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CONVERGENCE RATES OF FINITE DIFFERENCE SCHEMES
FOR THE WAVE EQUATION WITH ROUGH COEFFICIENTS

S. MISHRA, N. H. RISEBRO, AND F. WEBER

ABSTRACT. The propagation of acoustic waves in a rough heterogeneous medium is modeled
using the linear wave equation with a variable but merely Hélder continuous coefficient. We
design robust finite difference discretizations that are shown to converge to the weak solution.
We rigorously determine the rate of convergence of these discretizations by an L? variant of
the Kruzkhov doubling of variables technique. Numerical experiments illustrating these rates
of convergence are also presented.

1. INTRODUCTION

Propagation of acoustic waves in a heterogeneous medium plays a significant role in many
applications, for instance in seismic imaging in geophysics and in the exploration of hydrocarbons
[1, 7]. This wave propagation is modeled by the linear wave equation:

(1.1a) pi(t,x) — div(e(x)Vp(t,x)) =0, (t,x) € Dr,
(1.1b) p(0,x) =po(x), x€ D,
(1'1C) pt(oax) = pl(x)a x €D,

where D7 :=[0,T] x D, D C R? augmented with periodic or homogeneous Dirichlet boundary
conditions (and the functions extended by zero outside of the domain). Here, p is the acoustic
pressure and the wave speed is determined by the coefficient ¢ = ¢(x) > 0. The coefficient ¢
encodes information about the material properties of the medium. As an example, the coefficient
¢ could represent rock permeability when seismic waves propagate in a rock formation.

It is well known that the linear wave equation (1.1) can be rewritten as a first-order system of
partial differential equations by u(t, z) := p:(t,z) and r(¢,x) := Vp(t, x), resulting in

(1.2a) us(t,x) — div(e(x)r(t,x)) =0,

rt(t,x) — Vu(t,x) =0, (t,x)€ Dr,
(1.2b) u(0,x) =p1(x), x€D,
(1.2¢) r(0,x) = Vpo(x), x€D

The above system (1.2) is strictly hyperbolic [5] with wave speeds given by ++/c. Under the
assumption that the coefficient ¢ € C%~N L>°(D) for some a > 0 and that it is uniformly positive
on D ie there exists constants ¢, ¢ > 0 such that

(1.3) 0<c<e(x)<e VxeD.

and that the initial data pg € H'(D) and p; € L?(D), one can prove existence of a unique weak
solution p € C°([0,T); HY(D)) with p; € C°([0,T]; L*(D)) following classical energy arguments
for linear partial differential equations. See for instance [11, Chapter III, Theorems 8.1 and 8.2].
A smoother coefficient ¢ and more regular initial data pg, p; result in a more regular solution [11].
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1.1. Numerical schemes for the wave equation. Although the wave equation (1.1) is linear,
the presence of a material coefficient ¢ and (possibly) complex geometry of the domain D imply
that that analytical solution formulas for (1.1) are not available. Consequently, numerical approx-
imation plays a very significant role in the modeling of acoustic wave propagation in heterogeneous
media with complex domain geometry.

A popular class of methods for discretizing the wave equation are the finite difference methods
[0, 8]. Within this framework, the equivalent first-order hyperbolic system (1.2) is discretized on
a grid with the spatial differential operators being replaced by central finite differences (of the
appropriate order). Temporal discretization is typically performed using high-order Runge-Kutta
methods. Finite difference approximations are simple and efficient, particularly on Cartesian or
(block) structured grids. Convergence analysis for these methods for the initial-boundary value
problem for the wave equation is fairly classical, see [7].

Another popular class of methods for discretizing the wave equation are of the finite element
type [10]. In this framework, a variational formulation of the second-order version (1.1) of the
wave equation is discretized using suitable (polynomial) finite element subspaces. Convergence
analysis for the finite element method is presented in [10] and references therein. Other methods
such as boundary element methods and spectral methods are not commonly used for discretizing
(1.1) on account of the heterogeneity in the coefficient.

A key question in numerical analysis for partial differential equations is the rate at which the
approzimate solutions (generated by the discretizations) converge to the exact solution of the equa-
tion. There is considerable literature on the convergence rates for both the finite difference and
finite element discretizations, see [5] and [10]. For both methods, the essential result for conver-
gence rates can be expressed heuristically as

If the exact solution is smooth enough, then the finite difference discretization converges at the
rate of the truncation error (determined by the order of the spatial and temporal discretization)
and the finite element scheme converges at the rate of the underlying polynomial approzximation

Hence, the key issue in obtaining the correct convergence rate for a given numerical method is
the regularity of the solution of the underlying PDE. If the coefficient ¢ and the initial data pg, p1
are smooth, say C*(D) or H*(D) for some large enough Sobolev exponent s, then by regularity
results for the linear wave equation [11], the solution also is smooth i.e, it belongs to H*(Dr) and
the finite difference (resp. finite element) discretizations converge at the order of the underlying
difference operators (resp. polynomial approximation spaces).

1.2. Rough coefficients. Asnoted above, the regularity of the solution to the wave equation (1.1)
and the resulting (high) rate of convergence of numerical approximations relies on the smoothness
of the coefficient ¢. Consequently, most of the numerical analysis literature on the wave equation
assumes a smooth coefficient ¢. However, this assumption is not realized in practice. As noted
before, the wave equation is heavily used to model seismic imaging in rock formations and other
porous media (for instance oil and gas reservoirs). Such media are very heterogenous with sharp
interfaces, strong contrasts and aspect ratios [7]. Furthermore, the material properties of such
media can only be determined by measurements. Such measurements are inherently uncertain.
This uncertainty is modeled in a statistical manner by representing the material properties (such
as rock permeability) as random fields. In particular, log-normal random fields are heavily used in
modeling material properties in porous and other geophysically relevant media [7, 4]. Consequently,
the coefficient ¢ is not smooth, not even continuously differentiable, see figure 1 for an illustration
of coefficient ¢ whereas the rock permeability is modeled by a log-normal random field (the figure
represents a single realization of the field). Closer inspection of the coefficients obtained in practice
reveals that at most, the material coefficient ¢ is a Hélder continuous function i.e, ¢ € C%® for
some 0 < a < 1. No further regularity can be assumed on the coefficient ¢ represent material
properties of most geophysical formations.

Given the above discussion, it is natural to search for numerical methods that can effectively
and efficiently approximate the acoustic wave equation with rough (merely Holder continuous)
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FIGURE 1. The coefficient ¢ in the wave equation (1.1) in two dimensions as a
single realization of a log-normal random field

coefficients. In particular, one is interested in designing numerical methods that can be rigorously
shown to converge to the underlying weak solution (note that the weak solution exists and is
unique even when the coefficient is merely Holder continuous). Furthermore, one is also interested
in obtaining (rigorously) a convergence rate for the discretization as the mesh parameters are
refined. We remark that the issue of a convergence rate is not just of theoretical significance, it
has profound implications on calculating complexity estimates for Monte-Carlo and Multi-level
Monte Carlo methods (see [12, 13, 17]) to solve the random (uncertain) PDE that results from
considering the material coefficient as a random field (as is done in engineering practice).

An extensive search through the literature revealed that no rigorous numerical analysis results
are available for the case of convergence rates for numerical approximations to the wave equation
with rough material coefficients. All available convergence rate results (for both finite difference as
well as finite element approximations) strictly require a smooth (at least C* material coefficient).
Given this paucity of available results, we consider this issue in the current paper.

1.3. Aims and scope of the current paper. The central aims of the current paper are as
follows,

e To design a numerical scheme for approximating the acoustic wave equation with a rough,
merely Holder continuous, material coefficient and to show that this scheme converges to
the weak solution of the underlying PDE.

e To obtain (rigorously) a rate of convergence for this scheme to the exact solution as the
mesh parameters are refined.

To this end, we construct suitable fully discrete upwind finite difference discretizations of the
wave equation with a rough coefficient, represented by the first-order hyperbolic system (1.2).
Given the low regularity of the coefficient, also inherited by the solution, the solution is expected
to have possibly sharp interfaces and contrasts making upwinding necessary for numerical stability.
Next, we obtain energy estimates for the approximate solution and use them to prove convergence
to a weak solution as the mesh is refined.
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The key part of our paper is the determination of a convergence rate for the numerical approx-
imation. Convergence rates for standard finite difference approximations use the truncation error
technique [5] and require that the underlying solution be smooth enough. Similarly, convergence
rates for the finite element approximation use best approximation rates for the underlying poly-
nomial spaces and again need regularity. Given the lack of regularity for our solution (note that
p € HY), this technique is not adequate for our purposes. Hence, we needed to find an innovative
approach for determining the rate of convergence.

Motivated by the convergence theory for numerical approximations of scalar conservation laws
due to Kuznetsov (see [6] and references therein), wherein the Kruzkhov doubling of variables
technique [9] is adapted to compare a numerical solution with an exact solution with respect to
the L' norm in space and a suitable rate of convergence is obtained, we modify this approach in
our L? (energy space) setting. We define a novel doubling of variables technique in L? and use it to
obtain a rate of convergence for the finite difference approximation. The resulting rate is dependent
on the Holder coefficient o of the coefficient ¢ as well as on the modulus of continuity in L? that
measures the regularity of the initial data. In particular, we obtain that a rougher coefficient
yields a slower convergence rate, consistent with empirical observations [17]. Numerical examples
illustrating this phenomena as well as investigating the optimality of the obtained rates are also
presented. To the best of our knowledge, our results are the first rigorous rate of convergence
results for numerical approximation to the wave equation with rough coefficients.

The rest of the paper in organized as follows: in section 2, we consider the one-dimensional
version of the wave equation (1.1) and prove convergence rates for a finite difference scheme. The
two-dimensional version is considered in section 3 and the contents of the paper are summarized
in section 4.

2. THE ONE-DIMENSIONAL CASE

For simplicity of exposition as well as to illustrate the techniques, we start with the acoustic
wave equation (1.2) in one space dimension:

ue(t, ) — (c(x)r(t,x)), =0,

(2.1) re(t, ) —ug(t,x) =0, (t,z) € Dr,

D= [dL,dR], dr < dgr € [—O0,00}.
We will work with an equivalent system that results from (2.1) by defining the variable, v(t, z) :=
c(x)r(t,x):

ue(t,z) —v(t,x)y =0,

(22) v (t, ) — c(x)uy(t,x) =0, (t,x) € Dr,
2.1. Numerical approximation of (2.2) by a finite difference scheme. In order to compute
numerical approximations to (2.2), we choose Az > 0 and discretize the spatial domain by a grid
with gridpoints z;,1/, := jAw, j € Z. Similarly let At denote the time step and t" = nAt with
n=20,1,--- , N denote the n-th time level with NAt = T.

