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1 Introduction

The subject of this term paper is a quantitative analysis of numerical approximations to the one
dimensional wave equation. To that effect, let T € (0,00) and u : R x [0,7] — R be a function
which is twice continuously differentiable in both space and time with globally bounded derivatives
and let ¢ € (0,00). Furthermore, let ug,vo € C'(R,R). Then u € C*(R x [0,T],R) is said to be
a solution of the one dimensional wave equation with Dirichilet boundary conditions and initial
conditions ug and vy, if it holds that for all ¢ € [0, T

im u(z, 1) = u(y,t) =0 (1)
for all x € R it holds that 5
u(z,0) = up(z) and a%‘(x, 0) = vo(z) (2)
and for all (y,s) € R x [0,T] it holds that
0%u 5 0%u
ﬁ(y, s)=c @(y’s) (3)

It is a well-known fact from introductory analysis, that for arbitrary functions ug, vy € C1([0,T] x
R, R), a classical solution to the one dimensional wave equation with Dirichilet boundary conditions
(cf. (1)) and initial value problem (IVP) (cf. (2)) is given via the so-called D’Alembert formula

1 z+ct
(e, t) = 5 luo(e — ct) 4w+ e + 5o [ wolw) dy @
2 2c r—ct
In the following we will approximate solutions to the one dimensional wave equation using spatial
approximations by means of Lagrangian Finite Elements of linear, quadratic and cubic degree cou-
pled with symplectic time-stepping algorithms of higher consistency orders.

The symplectic Euler algorithm as well as the Stormer-Verlet or Leapfrog time-stepping algo-
rithm are classical examples of symplectic integrators. Both the semi-implicit Euler and Stormer-
Verlet /Leapfrog time-stepping algorithms exhibit a first- and second-order consistency respectively
and have the additional property that they preserve the (modified) Energy functional of the sys-
tem exactly for sufficiently small step-size. For a long time, these were the only known integrators
which exhibited these properties, until the work of Ronald D Ruth (cf. [2] and [3]), when canon-
ical examples of higher-order symplectic integrators of third- and fourth-order consistency were
introduced.



2 Dispersion Relation

Let us begin our discussion with a formal introduction to the abstract concept of (numerical)
dispersion relation. To that effect, consider the following

Definition 1. Let K;, L, : C? (R x [0,T];R) — C (R x [0, T];R) be linear differential operators in
time and space respectively. An element u € C? (R x [0, T];R) is said to be a solution to the PDE
(K + Ly)u =0, if it holds that for all x € R, ¢ € [0,T]

(K; + Ly) u(z,t) = 0 (5)

Definition 2 (Spatial and Temporal shift operators). Let At and Ax > 0, let Tar and Sa, be
operators on the C? (R x [0, T];R) with the property that for all (x,t) € R x [0,T] it holds that

Taru(z,t) = u(x,t + At) and Sazu(z,t) = u(x + Az, t) (6)

Furthermore, assume that the differential operators in both space and time commute with the trans-
lation operators in both space and time respectively, i.e. for all (z,t) € R x [0,T], it holds that

KioTpas =Tat 0 Ky and Ly 0 Sar = Saqg 0 Ly (7)

Theorem 3. Assuming the setting in the definition above, it holds that for all w,k € R the expo-
nential functions w — et and Kk — €% are eigenfunctions of the linear differential operators K,
and L, respectively. Specifically, we may define eigenvalues

MiweR= Nw)eCand Nyt €ER - Ay(k) €C (8)

as mapping with the property that for all w,xk € R, it holds that

K; (t — ei‘“t) = A\ (w) (t —> ei”t) and L, (:U — ei’”) =\ (m — ei”) (9)
——— —_——
€C>([0,T];C) €C>=(R;C)

Definition 4. Let K; and L, be linear differential operators in space and time respectively. Con-
sider the eigenvalues \(w), Az (k) : R — C of the spatial and temporal linear differential operators.
Given the PDE in , we may define the continuous dispersion relation of the PDE as

A(w) = Au(k) £ 0 (10)

Furthermore, the equation defining the dispersion relation may also be identified as a graph I' C
R x R. That is, for all & € R, it holds that for arbitrary wg € R

(Fowr) €T <= A(wr) — A(R) =0 (11)

Lemma 5. Let ¢ > 0 and Ky, L, be the linear differential operators in space and time respectively

defined as

2 0%y

. ) 2
Kt.uH@andLm.uHc@ (12)
Then the PDE reduces to the 1D wave equation or Cauchy Problem with phase velocity ¢ > 0
and the dispersion relation is given via

w? =c*k? = w=+ck (13)



In other words, for all k,w € R, the (real part of) function p = e'**=< € C2(R x [0,T]; C) solves
the PDE (3)) if and only if for every k € R, it hold that w € R is given by the dispersion relation in
equation (13]) above.

Proof of Lemma[3 For fixed Az, At > 0, the chain rule (see e.g. Analysis I) concludes that the
differential operators K; and L, satisfy property @ for Ta¢, Sa, translation operators in space
and time respectively.

Hence, theorem [3] concludes that the eigenfunctions of both spatial and temporal differential oper-
ators are given by the exponential functions.

Fix k € R and consider {u, : w € R}, the set of of functions indexed by w € R with the property
that for fixed w € R, p, is defined as

[ Rx[0,T] — C
Hew { (LL', t) — ei(na;—wt) (14)
Consider the following calculation
0? ! 0?
2 _ 2 .2 = 2 —
c @ﬂw = TCR fy = W ey = @/Jw (15)
Therefore, for fixed k € R, the function p,, satisfied the 1D Cauchy Problem if and only if
2
02:%<:>c:’gl<:>w::|:0ﬁ (16)
K K
This concludes the proof of Lemma O

2.1 Dispersion Relation of Semi-Discrete Evolution schemes

The chief goal of this term paper is to provide a concise analysis of the dispersion relation for a
specific set of fully-discrete schemes introduced in Section [l Hence, in an attempt to illustrate the
concept of the dispersion relation for a fully-discrete numerical scheme, let us begin by considering
a spatially semi-discrete scheme using the general theory of the Lagrangian Finite Element method
and provide a general framework for determining the dispersion relation in that setting.

