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EXPONENTIAL CONVERGENCE FOR hp-VERSION AND
SPECTRAL FINITE ELEMENT METHODS
FOR ELLIPTIC PROBLEMS IN POLYHEDRA

DOMINIK SCHOTZAU AND CHRISTOPH SCHWAB

ABSTRACT. We establish exponential convergence of conforming hp-version
and spectral finite element methods for second-order, elliptic boundary-value
problems with constant coefficients and homogeneous Dirichlet boundary con-
ditions in bounded, axiparallel polyhedra. The source terms are assumed
to be piecewise analytic. The conforming hp-approximations are based on
o-geometric meshes of mapped, possibly anisotropic hexahedra and on the
uniform and isotropic polynomial degree p > 1. The principal new results
are the construction of conforming, patchwise hp-interpolation operators in
edge, corner and corner-edge patches which are the three basic building blocks
of geometric meshes. In particular, we prove, for each patch type, expo-
nential convergence rates for the Hl-norm of the corresponding hp-version
(quasi)interpolation errors for functions which belong to a suitable, countably
normed space on the patches. The present work extends the discontinuous
Galerkin approaches in [14, 15] to conforming hp-Galerkin finite element meth-
ods.
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1. INTRODUCTION

The hp-version of the finite element method (FEM) is a realization of so-called
variable-degree, variable knot spline approximations in the context of Galerkin ap-
proximations for elliptic partial differential equations; cp. [6, 13] and the references
therein. While in [6, 13] exponential convergence rates in L>°-norm were proved
for particular, singular functions in one space dimension, in [9] exponential con-
vergence of hp-FEM in H'-norm was shown, for a model second-order, elliptic
boundary-value problem, again with a model singular solution in one space di-
mension. Subsequently, these concepts were substantially generalized to hp-version
FEMs for second-order, elliptic boundary-value problems in two space dimensions:
on the one hand, rather than for particular singular solutions, in [10] exponential
convergence of hp-FEM on geometrically refined triangulations was now proved for
solutions belonging to countably normed, weighted Sobolev spaces. On the other
hand, in [1] an elliptic reqularity shift theorem was shown in these spaces.

In recent years, the corresponding elliptic regularity shifts in countably normed,
weighted Sobolev spaces in polyhedral domains have been established in [11, 12, 4],
at least for certain classes of second-order, elliptic boundary-value problems in
three dimensions. Based on these analytic regularity results, in [15], exponential
convergence in broken H!'-norms has been proved for an hp-version discontinuous
Galerkin (DG) method for second-order, elliptic problems in axiparallel polyhedra.
Corresponding exponential convergence results on regular, anisotropic geometric
meshes of tetrahedral elements have been announced in [2].

The purpose of the present paper is to establish exponential convergence of con-
forming hp-version approximations on families of geometrically refined meshes of
axiparallel hexahedra, in the setting of [14, 15]. Our proof consists in the construc-
tion of H'-conforming piecewise polynomial approximations of uniform polynomial
degree p > 1, by modifying our discontinuous hp-version base interpolants from [15]
with the aid of suitable polynomial trace lifting operators in the presence of irreg-
ular geometric mesh refinements towards corners and edges. This construction is
accompanied with the proof that the trace liftings thus constructed do not disrupt
the exponential convergence of the base interpolants.

Therefore, the main results of the paper are, for each geometric mesh patch
of corner, edge and corner-edge type, the construction and analysis of hp-version
patch projectors onto spaces of continuous, piecewise polynomials which converge
exponentially for solutions belonging belong to a certain analytic class of functions
in each patch type. By Céa’s lemma, this result in conjunction with the analytic
regularity in [4] implies exponential convergence of hp-FEM on polyhedra for the
model diffusion equation considered in the paper. We emphasize, however, that the
hp-patch approximation results proved here apply more generally to any solutions
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whose pull-backs into the reference patches belong to one of the weighted analytic
classes.

As we consider uniform elemental polynomial degrees, the present hp-version
consistency error analysis covers, in particular, also spectral element methods; there,
additional quadrature errors due to elemental under-integration arise, which are not
dicussed in the present paper. We also mention that conforming hp-FE spaces have
been implemented in [8], and also in [7].

The outline of this paper is as follows. In Section 2 we present an elliptic model
problem in an axiparallel polyhedral domain, and recapitulate the analytic regu-
larity theory of [4] for solutions with piecewise analytic source terms. Section 3
addresses the construction of the hp-version subspaces, and it presents and dis-
cusses our main result on exponential convergence of conforming hp-FEM. Section 4
reviews the construction and exponential error bounds of the base hp-version pro-
jector from [15] which are obtained by tensorization of univariate hp-projectors.
In Section 5, we construct and analyze polynomial trace liftings which preserve
exponential convergence estimates for all types of irregular interfaces.

The notation employed throughout this paper is consistent with [14, 15]. In
particular, we shall frequently use the notations ”<” or ”~" to mean an inequality
or an equivalence containing generic positive multiplicative constants which are
independent of the local mesh size, the polynomial degree p > 1, the regularity
parameters, and the geometric refinement level ¢, but which may depend on the
geometric refinement ratio o.

2. ErripTiCc MODEL DIRICHLET PROBLEM AND ANALYTIC REGULARITY

In this section, we introduce an elliptic model problem in an axiparallel polyhe-
dron in three dimensions, and specify the (analytic) regularity of its solutions in
terms of countably normed weighted Sobolev spaces. We follow [4], based on the
notations already introduced in [14, 15].

2.1. Model Problem. Let 2 C R? be an open, bounded and axiparallel polyhe-
dron with Lipschitz boundary I' = 92 that consists of a finite union of plane faces;
cp. [14, 15]. We consider the elliptic model Dirichlet problem

-V -(AVu)=f in Q, (2.1)
Yo(u) =0  onT, (2.2)

where vy denotes the trace operator on I'. We assume that the diffusion tensor A
is constant and symmetric positive definite. With the standard Sobolev space
H}(Q) = {v e HY(Q) : y(v) = 0}, the variational form of problem (2.1)-(2.2) is
to find u € H}(Q) such that

a(u,v) = 5 AVu- Vv de = 5 foda Yo € Hy(Q) . (2.3)

Under the above assumptions, the bilinear form a is coercive, and for every right
hand side f in H~1(Q), the dual space of H}(Q), problem (2.3) admits a unique
weak solution u € Hg(Q).

2.2. Subdomains and Weights. To specify the analytic regularity of solutions
of (2.3), we follow [4], based on the notations already introduced in [14, 15]. We
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denote by C the set of corners ¢, and by £ the set of open edges e of 2. The singular

set of € is given by
S = <UC>U<U e) cr. (2.4)
ceC ecé

Force C,ec &, and x € (), we define the following distance functions:
re(x) = dist(z, ¢), re(x) := dist(zx, e), pee(T) :=re(T)/Te(T). (2.5)

As in [14, Section 2.1], the vertices of 2 are assumed to be separated. For each
corner ¢ € C, we denote by & := {e € & : enNe# 0} the set of all edges which
meet at c. Similarly, for e € £, the set of cornersof € is Co :={c€C : cNe#0}.
Then, for £ > 0, ¢ € C, e € £ respectively e € &., we define the neighborhoods

we={x €N :re(x) <e A pee(x) > Veel},
we={x €O : 1e(x)<e A re(x) > Vecelel, (2.6)
wWee ={x €N : 1e(x) <& A pee(x) <e}.

By choosing & > 0 sufficiently small as in [14], the domain Q can be partitioned

into four disjoint subdomains, Q = Q¢ U Qe U Qee U Qq, referred to as corner,
edge, corner-edge and interior neighborhoods of €2, respectively, where

Qe = U We, Qe = U We, Qce = U U Wee;

ceC ecé ceCecé,
and Qg := Q\QC U Qe U Qee.

2.3. Weighted Sobolev Spaces. To each ¢ € C and e € £, we associate a corner
and an edge exponent [., Be € R, respectively. We collect these quantities in the
multi-exponent

B={Bc:ccClU{fBe:ec&}ecRIIFEL (2.7)

Inequalities of the form B < 1 and expressions like B £+ s, for s € R, are to be
understood componentwise, i.e., B+s={fc+s:c€C}U{fc+s:ec&}.

To review the analytic regularity results of [4] for solutions to (2.1)—(2.2), we
choose local coordinate systems in we and wee, for ¢ € C, e € £ resp. e € &, such
that the edge e corresponds to the direction (0,0, 1). Then, we indicate quantities
transversal to e by (-)*, and quantities parallel to e by (-)”. In particular, if a =
(a1,a9,a3) € N3 is a multi-index of order || = a; + az + a3, then we write
a = (aL,a”) with at = (a1, 2) and all = a3, and denote the partial derivative
operator D by D™ = Dﬁ‘_L Dﬁ‘“ , where Dﬁ‘_L and Dﬁ‘” signify the derivative operators
in perpendicular and parallel directions, respectively.

For k € Ny, we define the weighted semi-norm | - |M§(Q) by

g = 3 {10, + 3 o
lee|=k cec

(2.8)
Bet|at] 2 Bot|a| Bet|at| 2
+> " |re D2, + 0 3 (et gl e 3, b
ecf ceCecé,
The norm | - [|arp (q) is defined by ||u|\i[gl(m =3 |u|?M§(Q), and the weighted

Sobolev space My'(f2) is obtained as the closure of C§°(§2) with respect to the
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norm ”'HM,;"(Q)' For D C Q, we denote by |- |ng(D) and || - Hng(D) the above semi-
norm and norm, respectively, with all domains of integration replaced by their
intersections with D C ).

2.4. Analytic Regularity of Variational Solutions. We adopt the following
classes of analytic functions from [4].

Definition 2.1. For subdomains D C 2 the space Ag(D) consists of all functions u
such that u € Mg (D) for all k > 0, and such that there exists a constant C,, > 0
(independent of D) with the property that

[ulag ) < C*Ir(k+1) VEkeNg, (2.9)
where T is the standard Gamma function satisfying I'(k 4+ 1) = k! for any k € No.

In [4, Corollary 7.1]), the following analytic regularity result for variational so-
lutions of (2.1)—(2.2) in the case of constant coefficients considered here has been
shown.

Proposition 2.2. There are bounds be,bg > 0 (depending on Q and on the diffu-
sion matriz A) such that, for weight vectors b satisfying

0<be<be, 0<be<bg, celC, ecé, (2.10)
the weak solution u € H}(Q) in (2.3) of the Dirichlet problem (2.1)-(2.2) satisfies:
Fe€A p(Q) = ue A_1_(Q). (2.11)

Remark 2.3. In the following and as in [15], we shall exclude the limit cases b. = 0
and be = 0, and assume without loss of generality that in (2.10) there holds

0<be, be < 1. (2.12)

We further note that Proposition 2.2 is a reformulation of [6, Corollary 7.1], which
results from a straightforward substitution of the weights there; cp. [15]. We have
chosen this alternative formulation since our weights in (2.10) are now non-negative
and, thereby, the ensuing error analysis is slightly facilitated.

3. hp-VERSION DISCRETIZATION AND EXPONENTIAL CONVERGENCE

In this section, we adjust the construction of hp-version finite element spaces
in [14, 15] from the discontinuous to the continuous Galerkin framework. Then we
introduce conforming hp-version finite element approximations on geometric mesh
families. Finally, we state our main exponential convergence result (Theorem 3.6)
and outline the structure of its proof.

3.1. Geometric Meshes. We start by reviewing the construction of geometric
mesh (families) from [14, 15].

3.1.1. Patch Mesh M°. We start from a coarse regular and quasiuniform patch
mesh MY = {Q, }23:1, which partitions 2 into 8 convex axiparallel hexahedra
also referred to as patches. Throughout, we shall assume that the initial mesh M°
is sufficiently fine so that an element K € M has non-trivial intersection with at
most one corner ¢ € C, and either none, one or several edges e € &, meeting in c.
Each of these patch subdomains Q, € M0 is the image under an affine mapping G,
of the reference patch domain Q= (=1,1)3, ie., Qp = Gy (@) We assume that
the patch maps are geometrically exact.
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T 3i T

FIGURE 1. Three basic geometric mesh patches in the reference
patch @ as considered in [14] with subdivision ratio o = 0.5: corner
patch Mf;’c with isotropic geometric refinement towards the corner
c (left), edge patch va;’e with anisotropic geometric refinement
towards the edge e (center), and corner-edge patch /Wﬂ’ce with
geometric refinement towards the corner-edge pair ce (right). The
singular supports ¢, e, ce are shown in bold face.