We define the averaged quantities

1 [Ttz
(2.3) 4= An / c(z)dx, jEZ,
Tj—-1/2
and
1 Tjy1/2 Tj+1/2
(2.4) (u?,v?) = Ar /m 1 uo(x) dx,/x‘ vo(x)dx JjEZL,
j—1/2 i—1/2
and finally set 7 := cj_lfu?. Moreover, we denote, for a quantity o7, j € Z, n = 0,..., Np defined
on the grid,
1 1 1

(25)  Dfo} = (0" —0f), Diof =5—(0fu —0}), Diof = 2= (0}41 — 0] y).
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Then we define approximations to (2.2) by the finite difference scheme:

(2.6a) D;ru? = Dyvi + %D;‘D;u?,

(2.6b) l)i_?;}D;u?+A2CED;DIU?, j€Z,n=1,...,N,
J

with the time step At being chosen such that the CFL-condition,

(2.7) 2At max {max{2¢; +1,¢;/4+5/4}} < Az

is satisfied.
Moreover for any k,! € R, we define the discrete entropy (energy) function and flux
kR oy

n . J —
(2.8) n; 5 2 q; -

The scheme (2.6) satisfies the following properties:

Lemma 2.1. Assume ¢ € C%*(D) and ug,vo € L*(D). Then the numerical approzimations u}
and v} defined by (2.6), (2.3) and (2.4) have the following properties:

(i) Discrete entropy inequality:

n c,.n Ax (At — A‘T) - n n
(29) Dinj+Diq} < — 5 Da (D3 (vf - k) D (v} —1))
Az _ n 2 " 2
+5DiD; ((w) = k)" + (v = 1)%).
(i) Bounds on the discrete L?-norms:
n 1 n 1 2 — 2
(2100 Ar> (u))+ pal )< Ay (w)? + C7@9)? < Jluolf?2 + Hc 1/%0‘ y
J J

(iii) For any function w = w(x), define the L? modulus of continuity in space as 7y if,

(2.11) vi(w,o) = sup/ lw(z + 6) —w(x)|? dz < Co?.
<o JR

If we also assume that the initial data ug and vy have moduli of continuity in L*(D),
V2 (ug,0) < Co?',  vi(vy,0) < Co?,

for some v > 0, the approximations satisfy,

ArY D+ D < 0
j J

(2.12) 9
c n|2 c n|2 AZ‘ + — n|? + — nl2
8o (05 (50 + 2 (D3, Dr a4 DDz ) < .
J
for allm =0,..., Np, where C is a constant depending on ¢ and the initial data uy and

Vo -

Proof. By linearity, it is sufficient to prove (2.9) for k = = 0. We shall use the following identities

1 At
(2.13) WD} = SDf ()’ = 5 (D)’
1 1
(2.14) wp D Dy uy = S DED; ()’ = 5 (D7)’ + (DF)’)
(2.15) D, (D7 ujDfv}) = (Dy Dy uj) Divjl + (D Dy vj') Diuj,
Az?

(2.16) ul Dyvi +vi Dyuy = Dy (u?vj") - TD; (D;u;—LD:U;L) .
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Multiplying (2.6a) by u} and (2.6b) by v}’ we get

1 n\2 At n\2 nmne,n Ax — n) 2
3D (4F)" = 5 (Dif)” = wpDavf + == DDy (uf)
Ax 2 2
~ ((Dx“j) +(D:“j)>
1 n\ 2 At n\2 n e, n AJZ — n)\ 2
QCJ_D%F (7) —ch(DtJrUj) = vy Dguf + —=Dg Dy (vf)
Ax ~ 2 2
e ((Dm“j) + (D) )
Adding these two equations
2
D} = DS (ulv}) — AT“"“D; (Diul D o?)
A
+ 50D ()" + (1))
Az

a2 n\ 2 _ a2 n\2
1 (D7) + (DF))” + (D7) + (DF)°)

At A 2 A 2
+5 <ngy + ;Diju?) +e (D;uy + ;Dijv;‘> .

a

We can estimate a as follows

1
0 < L (D7) + (DF) 4o (Dr)* + ¢ (DF0))?)

+ Az (D} Dy ul D + ¢;Df Dy vi Deul) + ATIQ ((DfDzu)* +¢; (DED; o))
< (Dyu})* + (Dfu))* + ¢y (Dyof) + ¢ (Dfop)’
+ Az (D} D7 uff Dg} + ¢; D D v} Dgul)
= (D7up)” + (DFu))” + ¢ (Do) + ¢ (DFo)”
+ AzD} (D, u} Dy v}) + Az (¢; — 1) D Dy v D
< (Dyul)’ + (Dful)? +¢; (Dy 07) + ¢; (DFvT)?
+ AzD} (D uf DoY)

c, n
xuj7

1 n — n\2 1
+gle =1 ((’D:”a"HDw“j )+

(Dyuj + D:ug‘)z)
1 1
< AzDF (Dgu}Dyv}) + (1 +7 lcj — 1|) (D;uy)2 + (1 +7 lej — 1|) (D;uy)2
+(¢j+|e; — 1)) (D;U?)Q + (¢j +|¢j — 1)) (D;v;‘f )
This implies that

Dfny + Deqr < AT (AT AT) (A;_ Az)
Ax _ 2 2
+ =007 () + (7))

1 1 Az ~ 2

1 1 Az ny 2

D, (Dfu}D}o})
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1 Az 2
— ., n
+§ (Cj+|Cj—1|)At—72 (Dmvj)

1 Az ny 2
s ((cj e — 1)) At — 2) (DFor)’.

If At satisfies the CFL-condition (2.7), the four last terms above are non-positive and (2.9) follows.
The L? bound (2.10) also follows upon summing over j and multiplying by Aw.

By the linearity of the equation, (2.10) also holds for the difference of two approximations
computed by (2.6a) and (2.6b), thus in particular for D;tu? and Dj,t”? Hence, using the handy
equality

217 Z‘DJF n’ + 2‘D+ n‘

= D5 + D5 |+AT‘”(|D+DW| + i ;).

the CFL-condition (2.7), (2.10) implies
m2 1 o2
(2.18) AJ:Z (DX uf)” + - (DI v7)
- J
J

< Ax D (DF )+ (DF )’
j J
< max{LE}AwZ (Dj’tu?)Q + clz (Dj/r’tv?)Q
j J

= max{1, 2} AcAt* 3" (Deud)” + (Dsw?)”
J
Am 4 T 0)2
+ = (DED;u0)” + (Df D 0?)%)
< max{1,¢}Az 6>~ QWZ
J

)" (D5 409)”

2
T AT”" (D2, D740)° + (D%,054)°)

< 207727 max{1, c}AazZ B j) + (D3 0) =: C(a, ug, vo),

'y:r]
J

where we have set § = At/Ax. Applying (2.17) once more, we also obtain the second equation in
(2.12),

e n Az? — 2 — 2
(2.19) sz o ] (DWC ]) “"T((D:;szuj) "’(Djy—,waUj))

= 927—2Amz (Dj’tu?)2 + c% (Dj’tvg’f < C(a, ug, vo).
i J

O
Defining
(2.20a) ups(t,w) =uf,  (tx) € [t ") x [25-1/9,w541/2),
(2.20Db) vaz(t,z) =07, (t,x)€ (", ") X 12, @41 /2),
UJT'L n yn+l1
(2.20¢) ras(t,2) = =, (Ha) € [T X fwjo1y2, T4 ),
J

(2.20d) cac(®) =¢j, T € [wj1/2,T11/2),
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we have that by Kolmogorov’s compactness theorem, that a subsequence of (uaz, "Az)Az>0 COD-
verges in C([0,T); L*(D)) to a limit (u,r) € C([0,T]; L>(D)) which is a weak solution of (1.2)
as Az — 0. Moreover, the couple (u,r) have the same moduli of continuity as the discrete
approximations, in particular,

(2.21) u,r € L>([0,T]; H* (D)) n ¢O™irtet((0, T]; L2(D)) 0 < s < min{y, a}.
The limit is unique, thanks to the linearity of the equation and the entropy inequality. Therefore,
(2.22) n(u—k,v—~,¢)¢+qu—k,v—1~), <0, in the sense of distributions,
where
u?  v?
(2.23) n(u,v,c) = 5 + 20 q(u,v) := —uwv,

which follows from (2.10) in the limit Az — 0.

Remark 2.1. If we assume ug € H'(D) and ro(z) = 0 in (2.1) (so that vo = 0), we obtain in
the same way that u(t,-),v(t,-) € H*(D) and that u,v € Lip([0,T]; L*>(D)): We note that in this
case we can choose vy =1 in (2.18) and (2.19) since the term containing vo vanishes.

2.2. Convergence rate for the one dimensional wave equation. In the last section, we
showed that the numerical scheme (2.6) converges to the weak solution of the 1-D wave equation.
However, the key question is the rate at which the approximate solutions converge to the exact
solution as the mesh is refined i.e, Ax — 0. The answer to this question is provided in the following
theorem,

Theorem 2.1. Let ¢c € C%%(D) satisfy oo >¢ > c(x) > ¢ > 0 for all x € D. Denote by (u,v) the
solution of (2.2) and (uaz,vaz) the numerical approzimation computed by the scheme (2.6) and
defined in (2.20). Assume that the initial data ug,vo € L?(D) have moduli of continuity

vi(up,0) < C o, v3(vy,0) < Co™.

Then the approzimation (uay(t,-),vaz(t,-)) converges to the solution (u(t,-),v(t,-)), 0 <t < T,
and we have the estimate on the rate

(2.24)  [[(u — uaq)(t, ')HLZ(D) + [[(v = vag)(t, ')/C||L2(D)
<C (”UO — uaz(0, ')||L2(D) +[[(vo — vaz(0, '))/C||L2(D) + Am(av)/(2(aw+1—w))) )
where C' is a constant depending on ¢ and T but not on Awx.

Proof. We let ¢ € Cg((O»T) x D) and define
(2.25) Ar(u,v,k, €, ) ::/ <(u — k)2 . (v —0)?

Dy 2 2c

) ot — (u—k)(v—L0)p, dedt

The above definition is an adaptation of the Kruzkhov doubling of variables technique [6] in our
current L? setting.
For any even function w(x) € C§°(R) with the properties

0<w<1, w(z)=0for|z|>1, /w(x) dz,
R

we set

and define for some 0 < v <7 < T,

YH(t) =Hu(t—v) —H,(t—1), H#(t):/ wp(§) dE.

