithm selecting the ordering
of virtual dimensions most suitable for given data.

We note that the hierarchical tensor representation |34, 26|, a comprehensive ex-
position of which is given in [33], itself and in combination with tensorization [27] are

1. V. Oseledets. QTT decomposition of the characteristic function of a simplex. September 2010,
private communication.



closely related counterparts of the TT and QTT formats respectively. The TT and
HT representations have been known in other fields for decades: as matriz product
states (MPS), see [59] and references therein, and as the hierarchical or multi-layer
MCTDH method, see [65, 48].

3 Singularities. Model Problem

In this section, following [6, 7, 5], we consider a curvilinear polygon 2 and specify
weighted Sobolev spaces denoted with ngﬁ(ﬂ) (with m, ¢ € Ny such that m > ¢)
and classes %ZQ,B(Q) (with £ € Ny) and QfQQﬁ(Q) of functions analytic in 2. Then we
consider a model boundary-value problem for a linear second-order elliptic differential
operator of the divergence form in 2.

3.1 Curvilinear polygons

We say that Q C R? is a curvilinear polygon if it is a bounded open domain with a
boundary

o0 = LnJ'yi
i=1

consisting of n € N disjoint curves 7%, 1 < i < n, which are piecewise-smooth, simple
and closed (each curve can be parametrized on a closed interval by a piecewise-smooth
function injective inside the interval and taking equal values at the endpoints).

Assume that, for each i, the ith curve is composed of m; € N distinct vertices ¢/,
1 < j < my, and of m; smooth edges v%7, 1 < j < m;, not including the vertices:

At = G clyi,

J=1

We assume that every open edge v/ = %/ (J) is parametrized on J = (0,1) by ¢
whose both components are smooth on clJ. We assume that the numbering of the
nodes and edges and the parametrizations of the edges satisfy

1 = (), () =<, (1) = ¢

for 1 <i<nand 1l < j < my, where, for notational convenience, we use an m;-
periodic indexing with ¢*0 = ¢¥™i and %0 = ™,

We introduce X = {(ij 1 <i<n, 1<5< mi}, the set of all vertices of €.
For each vertex ¢*/, by w?/ we denote the angle between v*7~1 and v/ at ¢%7 that is
internal for Q and assume 0 < w® < 27.



3.2 Weighted Sobolev spaces

In this section, following [6], we recapitulate weighted Sobolev spaces of functions that
may admit singularities at s € N distinct vertices ©1,...,0, € X of . We collect
those vertices in a tuple @ = (0;);_;, with which we associate a tuple of singularity
orders B = (B;);—; with g; € [0,1) for every j.

Now we consider weighted spaces ]ngﬁ(ﬂ), with singularity orders 3 and smooth-
ness indices m, ¢ € Ny such that m > £. For every k € Ny, we define a weight function
Do, g+k: ! = R as follows:

Do, pik(@) = [[llz — ;15" forall zeQ, (3.1)
j=1

where ||-||2 denotes the Euclidean norm on R?. These weight functions induce weighted
Sobolev spaces Hg[ﬁ(ﬁ) with ¢,m € Ny such that m > £:

]Hg:oﬁ(Q) ={u: Q= R: Pg gija 0%uecL?(Q) for 0<|a| <m}
for all ¢ > 0 and
He '5(Q) = {u e H Q) : Po pgyjaj—e0*u e L} Q) for 0<|al <m}

for all m > ¢ > 1, where the differentiation is understood in the weak sense. By
setting

m, £
Wl )= D [P0.80m—r0%ulfaq) forall uweHGLH(Q),  (3.2)

la|=m

we introduce |-|ym..
o,

£ @) @ seminorm on ]Hg%(Q) Also, by setting

m

2 — 2 m,0
el o ) = kzo\ul]ﬂg?ﬁ(m, we Hg'(Q), €20,

2 _ 2 2 m, L
||u||]ngﬁ(Q) _”uH]He*I(Q) + kZ_Z‘UhHgv[B(Q)? u € H@,B(Q)v m>{>1,

we define ||-|| a norm on Hg%(ﬂ) with £,m € Ny such that m > /.

2
HE ()
Let us note the following result.

Proposition 3.1. There holds a continuous embedding H2@2ﬁ(§2) C C(cl).



Proof. The proof given for straight polygons in [9, section 2] is valid also for curvilinear
polygons. O

In the particular case of only one (s = 1) singularity at the origin @ = © = 0 of
order B = 8, we write $4i and I} () instead of P, g4 and Hy'5(Q).

3.3 Analytic regularity

We recapitulate from [6, 7] analyticity classes €3 5(2) and %Z@ﬁ(ﬁ) with £ € Ny,
based on the weighted Sobolev spaces introduced in section 3.2.

Definition 3.2. We say that u € ‘Bfa’ﬁ(Q) with £ € Ny if u € IHgL’Z(Q) for all integral
m > £ and if there exist positive constants C,, and &, such that

|u|]H;n,z(Q) < O™ m =00 forall m> L.

The functions that belong to %%(Q) are analytic in an open domain containing
cl O\{0} with possibly an algebraic singularity at the origin. The embedding %g(ﬂ) c
H*1(Q) follows from the definition for all 3 € [0,1) and ¢ € N. Furthermore, the
space %% (©) can be related to another space of analytic functions, with pointwise
bounds on the derivatives. First, we define it following [7, 5].
Definition 3.3. We say that u € QﬁQ@’ﬁ(Q) ifu € ]HQGQIG(Q) if there exist positive
constants C,, and 6, such that

Do pijal-1(2) [0%u(z)| < C, 0 el forall 2€Q and a € NZ\{0}.

We shall use an equivalent definition, with a! = a;!las! instead of |a|! = (a1 +a2)!
in the bound.

Definition 3.4. We say that u € €4 5(Q) ifu € ]Hé%(Q) and if there exist positive
constants C,, and 6, such that

Do Bt|a|-1(1) [0%u(x)| < Cy ddlal forall reQ and aeN2\{0}.

Definitions 3.3 and 3.4 are equivalent. Obviously, u € @?97 5(Q2) in the sense
of definition 3.4 with constants C, and ¢, implies u € Q%’ Q(Q) in the sense of
definition 3.3 with the same constants. Conversely, definition 3.3 with constants C,,
and ¢,, implies definition 3.4 with the constants C,, and 26,,. We shall use definition 3.4
throughout the present paper.

The analyticity classes B8 5(Q) and €@ 5(?) are related as follows.

Proposition 3.5 (theorems 2.2 and 2.3 in [5]). For any € > 0, there hold the inclu-
sions B 5(Q) C €G 5(Q) C B 5,.(Q).

In the case of only one (s = 1) singularity at the origin @ = © = 0 of order 8 = 3,
we write B%(Q) and €3(9) instead of B 5(Q) and €5 5(Q).



3.4 Model problem

To motivate the ensuing analysis, we consider a model second-order elliptic boundary-
value problem in €2, a curvilinear polygon.
Consider a second-order differential operator

A=-VIAV+b'V+e, (3.3)

where the coefficients x — A(z) € R?*2, z + b(z) € R?*2 and z — c(x) € R are
analytic on ¢l Q. For the diffusion term, we assume symmetricity, AT = A, and strong
ellipticity with a constant Ag > 0: y' Ay > Agy 'y in clQ for all y € R2.

Let us suppose that D C {(4,5): 1 <i<mn, 1 <j <m,;} is nonempty and denote

p = U cly and =82\ 9p. (3.4)
(4,5)€D

The sets yp and ~yn are respectively closed and open within 9 Q.
Let us assume that functions f € C(clQ\ X) and go € C(yp), g1 € C!() are
such that there exist ug € CH(clQ\ X), u; € CH(clQ\ X)) satisfying uo|7 = go,
D

uy| = 0, u1|7N = g1. Then we consider the following boundary-value problem.

YD

Find u € C*(2) N C(clQ\ X)) such that
Au=f in Q, ul = o, (nTAVu)| =q1.
D

IN

(3.5)

Here, n is the unitary normal to vy exterior with respect to €2, which is defined except
at the vertices.

The finite-element method is a Galerkin projection method based on the following
weak formulation of (3.5). First, we define a bilinear form a: H!(Q) x HY(2) — R
and a linear form §: H!(Q) — R:

= 'U—r w T v)w cow or a v, 1
a(v,w)—/g{(V)AV £ 0TV b evw ) forall v,w e HY(Q), .

f(w) = (f,whv+ x v + (g1, whw+ x w — a(ug,w) for all w € H'(Q),

where W = ]Héé2(7N) denotes the Lions-Magenes space [47, Chapter 1, section 11.5]
of the elements of H'/2(yx) whose zero extensions belong to H'/2(8€). Then we
consider the elliptic model problem (3.5) in the following weak formulation on the

variational space V = {u € H(Q) : ul, = 0}.
D

Find v = ug + v with v € V such that

a(v,w) =f(w) foral weV. (3.7)

10



The bilinear form a is continuous due to the boundedness of the coefficients: there
exists a constant a; > 0 such that |a(v,w)| < ai|v]|m(@)l|wla (@) for all v,w €
HY(Q).

Let us assume, for the weak formulation (3.7), that f € H~!(Q), that gy €
H'Y2(yp), i.e. it admits an extension to ug € H'(Q), and that g; € W*. Then
the linear form f is continuous on H*(£2):

[Fw)| < 1 f lla-1 o) 1wl @) + llgallw=lwllw + axlluollm @) llwlln @),

then, by the continuous embedding W = lH(l)(/)Q(’yN) C H'Y/2(8Q) [47, Chapter 1,

section 11.5] and by the trace theorem, the assumptions on the data result in the

existence of a positive constant f; such that |f(w)| < fi ||w|[m (o) for all w € H'().
In addition, let us assume the inf-sup conditions with a constant ay > 0:

a a
pwwl o e

inf sup

vey wey [[vllv[[wllv vey [[vllv[[wllv
v#0 w#0 v#0

for every weV:w#0. (3.8)

By the Babugka—Lax—Milgram theorem, the problem (3.7) has a unique solution, see,
e.g. [3, Theorem 2.1].

Let us assume that there exists a family of conforming partitions T" of  into
unions of quadrilaterals of diameter bounded from above by h > 0. Let U" =
SH(Q,T") € H'(Q) denote the corresponding spaces of continuous, piecewise-bilinear
functions. Consider its subspace V" = U"NV. Then corresponding FE discretizations
of (3.7) read as follows.