3.1.2. Geometric Reference Mesh Patches. With each patch Q, € M, we asso-
ciate a geometric reference mesh patch M, on ). We allow for four types of

geometric refinements, as constructed in [14, Section 3.3] in terms of four different
hp-extensions (Ex1)—(Ex4). That is, we take

M, € RP := {M4e, Mbe, MEee, MU = (ME e ecent)- (3.1)

More specifically, whenever @), abuts at the singular set S, we assign to Mvp (a
suitably rotated and oriented version) of the geometrically refined reference mesh
patches shown in Figure 1 and denoted by va;’c (corner patch), /Wﬁ’e (edge patch),
and ]\Zﬁ’ce (corner-edge patch), respectively. We implicitly allow for simultaneous
geometric refinements towards several edges in the corner-edge patch M’ €€ which
corresponds to an overlap of at most three rotated versions of the basic corner-
edge patch; see also Figures 10 and 11 ahead. The geometric refinements in these
reference patches are characterized by (i) a fixed parameter o € (0,1) defining
the subdivision ratio of the geometric refinements and (ii) the index ¢ defining
the number of refinements. For interior patches Q, € M?", which have empty
intersection with S, we assign to ./\/lp a geometric reference mesh patch ./\/le int on
Q, which comprises only finitely many regular refinements and does not introduce
irregular faces within Q In the refinement process, the reference mesh /\/le int g
kept unchanged and is independent of the refinement level /.

To ensure continuity across mesh patches, we shall always work under the fol-
lowing inter-patch compatibility hypothesis.

Assumption 3.1. We assume that:

(i) Any two distinct geometric mesh patches Q,Qp/ € MO p #£ p’, with
nonempty intersection 'y, := @, NQ,/ # (), are geometrically conforming,
i.e., the parametrizations induced by patch maps on patch interfaces I'y -
coincide “from either side”:

Gy o (Gt Iny, ) =Gpro (Gl Iy, ) -
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(ii) The types of reference geometric meshes Mp on Q considered above, see
also Figure 1, in any two distinct geometric mesh patches @, Q- € MO
coincide on the nonempty intersection I'p,/ of Qp, Qp/.

We note that Assumption 3.1 (ii) mandates that the parameters o and £ are equal
in all geometric reference mesh patches. It further may mandate the introduction
of finitely many regular refinements in interior reference patches Mvp , in contrast
to the discontinuous setting in [14, 15] where the interior reference mesh patch is
left unrefined and consists of the single element @

3.1.3. Geometric Mesh Families. If we denote by Mvp = {K} the axiparallel ref-
erence mesh on () associated with the patch @), then the corresponding patch
partition M, on @, will be given by M, = {K : K = (G, o H, )(K), K €
Mvp }, where H . f((f( ) is a possibly anisotropic dilation-translation of the reference

cube K = (—1,1)3 onto K. For o € (0,1) and ¢ € N, a o-geometric mesh on € is
now given by the disjoint union

B
M=MP = M,. (3.2)
p=1

By construction, each axiparallel element K in a geometric mesh M is the image
of the reference cube K under an element mapping K = ® K(IA( ), where ® is
the composition of the corresponding patch map G, with an anisotropic dilation-
translation from K to K.

To achieve a proper geometric refinement towards corners and edges of €2, it is
important to note that the geometric refinements M, in the patches @), have to
be suitably selected and oriented in order to achieve a proper geometric refinement
towards corners and edges of €2 without violating Assumption 3.2.

For a fixed subdivision ratio o € (0, 1), we call the sequence M, = {/\/lc(f)}gzl
of geometric meshes a o-geometric mesh family; see [14, Definition 3.4]. As before,
we shall refer to the index ¢ as refinement level.

3.1.4. Edges and Faces. Next, we introduce some notation related to edges and
faces of a geometric mesh M = /\/l((f). We denote the sets of all interior and
boundary edges e of M by &(M) and Ep(M), respectively, and set E(M) =
Er(M)UER(M). We denote by ek k= int(OKNIOK') an edge shared by K and K.
Similarly, we write Fr(M) and Fp(M) for the sets of interior and boundary faces
f of M, respectively, and define F(M) := Fr(M) U Fp(M). Again, we write
fr. k= nt(OK NIK') for the interior face shared by K and K'. For a piecewise
smooth function v, we denote the jump of v over the face fx x+ by

II’U]]fK,K/ = U|K - U|K/' (33)

Moreover, for an element K, we denote by Ex the set of its elemental edges, and by
Fi the set of its elemental faces. We call an edge e regular if e is an entire elemental
face of all elements K sharing it (i.e., if €N K # 0, then e € £x). Otherwise e is
called irregular. Analogously, a face f = fx i+ is called regular if f is an elemental
face of both K and K’ (i.e., f € Fx and f € Fg); otherwise it is irregular. We
shall always assume that boundary edges or faces belong to exactly one boundary
plane of T'.
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For the continuity of finite element functions across elements, we impose the
following assumption.

Assumption 3.2. Under Assumption 3.1, for any two, distinct elements K, K’ € M
which share either a common edge ek, k- or an interior face fx g+ the traces of the
elemental polynomial spaces on ek x+ or fx i in local coordinates (induced by the
corresponding patch maps) coincide.

3.1.5. Mesh Layers. Following [14, Section 3], we partition a geometric mesh MY
into interior elements DY away from S and into the terminal layer elements T%
at S:

MB = 0L JT!, (3.4)
with 9¢ = {K e M) 1 KNS =0} and T& == {K € M : KNS # 0}. Follow-
ing [14, Section 3.3.1], the interior mesh DY can be further disjointly partitioned
into ¢ mesh layers of the form

oL =0 U...uglt, (3.5)

where mesh layer 0 < ¢/ < ¢ — 1 consists of a group £f;' of elements with identical
scaling properties as in [15, Section 3].

3.1.6. Anisotropic Scaling. For K € MP | we set hy = diam(K). As in [14, 15],
for possibly anisotropic edge-patch and corner-edge patch elements K, we denote
by hi and hﬂ( the elemental diameters of K transversal respectively parallel to the
singular edge e € £ situated nearest to K, defined as the corresponding quantities
over the axiparallel element K = Gy '(K), where G, denotes the affine patch
map associated with K. If K € DY these quantities are related to the relative
distances to the sets C and &; cp. [15, Proposition 3.2]. Corner-patch and interior-

patch elements are isotropic, with Al ~ h# ~ hx. We further denote by hﬁﬁ o

the height of K € ./\/lgé) in direction perpendicular to F' € Fk, also defined as the
corresponding height in the axiparallel element K = G, ' (K).

Asin [15, Section 5.1.4], we may assume without loss of generality that K € /\/l((,e)
can be written in the form

K=K+ x Kl =(0,n)% x (0,nl). (3.6)
The subsequent scalings will be crucially used in our analysis.

Lemma 3.3. Let K be an axiparallel element of the form (3.6) and P : KK
the element transformation. For v: K — R and v = v o @k, we have the scalings:

() o132y = (h&)?hic B2, -
(i) If hi S hig, then ||Vull3ae) S bl Va2, &,
(ii) If f € Fk is an elemental edge of K with hll(yf ~ h3 and f the correspond-
. -1
ing reference edge of K, then ”6”2L2(f) o~ (hf}hﬂ() HUHQL?(f)'
Proof. The following more general scaling property was established in [15, Equa-
tion (5.11)]:

5o B0l hpdlati2 gl el
IBT D ol ) = (TK) (TK) IDS” D vl 32 k) (3.7)
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The L2-norm scaling in item (i) is an immediate consequence of (3.7). Similarly,
we see that

IDLullfeqy = Ry IDLl0 2y IDyullFag) = (hi)(Ri) 1Dyl -
Hence, if hy < hﬂ(, item (ii) follows. To show item (iii), we note that hll(yf ~ hi

implies that f can be written in the form f = (0,h3%) x (0, hﬂ() Hence, item (iii)
follows from a similar L?-norm scaling argument. (]

3.1.7. Anisotropic Jump Estimate. Finally, we establish the following anisotropic
jump estimate. To state it, we introduce the weighted H!(K)-norm:

-2
Ni[o]? = (hming) 0120y + IVOl T2y K € MY, (3.8)

with héin’K = minpe}-K{h?F}. We then consider an interior face fx g parallel
to a singular edge e and shared by two axiparallel and possibly non-matching hexa-
hedra K, K’ of the form K = K+ x (0, hll) and K’ = (K’)* x (0, hll), cp. (3.6). The
elements K+, (K')* are shape-regular rectangles with diam (K *) ~ diam((K’)*) ~
ht, with bt < Al

Lemma 3.4. In the setting above and for a piecewise smooth function v, we have
(BH) M M) g s T2 oy S Nicl0)? + Nicr o], (3.9)

Proof. We have h ~ hi,
K, fr kr K' fr K
the anisotropic trace inequality from [14, Lemma 4.2] (formulated for axiparallel

cuboids and for ¢t = 2) yields

~ Pk = hinin i =~ b Hence, applying

It 3oy S el o + ol By
S )7 (00 20y + 1003200 ) + 0 (19913 2000) + 1900 20101) -

The bound (3.9) follows. O
3.2. hp-Version Discretizations. The conforming finite element spaces to be
considered here are based on wuniform and isotropic polynomial degree p > 1
(throughout K € M). Unlike in the discontinous Galerkin framework considered
in [14, 15], we do not consider here hp-spaces with variable and s-linearly increasing
and anisotropic polynomial degree distributions.

More precisely, for a geometric mesh M satisfying Assumptions 3.1, 3.2 and for
the polynomial degree p > 1, we introduce the hp-version finite element spaces

Vp(M) = {v e H'(Q) : vk € Q(K), K € M},
V) (M) := V(M) N Hy(Q).

Here, the local polynomial approximation space Q,(K) is defined as follows: first,

(3.10)

on the reference element K, we introduce the tensor-product polynomial space
Q,(K) :=span{&™ : a; <p, 1<i<3}. (3.11)

Then, for an hexahedral element K € M with elemental mapping @ : K> K , We

set Qp(K) := {u € L3(K) : (u|x o ®k) € QP(IA()}. As compared to discontinuous

spaces considered [14, 15], the spaces in (3.10) now feature interelement continuity
and essential boundary conditions in the presence of geometric mesh refinements.
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fm, = {M,(f)}‘l?';l is now a o-geometric mesh family, we introduce the following
sequence of hp-version spaces:

t._ 10 ‘
VE=VIMP), >, (3.12)
with the polynomial degree
pe := max{3, |ul]}, L>1, (3.13)

for a proportionality parameter p > 0. Note here that, as in [15], we shall always
work under the (purely technical) assumption that p; > 3; cp. Lemma 4.1 below.

Remark 3.5. Due to the possible occurence of irregular faces and edges which arise
in geometric refinements of hexahedral meshes, it is a-priori not clear that the
spaces (3.10), (3.12) are well-defined. That these definitions, indeed, define proper
linear subspaces will also follow from our construction of polynomial trace liftings
in Section 5 ahead.

With the definitions (3.12), (3.13) of the hp-FE spaces in place, the hp-version
Galerkin discretization of the variational formulation (2.3) reads as usual:

ub e VE a(ub,v) = / fodz YweVE, (3.14)
Q

For every ¢ > 1, the discrete variational problem (3.14) admits a unique solution
uﬁ € Vf which is quasioptimal: there exists a constant C' > 0 (depending only on
the domain € and on the diffusion tensor A), such that for all parameters o, ¢ there
holds

||u—uf;||H1(Q) < Cvien\ﬁf ||U_'UHH1(Q) . (3.15)

3.3. Exponential Convergence. The quasioptimality (3.15) reduces the proof
of our main result, exponential convergence rates for the conforming finite element
approximations u in (3.14), to bounding the best approximation error of u €
A_1_p(Q) in V¥, cp. Proposition 2.2.

Theorem 3.6. Let M, = {Mff)}gzl be a family of o-geometric meshes on €,
and consider the hp-version discretizations based on the sequence Vf of subspaces
defined in (3.12) with the polynomial degrees py specified in (3.13). Then, there exist
projectors 11° : M3, (Q) — V£ such that for every v € A_;_p(Q) C M3, (),
with weights as in (2.12), there exist constants b,C > 0 such that, for every £ > 1
l|lv— HZUHHI(Q) < Cexp(=bl) . (3.16)
The constants depend on the subdivision ratio o, the macro-mesh M° with its asso-
ciated patch maps, minb > 0 (see Remark 2.3), and on the proportionality constant
>0 in (3.13). They also depend on the function v € A_1_p(Q) through C, in the
analytic regularity estimate (2.9).

In particular, if the source term f € A1_p(2) in (2.1) with weights as in (2.12)
(and hence uw € A_1_p(Q2) by Proposition 2.2), then, as £ — oo, the hp-version
approzimations u’ in (3.14) converge exponentially:

! < Cexp (—bW) , (3.17)

[[u _uf;HHl(Q)

where the constants b,C > 0 are independent of N = dim(V)}), the number of
degrees of freedom of the hp-FFE discretization.
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3.4. Outline of Proof. We first note that the error bound (3.17) is an immediate
consequence of the quasi-optimality property (3.15) and the exponential consistency
bound (3.16). Therefore, the proof of Theorem 3.6 will follow from the construction
and exponential convergence estimates for the hp-version (quasi)interpolants IT¢.
These estimates are of independent interest, and the rest of the paper is devoted
to their proof, which is structured as follows.