—0o0

Then we define the function 2 : 112, — R by
(2.26) Oty s,2,y) = P (H)we, (T — s)we(x — y).
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We assume without loss of generality Az < min{e, ¢, v}. By the entropy inequality (2.22), we
have for the solution (u,v) of (2.1) that Ar(u,v,ua.(s,y),vaz(s,y),¢) > 0 for all (s,y) € Dr
and test functions ¢ € C3((0,7) x D). By (2.9), we have on the other hand that

(2.27)
/ ((um —;L(t, x))? i (VAz —2v(t,:c))2) D3¢ — (uaz — u(t,z))(vaz — v(t,x)) Dy ¢ dyds
Dr [
1 1
> [ s ot (55 = o ) D duts
2
- AT:C(H -1 / (D;L(UAz - U)D;(UAI - 11)) D;qﬁdyds
Dr
+ 5 [ (D (0ss 000 + D (s — ult )10 s

where D7 ¢ and D ¢ have been defined in (??). Adding Ar(u,v,uaz(s,y), vaz(s,v),¢) > 0 and
(2.27), choosing Q as a test function and integrating over D, we obtain

(2.28) /D% ((UM — ), (va g U>2> (% + D; Q) dz

2 2
A
— / (uas — u)(vaz — v) (Q + D) dz
D3
B
1 1
> A —0)? | =—— — ———— | D;Qdz
B /D%( & ) (20(97) QCA:E(?J)> ‘
D
+ A7362(9 -1) Dy [Df (uay — u) D (vaz —v)] Qdz
E
Az 2 2y -+
- (vaz —v(t, )" + (uaz —u(t,z))") D, Dy Qdz
T
F
We rewrite the term A as
A= (U — UAz, U — VAg, €) (e + D, Q)dz

D%

= / (U — upz, v — VAz, C) Y wewe, dz
D2

T

Ay

+ / . N — Uag, v — Vag, C)YF we (Qpwe, + D we,) dz
D

T

Az

The term A; can be written as

a-f
D

. (U — UAz, V — VAg, COwp(t — V)wewe, dz — / . (U — UAz, V — VAg, C)wy,(t — T)wewe, dz.
T DT
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Introducing A as

30 = [ [ neadts) = ulto) vans.) = v(e. 0. cfa)
X We (T — Y)we, (t — 8) dydads,

(2.29)

we have that
T T
A, :/ A(t)w, (t — v) dt —/ A(t)w,(t — 7) dt,
0 0

so that (2.28) implies

T T
(2.30) //\(t)w”(t—y)dt—i—|A2\+|B|+|D|+\E|+|F|2/ A, (¢ — 7) dt.
0 0

Our task is now to overestimate |As|, |B|, |D|, |E| and |F]|.
To estimate the term As, we note that

1

At
(2.31) D} ey + By = D ey — Oy = 1 / (€ = At)Dystweg (t — 5+ €) dE.
0

and observe that,

1 T At
7 [ ) st ot.0) = oan). )€ — Ay 5+ ) deds =0,

since all the terms in the integrand except Osswe,(t — s + &) are independent of s. Therefore,
subtracting this term from A,, we obtain,

1

> 7 oAr

At
/ / (e () — une) (20— tas — wan(t, )" we (€ — A)Dustweg (t — 5 + €) dedz
D2 Jo

Az

At
1 / / 1(vmc(t, Y) — Vaz) (20 — Az — VAL (E, Y)VH we (€ — At)Dsswe, (t — s+ &) d€dz
pzJo €

2At

Az 2

We will outline estimating the term A ;, the term Aj, is estimated in a similar way. By the
triangle and Holder’s inequality

At
@32) 1ol Sy [ [ Tnaelton) = uaalos | (u(t2) = w4 o)~ s o0)

X YPH we [€ — At |Osswe, (t — s + €)| dEdz

1 At T T ) 1/2
< uaz(t,y) —uaz(s,y wedydfv>
i | [ (L st - usstoun)
1/2
X {(/ lu(t, z) — uaz(s,y)|*we dydx)
D2

1/2
+ (/ lu(t, ) — unq(t,y)|*we dy dw) }
D2
X PP |€ — At||0sswe, (t — s + &)| ds dtdE

1 At T , 1/2
2At x t’ - x\9, ed d
2At/0 /0 o </DQ [uaz(t, y) — uas(s,y)|"we dy x)

[t—s|<2eq

IN

1/2
X{ sup (/ IU(t,z)UM(S,y)IQwedydI)
0<s<T D2
[t—s|<2eq
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+ </D2 lu(t, ) — uax(t, y)|2we dydx)w}

T
X P [E — Al / Ostoey (F— 5+ €)| ds dt de

At 1/2
2
< Ateg v/ / { ()il@lET (/Dz |u(t, ) — uaz (s, y)| we dydm)

1/2
+(/ |u<t,x>—um<t,y>|2wedydx) }¢“|§—At|dtd§
D2

At At T 1/2
02_7 / / { sup (/ lu(t, ©) — uaz(s,y)|*we dy da:)
€ 0 0 0<s<T D2

[t—s|<2e¢q

IN

1/2
+ </ lu(t, z) — uaq(t, y)Pwe dydx) }1/)“ dt
D2

where we used the moduli of continuity for ua,, viz. (2.12), in the penultimate inequality and
that At < €.

T 1/2
e [ sw ( / |UAI(5ay)_U(tal’)|2wedyd9€) g dt
0 |?<:\<<’1;0 D2

T 1/2
S/ { sup (/ UM(&y)—um(t,y)IQwedydx>
0 0<e<T D2

[t—s|<

1/2
T ( [ usalton) = e dydaz) }w at
D2

T 1/2
< CTe} + / (/D lung(t,y) — ult, z)|” we dyda:) Y dt
0 2

" T’ 1/2
< CTe} + / (/ / lunz(s,y) — ult, x)|2 WeWe, dydwds)
0 o Jp2
1/2

T T
+ / / / luaz(t, ) — uaz(s, x)|2 Wewe, dydzds PP dt
0 0o JD2

. T 1/2
< CTeg + / </ / |qu(87 y) - U(t, .’IJ)|2 WeWeq dydmds) 1/}“ dt

0 0o Jp2

by the triangle inequality and similarly

T 1 1/2
(2.34) / sup (/ = vaz(s,y) — v(t, z)| we dydac) P dt
0 0<s<T p2 C

[t—s|<eq
1/2

Te] e 1
S ¢ % + / (/ / - |UAI(57y) - ’U(t,I)|2w€weo dydxds) 7/}# dt.
¢ 0 o Jp2C

Using A, cf. (2.29), (2.32) can be bounded as

CAt
|Ago| < CALe ™ + = W/ V() pH dt.
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and so, using a similar argument for the term As ;

(2.35) |[Ap| < CAte ™ + OAt
In order to bound the term B, we use
-1 Ax
Q + DCQ = E (f - A;U)2 [ayyyﬂ(tv $,T,Y — g) + ayyyﬂ(t7 S, T,Y + g)] df
1

Am
— m/o (€ — Ax)? [0r2a(t, 8,2,y — &) + OnaaQ(t, 8,2,y + £)] dE.

and that
1 Ax
4Nz /0 e (€ — Az)? (uaz — u(t,y)) (vas — v(t,y))

X [amvzwe(x ) + f) + 8a:m;vwe($ - Y- 6)] Weo¢” d€d§ = 07

since all the terms in the integrand, except [Oprawe(z — Y + &) + Opaawe(z —y — £)], are indepen-
dent of x. We subtract this term from B and add and subtract the term

Az
ﬁ/o /D2 (€ — A7)? (upaz — u(t,y)) (vaz — v(t,z))
x [ammwe (93 —y+ 5) + Orzawe (58 -y - 5)] wsowu dédz
so that
1 Az
= m/o b2 (§ - Aq;)Q ('u,(t, y) — u(t’ q;)) (UA;v _ ’U(t,l‘))
X [axzzwé(‘r -yt 5) + 89095:1:0)6(55 —Y-— g)} waﬂ/’“ dédz
Az
Y / D (€ = A2)* (uaz — ult,y)) (v(t,y) - v(t,2))

X [azzzwe(x - y + f) + arxmwe(x - y 5)} weo'l/}H dfdé
= B1 + BQ.

We start by bounding By,

1 Ax
B S—/ & — Ax)?|ult,y) — u(t,z)| |vas — v(t,
Bl ap ) € 80 l) — ) eae — vlta)

X |8xmcwe(x —y+ €) + aa:xzwe(x - Y- £)| weoq/}“ dédz

1 Ax 1/2
«_* B 2
= UAr /0 /DT (/DT ‘U(t, y) U(t, J})| We, dy dS)

1/2
X (/ lvaz — v(t,x)|2w60 dy ds) (= Ax)2
Dt

Az 1/2
< _ 2
= 4Ax/ / sup </ lu(t,y) — u(t, ) 2w, dyds)

|z —y|<3e

1/2
< sup (/ |’UAxU(t7$)2weodyd$> (€ - Aa)?
Dt

x s.t.
lz—y|<3e

< / 1Oraae (= 9+ €) + Drwaor (z — y — )] dar ¥ dt de
D
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Az 1/2
— 2 _ 2,1
e[ B ([ e =t dyds) (6= Aaurarae

y|<3e

A2 [T 1/2
< 03}: / sup (/ lvas — v(t, )|?we, dy ds) Y dt
€7 Jo Dr

x s.t.
|z—y|<3e

where we have used that w, is compactly supported in [—e¢, €], and where C' is a constant depending
on the L2-norms and the moduli of continuity of the initial data and on T'. Using that (c.f. (2.33))

T 1/2
(2.36) / sup (/ lung(s, ) — ult, z)|* we, dyds) Pt dit
0 Dr

T s.t.
|z —y|<3e

T 1/2
< [{ s ([ ) - o v duas)
0 x s.t. DT

lo—y|<3e

1/2
4 ( [ lusator) —ute )P dyds> }w at
Dr

T 1/2
<cre [ (/ |um<s,y>—u(t,y>|2wmdyds) o dt
0 Dr

T , T 1/2
<coTe + / ( / / |um<s7y)—u(t,x)%ewmdyd:cds) " dt
0 0 D2

T ; T 1/2
+ / (/ / lu(t,y) — u(t, alc)|2 We dydm) P dt
0 o Jp2
T , T 1/2
<CTe" + / (/ / |uAm(57 y) - U(t, x)‘Q WelWeq dydzds) "/)# dt7
0 o Jp2

and analogously,

T 1/2
2.37 su vaz(S,y) —v(t, x 2 e dyds K dt
(2.37) P Nvaa(s,y) —v(t, 2)|"we, dy (@