Find " = Uug + v" with " € V" such that

3.9
a(v™ wh) = f(wh) for all w" € Vh. (3.9)

Assume that the bilinear form a satisfies the discrete inf-sup condition with a constant
ap > 0 uniformly in h > 0:

h h ,oh
a ~ a
inf sup M >dg, sup M >0
whevit whey IV vIwh |y eyt [ lv [lw v
oM #0 w0 oM #£0

for every w" € V" : w" #0. (3.10)
Then, by [3, Theorem 2.2|, for the discrete solutions there holds a bound

||u — uh||]H1(Q) = ||’U — UhH]Hl(Q) S Cl wgrelghuv — whH]Hl(Q) (311)

11



with C; = 1+ ay/dg independent of h.
For ug,u € H2(2), by classical approximation results, there exists a constant
C5 > 0 independent of the boundary data and of A such that

lu = @i ) < Cohllulluz@),  [luo — g llm @) < Co b fluollnz(), (3.12)

where 4" € U" and 4} € U" interpolate u and uo at the nodes of T", see, e.g. [16,
theorem 4.6.14] for tensor-product interpolation and [16, section 4.7] for isoparametric
interpolation in domains of complex geometry. Considering wh = a" — a4t € V", we
obtain from (3.11)—(3.12) that

e — |10y < C1 Ca b {||u|\]H2(Q) + o=@ } (3.13)

In the present paper, we are interested in solutions v € H'(Q2) of (3.7) which
are, however, not in H™ () for any m > 2, but do belong to the countably normed
class B 5(Q) or €4 5(Q) of analytic functions with some tuples @ and B of ver-
tices and singularity orders, introduced in definitions 3.2 to 3.4. Then we have, in
particular, u € Hézﬂ (Q). Let us assume also that the boundary-lifting term satisfies

ug € IH2@25(Q) Then we have u,uy € C(clQ) by proposition 3.1, and the nodal
interpolation is still well defined. Instead of (3.12), similar bounds

[ — a" i ) < Co =P HU”Hg?B(Q)a luo — 4|y ) < Co =P ||Uo||]Hg?B(Q),
(3.14)
where 8, = max{f1,...,0s} and Cy > 0 is independent of the boundary data and
of h, combine with (3.11) to yield the quasi-optimality of the first-order Lagrangian
FEM (3.9) for the problem (3.7).

Remark 3.6. Let us consider the case when § is a polygonal domain, i.e. when
the edges v9, 1 < i < n and 1 < j < m;, are linear segments. Then, in the
weighted Sobolev spaces defined in section 3.2, the weak formulation (3.7) of the model
problem (3.5) satisfies the following regularity shift: for every m € N, there exists a
constant Cyp, > 0 such that for every f € IEI”@"”T;’O(Q) and for all uy € ngﬂl’l(ﬂ),

ug € ]Hg?@(Q) the weak solution u € H*()) satisfies the following a-priori estimate:

1wl @) < Cl{”f”mg?ﬂ(g) + ||u1||11{1é}ﬁ(9) + ||u0||1ﬂg?ﬁ(§z)}v
" (3.15)
U

HE @) S Cm{||f||mgj;w°(9) + ||U1||ng;1(9) + [luol ]H;_;:%(Q)}’ m 22,

see [6, lemma 3.1, remark 3 of section 2]. Here, the singular support and singularity
orders indicated by @ and B are determined by the geometry of 2, by the diffusion
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tensor A and by the type of the boundary conditions imposed on every pair of adjacent
edges.

Moreover, if f € By 5(Q) andug € B 5(Q), ur € B 5(Q), thenu € B 5(Q) [6,
theorem 3.1]. Such regularity-shift results are available also for more evolved problems,
see, e.g. [32, theorem 5.2] for linear elasticity models.

Remark 3.7. For a general curvilinear polygon Q) described in section 3.1, there is
a stmilar result: if f € ‘B%”@(Q) and uy € ‘BQQ’B(Q), uy € By 5(Q), then we have
u€ Q%ﬁ(ﬁ) [5, theorems 3.4-3.5].

Again, the singular support and singularity orders indicated by @ and 3 are deter-
mined by the geometry of ), by the diffusion tensor A and by the type of the boundary
conditions imposed on every pair of adjacent edges.

The regularity-shift results cited in remarks 3.6 and 3.7 prompts a question of
how the infinite weighted regularity of the corresponding analyticity classes can be
exploited for the efficient approximation of the functions from those classes. Building
upon well-known results which address the question with hp approximations, the
present paper provides an answer for the QTT-FE approximation.

Finally, when Q has a cut, i.e. some edges v*/ and 'yilj " share at least one (interior)
point, the formulation of the problems (3.5), (3.7) becomes more technical. We refer
to [29, section 1.7], where the Sobolev spaces H™(Q2), m € Ny, are defined over Q) via
those for subdomains of Q without cuts.

4 QTT-FEM in a Reference Domain in d Dimensions

In the present paper we are interested in the space dimension d = 2, but this section
we develop, for future reference, in the case of a general space dimension d > 2. By
the reference domain we mean Q = J¢, where J = (0,1). We consider the h-FE and
QTT-FE approximation of functions from C(clQ), i.e. continuous in the closure of
the reference domain Q.

We denote the 2d sides of dimension d — 1 (faces when d = 3 and edges when
d = 2) of Q as follows:

Ty, = I x{y— 1} x Ja7Fk (4.1)

for every k = 1,...,d and 3 = 1,2. In particular, I';1, T'12, I'2; and I'so denote
respectively the left, right, bottom and top edges of Q when d = 2.

We label each of the 2d sides of Q as active and inactive: we set p;, = 1 or
Py, =0 if the side I'y, is respectively active or inactive. ~Below, we shall use the
binary matrix p € {0, 1}4%2 resulting from this convention to encode the assignment
of degrees of freedom and to construct suitable finite-element spaces.
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4.1 h- and QTT-FE approximation of coupled functions in the
reference domain
4.1.1 Uniform partitions of J = (0,1) and Q = (0,1)4

Next, we explicitly construct uniform tensor-product partitions of the reference do-
main and the corresponding finite-element space of functions that are continuous
piecewise-d-linear on every element. We present the construction explicitly in order
to ensure, for all 4 € {0, 1}9%2, consistency with the corresponding auxiliary hp finite-
element spaces introduced in section 5 below. Also, the proof of lemma 5.17 on the
QTT structure of hp functions given below references the nodes explicitly.

Let us assume that k € {1,2} and I € N. First, we set

np =2" =y — e and by = (nj +1)7 N (4.2)
Then we introduce a uniform partition ‘J',i of J with the nodes
tfmk =(in+1— ) by i €95 ={ppr —1,...,2" — py0}, (4.3a)
and the elements
Illc,i,k = (tllc,ikvtllc,ik-&-l)? ik €&k ={ppr — 1., 2" — piyp — 1} (4.3b)

The number of interior nodes is n,lC and the grid size is h,lc.
For every | € N, consider T! = T! x .. x 7}1, a uniform tensor-product partition
of Q, which consists of the Cartesian-product elements

Q= I, x-oxIh, with @ = (i1,...,4q) € & = & x---x&l, (4.4)

2

where each interval 12,7 i, 1s given by (4.3b). The nodes of J! are
U _ (4 ! . N : 1 _ql 1
ti = (14 >tas,) Wwith d=(i1,... iq) €J" =0T x--- x Ty

4.1.2 h-FE space S!(Q,7T'). Active and inactive nodes

Forallk = 1,...,dand i € J., we define qﬁk’ik € C(clJ) by requiring linearity on each
interval Illm'; with ¢} € &! and by the interpolation condition gf)fmk (t’l“;) = 52-“; for all
if, € J}.. For all i = (iy,...,iq) € I, we introduce ¢} = ¢} ; @---®@¢};,; € C(clQ).
Then

SY(Q,TY = span{el : i €I} c C(clQ) (4.5)
is the Lagrangian finite-element space of continuous, piecewise-d-linear functions in-
duced by the Cartesian-product partition T
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Let 9t ={0,...,2" =1} for k=1,...,d and
gt =3t x ... x gL, (4.6)

The set JE\ 9t indexes the nodes of T' belonging to the closures of the inactive sides
and J' indexes all the other nodes of T¢. We refer to those nodes as inactive and
active respectively. The purpose of the index shifts used in (4.2)—(4.3) was to ensure
that, in each dimension, there are exactly 2! active nodes and those are numbered
starting from zero.

We define the corresponding analysis operator </': C(clQ) — R2**2' which
evaluates the components of a function at the active nodes:

('u); = u(tl) forall ieJl. (4.7)

4.1.3 Boundary conditions

The approximations to be considered shall satisfy, in the sense specified below, Dirich-
let boundary conditions on the closures of sides of (. We assume that those sides are
indexed by a set B C {1,...,d} x{1,2}.

Assumption 4.1 (sides with Dirichlet boundary conditions are inactive). The matriz
p € {0,1}%2 and set B C {1,...,d} x{1,2} satisfy the following: for allk =1,....d,
and 3 =1,2 such that (k, 7) € B, we have p;, = 0.

Then we consider
o= |J eIy, c 8Q, (4.8)
(k,7)eB

which may be empty. By assumption 4.1, the sides contained in I'; are inactive. For
all I € N, let us set
Jy={ied: ¢t eTy} (4.9)

and
SHQ, TH = {ul e sH(Q,Th ul|F = 0} = span{gbﬁ cied! \.'J(l)}, (4.10)

We define a boundary-data interpolation operator J} : C(clQ) — S'(Q,T!) by
setting

Jou =Y u(t) ¢ €8(Q,T") (4.11)

ied}

for all u € C(c1Q). By assumption 4.1, (4.9) and (4.6), we have J§ N j! = @. For the
analysis operator /! given by (4.7), we thus infer

' Iu=0 forall ueC(clQ). (4.12)
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4.1.4 Admissible approximations

For every u € C(clQ), we consider admissible approzimations, i.e. those preserving
the values at the nodes of T lying on Ty, which constitute the set

FL=8HQ, T + Flu. (4.13a)

Here, the two terms are given by (4.10) and (4.11) respectively. For every admissible
approximation u! € Z!, we shall consider the corresponding coefficient vector

ul = oyl e R2Zx2 (4.13b)
which parametrizes—possibly partly—the approximation u! and consists of
N, = [J!| = 22 (4.13¢)

components.

4.2 Nodal approximation

One possible choice of an admissible approximation u! € .#/ is the nodal interpolant
Jlu of u € C(clQ), given by

Ty = Z u(th) ¢l (4.14a)
ieJ!
For that approximation, we have

ul(t)) =ul =wu(tl) forall iedl. (4.14b)
Generally, the coefficient vector u! = ! may not admit an ezact low-rank
tensor representation, and low-rank approzimations need to be considered.
To prove the existence of such approximations, we consider an auziliary approxi-
mation operator II': D — C(clQ) with D € C(clQ). Then, instead of u! = J'u, we
consider u! = Alu with 2': D — S}(Q, T) given by

Al =3t + 3! (id - 1ITh). (4.15a)
In the right-hand side, the first term corresponds to the reinterpolation of a pro-
jection obtained by IT', and the second, to an appropriate boundary lifting. The

corresponding approximation error reads

u—ul = (id = I u + (id — 3) u — 3] (id — 1) w. (4.15b)
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The corresponding coefficient vector u' = &' IT'u is determined entirely by the
values of the auxiliary approximation IT'u at the active nodes of T7. Thus, if Iy
produces approximations which are both convergent and of exact low-rank tensor
structure, the convergence of low-rank tensor-structured approximations follows im-
mediately.

We emphasize that, along these lines, that is the auxiliary approximation what
realizes low-rank tensor approximation, even though its formulation may seem com-
pletely unrelated to tensor decompositions. Notable examples are trigonometric and
polynomial approximations, global or piecewise. In section 5 below, we present and
apply the piecewise-polynomial interpolation, known as hp approzimation.

Note that the auxiliary approximation operator IT' is not required for tensor-
structured approximation. In the present paper, we use such an operator to prove the
existence of low-rank approximations and, in the numerical experiments presented in
section 6, to obtain reference low-rank solutions of certified accuracy.

4.3 QTT-FE representation of admissible approximations

In section 4.1.3, we defined an approximation space S}(Q,T!) of functions that are
piecewise d-linear on the elements of a tensor-product partition of Q = (0,1)¢ and
vanish on the sides with Dirichlet boundary conditions. For every function u €
C(clQ), we consider approximations u' from the set .#! given by (4.13a). By classical
approximation results, those may achieve only algebraic convergence (of rate at most
1/d in the H'-norm) with respect to the number ¥; (4.13c) of parameters.