3.4.1. Reference Patch Projectors. The hp-version projector I1° in (3.16) will be
assembled from corresponding patch projectors Hg for 1 <p <P. To do so,
consider the mesh patch M, = G, (Mp) on @, (where G, is understood to be
applied elementwise). Then, with the geometric reference mesh patch Mp, we
associate a reference patch projector ﬁf; on /WP, which, in accordance with the

four types of geometric refinements chosen for Mp € RP in (3.1), is taken as one
of four types of reference projections

ot on M4, t € {c, e, ce,int}. (3.18)
On the physical patch M, , the patch projector Hf; is then defined via
(I, w)lg, oGy =11 (ulg, o Gy). (3.19)

The inter-patch continuity of the projector II¢ defined patchwise as HZ|Qp = Hf,
will follow from Assumptions 3.1, 3.2.

3.4.2. Patchwise Error Bounds. Then the proof of (3.16) proceeds by bounding

mo=ulg, —Mfulg,, p=1...,9, (3.20)
respectively the pull-backs 7, to the reference patch @ given by
Ty =Ty — 1T} T, p=1,....,0, (3.21)

where u, = u|g, oGy is the pull-back of u|g, to the reference patch Q.
To bound (3.20), (3.21), for any set D of axiparallel elements K, we define

Ypv] == > Ng[v]?, with Ng[o] in (3.8). (3.22)

Lemma 3.7. For 1 <p <P, there holds T, [np] =~ Tﬂp [ ]-

Proof. This follows from the construction of the patch mesh M9 cp. also the
boundedness properties of the patch maps in [14, Section 3.1]. O

Employing these definitions above in conjunction with Lemma 3.7, we see that
the approximation error in (3.16) can be bounded by

B B
2,112 _
lu = ull3 @) < D0 Ty 0] S D Ty, e - (3.23)
p=1 p=1
Next, we notice that, _up to rotation and orientation, there are four types of ref-
erence mesh patches in RP in (3.1). Hence, to bound the right-hand side of (3.23),
it is enough to provide error estimates for the four reference cases and we have

lu-Tuldpe < 30 Yl (3.24)

te{c,e,ce,int}
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with 7y = u — %44 for the pull-back @ of u to @ We observe that, due to the
patch maps being affine with (up to rotations and reflections) diagonal Jacobian,
the analytic regularity (2.11) of solutions u € HE () to (2.1)—(2.2) is preserved
under pull-back into the reference patch coordinates on @ That is, we may assume
that w € A_1_p, (@), with reference weight vectors by depending on the type t €
{c, e, ce,int} as will be detailed in Section 4.4 below.

3.4.3. hp-Base Projectors. To define the reference patch projectors with exponen-
tial error bounds (3.16) on the geometric reference mesh patches M%!, we will
proceed in two stages: first, we introduce base hp-projectors

%ﬁ’t on M4, t € {c, e, ce,int}, (3.25)

with exponential approximation bounds under the analytic regularity (2.9). As base
projectors, we choose the non-conforming and tensorized projectors constructed
in [15] and well-defined for & € M3, _, (Q). The exponential convergence estimates
in broken Sobolev norms established in [15, Section 5] apply directly on each mesh

patch. We have

t € {c,e,ce,int}, u€ A_1_4,(Q): T [u— %g’tm < Cexp(—2b0), (3.26)

Mo

with constants b, C' > 0 independent of /.

3.4.4. Trace Liftings. The base approximations %g’t are nodally exact, continu-
ous over matching faces and regular vertices and satisfy the homogeneous essen-
tial boundary conditions exactly (on corresponding patch boundary faces). The
base approximations %g’t are in general discontinuous across irregular inter-element
faces, edges and vertices. To ensure inner-patch continuity (necessary for H!-
conformity) in geometrically refined patches, the second step of our proof therefore
consists in constructing jump lifting operators Et, t € {c,e,ce}, which remove
the polynomial jumps in the base hp-projectors while preserving their exponential
convergence estimates and the essential boundary conditions. These polynomial
jump-liftings will be introduced and their stability will be analyzed in Section 5.
The resulting reference patch hp-projectors

et =70 + L, t € {c,e,ce}, (3.27)

then yield continuous, piecewise polynomial approximations, without disrupting
the exponential convergence bounds in (3.26). In fact, we establish the following
stability estimate.

Proposition 3.8. Fort € {c, e, ce,int} andu € Mﬁlfbt (@), we let g = a—TI1%t%

and My = U — %ﬁ’tﬂ. Then we have

T e ] S ™Y e [, (3.28)
for any t € {c,e,ce,int}.

The bound (3.28) will be established separately for each reference patch.
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Conclusion of the Proof. The constructions of the reference patch hp-projectors lead
to a family {1} ¢>1 of globally conforming, piecewise polynomial and bounded hp-
version (quasi)interpolants IT¢ : M3 1) — V. They satisfy the homogeneous
essential boundary conditions, and, by (3.24) and Proposition 3.8, converge at the
same rates as the base projectors %f’t on each of the reference mesh patches /\A/l/f:t,
up to an algebraic loss in the polynomial degree p:

o =Tl Frao S D T - (3.29)

te{c,e,ce,int}

If now u € A_1_p(f2) as in the statement of Theorem 3.6 and since the patch maps
G, are orthogonal affine, the definition (2.8) of the M™, _, (€2)-seminorms and the

analytic estimates (2.9) imply that the pull-back u of u|q, to Q belongs to one of

the analytic reference classes A1_p, (Q), t € {c, e, ce,int}. The proof of (3.16) then
follows from (3.29) and the exponential convergence rates of the base interpolants
in (3.26). The algebraic loss in p in (3.29) is absorbed by suitably adjusting the
constants b, C' in the exponential convergence bounds.

Remark 3.9. The exponential error bounds for the hp-base interpolants in this sec-
tion are based on the patchwise analytic reqularity assumptions in (3.26) of the
solution w in local, patch coordinates, which are satisfied in the axi-parallel case
considered here. Our construction of exponentially consistent, H'-conforming hp-
interpolants can be readily extended to curvilinear patches. The exponential con-
vergence bounds in Theorem 3.6 hold, provided that the pull-backs u of the solution
u on the patches belongs to one of these regularity classes and the patch-maps sat-
isfy the inter-patch compatibility Assumption 3.1.

Remark 3.10. The relatively large, algebraic loss in p in (3.28), (3.29) is an upper
bound. It is a consequence of our trace liftings being taken as (bi)linear functions,
rather than as polynomials of degree p (which is compatible with the constant
polynomial degree p). By using polynomial trace-liftings with “minimal energy”,
as constructed in [18] or [17, Lemma 9.1], these exponents can be reduced.

It remains to review the definitions of the base projectors in (3.25) and the
bounds (3.26) from [15, Section 5]. This will be done in Section 4. Finally, in
Section 5, we present the construction and analysis of the polynomial jump liftings
in (3.27) and prove Proposition 3.8.

4. BASE PROJECTORS AND EXPONENTIAL CONVERGENCE

In this section, we specify the non-conforming and tensorized hp-version base
projectors in (3.25) and review their exponential convergence properties (3.26).

4.1. Tensorization of Univariate hp-Projectors. We begin by introducing the
univariate hp-approximation operators from [5]. To that end, let I= (—1,1) denote
the unit interval. For p > 0 we denote by 7,0 : LQ(IA) — Pp(f) the LQ(IA)-projection.
Univariate and C'-conforming, univariate spectral projectors 7,2 have been con-
structed in [5, Section 8§].

o~

Lemma 4.1. For p > 3, there is a unique projector Tpo : HQ(IA) — P,(I) that
satisfies (Tp20) 2 = 7p_20(v?) and (7 10)9) (£1) = v (£1) for j =0,1.
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The projector 7,2 is stable in HQ(IA), cp. [5, Proposition 8.4]. Moreover, hp-
version approximation properties of 7, o were established in [5, Theorem 8.3].

Next, we tensorize the one-dimensional projectors 7, 2. We follow [15, Sec-
tion 5.1.2], and let 7¢ = Tx.-..x1ford > 2. Coordinates in T¢ are writ-
ten as & = (T1,...,24). On 7% we introduce the tensor-product Sobolev space
Hﬁlix(fd) = ®f:1 HQ(T) Similarly, we set @p(fd) = ®f:1 Pp(f), where ]P’p(f)
denotes the univariate polynomials on T of degree less or equal than p. On 7% and
for p > 3, we now define the tensorized interpolation operator

d
T2 = QT (41

i=1
where %](01)2 denotes the univariate projector defined in Lemma 4.1, acting in the
variable Z;. The projector is well-defined and stable on Hﬁlix(f 4); see [15, Propo-

sition 5.3]. For corresponding hp-approximation results, we refer to [15, Proposi-
tion 5.4].

In the discussion of interelement continuity of wgg, a crucial role is taken by the
following property. It implies that traces of the tensorized interpolant and tensor
projection commute. It is an immediate consequence of the defining properties of
the univariate projector in Lemma 4.1.

Proposition 4.2. Ford > 2 and 1 < j < d, there holds
~d ~(i ~
(Fiov)lomsr = ( @ 7L)((.7; = +1)). (4.2)
1<i£j<d
Remark 4.3. Observe that (4.2) is recursive: one may take repeated traces with
respect to a sequence {Zj()}r>1 of coordinates, with j(k) # j(k') for k' # k. In
particular, by taking the traces twice, we see that (%gﬁgv) #i=+1,7,=+1 corresponds
to the univariate projections 7, 2 onto polynomials on the edges {7; = £1}N{Z; =
+1}, with ¢ # j. Tterating this argument d times, we obtain nodal exactness of
74 5v in the vertices of 1% follows: for v € Hﬁlix(fd) C CO(IAd), we have

p
v(Q) = (74 ,0)(Q) for all vertices Q of I% (4.3)

4.2. Continuity Properties. For an axiparallel hexahedron K and for a function

v:K — R withd = vo®x € H2_(K), we now define the clemental interpolant

(WSQU)'K € Q,(K) in a standard way by setting
[mp20] [ 0 @k =Ty 5 [0 0 Pre], (4.4)

with 7 5 the reference interpolant (4.1) and @ : K — K the elemental map-
ping. Analogously, we denote by 71'1(71)2| K the univariate projector 7,2 applied in

direction z; on element K.

Lemma 4.4. The following properties hold.
(i) Let K,K' be two axiparallel hexahedra, Fi k= int(OK NOK') a regularly
matching face, cp. Section 3.1, and assume that v € C*(K UK'). Then

(mpalivli) Ir = (mpalwervlie) I (4.5)

implying that the projector Wgﬁg yields a piecewise polynomial approrimation
which is continuous across a reqular face F'.
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(ii) Let K be an axiparallel hexzahedron, and assume thatv € C1(K). Ifv|p =0,
VE € Fi (7T312|K’U|K) |7 =0, (4.6)

implying that the projector 77372 preserves homogeneous Dirichlet boundary

conditions on the face F. Additionally, if E C F is an elemental edge of K
(i.e., E € Ex ), then

((mp2lxvlx) |7) 5 =0, (4.7)

Proof. These are immediate consequences of (4.3) and Remark 4.3. (I

4.3. Definition of the Base Projectors. Analogously to (3.4), we split the geo-
metrically refined reference mesh patches into interior elements and terminal layer
elements, with respect to the singular set on @ induced via the patch maps by the
corresponding singular corners and edges on (:

ML= Dbt ULt t € {c, e, ce}. (4.8)
For a sufficiently smooth function u : Q — R and the polynomial degree pe in (3 13),

we then define the non-conforming reference base interpolant 7 7Tb ' e Vi (/\/le )
elementwise as

T2l gl g t = int and K € ML,
ﬂﬁ# |zulg = WS,2|1~<ﬂ|f( t € {c, e, ce} and Ke f_)f;,t7 (4.9)
0 t € {c,e,ce} and K € T4,

This interpolant is equal to the tensorized interpolant 7 , |z in (4.4) on all axipar-
allel elements away from singularities and equal to zero on all terminal layer ele-
ments (in the respective reference patches). The base interpolants are well-defined
for functions in Mfl_bt (@), for the reference patch weights by .

Remark 4.5. In view of Lemma 4.4, the base interpolants 7 7T Y2 in (4.9) are con-

forming over regularly matching faces within the reference mesh patch ./\/lf;’t and
satisfy homogeneous boundary conditions on reference patch faces corresponding to
boundary faces of a geometric mesh M on 2. However, %f’t u is generally discontin-
uous over irregular faces within a reference mesh patch, as well as at the boundary
of the terminal layers. These discontinuities will be suitably lifted in Section 5
ahead.

4.4. Exponential Convergence on Reference Mesh Patches. Next, we re-
view the exponential convergence results from [15] for the reference base projectors
in (4.9) on the reference mesh patches. Throughout, we assume u € A_1_(Q) as
in Theorem 3.6.

4.4.1. Interior Patch M%™ . Interior patches M, = G, (M%) consist of a fixed
regular collection of axiparallel, hexahedral elements which do not abut at the
singular set S. That is, the distance functions re, 7. and pee in (2.5) are bounded
away from zero by an absolute distance. The analytic regularity (2.9) and the
analyticity of the (affine) patch maps implies that

ll5,. 5, < C*" T (m +1)%, me N, (4.10)
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where u denotes the pull-back of u to the reference patch @, and C' > 1 is a constant
possibly different from C, in (2.9). By proceeding as in [15, Proposition 5.10], we
obtain the following exponential bound.