0 D

z s.t.
lz—y|<3e

T/ oT 1/2
<cres [ ( | ] oo = vltn) P s, dydxds) v d,
0 0o JD2

for B; we obtain the estimate

CAz? C’Ax
(2.38) Bl < G+ e / A O dt.
Similarly

1 Ax
Bl g [, (€ A0 use —u(t ) et — ot
X |axac3cwe($ —y+ 5) + axwacwe(z - Y- 5)' weo"/)# dédz

cAz? [T 1/2
S a5 / (/D [vax(s,y) — v(t, y)|Pwe, dyd8> Yt dt
0 T

Using (2.37), we find, as for By,

CAz? CAz
(2.39) Bal < Gomgr + o 7/ SN O dt,

and therefore

2 2 T
(2.40) 1B| < fﬁ e N
0
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We proceed to bounding the term D. Observing that
/ (v(t,x) — vag(t y))2( ! —1>Dde—0
by T\ ee)  2ea0(y)) T

we can rewrite D as

D= [ ((t.2) - van(t, ) — (o(ts2) — vas(s,y)?) (

Df

1 _ 1
2c(z)  2cpx(y)

) D Qdz.
Noting that we note that,

1 At
(241) Dotsy) = 5; [ ults— g,

this becomes

1 At
D= A7 /D%/O (2u(t,x) — vaz(t,y) — vaz(s,y))

cax(y) — c(x)

2e(@)eanly) = =

X (UAw(ta y) - ’UAa:(Sa y))
which can be bounded by

(2.42) |D|< sup
2eAt gyl <

le(2) = caa(y)]

At
1
<[] S elt) = antn) = vas (o) s () = a0 dedz
2.Jo

C(e+ Ax)®
< BT G Rone(t ), o)
C€o te(0,T)

T 1 1/2
X / sup </ Zvag(t,y) — v(s, )] we dyda:) i dt
0 D2 €

0<s<T
[t—s|<eq
C Ax)® Ax)
< (€+1 2x) n C(e+ Ax) / ﬁwudt
2ce, 2cey

where we have used (2.34) for the last inequality. For the term E, we note that it can be written
ACB2 T
E= 7(9 - 1)/ i D, [DfunsDyfvas] /D we(r — y) dr we, v* dy ds dt,
T
so that

A
(2.43) E= —x —1/ / (D une D vas] wet dyds dt,
Dr

Az?

= (0 — 1)/ / E D, [D;'uAAs,J:j)D;vAz(s,xj)] W, W dsdt.
0o Jo =
j

=0
In order to estimate the term F, we use that
1 0 Az
(2.44) i) = [ [ e dean
—Az JO

and that

Az
/] ., (ae =000+ e = 00l —y = D rdzdn =,
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since all the terms in the integrand, but 9?w.(z —y — n — &) are independent of . We subtract
this term from F' to find

Ax
F= 7/Az/ /D2 (v —v(t,y))(v+v(t, y)—zvm)a we(x —y —n — &) we,PHdzdE dn

SAx
Fy
1 O Az
+ / / / (u— ult, 9)) (o + u(t, ) — 2un)Powe(z —y — 1 — ) weytdz dé dny.
SAJ} Az D2
Fy

The integrals F; and Fy are estimated in the same way, therefore we outline only the estimate of
Fi.

1 0 Az
|F1| < 7/ / / v —o(t,y)|(|v — vaz| + [v(t, y) — vas])|O2we| we, Y dz dE dn
SALE _ Az D2

Az "
8Az /Aﬁc/ / TSEII? </ v —v(t,y) Pwe, dy ds)

y|<3e

1/2
X { sup (/ [ — vag|Pwe, dy ds)
x s.t. DT

lz—y|<3e

1/2
+ (/ lv(t,y) — vAz|2wEU dy ds) }
Dr

/ |0%we| dax ™ dtd¢ dn
D

A T 1/2
< C’Q—f / { sup (/ |U - UA27|2w€o dy d5>
€ 0 T s.t. DT

|z —y|<3e

1/2
+ (/ lv(t,y) — vAm|2w€0 dy ds) }1/1“ dt
Dt

CAzx CA(E
Pl < oo+ / VD di

2=

Using (2.37), we find

and therefore
CAx C’Ax
(2.45) |F| < 2727 / VA(E) Y* di.

Referring to (2.30), we have established the followmg bounds

Ax Az
|As| <C< 5oy T e 7/0 VA) YF dt

€ 0

€* €
|D|§C<M+H ; VAt dt ],
0

|E|:07

Bl <C < ?ﬂy + ffﬁ /0 NOYOX'Z dt) :

A A T
|F|<C< ot e / VN G dt
0

where we have used that At = CAx and Ax < e. Hence,
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T T 2
Az Ax €% Ax
| Attt -nar< [ A(t)w(tu)dtw( =57 + 5oy + 3 + )
0 0 60 € 60 €

My

Az Az? e Az T
"
+C (8” S Tt 62—'v> /0 V) Y dt.

0

Mo

Sending u to zero, we find

/\(T) < )\(l/) + M1 + M2 /T vV )\(t) dt.

With an application of a Gronwall type inequality, [3, Chapter 1, Theorem 4], we obtain the
estimate

2
(2.46) M) < < Aw) + My + (1 — u)M2> <2(A\v)+ My +T°M3).

By the triangle inequality, we have
(2.47)

1/2
\(/ / um(s,mu(t,y>|2wewsodzdsdy) —lult, ) — usalts o)
D JDr

1/2
< </ / luaz(s,x) — uAI(t,y)|2w€w€0 dxdsdy)
D JDr

1/2 1/2
< (/ |’U'Az(t7x) - uAm(tvy)|2 We dxdy) + (/ |qu(t7w) - qu(svx)|2Weo dex)
D2 Dy
< Cl(eg +€7),

and similarly

1/2
218) ([ [ s aeltea) = o(s.) Py dadsy) = 10 = va2)(6) /el
Dr €

< C(ef +€).

Moreover,

It = wae) 0 ) 2y + 0 = 022) ()l 2
< Nuaz(ws ) = uaz(0, )l 2y + 1(vaz(v,-) = vaz(0,-))/¢ll L2 (o
(2.49) + lluo = uaz(0, )l 2oy + [ (v0 = vaz(0,-))/¢ll L2 ()
+ [Ju(v, ) = u0||L2(D) +[[(v(v,-) = UO)/CHL2(D)
SO+ AN + [luo = uaz(0, )l L2(py + 1 (vo = va2(0,))/ell L2y -
Write
e(r) = [(u = uaz)(7, )l g2 (py + (v = vaz) (7, -)/ell g2y -

Thus, combining (2.46), (2.47), (2.48) and (2.49), the definition of M; and M3 and some basic
calculus inequalities, we obtain

Ax € Ax?

2

(2.50) e*(1) < 0(62(0) + e e + o + g + e
0 0 0

Azt €2 Az? Az Az?
+ 6—2v + E2(1—’)/) + €3—2v + €2—2v + ed—2v
0
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Hence, choosing € = eé/a and ¢ = Ag!/COat1-7)
e(r) < C (e(O) n Aw(a’Y)/(Q(a'y+1—’Y))) _
O

This enables us to get a rate for the approximation ra, := vas/caz to g, the second variable
of the solution of (2.1):

Corollary 2.1. Under the assumptions of Lemma 2.1, the approximation (uaz,Az) converges to
the solution of (2.1) at the rate

(
[u(t, ) = uac(t; 2oy + 1t ) = ras(t, )l 2o
< 1 (Bl B 4y — s (0, sy 16 v Dielliacon)
+ Co Az,

(2.51)

for 0 <t < T where C1 is a constant depending on ¢, ¢, ||c||co.« and T but not on Az, and Cy a
constant depending on the L*-norm of vy and on ¢, ¢ and ||c||co.o.

Proof. The result follows upon noting that

et i = 1(/|U(t’x)_vm(t,w)|2 dac)l/2

7 2 [ 1e) - eante? |r<t,x>|2dx)1/2

<= ||v( ) —vax(t, )||L2(D)

o ellone
c

/\
o

I7oll 2oy + ol 2y ) Aa,
and using the result from Lemma 2.1. 0

2.2.1. Approzimation of the solution p of the wave equation (1.1) in one space dimension. Finally,
we would like to approximate the solution p of the original second order wave equation (1.1) by
using the approximated solutions of the first order wave equation (2.1). We thus define discrete
quantities via,

(2.52a) Dfpy =uf}, jeZmn=1,...,N,

]’
Tjt+1/2 )
/ po(z)dx, j€EZ,

1
(2.52b) P)=——
Ax i1
and then define pa, via a piecewise constant or piecewise linear interpolation of p} on the grid.

We can rewrite (2.6) as a scheme for pl:

Az

(2.53a) D} Df p} = Dyvj + TD:D;Dfp;-’,
Do Ax
(2.53b) C—-DCD*”+7D+DZ ", j€Z,n=1,...N,
j

From Lemma 2.1, we find that
AxZ|Dt pJ\Q,AxZ|D tpj|2 AwZ|D tp]
J
AxZ\D+ Dip 4|2 < C(ug,vo,wg), mn=1,...,N.

We would like to find a bound on Az} D p? \2 as well and Az Y~ | DY, D p}|* and then show
that in the limit hmAz_mD DAz = Pr = v/c so that the limit hmAm_m PAz = p is the unique
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n — 1 and multiply by At

solution of (1.1). We therefore sum the scheme (2.53) over m =0, ...,

to obtain,

Az
Dip? — Dfpl = At Z DEv™ + —D+D* " —D+D; Y,

(2.54)

v f A:cAt
iiij*DTp] D"ccp? ZD+Dx ]a

Cj Cj
J J m=0

Applying the operator D € {Id, D;x, 0 < B < min{a,v}} to both equations in (2.54), squaring
them, adding and summing over j, we obtain

(2.55) > (IDDfp} P + D] /e;)]?)
J
n—1 2
:AtQZ‘ZDD;v;” Z|DD+D p]|2—|—Z|DDxp] 2
j m=0
Az At = t e m|? +0 Az . ?
a3 SRS o e (Dtpj—zmpj))
i m=0 j

n—1

+3 (D (00/e; — Dsp?))* + AeatY " Y (DDLI) (DD D™ p?)