In order to reduce the number of parameters of the discretization, we recast it
in the QTT format presented in section 2.2. We require that the coefficient vector
ul = ! be represented in the QTT decomposition. Throughout the present paper,
we refer to that combination as QTT-FEM, although QT T-structured finite-element
methods can be envisaged more general.

The representation of the quantized coefficient vectors w! in the TT format with
the ordering and grouping of the “virtual” indices given by (2.6) corresponds to QTT
decompositions given by

T1 TI—1
l _ - . - <
e rr I prossy i E E Ui(irt, .-y ta1,o0) - Us(aa, d12, - .. a2, 02)
011:1 OLL,1:1

Ui, 101, ooy da0-1, 0-1) - Ul(og—1, 11, -+ -5 Gar) - (4.16)
for all values of the indices: for iy, = 0,1 with £k =1,...,d and ¢ = 1,...,l. The

ranks of the decomposition (4.16) are denoted by r1,...,r;_1. The complexity of such
a representation can be characterized by the mazimum rank R; and the number of
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parameters Ny,

-1
R = 12132 r and N, = 2% + Zerq_qu + 2% = O(IR?). (4.17)
< =

Analogously to the TT and standard QTT representations, the ranks of (4.16) are
related to unfolding matrices. For 1 < ¢ < [, let us consider the unfolding matrix U?
whose entries are given by

UL : : __=u (4.18)

[ SR TR £ PPN Tq1serrldgs b1, qablyreesbllyernres Td,q+1,-»0dl LULLy ey ULy bd e TdL

for all values of the indices, cf. (2.2). Then (4.16) implies rankU? < r, for ¢ =
1,...,1— 1. A converse statement, similar to remark 2.1, holds as well.

5 Auxiliary hp Approximation of Singular Functions
in the Reference Square

In this section, we consider the case of d = 2 dimensions. We construct and analyze
auxiliary approximations in hp spaces consistent with the first-order h-FE spaces
introduced in section 4.

We start with discussing piecewise-bilinear nodal approximation of an element of
]HE‘Q(Q), in S1(Q,TY), of a function proper and of its auxiliary approximation. Then

we present, as auxiliary, hp-FE spaces SP(Q,SZ) and SP(Q,G') analogous to those
developed and analyzed in [2, 30, 31, 8, 60]. We recapitulate how approximations in
such spaces can be obtained by polynomial quasi-interpolation. For the elements of
6%((;2), we prove error and stability bounds of such approximations (theorems 5.13
and 5.14) and, then, analyze the error of first-order reinterpolation with boundary
lifting (theorem 5.16).

We emphasize that the auxiliary hp spaces and approximations are introduced in
this chapter exclusively for theoretical considerations. They will serve as a particular
means of low-rank tensor approximation, and the corresponding QTT-FE structure
of that approximation is revealed in section 5.6 below. The algorithmic realization of
hp approximations, quite involved in practice, will not be required for computations
with QTT-FE approximations.

The construction of this section is determined by a few parameters, of which we
assume the following.

Assumption 5.1. p € {0,1}**2 and B C {1,2} x{1,2} satisfy assumption j.1.
Additionally, 6 > 0 and B € [0,1).
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For each I € N, the auxiliary partitions ' and corresponding hp spaces SP (Q gh
and SP(Q,§G') introduced below depend on u. The operators H5 '3/2,8 and H5 '3/2,8
of hp interpolation depend also on §, o and 8. Additionally, the boundary lifting of
hp approximations depends on B. All bounds of this section are explicit in terms of
0 > 0 and S and uniform with respect to y and B.

5.1 Nodal approximation of singular functions

As in section 4.2, let us consider the nodal interpolation of u € C(clQ) and of
Hl’“ pu € C(clQ), where II 5"; _p is an auxiliary hp quasi-interpolation operator de-
ﬁned and analyzed below (in definition 5.9 and section 5.4). In the setting of this
section, (4.14a) and (4.15a) reduce to

u'=0w=>" u(t)el+ Y ult) el es(QT), (5.1)
SN HSHES

ul=Au= Y Tph u(th) el + > u(th) ¢l € SHQ,T. (5.2)
i€IINT} i€d}

For the exact continuous bilinear nodal interpolant J'u, which is well defined by
proposition 3.1, we note the following approximation result.

Lemma 5.2. Let 8 € [0,1). Then there exist a positive constant C such that the
following error bound holds for all u € ]H25’2(Q) and l € N such that | > 2:

_ql < 9o~ 1=m)I )
lu =T ullmq <C lulgz2 )

Proof. Let u € ]H%(Q) and [ > 2. Applying corollary A-8.7 in every Q! except
! =(0,h}) x(0,n%) with i, = (ug; — 1, ptpy — 1) and proposition A-8.11 with a
rescaling argument in Qll-*, we obtain

A A4
~l 2 2 21 —2(1-p8)1 2
Hu —J u||]H1(QL) < {D )\ 27 + Dl /\4 } 2 (1-8) |u|]H%2(Qf*)’

o, LAY -
o=l < {2+ 55 7Y T ey
i€&IN{i,}

3 ag-m , LAIY 1 2(1-B)1
= {64Al SRSl il [l @uar, )
where Dy and D; are positive constants depending only on . The claim follows

immediately. O
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Lemma 5.2 shows that, as [ increases, J'u converges to u € ]HZ’Q(Q) algebraically
at the rate of (1 — 3)/2 with respect to the number ¥X; of active nodes (4.13c). In
this section, we consider hp quasi-interpolation operators HZI, with p ~ [ such that, for

every u from B3(Q) or €3(Q), the approximations u', I € N, given by (5.2) achieve
the same convergence rate as J'u, [ € N.

5.2 Geometrically graded partitions of Q. hp spaces gp(Q,Sl)
and 7(Q, §)

In this section, we introduce hp-FE spaces for the approximation of functions from
‘B%(Q) and Q%(Q) with 8 € [0,1). Both the spaces consist of functions that may
have singularities at the origin, towards which the auxiliary hp spaces will refine with
respect to [.

For all I € N and k € {1,2}, the construction of T} ensures that the number n!
of interior nodes satisfies the inequality 2l 1< n,lC +1<2'4+1. We introduce the

nodes x,le’o =0, w,lc’H'l =1 and
apd =27 pl with 1< <L (5.3)
Then, for 1 < j <, we define the intervals
Jllc’,{) = (O,ffilﬁ’j), J;lcjl = (:c,lc’j,x,lc’jﬂ). (5.4)

Further, we consider the partition of (0, 1) induced by the nodes xi’j, 0<7<1+1,
and consisting of the elements J,lc’,l0 and J 5571 with 1 < 5 <. That partition is graded
geometrically towards 0: for 1 < j <[, we have a:,i’j =t} with i = 2071 — 144,

For every k € {1,2}, the nodes satisfy 2!/(2! + 1) < xp7/2/-171 < 21/(2! — 1)
for 1 < j < I; for the lengths of the intervals, we have x,i’jﬂ — :E,i’j = x,i’j when
1<j<l—1and m,i’“l — x,lc’l =1- sc,lc’l for the last element. Then, for 1 < j <[ and
k € {1,2}, the four inequalities

PN < gt el - ahd < 9771y, (5.5a)

hold with \; = min{2!/(2!+1),1—(2!=1)71} and A; = max{2'/(2'—1),1+ (2! +1)" 1},
i.e. with

N=1-2' -1 and Ay =142 +1)7% (5.5b)

Let us now define an auxiliary partition of Q. First, we introduce

N={(1,1),(1,0),(0,1)} = {r e N§ : [|v]loc =1} (5.6)
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Then, for every I € N, we consider G', a partition of Q graded geometrically towards
the origin, consisting of the elements G0 = Ji’}) X Jé’,t and

GLI = b7 xJbd with 1<j<I, v=(n,1»n)eN. (5.7)

1,1 2,v2

For every p € Ny, we introduce auxiliary hp finite-element spaces:

u e ]LQ(Q) : u|Gl:0 S (Q1)17
U e €Qp,p, forall j=1,...,1, veN [’

$(Q,9") =57(Q.5") N C(clQ). (5.8)

SP(Q. Y

Below we see that the elements of B7%(Q) and €3(Q) can be approximated by

functions from S? (Q,GY), generally discontinuous, at exponential rates with respect
to p € N (theorem 5.13). Furthermore, these approximations can be altered so as to
belong to the corresponding spaces SP(Q, G!) of continuous functions without com-
promising the convergence (theorem 5.14). The alteration consists in trace lifting,
a standard procedure in hp approximation [60, section 4.6], which we present in
lemma 5.8 below.

We shall use the following additional notation:

ki =aGtinaqQ forall j=1,...,, veN, (5.9a)
W=8Q'naQ forall icél (5.9b)
Also, for every [ € N, we set
Gl=Q\GghH° (5.10a)
and
r''=0Q\aGhHo. (5.10b)
Finally, we shall refer to
s 1 . 1
6" = (Jebtal ) <0, 650 = 0t x(Gabtatt). G

which are the right and upper halves of G40,

5.3 Polynomial quasi-interpolation

In this section, we recapitulate univariate and bivariate polynomial quasi-interpolation
inJ=(-1,1) and Q =JxJ. Sections A-8.2 and A-8.3 consist of related approxi-
mation results, which we use in our analysis in sections 5.4 and 5.5.
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5.3.1 Univariate quasi-interpolation

For i € Ny, by L; we denote the ith Legendre polynomial with the standard normal-
ization: L;i(1) =1 and (L;, Li)yag3) = (i + O

Definition 5.3. For every p € N, we define a quasi-interpolation operator 7, :
H'(J) — P, by setting

>

(1) = wpi(—1) and (7p0) = ciL;
=0

for every 4 € H'(J), where ¢; = (i + 1) (@, Li)yaz) fori=0,1,...,p—1.

For every p € N, the quasi-interpolation operator 7, is continuous. Also, by [60,
theorem 3.14] or [15, lemma 5], we have the following property

Proposition 5.4. For every p € N, the operator 7, is nodally exact:
a(£1) = mpa(£1)

holds for every 4 € H'(J).

5.3.2 Tensor-product bivariate quasi-interpolation

In the remainder of this section, we shall use tensor-product Sobolev spaces, which
are isomorphic to Bochner spaces: for all m;mo € Ny, we consider

B (Q) = HP™ (3) @ H™ (3) ~ B (1, H™ (7))

mix

with the cross norm given by

ma ma
HUHIZHM,I"W(Q) = Z Z ”ai)llaélzu”éz(Q)
e 041=0 012=0

for all w € H'1™*(Q). For all mi,me € Ny, we have the following inclusion of a

standard Sobolev space: H™1+72(Q) ¢ H™1™2(Q) ¢ H™n{m1m2}(Q). The subscript

mix
“mix” reflects that these spaces are often called spaces with dominating mized smooth-

Ness. For all my, ma € Ny, the functions from H'1™? (Q) admit continuous extensions
to cl Q.