Proposition 4.6. Let u satisfy the reqularity assumption (4.10). Consider the base

projector %ﬁ’intﬂ eV, (ML) in (4.9) with polynomial degrees py ~ € as in (3.13).

Then, as £ — oo, we have the error bound
Y e[l — 7, ™) < Cexp(—2b0)
with constants b, C' > 0 independent of €.

Corner Patch Mf;’c. In the reference corner mesh Mf;’c on @, we assume that the
pull-back w of the function u under G, satisfies

S gttt g2, o < A IR(m A1), meN,  (411)

la|=m

where 7. is the distance to a corner of @, cp. Figure 1 (left), and b. € (0,1) a
corner weight as in (2.12).

Proposition 4.7. Let u satisfy the reqularity assumption (4.11). Consider the base
projector %f’cﬂ € Vp, (ML©) in (4.9) with polynomial degrees p, ~ £ as in (3.13).
Then, as £ — oo, we have the error bound

Y e [Tl — 7, 0] < Cexp(—2b0), .

with constants b, C' > 0 independent of £.
Proof. From (4.8), va;’c = 55(’;’0 U ‘Ef;’c. On f)f:c, exponential convergence follows

from [15, Proposition 5.13]. On the mesh T%¢, the exponential bound results from
[15, Proposition 5.21]. O

Edge Patch Mf;’e. For the reference edge patch va;’e on @, we analogously shall
assume that

> |\T;1‘be+“f'5°‘ﬁl\iz@ < CXmHIP(m 4+ 1)2,  meN,, (4.12)

lec|=m

where 7. is the distance to an edge of @, as indicated in boldface in Figure 1
(middle), and be € (0,1) an edge weight as in (2.12).

Proposition 4.8. Let u satisfy the reqularity assumption (4.12). Consider the base
projector %ﬁ’eﬂ € Vp,(M42) in (4.9) with polynomial degrees p; ~ { as in (3.13).
Then, as £ — oo, we have the error bound

T et — 7o) < Cexp(—2b0) .

MEe
with constants b, C' > 0 independent of €.

Proof. This is a consequence of [15, Proposition 5.15] and [15, Proposition 5.22]. O
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4.4.2. Corner-edge Patch Mﬁ’ce. Finally, we consider the reference corner-edge
mesh patch Mf;ce on @ By superposition as in [15], we may restrict ourselves
to the case of single corner ¢ with a single edge e € £.. We assume the corner-edge
patch regularity

Z |‘T;17bc+|a|pgelfbe+\oﬁIﬁaalliQ(é) < CQ(m+1)1—\(m+ 1)2’ m € No, (4.13)
la|=m

where 7. and pce are the distances to the corner-edge pair on @ formed by ¢ and e,
as indicated in Figure 1 (right). The weights b., be € (0,1) are as in (2.12).

Proposition 4.9. Let u satisfy the reqularity assumption (4.13). Consider the base
projector %ﬁ’ceﬂ € Vp, (M4ee) in (4.9) with polynomial degrees py ~ { as in (3.13).
Then, as £ — oo, we have the error bound

T tee U — Foceu] < Cexp(—2b)

with constants b, C' > 0 independent of €.
Proof. This follows from [15, Proposition 5.17] and [15, Proposition 5.23]. O

5. POLYNOMIAL TRACE LIFTINGS

In this section, we construct the H'-conforming reference patch projectors et =
%ﬁ’t + L, in (3.18), (3.27), by modifying the base projectors %ﬁ’t
tion of suitable polynomial trace liftings L over irregular edges and/or irregular
faces. We then prove Proposition 3.8 by establishing the bound (3.28) separately for

each reference mesh patch. To that end, we simply write m, := %ﬁ’t for the base hp-

with the introduc-

projector in (4.9) on the respective reference mesh patch Mf;’t, t € {c, e, ce,int},
and 11 := II* for the resulting patch projector. When clear from the context, we
will omit ”tildas” to denote quantities on reference patches, and, for a generic patch
function u € Mﬁlfbt (@), we use the notation

n=u—T, 1 =u—mu, (5.1)
5.1. Interior Patch Mﬁ’i“t. For the interior reference mesh patch Mﬁ’i“t, we take
Iu := mpu  on ./\A/l/f;’int, (5.2)

Since /,\\/lJf;vi’“t contains finitely many regular refinements, ITu in (5.2) yields a con-
forming piecewise polynomial approximation over the patch Mﬂ’i“t, cp. Lemma 4.4
and Assumptions 3.1, 3.2. No further liftings are required, and the bound (3.28)
over va;’int holds trivially and without any loss in p.

Proposition 5.1. We have T jeinc[n] ST fen [15].

5.2. Edge Patch Mﬁ’e. Next, we analyze the reference edge patch Mﬁ’e, where
irregular faces across arise due to irregular geometric refinements perpendicular
to edges, as illustrated in Figure 1 (middle). As the edge-patch analysis will be
a building block also for the corner-edge case, we consider here a more general
edge patch Mﬁ’e whose edge-parallel size is determined by the parameter Al (not
necessarily of order one). Our estimates will then be made explicit in hll. According
to (4.8), we write Mf;’e = 55§’e U %{;e and consider the two submeshes separately.
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FIGURE 2. Interface between layers ££ 1€ = {K;, Ky, K3} and
glhe — (K! K}, KL} for o = 0.5 and length parameters hll, ai-, a3,
bf-, bj‘. The irregular faces fa1, foo, f31, f33 are illustrated.

5.2.1. Interior Elements in 55’8. By (3.5), the interior mesh 55’8 can be parti-

tioned into ¢ layers as 555;78 :Uﬁ;lo Ef,/’e. By Lemma 4.4 and Remark 4.5, the
base projector m,u is continuous over elements within each layer ¢/, and satisfies
the homogeneous boundary conditions on appropriate patch boundary faces. For
1 < ¢ < ¢—1, we thus need to introduce trace liftings on the interface of the
two adjacent mesh layers Ef;/*l'fe = {Ki, K5, K3} and E(l;’,e = {K|, K}, K} as il-
lustrated in Figure 2. In the coordinate system there, the singular edge e on the

patch corresponds to e = {x = (et 2y 2f = a3,25 = by, 2l € e”}, with
ell := (0,nl). As in (3.6), we write the elements in the product form
Ki=K*xel, K =(KH*txel,

where K and (K/)* are shape-regular and axiparallel rectangles of diameters
diam(K;-) ~ h*, with At < hl. We use the notation f;; = frxy = int(OK; N
8K§), and note that the faces fo1, foo, f31, f33 are irregular, cp. Figure 2. We further
set fi; = frp k= int(OK] N 0K?), and observe that fi, and fi; match regularly.
As indicated in Figure 2, the precise locations of the elements, faces and edges in
each layer are determined by the length parameters ai,as and bi, by, which do
not change from layer to layer. Finally, we note that hfﬁin, K, = thﬁin, o~ ht. We
then consider the polynomial face jumps '

[moul sy = [moulsye, o = (moliiulics = molicyulicy) 5 - (5.3)

Similarly, we denote the jumps across f;; by [mu] = [mpuls., .-
o1

Remark 5.2. The jumps (5.3) have a natural tensor-product structure. To de-
scribe it, we write f;; 1= ef;— x ell. The tensor-product definitions (4.1), (4.4) imply

|k = WIU|K ® mik |k with 7TlU|K denoting the univariate projector 7r1(f2)|K acting
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in ll-direction, and 7" |x = 7Tp 2|K ® m, 2|K the two-dimensional tensor-product
projectors considered already in [16, Theorem 4.72]. Tt can be readily seen that

[mouly,, = [mpul. 5@ 7r” on fi; = ef}- x el (5.4)

with [[ﬂ'bLu]]e_; denoting two-dimensional jumps in direction perpendicular to the
ij

edge e on the slice zll € el. The jumps [mou] L have an analogous tensor-product
structure.

In addition, we point out that, for zl = 0 (and analogously for zl = nll), the

nodal exactness property of the univariate projector 7, in Lemma 4.1 implies

(mpu)(z*,0) = (myu(, 0)(x"), &t =(z1,27) € {K; UKD}, . (5.5)

3

In conjunction with Assumptions 3.1, 3.2, property (5.5) implies the conformity of
the base projections myu in parallel direction over (the corresponding mesh layers of)
different patches across 2l = 0 (or z!l = All); see also the discussion in Remark 4.5.

The next lemma records several other results for the polynomial jumps (5.3).

To state them, We introduce the elemental edges Fy = {z1 = 0,24 = 0,2/l € ell},

= {21 = ay,xy = 0,2l € el} and B3 = {af = 0,253 = by, 2l € ell}, as
deplcted in Figure 2.

Lemma 5.3. There holds:

(i) The jumps [mpu] f,,, [mpulysy, are continuous across xi = ai; the jumps

[mou] g5, [moulfs are continuous across xy = bi.
(ii) For the elemental edges Ey, Es, Es in Figure 2, there holds

CD

)

[[Wbu]]fm =0on Elv [[Wbu]]fm =0on Flv (

\]

[mpu] 4y =0 on Eo, [mpu] s =0 on Es . (5.

Proof. In item (i), we establish the continuity of the jumps over fa1, fo2 at z1 = ai-

(the second statement is proved in an analogous manner). Let & = (ai,0, ).
By (5.3) and since fo; and fa2 lie on 3 = 0, we have

[moul gy () = (0] o ul i, — Tl ey ul k) (),
[[Wbu]]fzz (.’1)) = (W5|K2U|K2 - 7Tb|K§u|K§)(m>'

Since K and K/ match regularly over f{,, property (4.5) in Lemma 4.4 implies
| 1 ulier () = mo| K ul Ky ().

To prove (5.6), (5.7), we may consider exemplarily the edge E; C fo, given by
r1 = x5 = 0 (the proofs of the other cases being analogous). By using the tensor-
structure (5.4) and the nodal exactness property (4.3) (for the perpendicular tensor

projector ), we see that, for = (0,0, zl),

[myul oy () = ([miuley, @ 7)) (®) = [myul s, () = 0,
which finishes the proof. O

The tensor-product structure (5.4) of the polynomial jumps (5.3) motivates
tensor-product constructions of jump liftings from the irregular faces f;; into the
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smaller elements K ; To that end, we define the polynomial jump lifting opera-
tor Le[mpu] by

[[Trbu]]le(l - ‘TQL/blL) + [[ﬂ-bu]]fm (1 - wll/all) on K{a

1— 1 bJ_ K!
Ee[ﬂ-bu] — IITrbu]]f22( zi/ IJ_) on ?7 (58)
[[ﬂbu]]fzz(l — 27 /a’l ) on K37
0 on {K;}3 ;.

Lemma 5.4. There holds:
(i) Le[mullx; € Qp(K}) for j =1,2,3, and Le[mpu] € CO(K{ UKL UKY).
(ii) The lifting Le[myu] vanishes on OKY N{zt = ay }, 0K, N {xy = b1}, and
on 0K, N {zt = ai}, 0K, N {xg = by}. That is, its support does not
extend into layer ¢’ + 1 and beyond the patch borders within layer .
(iii) We have:

(Le[mpullicr) 1o = Impul o, (Lelmotllir) g5 = [mpul g, (5.9)
(Lelmpullicy) 1 = Impul ey (Lelmotlliy) |pss = [mpu] fss- (5.10)

Proof. By definition, Le[mpu] is piecewise polynomial in layer ¢/. The continuity
over K|UK,UK} follows readily from the construction of the lifting and Lemma 5.3.
This implies item (i).

Next, let us establish the properties in item (ii) for element K). From the
definition (5.8), it follows immediately that the lifting vanishes on 0K5N{x3 = bi-}.
Next, we consider the boundary K5 N {z{ = ay }. By property (5.7) and since fao
lies on w3 = 0, there holds [myu] ,, (as ,0,2/) = 0. Hence, the lifting also vanishes
on 0K, N {x{ = az }. The proof for K} is analogous.