7 7 m=0

3

+2) (D (Dt*p? - A;D;D;p;?» (At Z DDV + A—DD+D— ">

J

a

n—1
+ AzAt Z Z D3p}) DD:jD;v]m)

j m=0

i

AzAt
+23 7 (D (o) /e; = Dip})) (DD;p;+ =y DDijv;.”>.
J

m=0

We note that
a+u=0,

obtained by summing by parts three times. Moreover, we have for the terms g and &, for any

6 >0,

&l < %Z (D (Dt*p?— A;DIDZP?» +‘WQZ‘ZDDC o
J

2 A'T25 + —77.2
+= Zj:|DD1.D |

+4 Z | DD p} .

2 SAL2Ax? _
ol < 57 (D (/e = D))" + == Z’X:()DD;DmU
J Jj m=

Choosing 6 = 1/2, and rearranging terms in (2.55), we find

(2.56) 282> (IDDFp} | + |D(v] /c)) |2)+6sz (v9/¢; — DEp?))’

J

2
+6AzY (D (D+ 0 _ &DJFD* 0>)

J



FINITE DIFFERENCE SCHEMES FOR THE WAVE EQUATION 19

> AzAt? Z‘ > DD g AT‘"”B Z |DD} D;pp” + Az Y [DDSpy|?

j m=0 J

By Lemma 2.1, we know that the rlght hand side of the above equation is bounded and therefore
the right hand side as well. Moreover, since

Az - n n
Z DD} Dy pjl* + Ay (DD [ = == 3 (IDD; pf* + DD ;)
J J
we obtain the desired bounds on Az Y [Dfpf|* and Az}, |Dy D p}|*. Hence pa, converges

to a limit function p in H**4([0,T] x D) N C([0,T]; H'™*(D)) for all 0 < s < 3. Using that also

APPAR R e 2= e ml? Il
(2.57) 42‘2013171 D; vj" + AzAt Z‘ZODDJ;UJ — AzAt Z‘X:ODDwv
m= m= j m=

we obtain by the second equatlon in (2.54), that

)

vy v » ’ AxBAt +
S L DS T e 3)) ST
Ag*PTAR?
28 -
< CAx +7Z‘2DﬁmD ol
< CA$25,
where § := min{«,~v} and we have assumed that the approximation of the initial data is of

order Az? in L2 and used (2.56) and (2.57). Hence we have that p, = limaz—0DSpar =
limag—0vAz/cAar = v/c and the limit p is the unique weak solution of the wave equation (1.1).
Moreover, we have that pa, — p in H*([0,7] x D) N C([0,T); H'(D)) at a rate of at least
Ag™ind8:(en)/ 2y +1=7)) 1y Theorem 2.1.

2.2.2. Numerical examples. Next, we shall compare the above derived convergence rates to the
ones in practice. To this end, we implement the finite difference scheme (2.6) and test it on a set
of numerical test cases. For all the test case, we use the interval D = [0, 2] as the computational
domain and use periodic boundary conditions.

For the material coefficient ¢, we choose a sample (single realization) of a log-normally dis-
tributed random field, which was generated using a spectral FFT method [2, 15, 16, 14] from a
given covariance operator ¢ which we assume to be log-normal, so that the covariance operator
completely determines the law of ¢. It is easy to check that this coefficient ¢ is uniformly positive,
bounded from above and Hélder continuous with exponent 1/2. See Figure 2 or an illustration
of the coefficient. We compute approximations at time 7" = 2 and test the scheme on this set up
with three different choices of initial data (with varying regularity),

(2.58a) po,1(z) =1, uo,1(x) = sin(mx),
T ifzx <1 1, ifz<1
2.58b % <1, _ L ife <,
(2.58b) Po2(®) {2 —z, ifr>1, w02 =10 i1,
14+ c¢(x), ifzx <1,

2.58¢ s(z) =1, ug.3(x) =
( ) Po.3(@) 03(z) {c(sc), ifx > 1.

We notice that according to Lemma 2.1, the moduli of continuity of the variables w and v is at
least v = 1 for the initial data (2.58a) whereas it is at least v = 1/2 for initial data (2.58b) and
(2.58¢) In order to test the convergence, we have computed reference approximations on a grid
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FIGURE 2. The coefficient ¢ used for the numerical experiments for the 1d wave
equation (2.2).

with N, = 2 gridpoints. We have plotted the reference solutions to initial data (2.58a) and
(2.58b) in Figure 3. For the approximation of the rate of convergence, we have used,

FIGURE 3. Left: Approximation of (2.2), (2.58a) at time T' = 2 on a mesh with
214 orid cells. Right: Approximation of (2.2), (2.58b) at time 7" = 2 on a mesh
with 214 grid cells.

Noxp—1

> log €3, —logé€R
2.59 = T Thot
(2:59) " Z log 2 ’
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where Az, = 2FAxy, Nexp is the number of experiments and Eixk, the relative distance of the
approximation with gridsize Az, to the reference solution in the discrete L?-norm, that is,

N,
\/Zj:l |0Azk (Ta xj) — OAzyer (T’ xj)‘z

N
Ve 1080 (T )2

where o € {p,u,v,r}. We have used Az =1/32 and Neyp = 6.

For the initial data (2.58a), we have observed a rate of ~ 0.8 for the variables u and v, a rate
of ~ 0.7 for r and a rate of = 0.95 for the variable p.

For the initial data (2.58b), we have observed a rate of ~ 0.3 for the variables u,v and r and
~ 0.75 for the variable p.

For the third set of initial data, (2.58¢), we have observed a rate of = 0.25 for the variables u,v
and r and ~ 0.65 for the variable p.

We note that these rates are better than the ones predicted by Theorem 2.1. However, instead
of minimizing the expression (2.50) for a general set of parameters «, vy and Az, one can minimize
this expression directly for the given parameters a and v and Axg, k=0, ...,5, and compute the
approximate rate numerically from this expression. This program yields a rate of 0.74 (for the
variables u, v) for the initial data (2.58a), and rates of approximately 0.37 for initial data (2.58b)
and (2.58¢). Note that these rates are very close to the experimentally observed rates indicating
the sharpness of our method.

(2.60) EAg, =100 x

)

3. TWO-DIMENSIONAL VERSION OF (1.2)

Rates of convergence for finite difference approximations of the multi-dimensional wave equation
(1.1) with Hoélder continuous coefficients can be obtained in a fairly analogous manner as in the
one-dimensional case discussed in the previous section. We illustrate this by considering the wave
equation (1.2) in two space dimensions:

8tu(ta Zz, y) - 8I(C($, y)rl (ta €, y)) - 8y(6(33‘, y)TQ(ta €T, y)) =0,
(3.1) Or1(t, @,y) — Opu(t,z,y) =0, (t,z,y) € Dr,
atTQ(tv z, y) - ay“(tv z, y) = 0;
D = [d},d}] x [d2,d%], di < diy € [—00,00], i = 1,2 and with periodic or Dirichlet boundary
conditions extended by zero outside the domain. As before, we define the variables v(t,z,y) :=
c(x,y)ri1(t,x,y) and w(t, z,y) := c(z, y)ra(t, z,y) to obtain the system,
Up — Vg — Wy = 0,
(3.2) v —cu, =0, (t,z,y) € Dr,
wi — cuy = 0,

As in the one-dimensional case, we find that system (3.2) is equipped with the L?-entropy/entropy-
flux pair,

U2 '1)2 w2 —Uuv
(3.3) n(u, v,w,¢) = PR alu,v) = (-uw)
so that formally,
(3.4) n(u—k,v—L,w—m,c) +divg(u — k,v — £,w —m) = 0.

for a solution (u,v,w) of (3.2), which implies that if the L?-norms of u, v and w are bounded
initially, they will be bounded for any time.

3.0.3. Numerical approximation of (3.2) by a finite difference scheme. To approximate the so-
lution of (3.2), we let Az > 0 and discretize the spatial domain by a grid with gridpoints
(xi+1/27yj+1/2) = (’LAI’,]ALE), for ’L,] € Z for which ($i+1/27yj+1/2) € D. We denote the grld
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cells Cij := [2i_1/2,Tiv1/2) X [Yj—1/2,Yj+1/2). Furthermore, fix k > 0 and let At = §Axz, where 0
satisfies the CFL-condition

(3.5) 0<min{1 L }g

K2 +¢ 1+ 4k%¢

Set t" := nAt, n = 0,1,2,..., and define Ny such that tN7 = T. Moreover, define the averaged
quantities,

1 .
(3.6) Cij = X3 /CU c(z,y) dz dy, i,j €7,
and
o _ 1 dzd
uij - A2 ¢, ’U,O(l‘,y) €T ay,
1
0o _ ..
(3.7) Vij T A2 /C,;7 vo(z,y) dz dy, i,j €L,

1
0
= —— dx dy.
wz] Ax2 /(;le(:L"y) €T ay

J

Now we define approximations u;;, v;; and w;; via the following numerical scheme,

(3.8a) Dt*u?j:D;v?j—|—D7j'w;’j—|—AmffD;i'D:;u%—i—A:U,%D;Dy_u?j7
ISR
(3.8b) Df L = Dfuj; + Axk D Doy + Az k Df Dfwi, i,j€Z, n=0,...,N,
Cij
(3.8¢) D2 — pryn + Az kD, D, v + Axk D D, w?
t y g Ty g Yy Ty Ty

Cij
for k > 0, D;" as defined in (2.5) and

(3.9) Dg:cto'ij = :I:E(Giil,j - Gz’j)v DLtUz‘j = iﬂ((ji,jil - Uij)a

for a quantity 0%, 4,5 € Z, n =0,..., Ny defined on the grid. In addition, we denote the discrete
entropy function and flux by

2 2 2
n n n
g =k ol = fwl —m

(3.10) = _ ( —(uiy = R)(vi5 = £)

2 2o 2y 0 T (—wz—k)(w;}—m))'

The scheme (3.8) satisfies the following properties:

Lemma 3.1. Assume ¢ € C%%(D) and ug, v, wo € L*(D). Then the numerical approzimations
n

ufy, v and wi defined by (3.8), (3.6) and (3.7) have the following properties:
(i) Discrete entropy inequality:
Djn?j - Dy ((uf7 — k‘)(vz — 6)) — D;‘ ((uz — k;)(wlnj — m))
< Ax| D ((vf; = OD (wy = k) = Dy ((wfy = m)Dy (u; — k)
K _
+ §{Di ((vij +vim1,j = 20) (Dy (wi; — m) + Dy (vi; = 0)))
(3.11)

+ Dy ((wij + wi g1 — 2m) (Dy (wig —m) + Dy (vij — £))) H

kAx?