For every p € N, we consider tensor-product operators 7, ®ids : IEIrlmlx(Q) —

P, ®H'(J) and id; ® 7, : H! (Q) — H'(J)®P,, where id; and idy denote the

corresponding identity operators. For every m € N, these tensor-product operators are

continuous mappings from H- ™ (Q) to P, ® H™(J) and from H™;(Q) to H™(J) ® P,

respectively, since the operator 7, is continuous from H'(J) to P,.
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Definition 5.5. For every p = (p1,p2) € N2, we introduce a tensor-product projection
operator:

Iy, py = Tp, @ Ty : Hrlﬂllx(Q) = Qp.ps-
For every p = (p1,p2) € N2, we consider the corresponding one-dimensional pro-
jections
ﬁ-l,pl = ﬁpl ®idy and 7%2,1)2 =id; ®ﬁ'p2,

where id; and ids denote the identity transformation of ]Hl(j ).
The operator II,,,, is continuous and can be recast as a superposition of one-
dimensional projections:
1Ty, py = T2,py © T1py = T1p; © T2y,
see [60, Lemma 4.67 (i)] or [15, section 4] for details. From proposition 5.4, we obtain
the following proposition, I'11, I'12, I'21 and I'so denoting the left, right, bottom and
top edges of Q.

Proposition 5.6. Assume p1,ps € N. Then we have
(lepzﬂ”f}w = ﬁpk/ 7:L|fk]

for all k, k', 5 =1,2 such that k' # k and for every i € H-! (Q).

mix

5.4 hp quasi-interpolation

In this section, we recapitulate standard techniques of hp approximation based on the
operators of polynomial quasi-interpolation described in section 5.3. Further details
can be found, e.g. in [60, section 4.6].

The analysis of reinterpolation, which we give in section 5.5, requires the IH2-
stability of auxiliary approximations. In this section, to keep the presentation self-
contained, we prove the convergence of hp approximations together with H2-stability
bounds.

5.4.1 Definitions

Definition 5.7 (discontinuous hp quasi-interpolation). Let p € {0, 1~}2X2, l €N and
G be as described in section 5.2. Then, for all p € N, we define Hzl,: HY! Q) —

SP(Q, Y by setting
(Tyu)o " = I 1 (wop™®) in Q,

(ﬁéu)ogaf;jzﬂpyp(uogolu’j) i Q forall j=1,...,1 and veN,

where ©40 is an affine function mapping Q onto GL0 and every ©L9 is an affine
function mapping Q onto GLJ.
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The hp approximation szl,u to u may be discontinuous across edges of the elements
of G'. These discontinuities can, however, be lifted, as the following lemma shows.

Lemma 5.8 (trace lifting). Let u € {0,1}2*2, 1 € N and §' be as described in
section 5.2. Then, for all p € N, there exists a linear operator Hzl) : ]H}mlx(Q) —
SP(Q,S') such that, for every u € HL! (Q), the function (11} — ﬁ;)u € SP(Q,9Y
vanishes in GH° and on 8 Q.

Proof. We refer the reader to the Appendix. O

Definition 5.9 (the selection of p and s). Under assumption 5.1 and for every a > 1,
we use definition 5.7 and lemma 5.8 for alll € N to introduce the quasi-interpolation
operators

=1, = l
Igh s =11}, and Tgh ;=TI (5.12)
with
p=[osxi], (5.13a)
where 5
95:1+§ and x1=1+1(1+a—p)log2. (5.13b)
Together with the p chosen above, we shall also use
s =|p/os|, (5.13¢c)

which depends on d, o, B and [.

Then we have g5 > 1, x; > 1, Q(SXISP<Q§XZ+1aHXm_1<3<XZ+Q(;1<
x:+ 1, so that p > 2 and s > 1.

5.4.2 Preliminary bounds

In this section, using the auxiliary results presented in sections A-8.2 and A-8.3 below,
we prove preliminary approximation and stability results of Ap approximation, which
shall later be specified for the analyticity classes B7(Q) and €3(Q).

For all r € N, ¢ € R, we introduce [:],41,,, & broken Sobolev seminorm on
H+(Gh):

l
W2y, => > (2727 2 Loy forall ue HHGYH.  (5.14)
j=1veN
We note that [-],4+1, depends on p and I, which define G!. For the sake of brevity,
we do not indicate that dependence explicitly in the notation.
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Lemma 5.10 (estimates for hp quasi-interpolation in terms of the broken Sobolev
seminorms). Let 8 € [0,1). Then there exist positive constants Do and D1 such that,
for every p € {0,1}2%2, for all I, p,s € N such that | > 2 and s < p and for every
u € ]H%Z(Q) N ]I-IZ+2’2(GZ), the hp approzimation v' = JNYZl)u € SP(Q, 8! satisfies the
following error and stability bounds:

T A2
l s —
lu—o'[[2(q) <3 ﬁ [u]2 11,0 + D§ >\zl 272 2, 22(gloy; (5.15a)
A7 2 s Al oo B |, 12
|u —-v |]H1(Q) <4 /\l T;DS [u]s—i-l,l + Dl )\7;1 2” (1=5) |u|]H§’2(Gl,0)’ (515b)
12 AL 2
ZW ‘HQ(GLJ) < e (p” = 1) [ulz,- (5.15¢)
Jjv
Furthermore, on the boundary we have the inequalities
3N Ty
|W*M@@u§2N;@%B{MQL3¥MAH}7 (5.16a)
2, o< S Ay 2 2 5.16b
oo < 5 5 Toe {20 + B2 | (5.16b)
3 A
12 ! 2 2
S ey < 3 3 0~ DAl g + 1 5 (5.16¢)
where TL9 with j =1,...,1 and v € N are given by (5.9a).
Proof. We refer the reader to the Appendix. O

Lemma 5.11 (estimates for trace lifting in terms of the broken Sobolev seminorms).
Let B € [0,1). Then, for every u € {0,1}**2, for all I,p,s € N such that | > 2 and
s < p and for everyu € H>2(Q)N ]HS+2’2(GZ) the trace-lifting term w' = IIJu—II}u €

SP(Q, GY) of lemma 5.8 satisfies the bounds

1A Ay Yo
loffe@) < g 327 28 +3 50 s v+ a0}y (5:17a)

A p(p+1
11 A# 15 A2
Z|wl|ﬂl @iy ST )\é 27 Z§ + o )\2 Ty {[ ulfii+[u ]s+2,1}a (5.17b)
A
Z|w H2(GLY) )\2 3 2 +3p {[ ]22+[U]§,2}7 (5.17c)
where
Zg - k;2{|u|]2H2(G;C'O) —|— (2_l_2Al)2 |u‘?H'3(G,L’O)} (518)
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Proof. We refer the reader to the Appendix. O

5.4.3 hp quasi-interpolation of functions from €%(Q)

Let G C Q be rectangle. Assume that u € @%(Q) in the sense of definition 3.4 with
positive constants C,, and §,. Then, using lemma A-8.1, we obtain for every r € N
that

|u|]2HT+1(G): Z ||3O‘U||12L2(G)
|a|=r+1

2
r+1 2 =1 2 o!
<A{Cu o r+ )95 Ry Do {M}

|a|=r+1
\ 2
r 215-1 (12 o
< {Cu 6u+1 (7“+ 1)'} ||¢ﬂ+rH]L2(G) { Z (’I“—i—l)'}
|a|=r+1
<% s )2 sl |2 (5.19a)
) uOy T : B+rllL2(G): -LJa
Let l €N, j=1,...,l and v € N. Using (5.5), we obtain the bound &, s(x) >

(2071708 > 20+AG=1=D N\ for all 2 € GLY and r € N. The corresponding
Sobolev seminorm is thus bounded as follows:

) < 69—4 {C 8T (r 4 1)1} A 20 ) 92004 8) =120 72 92(- 1)

4 A2 ;
- % e (Cudi (r+ 1)1} 272+ ADG=1=D - (5.19h)
l

|u|]2Hr+1(G,l;j

forallr e N, leN,j=1,....,land v € N.
For G,i’o with £ = 1,2 given by (5.11), we obtain a similar bound: &,,5(x) >
(271N 8 > 2= (AU NP for all » € GL7 and r € N, and, therefore,

) < % {C 8771 (4 1)1V 20D 22004804+ % AZ22

|u|]2H”'+1(G,l€'0

12 A?
- 78 Win{Cuéz“<r+1)!}222“”*”““) (5.19¢)
l

holds for all r € N, [ € N, and k =1, 2.

Lemma 5.12 (estimates for the broken Sobolev seminorms). Assume S € [0,1),
a>1, p e {0,1}*** and u € €3(Q) in the sense of definition 3.4 with positive
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constants C,, and 6,. Then, with p and s given by (5.13), the following bound is
satisfied for alll,7 € N and o € R:

2(r+2—0o 2(r+1—s 2
64 €° Al< ) 52 2 st ) S{(T+ 1)!} 9-2(a-A)l

2
Tps [U]r+1,o < ? \/ﬂ )\2(r+1) 22(r+1—0—s) s!
l

where
M2 — max 22@—8-0)(G-1-1)
o i<
Proof. Applying (5.19b) for all j = 1,...,l and v € N, we deduce the following bound
for [u]?,, , of (5.14) with arbitrary r € N and o € R:

2(T+2 o) 22(r+1 o)(j—2-1)

Wy, < 2 {O o 1)1y Z

2(T+1) 22(r+B-1)(j—1-1)

(r4+2—0) 1
{Cu ST (r 4+ 1)!}2 3 Z 92(2—B—0)(j—1-1)
j=1

_ % 272(r+170) Al
9 )\2(r+1)
l

64 AZCTETO) 5
_ 9 9=2(r+1-0) 2 r+1
=3 A?(TH) 2 IMEAC, 6 (r+ 1)1}

For p and s given by (5.13), using lemma A-8.2, we arrive at

64 A2(r+2 o) lMlU CQ 52(r+1 s) {(7”+ 1)‘}2

3 )\l 2(r+1) 22(r+1-0—s) sl

_64 ¢ 2p\ AT Mz 25T (e 1)) 2
= S exp _; )\ZQ(T+1) 922(r+1—0—s) s!

2(r+2—0o 2(r4+1—s 2
64 63 Al( : lMlza Cg 571«( : s { (71 + 1)‘ } 2*2(117,3)[.

3 om )\lz(r+1) 92(r+1—0—s) !

O

Theorem 5.13 (hp quasi-interpolation). Let assumption 5.1 hold. Assume that o >
1 andu e C%(Q) in the sense of definition 3./ with positive constants Cy, and §. Then
there exist constants Cq,Cs,co,c1,c2 > 0 such that, for alll € N such that | > 2, the
approzimation vt = ﬁé’;ﬁu satisfies the following error and stability bounds:

lu = v![[f q) < CF 13272071, Z|U ) < 22 9%0 (5.20)
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and
lu = o' 2y < 12720 ju— o [fy gy < F 1827282200

D0 ey < 31220770 (5:21)
Jjv

where B, = min{%, 6}
Proof. We refer the reader to the Appendix. O

Theorem 5.14 (trace lifting). Let assumption 5.1 hold. Assume that o > 1 and

u € Q%(Q) in the sense of definition 3.4 with positive constants C, and §. Then

there exist constants Cy,Cy > 0 such that, for all | > 2, the trace-lifting term w' =

Hé:iﬁu - ﬁéiﬁu satisfies the bounds

Yol 3 sy < CF1P2720700 N T sy S CREE2PL (5.22)
Jjv Jjv
Proof. We refer the reader to the Appendix. O

5.5 h-FE reinterpolation
5.5.1 Preliminary bound

In this section, we prove the convergence of the approximations u! given by (5.2) to
u when u € B3(Q) or u € €3(Q).