To prove (5.9), (5.10) we only consider in detail the face fo; on K, N {ry = 0}
(the other faces are treated analogously). Then, since the face f3; lies on 21 = 0,

‘Ce[ﬁbu“K{ (:Ci‘, 0, x”) = [[Wbu]]fm (va 0, :L'H) + [[Wbu]]le (Oa 0, x”)(l - xf‘/a{‘) .
Due to (5.6), it follows that [mu] s, (0,0, 1) = 0, which yields the assertion. [
Remark 5.5. From (5.4), we have Le[myu] = L1, [mj-u] ®7rl|7‘, where £, is (a slight
modification of) the two-dimensional polynomial trace lifting operator introduced

in [16, Theorem 4.72] in the slice at z!l € el in edge-perpendicular direction; cp.
Figure 2. Hence, for ! = 0 (and analogously for z!l = All), property (5.5) implies

Lelmul(@®,0) = (L4 [mru( 0 @), @ e (K)S, i=1,23. (5.11)
It also follows that the lifting Le[mpu] does not generally vanish at the edge-
perpendicular patch borders situated on z!!l = 0 or zll = hll. However, under

Assumptions 3.1, 3.2 and upon introducing corresponding liftings in the adjacent
patches, the tensor-product structure of the base projectors and liftings in (5.5)
and (5.11), respectively, guarantee the conformity of the patch projectors Le[myu]
over the corresponding mesh layers of different patches on the edge-perpendicular
patch interfaces 2l = 0 or zll = Al

Lemma 5.4 and the definition of the jumps in (5.3) imply that the lifted projector
Tu := myu + Le[mpu] gives a continuous and piecewise polynomial approximation
over the mesh layers ¢ — 1 and ¢, cp. (5.9), (5.10), which does not affect the base
projection mpu at the interface to the next layer ¢/ + 1. In view of Lemma 5.4
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and property (4.6), TTu also satisfies homogeneous Dirichlet boundary conditions
which might possibly arise within layer ¢/ on 0K4N{zi = a3 } or OK;N{r3 = by }.
Finally, the projection ITu gives rise to a continuous function over the corresponding
mesh layers across zll = 0 or zll = All; cp. Remarks 5.2 and 5.5.

As we show next, the jump lifting L [myu] is stable and the (weighted) H!-norm
of n = u — ITu can be controlled in terms of 1, = u — wu.

Lemma 5.6. We have the bounds
N [Le[mpul]® S p*(h) ™ (I [mpul 5o, |17 + Tyl g, |17 )

K [~el”b ~ P bWl far lIL2(fa1) bUl far llL2(f31) )
Nigy[Le[mpul]® S p* () M I Tmoul fonl| 72 1) (5.12)
Nigg[Le[mpull® S p* () M I Tmoul g5l 72 1)

and
3 3
Z (N, [0* + Ni: In 5p4z (N, [me)* + Nic: [me]?) - (5.13)
=1 =1

Proof. We only prove (5.12) for K{ (the other bounds are analogous). To do so,
we first assume that the configuration is of unit size, i.e., h* ~ hll ~ O(1). Then,
by definition of Le[mpu] in (5.8), it readily follows that

ILelmullliz(iepy S (Mmvud por 122 g0 + Wmoud g 122 5,0))-
With the standard inverse inequality (see e.g. [16]), we have
190l S ' l0l, Vo€ Qu(R). (5.14)
and, hence,
IV Lelmpulll72grery S 0 (Hmvul o 72 0y + Mmoul g 72 pa))-

In the general case as shown in Figure 2, we use the bounds above in conjunction
with the anisotropic scalings in Lemma 3.3, exploiting the assumption A < Al < 1.
This results in

ILe[mulllZacyy < B (Mmvul o 72 o) + Wmvul s 72 g0 (5.15)
IV Lelmyul 22y < * () 7 (1lmwtd o 2 gy + It £ [ Z24,)) - (5-16)

From these bounds and since hmm K| = ~ h', we conclude that

Nici[Le[mull® < p* ()™ (ITmwul o 22 oy + Wt s 72 ,01)

which proves the bound in (5.12).
To establish (5.13), we note that, with the triangle inequality,

> (N I + Nt [n?) S (N [ + Nicr [l + N [Le[mpul]?) -

=1 i
We next bound the term NK/[ elmpu]]?. From (5.12) and (3.9) (with the fact that
7wl £2o = [M6] 12 ), we see that

NigglLe[mpul]* < p!(h) " ol goa 2 120 S 2" (Nica o] + Nicy[mo]?) -

Similar bounds for the other terms Ng/[Le[myu]] give the assertion. O
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5.2.2. Terminal Layer Elements in ‘Ef;’e. We next consider the interface from 5f;e
to %f;e illustrated in Figure 3. We use the same notations as in Section 5.2.1. The
set 8471 = {K;, Ky, K3} forms layer £—1 of %€, and T4¢ = {K/} is the terminal
layer. The base projector mpu is set to zero in K7 as per (4.9). Thus, even though
the faces fo1 and f31 are now regularly matching, the jumps [mpu] f,, and [myu] r,,
do not vanish in general. In addition, the key properties (5.6), (5.7) are not valid
anymore.

Remark 5.7. Due to Assumptions 3.1, 3.2, the base projectors m,u are continuous
in parallel direction over (the corresponding mesh layers of) different patches across
zll = 0or zll = hll; cp. Remark 5.2 and the definition of the base projectors in (4.9).

FIGURE 3. Interface between mesh layer Ef;*l*e = {K;, Ko, K3}

and the terminal layer T%¢ = {K} for o = 0.5 and length param-
eters hll, at,ay, bi,by. The faces fo1, f31 and the edges E1, Eo, F3
are illustrated.

To overcome the above difficulties, we modify the lifting procedure in (5.8), by
introducing suitable edge liftings associated with the edges Ej, Fo, E'5 shown in
Figure 3. We focus in detail on edge E;.

Lemma 5.8. We have [myu]f,, = [mpu]s, on E1. Analogous identities hold on Es
and Es (across patch borders).

Proof. Let x € E1. Then, since myu = 0 on K/, we have [myu] 1, (2) = | 1, 0| 10, ()
and [mpu] £, () = | xyu| x5 (). Since the elements K1, Ko, K3 in layer {—1 match
regularly, property (4.5) implies
|k, Ul () = ol Ky ul iy () = |5 ul K (2),

which proves the assertion. O

With Lemma 5.8, we set [myu]r, = [mu] s, e = [mu] e, and introduce
the edge jump lifting
{ [rouls, (1 — @i /ag)(1 — 23 /b1)  on K,

LI myu] = .
on {Kl}zzl

(5.17)
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By construction, £E[mu] € Q,(K}). Furthermore, the lifting vanishes on the
elemental faces K| N {z{ = ai} and 0K} N {z3 = by }; see Figure 3.
Remark 5.9. The lifting ££1[-] has the tensor-product structure
Lh = rh @l (5.18)

where the lifting L5 is a two-dimensional nodal lifting in perpendicular direction
into (K1)* on the slice zll € el with N = (0,0, z/).
Lemma 5.10. We have the bounds

Ny [£ [mou]]® S p°(h ) 7 [l s 122 1)
E 2« 6(pLy—1 2 (5.19)
Ny [Le [moul]” S p°(h) 7 [Imou] g0 72 f0)

and
Ny (L5 mou]]? < p° (Nic, Ims)® + Nt [me]?),
Ny (L5 mou]]? S p® (Nia[m]® + Nicr [me)?).

Proof. We establish the bounds associated with face fo1; the proof of the other ones
is analogous. If the configuration in Figure 3 is of unit size, the two-dimensional
polynomial trace inequality in [16, Theorem 4.76] yields

(5.20)

mvud e, 122,y S 22 NImsud o [ L2 o) (5.21)

since [myu] g, = [mpu] ., |2, - With this estimate, it readily follows that

1L mull T2y S Nlmstl p 172,y S PP IImvul fon 72 fon)-

As before, the inverse inequality (5.14) implies

|veh [moul|7ecrery S PO Nmoul for 1 22 g0 -

This implies (5.17) in the reference case. In the general case, we apply the scalings
in Lemma 3.3, cp. (5.15) and (5.16), and obtain the first bound in (5.19).
This bound, the jump estimate (3.9) (with the fact that [u]s,, = 0) and the
triangle inequality yield
Nyt (L5 mou]]? S p® (Nio[me]® + Nicr [me)?).-

This shows the first estimate in (5.20). O

Next, we define the full edge lifting

LEmu) =Y £ [myul, (5.22)

j=1

where LZ2[myu], LE3[myu] are edge liftings associated with the edges Eo, E3 in
Figure 3. They are defined as in (5.17). If the elemental edge Es or E3 corresponds
to a boundary edge, the resulting edge lifting is identically zero, in accordance with
property (4.7) for element K5 or K5. From stability bounds analogous to (5.19),
we conclude that

Ny (LD Tmou]]? S p° (Nico ms]® + Nica[me]® + Ny [me]?)- (5.23)
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Remark 5.11. The introduction of corresponding edge liftings £Z[mu] in terminal
layer elements of adjacent patches readily yields continuity across patch borders
in xi-direction or xy-direction. In addition, the tensor-product property (5.18)
ensures the conformity of £Z[myu] in terminal layer elements across 2l = 0 or
zl = hll; ep. Assumptions 3.1, 3.2.

We modify the base projector on K/ and set

B { mpu + LE [mpu] on K1, (5.24)

o THU on {K;}2_;.
By construction, the projector 7 u satisfies properties (5.6), (5.7) in the terminal
layer setting of Figure 3.
Lemma 5.12. There holds:
[7Fu] sy, =0 on Ey, [7Fu] s, =0 on Ey, (5.25)
[7Fu] fp, =0 on Es, [7fu] s, =0 on Es . (5.26)

Proof. We verify (5.25) for the face fa1 (the proof for the other faces is analogous).
By construction and the definition (5.3) of the jumps, we have, for x € F1,

[[ﬂbEu]]fm (:13) = [[Wbu]]le (.’1)) + [[ﬁf [Wbu]]]fm (:13)
[moul g, () — (L8 ot k1) | 20 ()
[mou] g2y () — [mpu] £y (2) = 0.

This yields the assertion. O

Then, we adapt the face lifting L[] in (5.8) to the configuration in Figure 3:

, E 1— 1 /5L E (1 — 1y L K!
£k [myu] = [y ul por (U =22 /b1) + [y ul 55, (1 — 21 /ar) o K7, (5.27)
0 on {Kz}?zl

With (5.25), (5.26), the lifting Efi [mpu] Vanis/hes on 0K} N{x{ = ai} and 0K} N
{x5 = bi }; cp. Lemma 5.4. Furthermore, o [mpu] has a tensor-product structure
similar to (5.11).

Lemma 5.13. There holds
Nigy[£e” [mul)® < ' (Nicy [ms)? + Nicy [l + Nicy[m)®). - (5.28)
Proof. By proceeding as in the proof of (5.12), we see that
K! _
Ny € [moul® < 0" () ™ (1 ull s T ) + W5 ul g 12 1)) -

Then, the jump bound (3.9) (noting that [u]s,, = [u]f, = 0), the definition of the
edge lifting and the triangle inequality yield

N[ mpul]? S p* (Nicy [ + Nigy [nn]? + Ny [u — i u)?)
St (Niy[me]® + Nicy Imo)® + Nicr [me]® + Ny [£8 [mou]]?)
Invoking (5.23) yields the desired bound. O
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In the configuration of Figure 3, we finally introduce the following lifting:

{ Ef [mpu] + Efi [mpu] on K,

L3 [myu] := (5.29)

on {Kz}?:1
By Remark 5.11, the combination of the base interpolant and edge jump liftings
LE[myu] in (5.29) give rise to a conforming function across neighboring patches.

The lifting Ef '[mpu] is piecewise polynomial and vanishes at the patch borders
OK{ N{z{ = ai} and 0K, N {xy3 = bi}. Hence, it preserves essential boundary
data which possibly arise on these patch faces.

Remark 5.14. The lifting £Z [mpu] does not generally vanish on 2/l = 0 or zll = nll.
However, as in Section 5.2.1, the tensor-product structure of the liftings £Z[m,u]

and L5 [mpu] ensures the continuity of £X[m,u] in terminal layer elements across
zl = 0 or zll = All; ¢p. Assumptions 3.1, 3.2 and the nodal exactness of the
univariate projector 7TIU in edge-parallel direction in Lemma 4.1.

Lemma 5.15. There holds:
(ﬁz[ﬂbu”l{{) |f21 = [[Wbu]]fzu (ﬁz[ﬂbu”l{{) |f31 = [[Wbu]]fsr (530)
Proof. We show (5.30) for fa1 (the proof for f3; is analogous). By (5.25) and as in
the proof of (5.9), we have
(et fmpullicy) o = [nh ul -

Hence, with the definition of mFu and the jumps in (5.24) and (5.3), respectively,
we conclude that

(Lelmullrey) | for = (L8 [moul|kp) L for + [ ul g
= (‘Cf[ﬂbu”K{Nle =+ [[Wbu]]fm - (‘Cf[ﬂbu”lﬂﬂfm = [[Wbu]]fma
which gives the assertion. 0

In view of Remark 5.14 and Lemma 5.15, the lifted projector Ilu := myu +
L2 [myu] yields a piecewise polynomial and conforming approximation in the setting
of Figure 3. The analog of the bound (5.13) in Lemma 5.6 reads as follows.

Lemma 5.16. We have the bound

ZNKi ) + Nic > S p'° (D Nk, [m]® + Nicy [m]?). (5.31)

i=1

Proof. The triangle inequality yields

3
> Ni,In]* + Ny [n)?
=1

3
< DNl + Ni [ + Nigg[£Z [mu])? + Nigy[£e” [ u])”.
i=1
Referring to (5.23) and Lemma 5.13 finishes the proof. O

Lemma 5.6 (for submesh 9%¢) and Lemma 5.16 (for submesh T4€) show the
bound (3.28) over the reference edge patch M%€. More precisely, the subsequent
estimate holds.
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Proposition 5.17. We have Y jge.e[n] S p'OY ggee[m)-

5.3. Corner Patch M‘;},’C. We consider the reference corner patch Mﬁ’c, where
irregular faces appear due to hanging nodes located in the interior of faces, cp.
Figure 1 (left); these faces involve only shape-regular elements. We proceed as in
Section 5.2, by writing Mﬁ’c = 5f;° U ‘Ef;’c, cp. (4.8), and by analyzing the two
submeshes separately.