D2 (1D} (vig = OF) + Dy (1D (vig = OF)
— D (D5 (wi; —m) ) = Dy (1D (wi; —m) )],

fori,j€Z,n=0,1,2,...
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(i) Bounds on the discrete L?-norms:

Ax® Z(%’j)z + E(Uz‘j)2 + Z(w”)z < Az? Z(u%)z +
(3.12) i ’ ! i

1 1
7(”%‘)2 + f(w?j)Z

Cl‘j CiJ

2 ~172, |17 VNI
< luollzz + HC U()H + HC wo‘ )
L2 L2

forn=0,...,Np.
(iii) Vorticity preservation:

A w™ 9. w?.
3.13 D, -2)-Df Y)Y=DZ (-2 )-DF Y
( ) VY ( Cij ) T Cij Y Cij T Cij ’

fori,j €Z,,n=0,...,Nr and v € (0,1].
(iv) If we assume in addition that the initial data ug, vo and wy have moduli of continuity in
L*(D),

vi(ug,0) < Co®, v2(vg,0) < Co®, vi(wy,0)<Co®
V;(UO’O') < 00277 V;(IUOaO') < CO.Q"/’ VE(U)OaO-) < 00'2,‘/7

for some v > 0, the approzimations satisfy,

1 1
2
(3.14a) Az* Y DTl + ij;wﬁ - Zj|Df;tw%\2 < Cy,
j
(3.14b) Ax? Y |DT ul|? + D5 uls? + D7 ol + DI wlb|* < C,
j
where C1 is a constant depending on ¢ and the initial data ug, vo and wy, and for f <
min{e, v},
(3.15) Ax? > |Dy i ? + Dy o P + DS wiy? + DY wi]? < Co,

ij
with Cq is a constant depending on the Holder norm of ¢ and the initial data ug, vy and
wg, and where we have denoted
o — g™
3.16 DX ol = F-IHL
(3.16) 0 = F A

RN}
for a quantity o defined on our grid.

n n
05 — 04 j+1

+ n __
v Dyyoi =7 Al

Proof. (i) By linearity, it is enough to show this for k = £ = m = 0. For ease of notation we drop
the superscript n when calculating the cell entropy equation. We multiply (3.8a) with w;;, (3.8b)
with v;; and (3.8¢) with w;; to get

1 At 2 _ KRAZT +
iDju?] — 7 (Dt"'u”) = ’U@ij (%% + uijD;rwij + TAU’?J
KAx _ 2 2 _ 2 2
- ((Dx uis)” + (Dfwiy)” + (Dy i) + (Dyug) ) )
1 At 2 KAz _ KAx _ 2 2
20,_Dt+vfj ~ e (D vij)” = vi D iy + TDIDx vl — 5 ((Dw vij)” + (D vij) )
i i
+ kAzv D} Dfwij,
1 At 2 _ kAx _ kAT _ 2
S —Diw} — o (Dfwy)” = wiyDyus; + =52 DY Dy wd = 25 (Dywyy)” + (Df wiy)”)
i i

+ ﬁAxwijD;D;vij,
where we have used the shorthand notation A = DD + D; D, . Adding these three equations
we get

4o - + + -
Dt Nij = uile. V5 + Uile. U5 + uiij Wij + wiij Usj

a
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?\“

x Yij

2
b

A

2

=
8

H(Au + DDy v; +D+D*w2)

1 _
D+’Uij + D;wi+1,j)2 + (D;’Uij + D;wij)Q =+ 5 (D;’Ui,j_1 + D;wij)Q |D$7yuij ’2:|

N)\»—t

Cc

e _ 1. - _ 1
+ kAT <Usz;rD;w,] + wiij Dy Vij + D;rwwD,c Vij + §Dx Ui,j—lDy Wi + QD;FUijD;rwi_;,_Lj)

% ((Djuijf + 1 ((Djvij)Q + (wa”')Q))

Cij

+

e

KA _ _
- (IDFvi;* = Dy vij—1]* + [Dy wis|* = D wig j1°),

f

where )

D yuij|* = (Dyuiy)” + (Dfwig)® + (D ui)® + (D ugg)® .
To proceed further, we utilize the identities
o (Diﬁi) + (D+ai) Bi = D™ (air15i)
= D" (a;B;) — AzD™" (o, D™ 3;)
= D (a;3;) + AxD ™ (3; D" ;).
Using this
a = D (ui;vij) + D (uijwij) + Az (D} (vijDFuiz) — D (wi; Dy ugz)),

ai

and for d we find
d= % (D (vi; Dfwij) + Dy (vi; Df wiya ;) + D (wi; Dy vij—1) + Dy (wi; D vij)) -
We estimate the term e as,
e < 2(D;vi; + Diwy;)’ + 262 Aa> (Auij)Q
+28((Dfuiy)” + (Dyuiy)” + w282 (DF (D vy + Dywyy))”
+ 12 A2% (D (D vij + D wiy))?)
< 2 (D vij + Dfwi;)” + 257 | Dy yus |
o+ 26(| D yuig|* + 262 (D7 035 + D wig)” + (Dz v 5 + Dy wiga 5)°)
+ 262 (D7 v + Dfwiy)* + (D vigo + Diwiz 1))
= 2(k% +2) | Dy yui|* + 2 (1 + 4ew?) (D vy + D wy;)?
+ der? ((D;UMJ- + Dfwipr,) + (Dyvi -1 + D;wi,j,l)Q)

Using this inequality

At KAz 9 | _
? —2C<((KJ +C)At_

KAx

2 ) Dl

KA _
5 > (D; vij + Diwij)z

+ ((1 + 4rk%c) At —

KAx _ 2 _ 2
<2/€ cAt — 4) ((DL Vit1,j + D;wi+17j) + (Dl Vij—1+ D;rwid_l) )
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if the CFL-condition (3.5) holds. The term f can be rewritten as
f = Az (D, (IDfvi;|*) + D, (|D; vij|*) — Dy (IDfwij|*) — Dy (IDy wij|*))
Thus

KAx A
(317) D:_’I]Zj — D; (’uij’l}i]‘) — D;r (uijwij) < A$31 + 7b + kAxd — %f

which is (3.11).
(ii) This follows from (i) by setting k = ¢ =m =0 in (3.11) and summing over all 4, j € Z.

(iii) We apply the operator D7, to both sides of the evolution equation for v}, (3.8b), and D%g
to the expressions in the evolution equation for w, (3.8¢c). Subtracting the resulting equations,
we obtain

A wh
o (i) o ()
7Y Cij VT cij
=D D+ . D+ D,

T Aar [D DD vl +DWDy+D+ . — DY, Dy Dyl — DI, Dy Dy wl]
=0,

35

thus (iii) follows by induction over n.

(iv) As in the one-dimensional case, we observe that the differences D+tu D,iy' ¢v;; and Dj w7

ij
satisfy the same equations (3.8) as uf};, v}’ and wy}, so that (3.12) holds,

l]’ ZJ7

(3.18) Az’ Z |DF | + ci |DF o + ; | DX it |?
1] )

< A2 S DE b+ DEa [+ Dt
i ] ij

We take the squares of equations (3.8) and sum over all 4, j to obtain,
1 2 1 2
+ + +
> |Dfu +§|Dt vy | +giDt wf|
ij 17 17
=23 (12 + Dyl Dz 10
(3.19)
+ A2 (|Aup|® + | DF D7 vy + Df D wiy|* + | Dy D;v” + Dy Dywy’),
<2y ((1 +84%) | Dy ol + Diwlh|® + (1+ 462) (|D s [* + |Df ))
ij
Combining (3.18), (3.19) for n = 0, the CFL-condition (3.5) and the assumption that the initial
data has a modulus of continuity, we obtain the inequality (3.14a):

iji

AJ"QZ|D%“Z‘| +* |D3 v ui ~ |D~Jyr,twn ’
T 7"7

< szzw;tumng D2 o[+ — [DF |
- 1) ]

< Az? max{l,é}z |D:/r}tu?j|2 + c% |D$tv?‘2 + c% ’Dj’twj0-|2
i ) ¥
< Az? max {1,¢} 62~ 2722( (1+8k%) | D7 0% + DI wl)|”

ij

+ (1 4+ 4K?) <|Dﬂjzu%| +[D3 yu Z]| ))
S C(”Oyv()uwo)’
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By (3.14a) and (3.19) we furthermore obtain (3.14b). We observe that in contrast to the one-
dimensional case, we do not obtain a modulus of continuity in space for the variables v and w in
this way but only the bound

_ 2
Az? Z |D%xv% + Dﬂijlﬂ < C(ug, vg, wp).

However, by the “vorticity” conservation (3.13) and the bound on the discrete L?-norm, (3.12) we
have

2 [T wh
Az |Dj vt - DY w| < 20807 Z|D5’y(£) - DL() °
ij i

4Az?
+ = lelizos 3 (Joil” + i)
o” W,
<2080 Y013, () — g, (1)

Cs
ij K

4 2 2
+ 5 leliZos (leol7s + lwol?2)

< C(”wa()a C)7

for § < min{y,a}. Thus, using summation by parts, we obtain the bound (3.15):

AxQZ’DﬁmZ +‘D5yu +‘D6z 7] ‘Dﬂy ZQ
2
_szz‘Dﬂxw ﬁywij ‘Dﬂyw Dj wj;
< C(uo,vo,wo, c).
O
We define the piecewise constant functions,
(3.20a) upz(t,z,y) = uiy, (t,z,y) € [t ") x Cij,
(3.20Db) vac(tz,y) = v, (tw,y) € [t", ") x Cyj,
(3.20c) waz(t, @, y) =w,  (Lr,y) € [t ") x Ciy,
(3.20d) caz(,y) =cij,  (z,y) € Cyj,

so that Lemma 3.1 combined with Kolmogorov’s compactness theorem imply that a subsequence
of (UAz, VAZ, WAz )Az>0 converges in C([0,T]; L2(D)), as Az — 0, to a unique limit (u,v,w) €
C([0,T); L?(D)) which is a weak solution of (3.2) and satisfies an entropy inequality. Moreover,
(u, v, w) have the same moduli of continuity as the discrete approximations and in particular,

(3.21) w,v,w € L=([0,T]; H*(D)) N CcOmir{evd ([0, T); L2(D)) 0 < s < min{y, a}.
3.0.4. Convergence rate. For ¢ € C2((0,T) x D) define