We note that the boundary lifting we use in this section is the same as in (4.15a).
It is different from that discussed in the introductory section 3.4, which is independent
of the discretization. In lemma 5.15, we introduce A! € S'(Q,T!) to satisfy, in the
sense of interpolation, the boundary conditions imposed on Iy without affecting the
values at active nodes and hence the tensor structure of the approximation. The term
Al corresponds to J4(u — IT'u) with n = 1, see (4.15a).

We set i, = (g, — 1, piyy — 1), so that G0 = Q! = (0,h}) x(0,h}). We also
introduce

el = {z ceN{i}: 8Q NTI,+ @}, (5.23)
where €' is as in (4.4).

Lemma 5.15. Consider | € N such that 1 > 2, p € N and p € {0,1}2*2. Assume
that u € C(clQ) NH2(GY). Then the approvimation u' given by (5.2) satisfies the
following error bound:
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lu' = ullfn gy < 410" = ullfnq) + 411w i q
Al 21 112 112
+85 )\2 2- Z|U |]H2(G,l,'j) +Z’w |]H2(Gf,’j)
+6 27 |U|]H2(Fz +6 2- 3 Z|U ]Hz(FlJ)

+ ? Al 27 u — v ey + 32 2 Jlu — V1o gy (5:24)

where V' = Héu and w' = Hzl)u — ol

Proof. Let us decompose u! into two terms: u! = 5! + A!, where

=Y &thel €8(QT) and A= (u-¢)(t) el €8'(Q.T) (5.25)

i€J! S

with & = o' + w! € C(c1Q). To prove the error bound, we split the approximation
error as follows:

u —u= (v — )+ + (B - ¢+ AL (5.26)
so that

[lu' — U’H%{l(Q) <4’ - U||1%{1(Q) +4 le”%{l(Q)
+ 48 — &l q) + 4 1A ) (5:27)

In the corner element G'0 = Q! = (0,h!) x(0,h}) with i, = (uyy — 1, oy — 1),
the function & is bilinear; the interpolant =' thus coincides with &' in that element.
Then the third term of (0.27) may be estimated using corollary A-8.7 in every Q!
except GH0 = QL -

G

12~ €l < (g A 2 g 0 2 S s

A4
= 7% 27 {Z’“lﬁmc‘m * Z‘wlﬁ{z(cm} (5.28)

Jv Jv

Estimating the boundary term Al is more technical. Due to the interpolation
properties of II{ and II] and because w' vanishes in G"°, the values of £’ and u at

the vertices of G!? coincide, and A! vanishes in G»*°. The boundary-lifting term A
is thus nonzero only in those elements of T that are indexed by € given by (5.23).
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Applying proposition A-8.10 and corollary A-8.5 to every Q! with i € &) and using
the fact that w' vanishes on @ Q, we obtain the following inequalities:

18 sy = S R gy <2 37 327 A 1A s

ieel icel
1 _
= Zl 327 Ml ot = Ay = o )
icel
AP 4
< 4—;3 2770y Cu - Vi + 32 Al =o' |Fa
ie&l

4 __
Ay " 2l gy + 52 A=, (5299

1 2!
12 _ 112 -1 112 12
AR = D 1A R gy £2 ) {3 27N g oy + 5 114 II]me)}

ieg iegl
4 _
< 32 A, Z{m_vl—Al‘ﬁp(,ﬁ)-i-w—vlh?{l(%)}
i€l
2l l 112 2
45 3 (= o = ARy u = }
ie€l
4 _ A2
g lAl Z{glz 2t |U_'Ul|]%{2(,y£)+U—’Ull%Hl(’YD}
i€}
21 A4 B
Y Z{6512 ! “_UZ@I?(#)*”“_UI12L2<vi>}
ie&l
1 Al -3 12
= Z:{48 N2 [ = 2 )
ie&l
ot 12 2! 12
+32 TR +4A7 =113 2
11 Ad 4 ol

< 48 )\l 273 Z|U—U H2(IL9) + 27 Ay Ju — vlﬁ{l(l“’) +4)\7 Hu_vl”iQ(F’)'
(5.29b)

Combining (5.29), we proceed to
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1 __ 11 A _
HAZH%P(Q) < {48 272AD 4 5 )\}2 31 Z|“_Ul|§{2(pl,j)
Jjv

4 1 1
+3 A 27t u— Ul|1%{1(rl) +4 {3 272N + )\z} 2 |lu — Ul”%ﬂ(l“’)

3 _3] 4 —1 112 ! 12
Z Z\Uf’u H2(TLY) +§Al2 lu—w m(ry) T8 2 lu—wv Hle(Fl)

3__
< 52 o |U"§—I2(Fl 2 o Z' l]HQ(Fl J

4
+ g Al 2_l |’LL — ’Ul|]2Hl(1—\z) + 8 . 2l ||U — UZHEQ(FI). (530)

The estimates (5.26), (5.28) and (5.30) yield the error bound claimed. O

5.5.2 Reinterpolation of functions from 6%(Q)

Theorem 5.16 (reinterpolation). Let assumption 5.1 hold. Assume that u € €3(Q)
in the sense of definition 3.4 with positive constants C,, and 6. Then there exists a
positive constant C' > 0 such that, for all B C {1,2}2%2 such that u and B satisfy
assumption 4.1 and for alll > 2, the function u' defined in (5.2) with o = 3/2 satisfies
the bound

Ju — ul | gy < C132707AL

Proof. The proof consists in combining the bounds of theorems 5.13 and 5.14 and lemma 5.15.
First, consider Q! with i € &}, where & is the index set given by (5.23). By the

trace theorem (consider (A-8.11) with » = 1/2 and rescaled to Q! with i € &), we

have

[ulfie ety = D lulfeg) < ,\4 N2t Z{'uth(Q) + (A 277 |U|§{3(Q;>}

’LEEl i€ Sl
2PN L em ® 52 (A 27712 ®
9 A a2t uuZ{” piilliz iy + 90 (A FI25ialliz )}
l i€gd
21 Az5 c2pr [ 27T g (A 2-t-1y2 2”@y
214 AP C2 51 A?
< 9(28+1)1 {1 +362 l}, (5.31)

3 )\3 28+3 A7

where we bounded the standard Sobolev seminorms using (5.19a) similarly to as
for (5.19). Summing with respect to i € €} and applying definition 3.4, we obtain By
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theorems 5.13 and 5.14, there exist positive constants Cy, Cs, ¢, ¢1, o and Cy,Cy > 0
such that for every [ > 2 and for p glven by (o 13), the discontinuous hp approxima-
tion v! = 1’[(5’3/2 ﬂu and the lifting term w! = H5 372,50~ H5 32,50 SUM to a continuous
function ¢ = v! +w! € SP(Q,§!), where p is given by (5.13), and satisfy the error
bounds (5.20), (5.21) and (5.22). Combining those bounds and (5.31) with (5.24) of
lemma 5.15, we arrive at

- Ad -
e~ 'l < 4CF P20 4 4 G090 4 g S 292000 (03 4. )
l

214 AS 0254 A2
62— 2L Zuu Jq4 g2 22| 9—2(1-p)!
+ {3 /\§2B+3{+ “)\2}+CQ

+ 106y 21022080 B | g9 2 4 9-201-P) < (20 9~ (1B
3 <

holds with any positive C such that

C?>4C%1 3+401+8A

22 (C3+C3)1

A;
+ 342 )\Q}l 6431 4]

1
+ 36 Acd27t +32¢5172,

214 A5 0254
+6[ {

3 )\8 28 +3

where the expression on the right-hand side is monotonically decreasing with respect
to [. O

5.6 Rank structure of the unfolding matrices of the coefficient
vector

Above in this section, we have studied the approximation of functions with a singu-
larity at the origin. The approximation results generalize immediately to functions
with singularities at § € {0,1}?, which is an arbitrary vertex of Q. Indeed, we can
map 6 into the origin by the reflection of coordinates, apply the approximation results
of this section and transform the hp approximation back. In this section, we consider
the evaluation of an hp function under such a reflection of coordinates and analyze
the QTT structure of the corresponding vector of values.

Let us consider polynomials th,1; € Py: o(t) = t and ¢ (t) = 1 — ¢ for all
t € [0,1]. We introduce a reflection function:

V=1, ® Yy with o, =1g,, k=12, (5.32)
so that ¥ o ¥ = 1)y 1y and ¥(#) = 0, ¥ (0) =0
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Lemma 5.17. Consider p,l € N and let Py, qo,, a1,000 = 0,...,p form a basis of
Qp,p- Assume that ' € SP(Q,G'), 6 € {0,1}2 and u! € R2' %2 s given by

ulm'z = ow(tﬁm)
for all iy,ip = 0,...,2" — 1. Then, for every ¢ = 1,...,1 — 1 and for all &,& =
0,...,29 — 1 except when & = 61(22 — 1) and & = 02(27 — 1), there exist coefficients
Ceitra100, @1,00 =0,...,p, such that

p
uélfqgl_;.nhglfqgQ_;.nQ = Z Cerer01 as Payas (n1,m2) (5.33)

a17a2=0
for all n1,me =0,...,2179 — 1.

Proof. First, we consider the case of § = 0. Let ¢ € {1,...,l — 1} be arbitrary. For
either k = 1,2 and & = 1,...,27 — 1, let us set ji = |logy&x] + 1+ 1 —¢g. Then
we have 1 < j, < [ and 27+—! < 2/79¢; and Ql*q(fk +1) < 2Jkta=l  That results
in x,lc’]'“ < ALY 4+ 1 — pyy) < x,lc’]’“, ie. t§€72l_q§k+nk € Ji”jlk, for all n, =
0,...,2!79 — 1. Therefore, if (&, &y) # 0, there exist j € 1,...,1 and v € N such that

tél,qglJrnhzl,qgﬁnQ € clGLJ for all n, = 0,...,2177 — 1, i.e. the nodes corresponding
to fixed & and & belong to the same element of G'. Since @' € SP(Q, G'), we have
al|c1GL*f € Qp,p, and the coefficients C¢, ¢, a0, 1,02 =0, ..., p, satisfying (5.33) do
exist.

Let us now consider the case of an arbitrary 6 € {0, 1}2. Reflecting the kth coordi-
nate of the function u = @' o9y corresponds to flipping the kth index 4 of the vector.
We represent iy by two indices: & and n,. In (5.33), flipping the index &, means
reordering the coefficients C¢, ¢,a,q,, Whereas flipping 7 results in composing the
basis polynomials with an affine transformation. The transformed basis polynomials,
however, can also be represented in the same polynomial basis. The structure given
by (5.33) is therefore invariant under the reflection of coordinates, and the case of an

arbitrary 6 € {0, 1}? reduces to that of § = 0. O

Lemma 5.17 describes the structure of the row space of each of the unfolding
matrices U?, ¢ = 1,...,1 — 1, corresponding to the QTT format (4.16) with the
transposed ordering (2.6). In the setting of this section, we have n = 1, and the index
i = 0 is void. A particular result of lemma 5.17 is that the ranks of the unfolding
matrices are bounded by 1+ (p+1)? for every 6 € {0,1}? and for all [ € N. Applying
remark 2.1, we obtain the following statement.

Corollary 5.18. Consider p,l € N. Assume that @' € SP(Q,§'), 6 € {0,1}2. Then
the vector u! € R2'*?' given by

l . l
Ujpiy = U O¢(ti1i2)
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for alliy,iz = 0,...,2' —1 admits a QTT representation of the form (4.16) with ranks
bounded from above by 1+ (p + 1)2.