T2
Kﬁ K7
f76 ai f77
/ / b2
c1 KG K7
C2 bl
/
Ks
as Tl
Ki | K «
4
f21 f22
4T3
Kl KQ

FIGURE 4. Interface between layers £ —1¢ = {K;}7_, and ££-¢ =
{K!}7_, for 0 = 0.5 and length parameters a;, b;, c;, i = 1,2. The
irregular faces fa1, foo, f76, f77 are illustrated.

5.3.1. Interior Elements in 5f;’°. As in the edge patch case, we partition 555;"3 into /¢
layers: O%e :Uﬁ;lo gle; cp. (3.5). For 1 < ' < £ — 1, we consider the interface
of the two adjacent mesh layers ££-1¢ = {K;}7_ and ££-¢ = {K/}7_, shown
in Figure 4. The elements are shape-regular (uniformly in ¢) with hg, ~ hg: ~
hi_lin,Ki ~ thﬁin,K; ~ h. As in Section 5.2, we introduce the faces f;; = fr. k; and
i’j = fK;_’K:/I_. The faces fo1, fa2, fr6, f77 are illustrated in Figure 4. The locations
of the elements, faces and edges in this configuration are determined by the length
parameters aq,as in xj-direction, by b1, bs in xo-direction, and by c¢q,co in x3-
direction, respectively. Again, these values do not change from layer to layer. By
Remark 4.5, the base projector mpu defined in (4.9) is continuous across elements
K;, K; within layer £’ — 1, respectively across the faces f;; within layer ¢', and
satisfies possible homogeneous Dirichlet boundary conditions on patch boundary
faces. The polynomial face jumps [myu]y,; are defined as in (5.3).
As further illustrated in Figure 5, there are three faces which constitute the
interface between layer ¢/ —1 and ¢': Fy := 0KoN{22 =0}, F5 :=0K;N{x3 =0},
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and F3 := 0K5 N {21 = 0}. The elemental edges of these faces are denoted by
Fq, ..., Ey and are also depicted in Figure 5.

T2
A

FIGURE 5. Illustration of the faces F}, F», F3 constituting the in-
terface from layer ¢/ — 1 to layer ¢’ for o = 0.5. The edges of these
faces are denoted by FE1i,..., Fg. The face F; consists of the four
irregular faces f21, f22, f23, f24.

We define the polynomial jump across face F} by
[myulp, = [myuls,, on fo5, 1 <j <4 (5.32)
The jumps [mpu]F, and [mpu]F, are defined analogously.
Lemma 5.18. There holds:
(i) We have [myu]r, € C°(F1) and
[[Trbu]]Fl (07050) =0, [[ﬁbu]]Fl (050762) =0, (533)
[mpu] 7 (a2,0,0) = 0, [ryu] 7, (a2, 0, c2) = 0. (5.34)

(i) We have [myu]r, = [mpu]r, on E;.

Analogous properties hold for the jumps [myu] p, and [myu]p, (possibly across patch
borders).

Proof. The continuity of [mu]r, follows from the fact that elements K7,..., K}
match regularly in across the faces fis, fia, fis, f25. Properties (5.33), (5.34) are
direct consequences of the nodal exactness (4.3). This verifies item (i).

For item (ii), we proceed as in the proof of Lemma 5.8 and consider & € E; NOK;
for j € {1,3}. Then,

[myul () = [moul g, (®) = ol i, ul ko (®) — ol 7 ul i (20),
[myul 7y (@) = [mpul g5, (®) = ™ol ul k5 (@) — ™| 7 ul i (22).

Since the elements {K;}!_; in layer ¢ — 1 match regularly, by property (4.5), we
obtain | s, u| K, () = 7| K, | K, () = 7| ks 0|5 (). This finishes the proof. [

We begin our construction by introducing edge jump liftings associated with the
edges F1,...,FE9 in Figure 5; cp. Section 5.2.2. We consider in detail edge Ej.
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Then, with Lemma 5.18, we may set [myu] g, := ([mu]r)|e, = ([mou]m)|E,, and
define the edge lifting

LI [myu] = { [roudm, (1 = 21/a)(1 = 22/br) - in Ky, K,

) (5.35)
0 otherwise.

The lifting LE[myu] defines a piecewise polynomial and continuous function in
K’ U Ké, cp. Lemma 5.18, which reproduces the edge jump [mu]g, on E;. By
construction and due to (5. 34) it vanishes on edges Es, Ey, as well as on {z1 = a1},
{xa = b1}. By proceeding as in the proof of (5.20) (with isotropic element scaling),
the following bound can be readily verified.

Lemma 5.19. We have the bound
N/ [L2 [mpu]]? + Ny [L2 [mou]]* S p® (Niey [m)? + Nicr [m)* + Nicy [m]?) - (5.36)

In the setting of Figure 5, we then define the full edge lifting £Z [mu] as

LE[mpu) = ZE [mpul, (5.37)

where L2 /[mpu] is an edge lifting associated with Ej; as in (5.35). The function
LE[myu] is piecewise polynomial and continuous in K} U ... U KZ.

Remark 5.20. If E; corresponds to a boundary edge, the resulting edge lifting is
identically zero, cp. (4.7). As in Remark 5.11, the introduction of corresponding
edge jump liftings in adjacent patches yields conformity over patch border; cp.
Assumptions 3.1, 3.2.

From estimates as in (5.36), we conclude that, over face F;, we have

ZNK/ 7Tbu (NK2 771, +ZNK1 771, ) (5.38)

i=1
Similar bounds hold over Fy and F3. Proceeding as in Section 5.2.2, we introduce
the modified projector
Pu = mu+ LE [myu] . (5.39)
Lemma 5.21. There holds:
(i) We have [nfu]r, € CO(F1).
(ii) We have [rFulp, =0 on E; for 1 <j <4.
Analogous properties hold on Fy and F3.

Proof. To prove item (i), we note that
[m = [moul gy — (LE[moull) |y on foj, 1< 5 <4 (5.40)
Hence, the continuity of [7fu]r, follows from the continuity of [myu]r shown in
Lemma 5.18 and the continuity of the edge liftings. To verify item (ii), let « €
E1NOK; for j € {1,3}. By (5.40),
[ ulp (®) = [moul g, () — (£ [moull k) |1, ()
= [[Wbu]]fm' (:13) - [[m’u]]fzj (:13) =0.

Analogous arguments for the other edges complete the proof. O
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Next, we define the face lifting of [77u]p, over Fy from K> into layer ¢’ by

E
££‘1,K2 [m,u] — [[Wb u]]Fl(l - :CQ/bl) on {Kz/ i=1 (541)
0 otherwise.

Notice that, due to Lemma 5.21, this lifting vanishes on the sets {x : (21,0, 23) €
OF1,22 € (0,b1)} and {22 = by }, respectively, and in particular on the other
faces F» and F3. In addition, it reproduces the jump of 7 u on Fy:

(£517K2 [ﬂ-bu]lKJ/')lfzj - [[Wl?u]]fﬂ’ l<j=<4. (5.42)
Lemma 5.22. We have the bound
4 4
D Nk LD mpu]]” S " (Nicy [m]” + Y N []?). (5.43)
i=1 i=1

Proof. Proceeding as in the proof of (5.12) yields

4 4
D Nl L8 mul)? S 'Y N )l -
i=1 i=1
Applying the jump estimate (3.9) (with the fact that [u]p, = 0) in conjunction
with the bound (5.38) implies the asserted bound. O
Next, we introduce the full trace lifting £51[m,u] associated with the face Fy as
re LE K2 KN4
Efl [7Tb’u] — c [ﬂ.bu] + c [ﬂ.bu] on { z.}zfl’ (544)
0 otherwise,

with LZ[myu] and £E152[mu] defined in (5.37) and (5. 41) respectively. The lifting
LI [myu] is piecewise polynomial and continuous in U} 1K K!. By construction and
definition of the edge liftings, it vanishes on the elemental boundaries on the plane
{xo = b1}. That is, it does not extend into layer ¢’ + 1 in xo-direction; cp. Figure 4.
Moreover, since L5152 [m,u] vanishes on the faces Fy, F3, the lifting £ [mu] affects
the values of myu on the other faces Fy, F» only through the edge lifting £ [myu],
which gives rise to a continuous function in layer ¢’ and over patch borders; cp.
Remark 5.20.

Lemma 5.23. There holds

(L& mulli) oy = [moulpy, 1S5 <4, (5.45)
and
4
ZNK, 7Tbu]2<p (JVK2 771) +ZNK/771) ) (546)
=1

Proof. We establish (5.45) for K| (the proof for the other elements is analogous).
By property (5.42) and the definition of 77w in (5.39), we have

(L8 moull k) 1o = (LETmoul | kr) [ 1or + (L5252 [moull k) 1
= (L moullk;) 1 + [motl o + L [mpul] g,
= (‘Cf[ﬂbu”K{) |f21 + [[Wbu]]fm - (‘Cf[ﬂbu”K{) |f21 = [[ﬂbu]]fm'

The estimate (5.46) follows with the triangle inequality, by combining the bounds
n (5.38) and (5.43). O
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Upon constructing corresponding face liftings £2[myu] and LE*[mu] over the
faces F» and F3, respectively, we finally define the corner lifting L.[myu] by

Le[mpu] = ZE? [pu]. (5.47)

The lifted interpolant ITu := mpyu + Le[mpu] now gives rise to a piecewise polynomial
and conforming interpolant across layer ¢/ — 1 and ¢/, cp. (5.45). The support of the
trace lifting does not extend into layer £ + 1 and preserves homogeneous Dirichlet
boundary conditions.

Lemma 5.24. We have the bound
7 7
S (N, + Nt ) S0 (N [m]® + Nic ] - (5.48)

i=1 i=1

Proof. This follows readily from the triangle inequality and bounds as in (5.46). O

5.3.2. Terminal Layer Elements in %f;*c. We consider the interface from the mesh
layer £4-1¢ = {K;}7_, to the terminal layer T4¢ = {K/} shown in Figure 6. We
employ notation as in Section 5.3.1: we denote by h the diameter of the shape-
regular elements involved. Analogously to Figure 5, we introduce the elemental
faces Iy, Fo, F3 of K|, as well as the elemental edges Fi,..., Fyg. In contrast to
Section 5.3.2, these faces are now regularly matching elemental faces of K{. Never-
theless, the jumps [myu]r, (defined in analogy to the definitions in (5.3), (5.32)) do
not vanish in general, since the base projector vanishes on K7, cp. (4.9). Another
consequence of this choice is that properties (5.33), (5.34) are not valid anymore.

Ks

Kl K2

FIGURE 6. Interface between mesh layer £4-5¢ = {K;}7_| and
the terminal layer 4¢ = {K/} for o = 0.5 and length parameters
ai,b1,c1. The faces Fy, Fy, F3, the edges Ff, ..., Fg and the nodes
Ny, ..., Ng are illustrated.
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To overcome these difficulties, we introduce polynomial nodal liftings associated
with the nodes Ni,... N7 shown in Figure 6. Here, we emphasize that, under our
regularity assumption v € M3 1-b, (@), the point values u(N;) are well-defined
(since the nodes are separated from the singular edge e). We now focus on node
N; =(0,0,0). By the nodal exactness (4.3) of myu in layer ¢ — 1, we have

[mou] p, (N1) = [mou] my, (N1) = [mpu] y (N1) = u(N7). (5.49)
This prompts us to define the polynomial vertex jump lifting £ [m,u] by
£ ] o= { [myulr (N1)Ln, (2) o K,
0 on {K;}!_,,
with the nodal basis function Ly, () := (1—x1/a1)(1—z2/b1)(1—x3/c3) € Qq1(K7).
Lemma 5.25. We have the bounds
Ny [L mu]]® S p°h~ [ p 122y ) (5.51)

(5.50)

and
Ny (L [mpu])® S 0% (Nikey 6] + Ny [o]?). (5.52)

Proof. As in the proof of Lemma 5.6, we first let the configuration in Figure 3 be
of unit size. With the inverse inequality in [16, Theorem 4.76], we conclude that

1L [mpulllZacreyy S NImoud e (NI S N Imoul m 7o () S 2 Im0ul il 72 ) -
Moreover, applying the inverse inequality (5.14) yields
VL a1 2e(rery S PP IITmoul mi 22y,

which shows the assertion in the reference case. In the general case, (isotropic
versions of) the scalings in Lemma 3.3 imply the bound (5.51); cp. (5.15) and (5.16).
The bound (5.52) follows from (5.51) and the jump bound (3.9) (since [u]m = 0
and F1 :mt((?KgﬂaK{) [l

Similar constructions for the other nodes in Figure 6 give rise to nodal lift-

ings Eiv I[mpu], for 1 < j < 7, with analogous properties. We then define the full

vertex lifting
7

LY [mpu] == Z £l [myu]. (5.53)

From bounds analogous to (5.52), we have

Ny [£Y [mou])? < p* (Nicy Im)* + Nic, Ims)” + N, [me]® + Ny [me)?).- (5.54)
Remark 5.26. We note that, if INV; corresponds to a boundary node, then the re-
sulting vertex lifting £ [mpu] is identically zero; cp. property (5.49). Moreover,
the definitions of corresponding vertex liftings in the terminal layers of adjacent

patches (matching regularly over patch interfaces due to Assumptions 3.1, 3.2)
yield conformity of the nodal liftings £ [m,u] across patch borders.