(3.22) A (u,v,w, k, £, m, §) = /DT{<(”2k)2 G ;f)z Y Cl % m)” >¢t

—(u—k)(v—"00¢s — (u—Fk)(w— m)qby} dxdydt

Furthermore, we define the test function 2 € C§°((0,T) x D) by
(3.23) Qt, s, 21, y1, 2, Y2) = P* (Hwe, (t — s)we(T1 — Y1 )we(T2 — y2),

where w and ¥* are the functions introduced in the proof of theorem 2.1. Then we have
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Lemma 3.2. Let ¢ € C%Y(D) satisfy ¢ > c(x,y) > ¢ for all (x,y) € D. Denote (u,v,w) the
solution of (3.2) and (uaz,VAz,WAs) the numerical approzimation computed by scheme (3.8)
and defined in (3.20). Assume that the initial data ug, vo and wo are in L?(D) have moduli of
continuity

Vﬁ(uo,a) < Co?, l/i(’t}o,()') < Co?, Vﬁ(wo,d) < Co?,

V;(’LLO,O’) < Co?, Vj(vo,a) < Co?, uj(wo,o) < Co?.

for some v € (0,1]. Then ((uaz,Vaz, Waz)(t,+)) converges to the solution ((u,v,w)(t,-)), 0 <t <
T, at (at least) the rate

(3.24)  |l(u —uaz)(t, )2y + (v = vaz) (¢, ) /ellLzpy + [(w — waz)(t, ) /el L2(p)
< C(lluo — uaz(0,)lz2(py + l(vo — vax(0,-))/cllL2(p)
+ [[(wo — waz(0,-))/cllL2(py + Az®),

where C' is a constant depending on ¢, ¢, ||c||co.e and T but not on Az, and s is given by

s:?ﬁﬂw+m

(3.25) oy (o +2 - ),

Proof. We assume without loss of generality that Az < min{e, ¢y, v}. In the following we shall
use that u = u(t, z1,y1) and that ua, = uaz(s, T2, y2).
We first note that, since (u,v,w) is a solution of (3.2),

(3.26) /DT ((u —use)® | (0o vae)® | (w0 wM)2>¢t

2 2c 2¢c
— (U —uaz)(V— VAZ) 0z, — (U — Uaz) (W — WAL) Dy, dx1dy1dt > 0.

for all (s,x9,y2) € Dp. On the other hand, (uaz,vaz, wa,) satisfies the cell entropy inequality

(3.11),
(3.27)

(unr —u)?  (var —v)?  (war —w)?\
/DT < 2 M 2caz * 2caz )DS ¢

- (uA:v - u)(’UAx - U)DC—E:¢ - (qu - u)(wA:r - w)Dy_g(bdeQddes

> Aac/ [(vaz — v) DY, (upaz — u)DF ¢ + (wag — w)D, (uaz — u)D;2¢] dxodyads
D

T
A
550 [ {0 +van(ias = Aw) = 200D, 0+ (war + was( e + A, ) = 2w)Dy, 6}
Dr
x (D (waz = w) + Dy, (vas — v)) dwadysds

rKAZ
5 DD;; (uaz —u)*DF, ¢ + D (uae — u)* D}, ¢ dzodysds
T
kAx>

+

i | {0 (D5 ear = 0P) + Dy, (D7, (0a = o))
Dr
— DE, (IDf (wae — w)[?) = D, (IDy, (was — w)|2)}¢>dx2dy2ds,

for all (¢t,21,y1). Adding (3.26) and (3.27), using ) as test function and integrating over D, we
obtain,

(upz —u)?  (vaz —v)?  (way —w)? _
/DT< s b (Q + DI Q) dz




28 S. MISHRA, N. H. RISEBRO, AND F. WEBER

_ /D (e = W) (va0 = ), + DEQ) + (uas — w)(war —w)(Qy, + D;,0) dz

B

2 [ (a0 s =) (55~ 5y ) PO

2caz(Y)

D

+ A:L'/ [(vae — v) D, (uaz — u)DFQ + (wag — w)D, (upaz — u)D;QQ} dz
D7,

E
KA 4 _ _
+ 5 D(;)Am + oAz (s xe — Az, -) — 20) (Dy2 (wae —w) + Dy, (vae — 11)) D, Qdz
T
F
KAx 4 _ +
- D(Z)wAz +wag(s, y2 + Az, -) — 2w) (Dy2 (wae —w) + Dy, (vae — 11)) D, Qdz
T
G
KAT
+ ?/Dz D} (upae — u) DLQ—!—DJQ(UAJC —u) D;;de
T
H
kAZ? _ _ 9 n _ 9
+ 4 DQ{ (lDIZUAE| ) +Dy2 (‘Dg@'UAxl ) - (|Dy2wAI| ) - DyQ (|Dy2wA7”| )}Qdé’

T

J

where we have denoted dz := dt ds dzx| dxs dyy dys. Estimating the terms A and D is done similarly
to the one-dimensional wave equation, cf. Lemma 2.1. Thus,

_ I
A= / DU — UAZ, V — VAz, W — WAz, )V} WeWeWe, dZ
D2

(3.28) A

+ / L (U= tag, v = vag, W — Wi, PF wewe (Orwey + Dy wey) dz
D

T

Az

Define

e 1 1
A(t) ::5/ / [|uAI — u|2 + - lvaz — v|2 + p lwa, — w\2]w5w6w60 dxidxodyidysds,
0 D2 _

we have
T T
(3.29) Aq :/ At)wp(t —v) dt—/ A(t)wy(t — 1) dt,
0 0
and
A
(3.30) 4y] < CAze2 2 4 € x/ VA dt,

using the estimates from Lemma 3.1 (c.f. the derivation of (2.35)). Similarly,

(3.31) |D|< /\/ ) Yt dt,
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(c.f. the derivation of (2.42)). In order to estimate the term B, we recall (??), and a similar
identity for the forward difference,

B 1 Ax
Dyzg + le = Ax / (6 - A‘I)Qyﬂm('a Y2 — f) dé,
T Jo

1 Az
D;;Q‘i’gml = EA (A$75)91212(~,$2+§7’) df’

hence,

1 Ax
= E/ D2{(“Az—U)(UAgp—U)(Am—f)ﬂzlxl(-’x2+§7.)

+ (uaz — u)(waz — w)(§ — Ax)Qy, 4, (Y2 — 5)} dzd§ := By + Ba

Estimating the terms B; and Bs follows now along similar lines as estimating the term B in the
one-dimensional case:

Az
|B1| = AL DQ{(UA:J: —u)(vaz —v) — (uaz — u(t, 22, 91)) (vas — v(t, 22, 11)) }
X (AI - 6)9351301 ('7 To + Ea ) dng‘
Az
= Az / D%{(u(t,.TQ,yl) - u)('UAx - 'U) + (qu — U(t,l‘g, yl))(v — U(t, J,‘Q,yl))}

X (A{L‘ - 5)91111('7:’52 +¢, ) dng‘
1 Az
< E;/ / fult, @2, 1) = ullvas = o] |Az = ]|, | dz d

Az
/ /|qu—utx2,y1>\|v—v<t )| | Az — €|, | dz dE

Az 1/2
< 2— / Sup (/ / UAJ: - U WEWEO dey1d$U2dil/2) ¢“ dt
S Dr Jaz

|z — 12\<3

by

1/2
5 ﬁ/ / / (uar — ult, T2, 1)) wewe, dsdyrdzadyy | " dt
€ Dr Jd2

Using then, c.f. (2.36), (2.37),
(3.32)

1/2
b < / Sup {(/ / v(t, z1,y1) (t,xg,yl))zwsweo dsdyldxgdyg)
Dr Jd2

oy —aal<e
1/2
</ / v(t, T2, Y1) — VAL (S, T2, y2))? WelWe, dsdyldxgdyg> }1/)“ dt
Dr Jd2

1/2
S CT€6 / (/ / t , L2, yl UA:E(S7 x2, y2))2w€w€0 deyldmzdy2> wu dt

§0T65+/0 </DT/D(v(t,:Ez,y1)vAz(S,fE2,y2))2

1/2
X We (Y1 — Y2)we(T1 — T2)we, dsdxldyldxgdyg) PP dt
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T 1/2
< T +/ {</ / (v(t,z1,y1) — V(t, T2, Y2) ) *Wewewe, dxldyldl'QddeS)
0 Dr JD
1/2
+ (/ / (v(t,21,91) — vaz(8, T2, Yo)) Wewewe, d:c1dy1dx2dy2d8) }w“ dt
Dr JD

T
< CTeP +/0 VA)YH(t) dt

and

T 1/2
/ sup (/ / (ups — u) WeWe, dsdyld:rgdy2> P dt < CTe” + \/ (t)wH(t)
0 Dr Jd2

|2y — £2\<3

and estimating Bs in a similar way, we find
CAz [T
(3.33) |B| < CAz P72 4 —— Z / VA1) M dt,
€
where 8 = min{a,y}. It remains to estimate the terms F, F, G, H, I and J.

Estimate for E. We split E into two term, each of which can be estimated in the same way,

E = Ax/ (vaz — v)DY (uas —u) DY Qdz
Df,

Ey

+ A:U/ (wagz — w)D;2 (unr — u)D, Qdz.
D3

E>

Using the Hoélder inequality,

Byl < /
Az 1/2
/ / / (/ / (vAz — V) weweu dsdyldzgdy2>
Dr Ja2

1/2
( / / (D un) weweodsdyldxzdyz) W (@1 — 22 — €)] day P dbde
Dr d

Az pT 1/2
< / / sup { ( / (vag — v) Wele, dsdyld:cgdy2> }
0 0 1 Dr Jd2

|z — £2\<3

Az
(vaz — v)DF (uae — u)/ wi(ry — 2 — Ewe(y1 — Y2 )we, V! | dzd
0

1/2
x (/ (D} ung)’ dxgdy2> / wi(z1 — 29 — &)| darv* dtde
Dr dl

L

Ag? 1/2
C x / sup { (/ / (vaz — V) wgweo dsdyldxgdy2> }z/ﬂ‘ dt .
€ Dr Jd2

|z — a‘2\<36

el

The term e; is the same as the term by, hence it can be bounded by (3.32). The term Es is
bounded by the same argument with the roles of v and w and x and y interchanged. Thus we
arrive at the bound

CAz”  CAz” [T
(3.34) B < S+ S [ VA i
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Estimates for F', G and H. The terms F' and G can be bounded using the same argument as for
E, with D} (waz —w) + D, (vaz — v) taking the place of either D} (ua, —u) or D)f (uaz — u)
and using the triangle inequality to split them into two terms each. Hence they also satisfy (3.34).
To estimate H, we observe that

D;/’i_z (UAI — ’u,)2 = (’U,Az<87.'172,y2) — 2U(t, $17y1> + UAa:(taxQ + ACL‘, y2)) D;:FZUAQJ
= (qu(S, T2, y2) - U(t r1, Z/l)) D:—;UAw
+ (uaqz(s, 2 + Az, y2) — u(t, z1,51)) D une.