Lemma 5.17 is closely related to the following notable result: a vector of values of
a univariate polynomial of degree p at 2! uniformly distributed points admits a QTT
representation with ranks bounded by p+ 1 independently of I [27, corollary 13]. The
same result can also be obtained in a constructive way, see [51, theorem 6]. In [39,
lemma 3.7], the result was generalized in the spirit of [27, theorem 18] to cover the case
of piecewise-polynomial functions (still univariate). Lemma 5.17 and corollary 5.18
given above is a further extension of the result, to the case of bivariate functions. For
hp-functions supported on similar partitions of (0,1)% graded geometrically towards
a vertex, an analogous result, with the exponent d in the rank bound, follows in the
same way.

5.7 Exponential convergence of QTT-FE approximations

Applying theorem 5.16 and corollary 5.18 to the approximations given by equa-
tion (5.2), we obtain the main result of the present work: for u € (’I%(Q), the set
Z! given by (4.13a) contains an infinite sequence of approximations u!, I € N, which
converge exponentially with respect to the number of QTT parameters needed to
ezactly represent their coefficients u! € R2*2', [ € N.

Theorem 5.19 (exponential convergence of QTT-FE approximations). Let 8 € [0,1)
and assume that p and B satisfy assumption 4.1 and u € @%(Q), Then there exist
positive constants C' and ¢ and u' € SY(Q,T), | € N, such that, for every | € N, the
error bound

H’U, — UZH]Hl(Q) S Cl3 27(17ﬁ)l

holds and the coefficient vector u! = /'u' admits a QTT representation of the
form (4.16) with ranks r1,...,r_1 < cl?, i.e.

lu — ul||]H1(Q) = 0(13 exp(bell/E))), [ — oo,

holds with Nll/5 given by (4.17) and a positive constant b independent of 1.

Proof. The accuracy and rank bounds for u', [ € N, given by (4.14b) follow immedi-
ately from theorem 5.16 and corollary 5.18. Then, by (4.17), the number N; of QTT
parameters needed to represent u! satisfies N; < 41¢?1* for every | € N. That yields

the exponential convergence with respect to Nll/ % O
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6 Numerical Experiment

In the numerical experiments presented below, we study solutions u € B3(Q) C €3(Q)
of the form
u(z) = r%(z) sin(ap(z)) forall zeQ, (6.1)

where (r,¢) is the transformation to the standard polar coordinates, o > 0 and
is a polygon such that 0 € 9€). For every non-integral positive «, the function u
given by (6.1) exhibits a singularity at the origin. For all a > 0, we have u € 83(Q)
with 8 € (0,1) if and only if 8 € (1 — &,1), where & = min{a, 1}. In that sense, the
analyticity class %g(Q) with ¢ = 2 is suitable for quantifying the singularity strength
for all a € (0,1).

6.1 QTT-FE approximation

In this section, we illustrate the approximability of functions u € SB%(Q) given by (6.1)
for @ = Q = (0,1)? with QTT-FE functions, which are described in section 4. We
consider @ = 7,3,5,%,%,5- We set ,ugj = 1 for all k£, = 1,2 and consider the
corresponding uniform partition 7! of Q. We impose no boundary conditions: B° = @.

For each «, we construct u;ppr € SYQ,TY, a QTT-FE approximation of u,
whose coefficient vector ugppr = of luéppr has a low-rank QTT decomposition of the
form (4.16). As a measure of approximation error, we use the relative H!-seminorm:

l
€L = |uappr - u|]H1(Q) / |U|]H1(Q)

The results are presented in figure 1.

In each case, as figure la shows, the approximations uéppr
—&/2

g~ N, = 279! with the optimal rate & = min{a, 1}. That rate is the same as
suggested by lemma 5.2 and theorem 5.19. The convergence is algebraic with respect
to N; = 4! (4.13c) and exponential with respect to .

As figure 1c indicates, the QTT ranks of uéppr grow sublinearly with respect to [.
This is considerably better than the quadratic bound of corollary 5.18. A more refined
observation, based on figure 1d and going in the same direction, is that for the number
of QTT parameters N; (4.17) we have N; ~ I with x =~ 2.33 instead of K = 5 as in
theorem 5.19. Those two dependencies amount to the exponential convergence of the
QTT-FE approximations with respect to Ny, shown in figure 1b: log, el_l ~ Nll/n with
k < 3. This exponent, observed numerically, is superior to x = 5 of the theoretical
error bound. It is even slightly better than x = 3 of hp approximations in two
dimensions [60]. We note that hp approximations in two dimensions may, in principle,
achieve convergence with a better exponent than x = 3, e.g. k£ = 2 was proved [36] for
approximation in hp spaces based on harmonic polynomials with respect to accuracy
measured in a broken norm.

achieve the convergence
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6.2 QTT-FEM

In this section, we demonstrate our approach as a method of solving the model prob-

lem (3.7) with A = —A and f = 0. We consider solutions u € %%(Q) given by (6.1)

in the following three cases: & = 2 in an L-shaped domain and o = % + % in a domain

3
with a cut.

e 0= (—1,1)2\[0,1) x(—1,0] with yp = 8 Q and yn = &, which we split { into
n = 3 square patches;

e 0= (-1,1)2\[0,1) x{0} with yp = 8(—1,1)?U[0, 1] x{+0} (including the top
side of the cut) and yn = (0,1) x{—0} (the bottom side of the cut), which we
split € into n = 4 square patches.

6.2.1 Description of the experiment

In either domain, we consider the corresponding sets of admissible approximations
Z! with | € N, see equation (4.13a).

First, similarly to section 6.1, we study the approximability of the solution u with
QTT-FE functions, similarly to as described in section 4.1. The difference consists
in the introduction of an additional index i running from 0 to n — 1 and indicating
the patches. In each example, we have u € B3(Q) C €3(Q) for all § € (1 —a,1).

We construct ulappr € Z! a QTT-FE approximation of u, whose coefficient vector

ul, € R"*2'%2" has low QTT ranks in the sense of (4.16).
Second, we approximately solve the model problem in the weak formulation (3.7)

with the variational space is and the FEM space

V =Hj(Q) = {u e Hy(Q) : ul = 0}.
For each [, we choose the offset term J} in place of ug of (3.6) and denote the FEM
space with V!. We solve the discretization (3.9) as a linear system of the form
Alug = f' (62)
using the solver amen_solve2 from the TT Toolbox? [53]. The solver implements the
AMEn method for the TT-structured solution of linear systems, developed in [25].
Among the parameters of the solver are the maximum rank of the solution sought,

the maximum number of iterations (“sweeps”) and the target relative £2 norm of the
corresponding residual, which we indiscriminately set equal to 50, 500 and 10~ 1° for all

2We use the master branch of the GitHub version 2.2+ of July 24, 2014 (git tag
http://github.com/oseledets/TT-Toolbox/tree/v2.3-4-gela3f2c) .
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« and [. Finally, we truncate every QTT-FE solution u. ; to obtain its approximation
ul, € Z! with smaller QTT ranks and such that

Huir — uiolll]I}(Q) S 0.05 - 2—(1+a)l Hw — quLz(Q), (63)

where w, in every patch, is a bilinear function interpolating u at the vertices of the
patch. This allows to adapt the low-rank structure of the FE solution with respect to
the IL2-error (and, due to the Markov brothers’ inequality, to the error measured in
the H'-norm), whereas the AMEn solver minimizes the £2 norm of the residual.

6.2.2 Discussion of the results

The results are presented in figure 2. For all uflppr, ul,, and u!,, we measure the

error with respect to the exact solution u by the relative H!-seminorm, ¢, = |- —
ulw (@) / lulm @)-

First, we note that the observations made regarding ufippr in section 6.1 remain
true in this case, where €2 consists of multiple patches. Second, the QTT-FE solutions
u! , exhibit approximately the same convergence with respect to [ (figure 2a) and N,
(figure 2b). For small [, as figures 2¢ and 2d show, the AMEn solver significantly
overestimates the ranks of the QTT-FE solution ulsol. This is due to that the target
residual norm is inadequately small for those runs. For larger [, the behavior observed
for uéppr reappears. The rank truncation subject to (6.3) optimizes the QTT structure
of the FE solution, so that the maximum rank R;, the number of QTT parameters
N; and the convergence with respect to N; for ul. are much closer to those of u!

appr'
. S . 1 l l
As in section 6.1 for uy,,,, apprs Usol and

ul, to u with respect to Nll/K with k < 3, see figure 2b: log§ Efl ~ N;. Again, the
exponent is slightly better than for general hp approximations in two dimensions,
with k = 3 [60].

we observe the exponential convergence of u
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lower-rank truncations u!, 004 of u!_;, QTT-FE approximations uéppr o= 0f u. Top.
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7 Conclusion

We summarize the main findings of the present paper. For a function u € QZ%(Q),
where Q = (0,1)2, there exists QTT-FE approximations u!, I € N, that satisfy two
properties. First, as elements of the corresponding FE spaces, they are quasi-optimal
in the sense that, in the energy norm, they realize the optimal algebraic convergence
rate 1 — 8 with respect to the mesh size. Second, the coeflicient vectors can be repre-
sented in the QTT format with the number of parameters NV; that is polylogarithmic
with respect to the mesh size. This means that the analytic regularity exhibited by the
functions from Q% (Q), although irrelevant for the convergence of low-order Courant
FE approximations with respect to the number of degrees of freedom, is implicitly
encoded in the low-rank tensor structure of the coefficient vectors. Furthermore, that
regularity may be recovered by the QTT representation and results in exponential
convergence with respect to N/#, where x > 1.

These results are established theoretically with x = 5 in theorem 5.19 and are
observed experimentally with x < 3 in section 6. An analogous exponent for hp-FE
approximations is k = 3, and the QTT-FE approach turns out to be comparable.

Storing the coefficients implicitly, in a low-parametric form of the QTT decompo-
sition, allows for both accurate approximation and efficient computation. The mesh
underlying the FE space becomes virtual in the sense that the solution is never rep-
resented or processed locally, i.e. with respect to single finite elements. The number
of levels of the virtual mesh, however, remains an important, “real” parameter. First,
it limits the approximation properties of the QTT-FE approximations. Second, it is
equal to the number of cores in the QTT representations of the approximations.

For very fine discretizations (large ), the nodal approximation considered in the
present paper suffers in practice from the ill-conditioning of the nodal bases, which
prohibited the solution of the Galerkin system with larger [ in the experiments pre-
sented in section 6.2. The approximation results obtained in the present paper, how-
ever, carry over to H!-stable tensor-product wavelet bases, which promise to be more
efficient for the solution of boundary-value problems using the QTT-FEM, see, e.g.
the recent works [10, 11].

A-8 Appendix

A-8.1 Auxiliary lemmas

Lemma A-8.1. Let n € N. Then for the sum of the inverses of the corresponding

n + 1 binomial coefficients
n —1
n 8
< -. A-8.1
>(3) <3 (A5.)

k=0
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Proof. For n € N, let us denote the left-hand side of (A-8.1) by I,,. For every n € N,
we have the recurrence relation I,y = (n +2)/(2n + 2) I,, + 1, see [57, theorem 1].
By induction, starting from n = 3, it follows that I,, > 2(1 + n~1!) for all n > 3.
Then I,11 < I, + (2n +2)7'I, — 1 for all n > 3. Again by induction, we obtain
I, < I3 =8/3 for all n > 3. Since I, Is < I3, that proves the claim. O

As above, for all p e Nand s =0,1,...,p, we use the notation

Lemma A-8.2. For all o > 1 and p € N such that p > o, let us set s = Lp/QJ, S0
that 1 < s < p. Then the bound

(g—n%wﬁrm<6%e“(‘?)

holds with ¢? = €5 /v/27.