The modified base projector

Ny e myu + LY [mpu] on K{,. (5.55)
THU otherwise.

satisfies the properties analogous to those in Lemma 5.18.
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Lemma 5.27. There holds:

(i) We have [rNu]p, = [r]Nu]r, on E;.

(ii) We have [t u]p (N;) =0 for 1 < j < 4.
Analogous identities hold on the other faces and edges (possibly across patch bor-
ders).

Proof. For x € E4, we have
[ ulry () = Mol o ul e, () — L2 [myu] | g (),
and
[ ulpy () = | resul s (%) — L2 [myu] | g ().
As in the proof of Lemma 5.18, since {K;}’_; match regularly in layer £ — 1, we
conclude with (4.5) that mp|r,u|k,(®) = 7|k u|K, (), which implies item (i).
Then, for node N;, we have, by construction and the definition of the jumps,
[7) ul & (N;) = [mpul iy (N;) — L [myu] | ; (N5)
N.
= [myulr (N;) = L [mou] |k (N;) = [mpul m (N;) = [mpulm (N;) = 0.
This yields the assertion on the face F7. O
With Lemma 5.27, we now continue our analysis along the lines of Section 5.3.1,
by employing the projector ﬂév u instead of myu. To do so, we first introduce edge
liftings associated with the edge jumps [r{u]p, and defined similarly to those
in (5.17), (5.35), (5.37). Second, we adapt the polynomial face lifting £Z[-] in (5.44)
(and analogously ££2[.], £E3[]) to the slightly different setting in Figure 6, giving
rise to a polynomial corner lifting £4 ! [mNu] as in (5.47), (5.48), but defined only
over K|. By construction, this lifting satisfies

(L5l ey = [ ulr, 1<) <3, (5.56)
cp. (5.45). In the configuration of Figure 6, we introduce the terminal layer lifting
LE [myu] == LY [myu] + L5V [N | (5.57)

Lemma 5.28. We have
(L3 [mpullxr) |7, = [moul . 1<5<3, (5.58)

and
Ny [L3[mou]]> S p™® (Nics[m]? + Nio[mo]® + Ny ] + N, [e]®) - (5.59)

Proof. For (5.58), we employ identity (5.56) and the definition of the jumps to
obtain

(Le[mou]| k) 17y = (LY [mpullie)) |, + [y ul p,
= (LY [mpull)) | r, + [moul s, + [£2 [moullm,
= (LY [mpullie)) |, + [moulr, — (L8 [moul |k ) |7y = [mou] £,
To establish (5.59), we first note that
Ny [£E moul)2 S Nicy [£2 [mou]|2 + Nigy [ [mh w2
According to (5.54), we have
Ng; (£ [moul]® < p° (Nit[m)® + Nicy [m)* + Nic [m)* + Nico [mo)?) -
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Moreover, by proceeding as in the proof of (5.46) we find

Nt I8 [ ul]® < p*° (Nieo )2 + Niey ]2 + Niey ]2 + Niy[u — i u)?) .
Finally, with the triangle inequality and as above with (5.54),
PNk fu— i u)? S p'” (Nigy o) + Ny [L£2 [mopul]?)
S ' (Niey [m)? + Niy [m)? + Nics [m6)* + Nic [m)?) -
This completes the proof. O

With Lemma 5.28 the lifted interpolant ITu := m,u+ L2 [myu] is conforming across
layers £ — 1 and ¢, and preserves the essential boundary conditions. Analogously to
Section 5.2.2 and with the estimate (5.59), the terminal layer version of Lemma 5.24
follows.

Lemma 5.29. We have the bound
7 7
N[+ N, [n)* S " (Niey [m]® + > Nie, [me)?) - (5.60)

i=1

This completes the construction of the jump liftings for the corner patch Mﬁ’c.
Lemma 5.24 (for submesh 9D%¢) and Lemma 5.29 (for submesh T%€) give the
bound (3.28) over the reference corner patch M%<,

Proposition 5.30. We have Y ee[n] < plST/ﬁﬁ,c[nb].

5.4. Corner-edge Patch Mﬁ’ce. We finally address the polynomial liftings in the
reference corner-edge patch M%°€ depicted in Figure 1 (right). We consider in
detail the case of a corner-edge patch with geometric refinements along a single

edge e, and comment on the case with refinements along two or three edges in
Section 5.4.8 ahead.

5.4.1. Patch Decomposition. We partition the corner-edge patch mesh on @ into
Mbee .=gle g olel g Mbeel 1>, (5.61)

where ‘Ef;’c consists of a single and isotropic terminal layer element at the corner c,
and the mesh 555*04 is a corner-patch type mesh consisting of shape-regular el-
ements and refined into the corner e. The mesh /T/Tf;*ce*” consists of a sequence
of ¢ geometrically scaled edge-patch meshes, properly translated along the edge e.

More precisely,

‘
Meeel = | ] whee(MmEe) (5.62)
=1
where we denote by Pt'ee the operation of translation with respect to the edge-
parallel variable z!l combined with a dilation by a factor only dependlng on o, l, 1,
and where the mesh MZ € is a reference edge patch on Q with ¢ + 1 mesh
layers; cp. (3.5). In Figure 7, a schematic illustration of the patch decomposi-
tion (5.61), (5.62) is provided.
The two outermost edge-patch meshes \Tll’l’ce(.//\/lvf;’l’e) and @“E(M{}‘f) are
illustrated in Figure 8 (left). There, the hexahedra K}, K}, K} in W¢=hee(pME-1e),
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obet,

23 - ¢ v

The

)

FIGURE 7. Decomposition (5.61), (5.62) for o = 0.5 and ¢ = 5.
The scaled edge-patch meshes for ¢/ = 1,...,/ are illustrated in
boldface. The subdiagonal elements in Dy are shaded. The single
terminal layer element in ‘fgc is indicated. The remaining elements
belong to the corner-type mesh 5&‘*%

/ Ko Ky /

/K, /K /K
# Ki/ K

Ks K - Ks ) -
4 4

K K} K, Ky K>

/

FIGURE 8. Left: The edge-patch meshes \T/’Zfl"ce(.//\/lvﬁ’l’e) and
phee(MELe) for o = 0.5 and £ = 5. Right: Interface between

TLe = (K} and the first edge-patch block U-e€(MLe) for o = 0.5
and ¢ = 2.

K1 K2

and K3, Ky, K¢ in \T,e,ce(ﬂg,e) will be referred to as diagonal elements. Moreover,
the immediate neighbors of K%, K, K§ across the patch interface are denoted by

D, :={KY, K}, K{}, (5.63)

and are called the subdiagonal elements. (Note that K3, K%, K% are not explicitly
labelled in Figure 8). The diagonal and subdiagonal elements are shape-regular
(uniformly in £). We may thus assume that
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Corresponding conventions will be employed in the other scaled edge-patch meshes
for 2 < ¢/ < /. In particular, we denote by Dy the corresponding set of subdiagonal
elements. In Figure 8 (right), we further illustrate the interface between %f;c =
{K!} and Wee(MLe). The diagonal elements are K3, K4, K¢, while the set

D, == {K/} (5.65)

consists of single subdiagonal element in W!-<e (M(l,e)

In the sequel, we construct polynomial jump liftings over irregular faces of Mvﬁ_,ce
in (5.61), (5.62) starting from the base projector myu defined in (4.9). We proceed
in several steps.

5.4.2. Edge-patch Liftings. On all irregular faces which are situated parallel to e
and which belong to an edge-patch mesh @Z/’ce(/\/lf;/’e), 1 <V < ¢, we apply the
(scaled) jump liftings Le[mpu] and L [myu] constructed in (5.8) and (5.17), respec-
tively. For ¢/ = 1, only a scaled version of LI [myu] is employed. As shown in
Lemma 5.4 (for Le[mu]) and Lemma 5.15 (for £Z[myu]), these liftings remove the
polynomial face jumps across irregular faces situated as in Figures 2 and 3. We de-

note by 7;u the intermediate base projector thus constructed from myu over Mg’ce’ I
This yields a continuous projector within each edge-patch block.

Lemma 5.31. We have Tﬂﬁ,ce,” [u—7mfu] S plOTMvg,ce,u [u — mpu) .

Proof. This follows from the bound in Proposition 5.17, which holds true for edge-
parallel hexahedra of general aspect ratio with 0 < h* < hll < 1. O

We analyze the continuity properties of m;u over va;’ce’ll in edge-parallel direc-
tion (i.e., across interfaces perpendicular to e). First, as in Remarks 5.5 and 5.14,
the tensor-product structure of the projector mu and the liftings Le[mpu], £2 [mpu]
ensures the continuity of the intermediate projection m;u across the scaled edge-
patch mesh \T/e’ce(.//\/lvf;"e) into an adjacent edge or corner-edge patch where the same
jump liftings are applied. Second, to discuss the conformity between adjacent edge-
patch blocks across interfaces perpendicular to e, we may again focus on the two
adjacent edge-patch blocks W!=hee(MLE-1e) Whee(AMbe) shown in Figure 8 (left).
Then, with the same arguments as above, 7} u is continuous across such interfaces,
with the exception of the perpendicular faces associated with the subdiagonal ele-
ments K5, KJ, K{ of Jhee(Mbe). Indeed, by definition of the liftings Le[myu]
in (5.8), we have

U = Tyu on {K3, K}, Ky, K}y, Ke, K(}, (5.66)

since the diagonal elements constitute the outermost layers in the scaled edge-patch
blocks Wf=1ee(AMl=1e) and Uhee(MEe). However, on the subdiagonal elements
K KJ, K{ in \ié’ce(ﬂﬁ’e) depicted in Figure 8 (left), the base projector mpu is
altered by the addition of the (scaled) lifting L [mpu] which does not generally vanish
on the interface z3 = 0; cp. Remark 5.5. As a consequence, the projector mju is

generally not continuous over the faces fr; kv, fr ky and fx; ky. By the self-

similar structure of the mesh /\7?,’“’”, the same difficulty arises in the subdiagonal
elements of each scaled edge patch \Ifé/’ce(/\/lg’e), for 2 < ¢ < {, cp. Figure 7. In
addition, in the case ¢ =1, see Figure 8 (right), it follows similarly that

mu=mu  on {Ks, Ky, K¢, K1}, (5.67)
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and that myu is in general non-conforming over the face fx/ k1.

5.4.3. Conformity over Subdiagonal Elements. To correct for the non-conformity
across the critical faces above, we proceed in several steps.

Subdiagonal Elements for 2 < ¢/ < £. In Figure 9 and for 2 < ¢/ < ¢, we illus-
trate the three subdiagonal elements K4, K, K§ on the patch interface between
Pl —bee(ME-1e) and Uee(ML©), employing the notation in Figure 8 (left).
Without loss of generality, we may assume that the interface lies on z3 = 0.

A L2
b @r—l
Ns
K
Es |
Ké’ KZL/
‘N3 Ny o
E1 al

FIGURE 9. Subdiagonal elements K7, K}, K{ on the interface
r3 = 0 between two adjacent edge-patch blocks for ¢ = 0.5 and
2 < ¢ < (. The nodes N3, N4, Ng and the edges E1, E5 are indi-
cated.

Lemma 5.32. Let 2 < (' < (. In the setting of Figure 9, there holds:
(i) Fori € {3,4,6}, we have
Ty lrul i (Ni) = 7 | u| ko (Ni), (5.68)
for the nodes N3 = (0,0,0), Ny = (a1,0,0) and Ng = (0, b1,0).
(ii) We have my|xiulk; = m|krulky on each (closed) line segment shown in
boldface and for the corresponding index i € {3,4,6}.
(i) Fori € {3,4} and edge E; = F1 N OK], we have

(5 | crul ser) B (5.69)
Similarly, for i € {3,6} and edge E; = Eo N OK], we have
(mh lre;ulxcr) E,- (5.70)

Proof. We verify (5.68) for i« = 3. With the properties (5.66), (4.5), the definition
of mfu and the identities (5.6), (5.6), we conclude that

B = (mlr,ulk,)

B = (mlr,ulks,)

B = (mlrsulr,) e, = (mo|Koul i)

KU
i

T | iy ul iy (N3) = Tl ul iy (N3) = mol ey ul iy (N3) = w3 |k ul ey (N3).
Moreover, consider a line segment and the corresponding index i € {3,4,6}. Hence,
by Lemma 5.4, item (i), 7|y ulry is identical equal to my|kru[x, which in
turn is equal to mp|krulks = 7| k/ulKr; cp. property (4.5). This yields item (ii).
Properties (5.69) and (5.70) follow from (5.66) and the fact that myu is continuous
over fi, x, and fx, K- O
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Next, we adjust the projector 7m;u on the faces of the subdiagonal elements of Dy
in (5.63). To that end, for an axiparallel hexahedral element K, we will express
7; |k u|k as a linear combination of the Lagrangian basis functions associated with
the (mapped) (p+1)-point tensor-product Gauss-Lobatto interpolation nodes on K;
cp. [3, 18].