Splitting H according to this gives four terms, all of which can be estimated using the above
arguments, hence also H satisfies (3.34).

Estimate for J: To estimate the term J, we observe that

/Dm |D} vasl?) Qdz
/ / D, |Dw2vAm| )/ we(1 — T2)we (Y1 — y2) day dyy Y dao dys dt ds

:/ / ZDCZz (ID;szx(vaivyj)F) 1/)# dtds
0 0 ij

:O’

since (\D;; ’UAI|2) is independent of 1 and y;. Using a similar argument for the terms containing
Dy, (ID,vaxl?), DF, (IDf,wazl?) and D, (|Dy,waq|?), we find
J=0.

Summing up

CAzY  CAzY [T
|[E+F+G+H+J| < 61_‘2 + em / V@) (t) dt
0

Collecting the above equation and (3.29), (3.30), (3.31) and (3.33),
T T
/ At)wy(t —v)dt < / At)w,,(t —7)dt
0 0

o € Az Ax” Ax
TP\gm Tt emtas e

(3.35) 0
My
Ax € Az”
+C<2v+ — + 62 5)/ VAP (t)
€o €0
Mo

where we have used that 0 < 8 < 1, so that Az < Az, and that 8 < 7, so that e!=7 > 15,
Here, C is a constant depending on the moduli of continuity of the initial data, the C%“-norm of
¢ and on T. We can send p to zero in (3.35)

Av) < X(T) + My + M, /V VA(t) dt.

Again, applying the Gronwall inequality, [3, Chapter 1,Theorem 4], and sending u — 0, we obtain
the estimate

(3.36) Av) < < A7)+ M+ (v — T)M2> .

Repeating the arguments by which we obtained (2.47), (2.48) and (2.49), in two space dimensions,
we arrive at

(3:37)  [(w = waz) (7 ) g2y + (0 = vaz)(7, )/ ell L2 py + (0 = waz) (7, ) /ell L2 ()
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< C(HUO — uaq(0, ')HLZ(D) + [[(vo — vaz(0, '))/C||L2(D) + [[(wo — waz(0, '))/C||L2(D)

_ Azt? A/? Azt/? A “ Az A
+€g+€5+€a/2€g 12 x x x x € x :C)

6(1)77 e(1=8)/2 " 1-(v+8)/2 + 6(2)*7 + 6[1)*7 + € + €28

Minimizing this expression over €, €y, we find ¢ = €* and € = Az?/ (7D if o < (2y—1)/(7(2—7))
and € = Az (279 i 4 > (29 — 1) /(v(2 — 7). O

Corollary 3.1. Under the assumptions of Lemma 3.2, the approximation (uaz,Taz) converges to
the solution (u,r) (r = (r1,72)) of (3.1) at the rate

(338)  llu(t,) = waw(t ) oy + It ) = ran(t, Mo )
< € (80" + fluo = uss(0, )l o) + (0 = 0200, ) /ell 2 )

for 0 <t <T where C is a constant depending on ¢, €, ||c||co.o. T and on the L*-norm of vy, but
not on Az and s is given in (3.25).

Remark 3.1. Defining an approzimation for the primary variable p of the second order wave
equation (1.1) by

(3.39a) Diply =, i,jeZn=1,.. Nr,

1 o
(3.39b) Py = —2/ po(z,y)dxdy, i,j€Z,
Az® Je,,

one could show in the same way as it was done in Subsection 2.2.1 that the approximation pag
defined as an interpolation of pj; on the grid converges in H'([0,T] x D)NC([0,T]; H'(D)) to the
solution p of the wave equation (1.1) at the rate at least min{a,~y, s}, where s is given in (3.25).

3.1. Numerical experiments. Again, we compare the theoretically established rates to some
practical examples. As the computational domain, we use the unit square D = [0, 1] with periodic
boundary conditions. As a coefficient ¢, we again choose a sample of a log-normally distributed
random field. As mentioned before, this is uniformly positive, bounded from above and Hélder
continuous with exponent 1/2. For a plot of the coefficient, see Figure 1.

We compute approximations at time 7" = 0.5, for k = 0.1 to two sets of initial data

(3.40) po,1(x) = sin(2wx) cos(2my), uo1(z) = sin(27z) cos(2mx),
and

2(x+y—0.5), ifz,y<0.5, z+y>0.5,
2(l5—z—y), ifz,y>0.5 z+y <15,
2(y—x40.5), ifz>0.5y<05 y—ax>0.5,
2(x —y+0.5), ifz<0.5,y>05 2—y>0.5,

1.5, ifx—y>05 x+y>0.5
UO’Q(II;) =

(3.41) p0,2($) =

0.5, otherwise,

We notice that according to Lemma 3.1, the moduli of continuity of the variables u, v, w, r1 and r
are for the initial data (3.40) and (3.41) at least v = 0.5. In order to test the convergence, we have
computed reference approximations on a grid with N, , = 2!! gridpoints in each spatial direction.
We have plotted the reference solutions to initial data (3.40) in Figure 4. We have approximated
the numerical rate by (2.59) with 3, given as a two-dimensional version of (2.60).

We have used Azg = 1/8 and Nexp, = 6. For the initial data (3.40), the observed rate was ~ 0.3
for the variables u,v,w,r; and o and ~ 0.45 for the variable p. For the initial data (3.41), we
have observed a rate of ~ 0.2 for the variables u, v and w, a rate of &~ 0.17 for the variables 1 and
ro and a rate of & 0.4 for p. Again, this is better than what (3.24), (3.25) predicts. Therefore we
attempt, as before, to minimize expression (3.37) only for the given parameters « =y = 1/2 and
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FIGURE 4. Top left: Approximation of the variable p in (3.2) with initial data
(3.40) at time T' = 0.5 on a mesh with 2! grid cells in each direction. Top right:
Approximation of the variable u. Bottom left: Approximation of the variable ry.
Bottom right: Approximation of the variable .
Az, k=0,...,5. We obtain an approximate rate of 0.19 which is quite close to what we observe

numerically.

Remark 3.2. By using similar techniques, we can obtain a slightly improved rate for a scheme
using only central differences;

(3.42a) Difuly = Divly + Dywly + Ak (DS + D) u
1
(3.42b) — D}l = Diulls + AzkDS*} + AzkDEDSw],
Cij
1
(3.42¢) aD?wZ = Dyuj; + AzsDg Dyv;’ + Aan?ij?j.

Our calculations are already lengthy we only report the end result here. The scheme (3.42) con-
verges to the exact solution at the rate

Az"/?, a>vy, a>2/(2+7),

Ama7(1+v)/(2+a7)7 a>v, a<2/(2+7),

Az TR g <y a > (3y = 1)/(1+ 2y = 72),

Ag?er/ (8= o < g a0 < By = 1)/(14+ 27 =),

provided a suitable CFL-condition, At < O(Ax), holds.

(3.43)
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4. CONCLUSION

Acoustic waves that propagate in a heterogenous medium, for instance an oil and gas reservoir,
are modeled using the linear wave equation (1.1) with a variable material coefficient c. Standard
finite difference and finite element approximations are shown to converge to the solution as the
mesh is refined. A rate of convergence for these approximations in obtained based on the as-
sumption that the underlying solution is smooth enough. This requires enough smoothness on the
material coefficient (wave speed).

However in many practical situations of interest such as seismic wave imaging and hydrocarbon
exploration, the material coefficient is not smooth, not even continuously differentiable. On the
other hand, the material coefficient (rock permeability) is usually modeled by a log-normal ran-
dom field. Pathwise realizations of such fields are at most Holder continuous. Thus, the design
of numerical schemes that can approximate wave propagation in Holder continuous media is a
necessary first step in the efficient solution of the underlying uncertain PDE with a log-normal
material coefficient [17]. Unfortunately, rigorous numerical analysis results for discretizations of
the wave equation with such rough coeflicients are not available currently.

The current paper is the first attempt to design robust numerical approximations for wave
equations with rough i.e, Holder continuous coefficients. We propose an upwind finite difference
approximation for the wave equation with a Hélder continuous coefficient and show that these
approximations converge as the mesh is refined. Furthermore, the key point of our paper is the
rigorous determination of the convergence rates of these approximations. The obtained rates
explicitly depend on the Holder exponent of the material coefficient as well as the modulus of
continuity in L? of the initial data. The rates of convergence are obtained by nowvel adaptation
of the Kruzkhov doubling of variables technique from scalar conservation laws to our L? linear
system setting. Numerical experiments demonstrating the near sharpness of the obtained rates
are also presented.

‘We conclude with a brief discussion on possible limitations and future extensions of our methods:

e We consider finite difference discretizations in the current paper. The ”formal” order of
accuracy of our three-point finite difference schemes is one. One can argue that analogous
to linear hyperbolic systems with smooth coefficients, one can obtain higher rates of con-
vergence by designing schemes with a larger stencil (a higher formal order of accuracy).
We find that prospect unlikely to hold in practice on account of the lack of smoothness of
the coefficient. Furthermore, the irregularities of the coefficient are not localized. Hence,
one cannot expect any localization of singularities of the solution and its derivatives.
This is in marked contrast to nonlinear systems of conservation laws where discontinuities
such as shocks and contact discontinuities separate smooth parts of the flow. Thus, high-
resolution finite difference schemes perform better than low order schemes for conservation
laws. Such a situation does not hold for wave propagation in a rough medium. We expect
that the low-order schemes presented here are not only simple but also optimal in this
case.

e We present the analysis in both one and two space dimensions. The extension to three
space dimensions is straightforward. However, our methods are restricted to Cartesian
grids. In principle, one can expect to adapt these methods to structured grids. However,
an extension to unstructured grids in several space dimensions presents a challenge. One
can expect to design a finite volume type method (our algorithms can also be thought of
finite volume methods as we approximate cell averages) on unstructured grids and prove
rates of convergence. It can be considered as a forthcoming project.

e We restrict ourselves to acoustic wave propagation in rough media in this paper. However,
elastic wave propagation also involve media with material properties that lead to rough,
Holder continuous coefficients. The extension of these methods to such problems will
be considered in a forthcoming paper. Another possible direction of research would be
prove rate of convergence for numerical methods that approximate electromagnetic wave
propagation in heterogeneous media. Possible extensions to nonlinear wave propagation
can also be considered.
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