Proof. Using Stirling’s bound for the Euler’s Gamma function, we obtain the bounds

T, < e(p—s)Pstie~ o) ¢ <]9—s>ps+é e%s
P Vam (prs)teth e Var \pts (p+s)%’

(S!)2 S 62 S2s+1 6725’

which yield together
3 p—s+% 2s
1) (52T, < p_8> [ ! 5] -
R 0] e I (R e B

For s = |p/e|, we have p/o — 1 < s < p/p, so that (o — 1)s < p — s. We denote
t = 2s/(p + s) and, using that (1 —#)'/* < e='/T — ¢ holds for 0 < ¢ < 1, obtain

3 o\ DPtst3 3 —
(9_1)25(8!)2Tps§ € <p 5) < € p Ss(l_t)Qs/t

S
V2T p+s V2rnV p+s
3 5
e p—3s e 2p
< s exp(—2s) < sexp|l——].
T \V2nV p+s p( ) s v 2T p( Q)
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A-8.2 Bounds for univariate quasi-interpolation

We shall use the following bound, for which one may refer to either of [60, Corol-
lary 3.15] or [15, Corollary 2]

Proposition A-8.3. Assume that p € N and s € Ny are such that s < p. Then, for
any function 4 € H¥H1(J), the interpolant Tl satisfies the error bounds

|1TL - ﬁ-pahzgp(j) < Tps ‘12 IQHS+1(j)a
1 (A-8.2)

2 N
Hs+1(J) .

ST ~
@ 7rpuH]Lz(J) < p(p+ 1)Tps |4

We shall also use the following stability bound on the second derivative of the
interpolant.

Lemma A-8.4. For every p € N and for every u € IHQ( ), the following bounds hold:
A2 L 5 o .12 A a2 1
|7Tpu|]H2(j) < Zp (p - 1)|u|]H1(j)a |7TpU|]H2( N = i(p - 1)‘u| (A_83)

Proof. Consider ]Li)(J ), a weighted space of square- integrable functions defined on J,
with the weight w given by w(z) =1 — 22 for all © € J. For this weight, we have
4" € L2 (J) with ||a"||. Gy < l@"]lgz5)- Note that Lj, i € N, are orthogonal in

1.2 (J), namely

S (i + 1) -
oy ii ,
<L L >I[412U(J) Z+%m for all 1,1 € N.

Below, we shall also use that ”L2”12L2(i) = i(i + 1) for every i € Nyg. That follows

readily from integration by parts and the orthogonality of the Legendre polynomials,
as in [60, theorem 3.91]:

1 1
/1 Ll =L;L}|", — / 1 LiL! = L;L}|* | = 2 L;(1) Li(1) = i(i + 1).

Since @/ € L2(J), we have a Legendre representation 4’ = Yo cili in L2 (J) with
coefficients ¢;, i € Ng. Then @’ = 3.°, ¢;L; holds in L?(J) and, thus, also in L.2,(J).
This results in the bound

— 1 ¢+1 . )
ZH% m 112, 5, < 1”124, (A-8.4)
i=1
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By Definition 5.3, we have (#,4) = Zz o ¢iLi, and by the triangle inequality we

obtain
Iy "HW—HZ oL} MJ)_Z\/H— Ll sy
\/ + = 1?: (A-8.6)

Finally, we apply the Cauchy—Bunyakovsky—Schwarz inequality to (A-8.5) and (A-8.6)
to arrive at the bounds

JN 1
1Gp)"|122 5 < 11 J)Z i(i43) 6+ 1) = 170~ D),

p—1

. R 1 1 )
|Gp) 125 5 < ||u"|§2(j)zl(z+ 5) = 30 = DI 2. 5,
L]

By rescaling from an interval I to J= (—1,1), from proposition A-8.3 and lemma A-
8.4 we obtain the following statement.

Corollary A-8.5. Consider an interval I = (2a,2a + 2h) with 0 < h < co. Let ¢
be an affine map from J onto 1. Then, for all p,s € N such that s < p, for every
uw € H(G) and for v € Q,, given by vop = 7y, (uo p), the following inequalities
hold:

1

HU — UH]QLQ(I) < m h2(s+1) Tps ‘ul%HSJrl(I)’
lu— U|]%{1(I) < h* Tps |U‘%Hs+1(1)7
1p ( —1) 2 1

|0lfz ) < 1 oh ulgny,  [0lEza < 3 (P* = 1) fulf -

A-8.3 Bounds for tensor-product bivariate quasi-interpolation

We shall use the following error bound for the projection ﬁpl .po- For similar bounds
for tensor-product interpolation operators, we also refer to [60, lemma 4.67] and [15,
theorem 5].
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Lemma A-8.6. Let p = (p1,p2) € N2 and q1,q2,71,72,51,82 € Ng be such that
q,71,51 < p1 and qa,72,82 < pa. Then the following bounds hold true for every
i€ Q) nERETH Q) nEE T Q) n T Q) n LT (Q):

2
N 1 sitln
Hu lepzuH]Iﬂ(Q kzz: p7_|_1) Pk Sk ”a ¥ ”
2 1
+3| ] ————Ypur | IO7 052012,
2
|’EL - lepza‘lal(Q) < 2ZTkak H(?SkJrlAH]Lz(Q
k=1
#’r Ha‘h-‘-la ﬁH2 .
p1(]91+1) P1q1 1 2 L2(Q)
2
g2+1l-12
+ p2(p + 1)TP2Q2 “8162 uH]Lz(Q)a
|HP1P2Q‘§12(Q) ( )Halu”]L2(Q) ( )||a2u||m2(Q)

1191171*1 1p2p21} TP
+ 414+ = + == 0,050 AL
{ 2papa+1  2pipr+1 119, HEZ(Q)

Proof. Note that the inequality
||8kﬁk7pkﬁ”i2((§) < ||8kﬁH]2LZ(Q) for every ve Hnnx(Q) (A_87)

follows from Definition 5.3. . .
Let o € HNN(Q) nHE2TH(Q). Since IT,,,, = #1.p, © 72.py, We have the de-
composition
(s ﬁplzmﬁ’ = (ld - 7%17171)1}‘ + 7%1,171 (id - 7%2,172)/&
= (id — 711 p, )0+ (id — 7o p, )0 — (id — 71 p, ) (id — 72 p,) 0. (A-8.8)

.2 error bound. By the triangle inequality, from (A-8.8) we obtain

||fl’ lepzuH]Lz(Q) < 3”17’ - 7?[-17101&||]2L2(Q) + 3”’&’ - ﬁ-Q,Pzﬁ’HEQ(Q)
+ 3||(id - 7?'17;01)(11 - 7%2,1727:‘)”]2[‘2(Q)~

Using proposition A-8.3, we bound the first two terms as follows: for every k € {1, 2},
we have

A, 1 N
I8 = # g2 ) < oeon 1) Tres 19 i (A-8.9)

all?. g
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for every s € Ny such that s; < pg. Similarly, for the third term we obtain

1 ) (8 = 7, )24 ) <
1

rit+lis 4 ~N\ (12 R
p1(p1 ¥ 1) Tp17’1 ||81 (u 7T2,;D2u)H]L2(Q)

2

1
S , 87‘1+18T2+1 ~ )
{1}:[1 pr(pr + 1) Toure || il )

for all r1,ry € Ny such that r; < p; and ro < ps. By combining the bounds for the
three terms, we obtain the L2-norm estimate claimed.

H* error bound. We use (A-8.8), the triangle inequality, (A-8.7) and proposi-
tion A-8.3 to arrive at

Hal(u - Plpz )H]Lz(Q)
<2 ||81 (ld — T1,p, )u”]Lz +2 H817T1 P1 (ld ﬁ27p2)a|li2(Q)
<20, (id - m,pnunw@ £ 20/(id — o)y g

1 2 1 ~
<27y, (107 +1U|| y T (s +1) Ypogo 052" 81u||i2(®.

An analogous bound holds for ||dy (i — IT,, , ) Together, the two bounds prove

2
||]LQ(Q)
the H'-norm error estimate claimed.

H2-stability estimate. Let us decompose the interpolant as follows:

lepza = 7?rlﬁﬂlﬂ - (id - ﬁ-27172)ﬁ-1,;01ﬂ' (A-S.lO)

Using the triangle inequality and the properties of the interpolation operators, we
obtain

Hafﬂmmﬁnm(j) < ||512(id Tt2,p, )71, p1u||1L2(J + ||817r1 p1U||]L2(j)
= [[(id — 2., )71,y ll gy + (0771, py g2 )

For these two terms, let us use the corresponding bounds of lemma A-8.4. For the
second, we obtain ”8127%171’111”;2(3) < (3 - 1))07 u||]L2 ) - For the first term, we
use the error bound of proposition A-8.3: ||(id — #g,p, )07 7r17p1u||]L2(J) < pyt(pe +
1)_1||828%7%1,p111||i2(j) = py (p2 + 1)_1||8%7%1,p182uH]L2(J) Then, by the first bound

of lemma A-8.4, the inequality [|(id — ﬁ2,p2)6%7T1,p1“||]L2(J) <pylpa+1)"1p3/4 (p3 —
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holds true. By combining the bounds for the two terms, we arrive at
1 pl p1

||812lep2’a||]21‘2(j) < (p% - 1)||a%a||i2(j) +5 2p Do + 1

H la2uH]L2(J)
An analogous estimate follows for ||822ﬁ1”11’2ﬂ||12L2 (3)- For the mixed derivative, (A-8.7)
allows to obtain

||8162Hp1p2a”i2(j) = “817%1,171827%2,172&”;2(3) < ||6162ﬁ-27172ﬂH]2Lz(j)

= ||327?r27p281’0,||i2 < H6231U||]L2(J

(J
Together, the bounds on the second-order derivatives yield the stability estimate. [J
Corollary A-8.7. Consider a rectangle G = (2a1,2a; + 2h1) X (2a2, 2as + 2hs) with
Ah < hy,he < AR, where h >0, 0 < A <1 and A > 1. Let ¢ be an affine map from

Q onto G. Then, for all p,s € N such that s < p, for every u € HT2(G) and for
v € Qp, given by voyp = H p(wop), the following inequalities hold:

T
2 2(s+1) ps 2
u—vllf2q) < 3(AR) P+ D) |l (),
2 A 2
lu— vl <453 2 (AR)** Y [ulf Hs+1(G)»

4
|0lfez () < X (P* = 1) [ulfz(q)-

Proof. The statement follows by a rescaling argument from lemma A-8.6 with s; =
so=sandr;=s—1,ry =0. O

Lemma A-8.8. Conszder p1,p2 € N and so € Ny such that so < ps. Then the
following bounds on I, the left edge of Q, hold for every 4 € H €2'H(Q).

mix

N 3 Ty s sa41y
”u Hp1p2u||]L2(F) < Qm {”8 2+1u||]L?(Q) + ||81822+1u|\i2(®},
RSN 3 So41n sot1
it = sl ) < 5 Tass {Ha Tl g + 10,057l Q)}
N . 3 N .
‘lepzu@{’z(f‘) < Z (pg - 1){”8311,”;2(@) + ||818§u||i2(Q)}

Proof. First, we note that

mix

191135 7 < (1+% D013 + (L +39)11010]1F, o, forall o€ Hy(Q) (A-8.11)
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holds with every s > 0. This explicit form of the trace theorem follows immediately
from the formula 9(—1,y) = 0(x,y) — ffl 0,0(t,y) dt, valid for all (z,y) € Q, and
from the Cauchy-Bunyakovsky-Schwarz inequality for R? and IL2 (j ).