Fix the subdiagonal element K/ € Dy for i € {3,4,6}. We denote by f; the
face lef,Klu. On KV

70

we modify mfu to ﬂl?’*u, by explicitly altering the (p + 1)2
Gauss-Lobatto face degrees of freedom of (m3u)|gr on f; C OK]' so that we have

(m *lepuliey)l7, = (mhliulees)ly, i€ {3,4,6}. (5.71)

By construction and in view of Lemma 5.32, the projector 7TbD’*’u yields a conforming
approximation, which is now continuous across the critical faces 71- = [k Kk for
i € {3,4,6} and has the same continuity properties as myu elsewhere. It also
preserves homogeneous Dirichlet boundary conditions.

Lemma 5.33. Let 2 < /¢ < (. Then:
0w =miu=mu  on {K3, Kj, Ky, K}, Ko, K§}. (5.72)
In addition, we have the bounds
Nk [l *u — miu)® < 2Rt |w) e — mullZa sy i €{3,4,6}, (5.73)
with the mesh size h in (5.64), and
> Neolmy"u—mpu)® Sp° > (Nir[u—mju)® + Nigo [u— myul?). (5.74)
1€{3,4,6} 1€{3,4,6}

Proof. Property (5.72) follows from (5.66) and the definition in (5.71). To ver-
ify (5.73), we note that, upon an isotropic scaling argument as in Lemma 3.3
and (5.15), (5.16), it is sufficient to consider the case where K/ and K are of
unit size. By (5.71), the difference (7rbD’*u — myu)| gy then vanishes in the interior
Gauss-Lobatto tensor-product points on K. The inequality in [3, Lemma 3.1,
Equation (16)] thus yields

D, —2)_D,
[, " — WZUHQL?(Ky) Sp 2H7Tb u— leuHQLQ(fi)'
Again, the inverse inequality (5.14) shows that
D, D,
IV (7 ™ = mpu) |7,y S PNImy 7w — mhull Zag gy

which implies (5.73).

To establish (5.74), we start from the bound (5.73) and employ the triangle
inequality (along with the fact that w is continuous over f;), property (5.71), and
the trace inequality [14, Lemma 4.2] (with ¢ = 2); cp. the bound (3.9). This readily
results in

Ngolmy *u— myul* S p*h ™ (|lul g — (" w) | xr
S P (1w = mp) | kel + Nl (w = mhw)
< p? (Ngo[u— miu)? + Ny [u — myu)?).

£ T 1 = mw)liey [zeqs)

ke llier,)

The assertion follows. 0
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Subdiagonal Elements for £/ = 1. Second, we treat the single subdiagonal element
K} € D as illustrated in Figure 8 (right). In accordance to (5.71), we define . *u
on K{ € Dy so that

(my “Ipuliy)lz, = (8l xpuliy) |7, (5.75)

over the face f1 = fk; k. The projector 7rbD’*u is conforming over the face fx; k7
in Figure 8 (right) and preserves potential homogeneous Dirichlet boundary condi-
tions on patch faces. The analog of (5.74) reads as follows.

Lemma 5.34. Let ' = 1. Then:
T = T = myu on {Ks, K4, Kg, K1}. (5.76)
In addition, we have the bound

Ny [ — mi)? S p2(Ni [u — miu)? + Nigy [u — miul?). (5.77)

The Projector 7, *u. In conclusion, the projector 7, *u defined in (5.71), (5.75)

gives piecewise polynomial and conforming over the entire mesh /T/Tf;*ce*” in (5.62).

In addition, it is conforming over the interface between Mﬁ’ce’ll and ‘Eﬁ’c in edge-
parallel direction (i.e., over the face fx -y in Figure 8 (right)). The projector ﬂ'bD’*u
satisfies homogeneous Dirichlet boundary conditions on corresponding patch bound-

aries.

Lemma 5.35. We have T/W;,ce,u [u— ﬂl?’*u] < plQT/\?ﬁ,ce,H [u — mpul.

~

Proof. By employing the triangle inequality, this follows from Lemmas 5.33, 5.34
in combination with the bound in Lemma 5.31. (]

5.4.4. Interfaces between Mﬁ’ce’l‘ and 5§’°’L. To address the continuity across faces
between @e’,ce(ﬂg’,e) and 55%;"34, 1 < ¢ </, we consider again the two configu-
rations in Figure 8. For 2 < ¢ < {, the projector Wl?’*u is already continuous over
the regular faces fi, ks, fKo ks and fi, kg, due to properties (5.72) and (4.5).
Similarly, 7TbD’*’u is conforming over the faces fKi,Ké, Ty, K5 fKé,Ké- For ¢/ =1,

. . D,x .
continuity of m,”"u is ensured across fx, k., fK. k., and [k, Ks; cp. (5.76).

5.4.5. Continuity across Irreqular Faces in 5£’°’L. In Figure 8 (left), there are in
general nonzero polynomial face jumps across the irregular faces fo; = fx, K/
i €{1,2,3,4}, and f5; = fr, k: for i € {1,4,5,6}, as well as over analogous faces
in the omitted mesh structure (recall from (5.72) that 7rbD’*u = myu on Ki, K, K{).

The geometric situation is similar to that in the corner patch Mf;’c shown in Fig-
ure 4. Over these irregular faces, we thus construct polynomial face jump liftings
similarly to Le[mpu] in (5.44), (5.47) (with the aid of associated edge liftings as
in (5.35), (5.37)). The face liftings are supported in K| U K, U K, U K} and
7{ U E U fé U fé and are stable polynomially in p, as was shown in Section 5.3.
We also note that conformity across the corner-edge patch into a neighboring patch
is guaranteed by Assumptions 3.1, 3.2.

We denote by 7 *u the lifted projector thus obtained from the base projector m,u

on 55§’°’l. Lemma 5.24 implies the ensuing bound.

Lemma 5.36. We have T ge.ce.r [u—m " u] S plOTﬁﬁ,ce,L [u — mpul.
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e

5.4.6. Continuity into ‘ff; The projector W?’*u over Mﬁc is continuous across
fx: ky in Figure 8 (right). Hence, it remains to enforce the conformity of m3*u
over Dﬂ’c’L from K, K5 into the corner element K{. Since m;*u = myu on the faces
Tk, k75 JKs iy, this can be achieved with the introduction of face jump liftings
for my*u over fx, x; and fr, o, similarly to L [myu] in (5.57) and in conjunction
with vertex and edge jump liftings as in Section 5.3.2. A bound analogous to (5.60)
holds for the lifted projector still denoted by m;*u, with an algebraic loss of p'®

Lemma 5.37. We have Yzeelu — m*u] S p**Yzee[u — mpu).
5.4.7. Conclusion. We now define the lifted patch projector ITu over the corner-
edge patch M%< as Tu := W?’*u on M5! and Ty := 7w on DL UTLe Tt

is conforming over the entire corner-edge patch and preserves essential boundary
conditions. With the bounds in Lemmas 5.35, 5.36 and 5.37, we conclude that

bound (3.28) holds over the corner-edge patch .//\/lvl"ce.
Proposition 5.38. We have T je.ce[u — Iu] < p'®7T ge.ce[u — myu].

This completes the construction of the reference corner-edge patch projector in
the case of refinement along one edge e.

5.4.8. Simultaneous Refinements. Finally, we comment on extensions to the case
where M£©€ is simultaneously refined towards two or three edges.

L a4

K/// /K6 /KG K{/

/ i - K|
Ki//
e (4
K/ K, | K Ky K | K.

s /

FI1GURE 10. Refinement towards two edges. Left: Outermost edge-
patch blocks for o = 0.5 and £ = 5. Right: Interface between
The = [K]} and the first edge-patch blocks for o0 = 0.5 and ¢ = 2.

K1 K2

Refinement Along Two FEdges. Let us first consider refinements towards two edges
e1, e as shown in Figure 10. In this situation and analogously to (5.61), we write

Mbee .= ghe g 9hess  (Mheenll y pbee ), (5.78)

where ‘AI'Z ¢ consists again of the single terminal layer element abutting at the cor-

14l ceq,
ner ¢, and De &3 ig a corner-type mesh in z3-direction. The submeshes M, """ I
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and Mﬁ’cez’l‘ are two mnon-disjoint sequences of { scaled edge-patch meshes as
in (5.62); they overlap over the mutual diagonal elements K3, K¢ and K}, K§ as
illustrated in Figure 10 (left) (the overlap in the omitted mesh structure is analo-
gous).

In the submeshes /T/Tf;’“l’” and Mf;’ce2’|‘, we proceed as in Section 5.4.2, and
apply the liftings Le[myu], L2 [mpu] in (5.8), (5.29). As in (5.66), these liftings leave
the base projector m,u unchanged on the diagonal elements, which are given by
Ky, K3, K4, K¢ and K1, K}, K, K for blocks away from ¢ (case 2 < ¢’ < ¢) and by
Ky, K3, K4, K¢ and K for the last configuration abutting at ¢ (case £ = 1). Simi-
larly to the discussion in Section 5.4.2, the resulting lifted projector m;u is generally
non-conforming over the regular faces fx: ki, fxy xy, fry xys fr) xy fryxy, and
fr; ko in the case of edge-patch block ¢ with 2 < &' < ¢, as well as over fx; k7
and fx; g in the case £/ = 1. (Note that the elements K3, K3, K3, K3" are not ex-

plicitly labelled in Figure 10). The definitions (5.71), (5.75) of the projector 7rbD’*u

can be readily extended to the configuration in Figure 10, by replacing the set Dy
in (5.66), (5.67) by

De/ — {Ki/5 Kélv Ké”’ Kﬁl{’ Kflila Ké” ? 2 S gl S E} (5 79)

{K{, K"}, 0 =1, '

where we employ notation as in Figure 10. The projector Wl?’*u coincides with m,u
on the diagonal elements indicated in Figure 10; cp. properties (5.72), (5.76).
Moreover, corresponding variants of Lemma 5.33, Lemma 5.34 and Lemma 5.35
hold true.

Continuity across faces between 55{;"3’:”3 and Mﬁ’cel"‘, /T/l/f;’ce%” follows as in
Section 5.4.4, by invoking property (4.5) across regular faces. Polynomial jumps
over irregular faces within 55{;"3’5”3 are lifted as in Section 5.4.5, and the corner
element K7 in %ﬁ is treated similarly to Section 5.4.6, thereby providing estimates
as in Lemmas 5.36 and 5.37.

Consequently, Proposition 5.38 holds true also for corner-edge patches which are
refined along two edges.

Refinement Along Three Edges. The case of refinement towards the three edges
€1, e, ez is illustrated in Figure 11. In this case, we decompose the corner-edge
patch into

Mbee = The U (MEeerll y Mbeeall g pbees ), (5.80)

ol

The set ‘Eﬁ’c contains the single corner element, and Mﬁ’ce is sequence of £ scaled
edge-patch blocks as in (5.62) along edge e;. These sequences overlap on the mu-
tual diagonal elements as illustrated in Figure 10. The overlap is similar in the
omitted mesh structure. The intermediate projector 7;u is obtained from myu after

ypbceill

application of the liftings L. [myu] and £ [mpu] on each of the submeshes M, ;
cp. Section 5.4.2. While we have mju = mu on diagonal elements, the approxi-
mation ;v is non-conforming across edge-perpendicular faces of the subdiagonal
elements given by

Dl/ _ { {Ki/, Ki/l, Ké/, Ké/l’ Kél/l’ KZ’ KZ/; Ké/, Ké/l}’ 2 S El S E, (581)

{Ki/, Ki/l, Ki/l/}’ gl — 1’
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A T

/K K /K /K
// // # Kll K{
b K///
K:l ! y“‘ K4
7
K K ,// Ki K| K /
/1
Ky
K Ki” ) // /

FIGURE 11. Refinement toward three edges. Left: Outermost
edge-patch blocks for 0 = 0.5 and ¢ = 5. Right: Interface be-
tween T4¢ = {K{} and the first edge-patch block for o = 0.5 and
(=2,

employing notation as in Figure 11. As before, the definitions (5.71), (5.75) of the

projector 7rbD’*u can be generalized to the configuration in Figure 11, by using the

subdiagonal elements in (5.81). This gives rise to a conforming approximation wl?’*u

1 40,ce;, . .
over U3_; My I Tt is also continuous across the faces Ty xy fry ey and frer g

in Figure 11 (right). Since mpu is identically zero on K| € %f;’”, cp. (4.9), there is

no need for further liftings into ‘ff,c
Therefore, Proposition 5.38 remains valid for corner-edge patches which are ge-
ometrically refined along three edges.
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