The interpolation property of 7 ,, and 73 ,, implies the relations

a le;DQ ( ly)_ﬂlpla 7T2p2 ( ly)

= 0572, p, (=1, y) = (p,[A(=1,))) ) (y)

forally € J and oy € {0,1,2}. Therefore, by proposition A-8.3 and lemma A-8.4,
the following inequalities hold:

||1l HP1P2uH]LZ(F) ||’&( L ) - 7¢‘-Pzﬂ(_lv )”Ez(j)

< ROl
1= Lyl ) = 0(=1,) = (=120 ) < Tyes 1057 0 .
i) = V(1) sy < 5 03— DGR 0
Then, applying inequality (A-8.11) with » = 5, we obtain the claim. O

Corollary A-8.9. Consider a rectangle G = (2a1,2a1 4+ 2h1) X(2az2, 2a2 + 2hs) C Q.
Let v denote the left edge of G and ¢ be an affine map from Q onto G.

Then, for all p € N and s € Ny such that s < p, for every u € H**3(G) and for
v € Qp,p given by voyp = ﬁp » (o), the following inequalities hold:

3h2(s+1) T
H vH]LZ('y) = 2T (p+ 1)

h S S
o= vl < 5 52 o {1057 ulltac) + 12 10005 ulaca) .

{105+ ullZa(c) + 13 10,05l

3p°—
ol < 3 = {108l + 2 10rOBul )

Proof. Follows from lemma A-8.8 by a rescaling argument. O

Proposition A-8.10. Consider a rectangle G = (2a1,2a; +2h1) x(2a2,2as + 2hg) C
Q. Let w € Py be the polynomial satisfying w(2a1) = 1 and w(2a; + 2hy) = 0.
Then, for every v € P, with p € N, the polynomial { = w®v € Q1) satisfies

2h 2h
€22 q) = 5+ m—

with m =0, 1.

||v||]L2('y) and |€|]2Hm+l(G) ]%{m(,y),

"U|Hm+l(,y) + = 2h |
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For a square with 0 as a vertex, we shall use the following approximation result.

Proposition A-8.11. Consider a rectangle Q = (0,1)% and B € [0,1). Then there
exist positive constants Do and Dy such that, for every u € ]HZ’2(Q), the polynomial
v € Q1,1 interpolating u at the vertices of Q is well-defined and satisfies the error
bounds

lu = |[f2(q) < D§ Wﬁizﬂ and  |u—vlip gy < DY |u\§1§=2(

Q) Q’

Proof. By proposition 3.1, the function u admits a continuous extension to clQ.
That ensures that the interpolant is well defined. The error estimates follow from [30,
lemma 3.6], see also [60, lemma 4.25]. O

A-8.4 Proofs of theorems for hp quasi-interpolation
A-8.4.1 Lemma 5.8
Proof For an arbitrary functlon u € IHle(Q), we shall define a lifting term w' €
SP(Q7 G') so that Hzl,u +w! € C(clQ) and the mapping u — w! is linear.

For 1 <j <l let 7{ and 1{ denote the right edges of Gif and Gi’g respectively,
~v4 and 5, the top edges of GI/ and Gé’f respectively, I'/ and T}, the left edge of

Gi’g and the bottom edge of Géﬁ respectively.
Let us set consider the polynomial interpolants

U}{:(N;UNGMGQPW with j=1,...,1 and veN,

O ( [l)u)|GL,0 6 Q171

given in definition 5.7. For 1 < j < [ and k € {1,2}, we define linear univariate
polynomials ¢/} € Py by requiring

Yl(zp?) =0 and f(zp) =1

Usmg these as factors, we introduce bivariate lifting polynomials 7717171 € Py, and
n3, 175 € Pp 1 with 1 < j <[ by setting

n =@ (U{ng — 1)| i =yl ® (”{T]l —v] 0)\ J (A-8.12a)
775 —(”étl_ 1,1)|7§®¢27 ﬁ% —(U(J)t - 0,1)|;/g®1/’2~ .
Additionally, we introduce lifting polynomials ¢; € P; , and (2 € P 1:
G=0-vD) o0 o)y G=(0 —ul ), 0 -vd).  (AS12D)
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From the lifting polynomials defined in (A-8.12), we construct the lifting term w' €
SP(Q,9"):

wh = ]lGi’OlCl + ]lGé,11<2
l71 . . . .
+ 2 {Laggnd + Loy + Loyl + Loy} (A813)
j=1

By Definition 5.5, the interpolants of u in any two elements sharing an entire edge
coincide on that edge. Then, due to the nodal exactness of interpolation in each
element, the construction of (A-8.12) ensures that, first, w' vanishes in G%° and on
0 Q and, second, the lifted interpolant extends to a function continuous across the
edges of the elements of Gl wh + ﬁéu € C(clQ).

Since the operator fY ! is linear, so is the mapping u +— w'. This allows to define

a linear operator Hl Hl ! (Q) — SP(Q, G") on u by setting Hll,u = ﬁéu +wh. O

mix

A-8.4.2 Lemma 5.10

Proof. By proposition A-8.11 and a rescaling argument, the interpolant v' satisfies
the error bounds

A
lu =" [faqr0) < D§ 52 22-P) |u\]H2 2(gLoy) (A-8.14a)
l
AP o
Ju— 0" s oy < D3 /\—i 9—2(1-p)l |u‘%ﬂg*2(le°) (A-8.14b)
l

with positive constants Dy and D; depending only on S.
For all j =1,...,l, v € N and s € N such that s < p, corollary A-8.7 yields the
following:

T

02 < Jj—2—1 2s5+2 ps 2 )
”u v Il]LZ(GL:]) = 3(2 Al) p(p+ 1) | ]Hs+1(GL>J)7
l Al2 j—2—1 2 2
u—v'[f grs) <4 Y (272 7MAD)> Vs [ulfy i 1) (A-8.15)
A4
|Ul‘ H2(G lJ) = )\i ( > 1) |u|]2HQ(GILIJ)

By combining the inequalities of (A-8.14) and (A-8.15), we obtain the bounds of (5.15).
Finally, for all j = 1,...,1 and v € N such that I';J of (5.9a) is nonempty, we
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apply corollary A-8.9 to GL7 and T'L7:

3Al j—2—1 2s+1 Tps 2
|| ||]L2(I‘ZJ =9 )\l (2 A) (p+1) |u|]HS+1(G,ij)

]Hs+2(GLJ)}7

S‘H(G,l,’j)

Ca

3 o iy \2s
Ly € 55 (27T 1Tps{|u%
+ (2j727ZAl) |u|]H5+2(Gl J)}

|v |]H2(Fl gy < - 1 W {|u|]H2(Gl ) + (2j_2_lA ) |U‘H3(Gl J)}
By summing over all j = 1,...,1l and v € N, we obtain (5.16). O

A-8.4.3 Lemma 5.11

Proof. Using the Cauchy-Bunyakovsky-Schwarz inequality in each GL7, we may
bound the lifting term w' of lemma 5.8 as follows:

-1
12 2 2
2 D 1wl apsy <2 {6ty * 1@l )
j=1lveN
+ 22 Z{lﬁ{ il?n l J + |ﬁ§ ]?—Im L, J) + |T]1 ]H"L(Gl J) + ‘772 ]I—ITVL( )} (A_8'16)
Jj=lveN
form=0,1,2.

Applying proposition A-8.10 and the Cauchy—Bunyakovsky—Schwarz inequality on
edges of the elements, we obtain from (A-8.13) and (A-8.16) that

4
l l
By < 527 A {llu = 0l gy, + llu = 01 ol

= 00 gy + e = 08112 ey, }
- 1

j 1
#3039 o] oWy + = oy + = o] 5 e
j= 1

. 1
ol = 08 2y + = 0] 2 W2ag + o = 035 e gy }

Rearranging the terms and using corollary A-8.9, we arrive at
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3 )\l p(p + 1) {[u]s-‘rl,o + [u]s+270} ( 8 73)

Analogously to (A-8.17a), we obtain the bounds
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Z Z|w |1?11(ij) <3 27 A Ju— U0|1%{1(1'“11uf“;) + 271N [lu — UO”]L?(f%Uf%)
j=1lveN
4 1
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The final inequalities of (A-8.17) prove the bounds of (5.17). O

A-8.4.4 Theorem 5.13
Proof. For p and s given by (5.13), lemma 5.12 yields the following bounds:

64 3 A 2(s+1)
Tps (Ul < 3 \/6% 1C2 62 u} s (s +1)2 2~ 2a=B)
64 3 A, 2(x1+2) i+ 1
< = Cc? 5?2 [] Moy +2)21272=Al (A-8.18a
=3 \/% u Yu >\l i — 1 (Xl ) ( )

64{ 182 A%} et AP 2 51

T s 2 1+ 2 1 < - N2 P
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Also, using (5.14) and (5.19b), we obtain the estimates

w2, < 226 yeRy /A\i 92B(1+1) (A-8.19a)

2 2
[ul, 5 + [u]j 5 < @ Ci 0, ﬁi AN {1 + % ﬁg} 22A+NHD - (A-8.19D)
l

Combining the bounds of lemma 5.10 with (A-8.18)—(A-8.19) and applying defi-
nition 3.3 again, we obtain
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with any positive Cy, Cs, ¢, ¢1, 2 such that
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> 64

where the expressions on the right-hand side are monotonically decreasing with respect
to [. O

A-8.4.5 Theorem 5.14

Proof. Let | € N be greater than one. Consider p and s given by (5.13). According to
lemma 5.11, there exists w! € SP(Q, §') vanishing in G*° and on 8 Q and such that
w! + Héu € C(cl1Q) and the bounds of (5.17) are satisfied. From those bounds we
obtain

A _ A?
ZH“} ||]H1(Gl i S 2 P73 +9E 2 5 Tps {[U]§+1,1 + [U]§+2,1}7 (A-8.20a)
]

A
le H2(GL ,) )\2 525 +3p {[U]§2 + [u]§2}7 (A-8.20Db)

where Z¢ is given by (5.18) and can be estimated using (5.19¢) as follows:

72 < 5;2 1;51 c2 st {1 O Al }22B<l+1> (A-8.21)

By lemma 5.12, there holds a bound

64 € AP, 1 62 A? z
U U 52(

< - Zu 7L
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3 Vor LN 4 N2
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From (5.14), (5.19¢) and definition 3.2, we obtain also that
256 A? 62 A?
o+ e < 52 S cRa {1 gL (A-8.220)
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Combining the bounds of (A-8.21)-(A-8.22) with (A-8.20), we obtain the inequali-
ties (5.22) with any positive C;, Cy such that

64 52 A2 1 A
P> 251+ 4L b 4827
2> gCuéu{+4)\2}{8 5
e A 20H8 (v + 1) (a +2)%(a + 3)2 9—2(a—1)l
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2 ¢4 28
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+ 27

where the expressions on the right-hand side are monotonically decreasing with respect

to [.
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