Lemma 6. Let Ky, L, be (continuous) linear differential operators in time and space respectively.
Assume furthermore that for all Az, At > 0 the differential operators commute with spatial and
temporal shift operators (c.f. @) Furthermore, let p € N and let L, : V2 — VZ V, = CP be the
corresponding (spatial) discretization of L, on an equidistant grid M = 7Z - Ax C R with p degrees
of freedom (in space).

Then the eigenfunctions of the discrete differential operator in space are given via the map(s).
K (5 emjm”> for suitable vectors € € V,, (17)
Furthermore, the eigenvalues are given via the map
Ao R — L(V,) (18)
such that for all k € R and suitable 56 V. it holds that

L, (5 emm)JEZ _ (Aw(fi) (f) .emjm)jez (19)



Remark 7. Note that for fized Ax > 0, the translation operator in space Sa, commutes with Ly,
the discretization of the linear differential operator in space, i.e. it holds that

SA:c oLy, =1L;o0 SAz (20)

This fact is a consequence of the assumption on the (continuous) linear differential operator in
space, which is assumed commute with the unit translation operator in space.

2.2 Dispersion Relation of Fully-Discrete Evolution schemes

Definition 8. Let At,Az > 0 (w.lo.g. assume that At = % N € N) and let K;, L, be linear
differential operators in time and space and assume that both operators commute with the spatial and
temporal unit translation operators respectively. Define K;, L, as the discrete differential operators
in space and time on the equidistant spatial and temporal grid M = Ax -Z C R and N = At -
{0,..., N} C[0,T] respectively.

The fully-discrete evolution equation corresponding to the PDE is governed by the update scheme
that for alln € {0,..., N} it holds that

~ !
(K; — Lx)(ﬂ(k))ke{o,...,nﬂ} =0 (21)
Let k € N. Assuming the context of a k multi-step method, resolving the above equation, we arrive
at a fully-discrete evolution scheme p™+1) = QiAtAw(u("), ooy P REDY for a suitable vector space

Vet =2 C? for some g > 0 and a corresponding operator (so-called lattice operator) on

(YN (sz,t)k — Vft (22)

Remark 9. There is some notational difficulty, in the above, as our lattice operator generally op-
erates on some exponent of Vft, for instance in the context of single-step methods, & a¢,nz Operates
on Vft and in two-step methods it operates on (Vft)2. Abusing notation a bit, we will write that
B, Az Operates on Vftxz in order to facilitate discussion on the subject matter in the following.

Proposition 10. Let At,Az > 0 and Sayaq 1 Vi ™ = VISP the (Z x Z)-lattice operator of the
fully-discrete evolution equation.
The eigenfunctions of this lattice operator are given via

(, w) (5 ei(HjAw—W”At))j oo for suitable € € Vet (23)

Note: The vector Ee Vet is called a "lattice vector”.

Furthermore, for all k,w € R, there exists an operator gayay : [—7, 7| X [—m, 7] = L(Vy.) such
that for all lattice vectors & € V,; it holds that

®At,Aw (g (ei(njAz+wnAt))j7n6Z) — (gAt,Az(Hyw) (g) . ei(njAm+wnAt)) (24)
J,nEZ
Definition 11. The vector spaces VZ (spatially semi-discrete), foz (fully-discrete) are called the
space of Lattice- (or Grid-) functions. They consist of all maps from Z resp. Z X Z to our suitable
vector space Vy = CP and V,, = C9 for p,q € N respectively.



Definition 12 (Definition of the discrete Dispersion Relation). Let At, Az > 0 and consider Ky, L,
the discrete differential operators in space and time on an equidistant spatial grid of width Ax > 0
and time-step h = At > 0. Let ¢ € N and let V,+ = C9 such that the lattice operator

Gatns : VP = VEEE (25)

corresponds to the fully-discrete evolution problem of the fully-discrete linear differential operators
K, L, and for fized k,w € [—7, |, let

gAt,Am(Haw) : Vr,t — Vm,t (26)

be the local operator corresponding to the lattice operator. Then the (numerical) dispersion
relation for a fully-discrete evolution problem is given via

det (gar,as (s, w)) =0 (27)

Remark 13 (Example). Consider Ly and K, the linear differential operators in time and space that
commute with the unit translation operator in time and space respectively. Let L, be the discrete
differential operator in space with corresponding mass and stiffness matrices M and A respectively.
Corresponding to the PDE , consider the linear ODE

0?ji oy

)+ i) £ 0 (28)

ot
Let k € R and consider M = M(x) and A = A(r); the local operators corresponding to M,
A. Let K; be the discrete linear differential operator in time with corresponding stability function
Ui Vgt — Vi for a suitable vector space V.. Assume that K; defines a single-step time-stepping
method.

Note: There is no true single-step method for a second-order ODE, however through a suitable
transformation by means of an auziliary variable we may transform a second-order ODE into a
first-order ODE, which admits a suitable partitioned single-step time-stepping method.

Let r1,7r2,81,82 € N and Ug: C*"2 — C1%%2 pe the stability function of an arbitrary (single-
step) time-stepping algorithm and let G a, be the operator on lattice functions of the discrete
evolution problem

Garan: VILr = VEE (29)

Furthermore, let gax At be the local operator on lattice vectors
- . 1 ~ -
0ar(k) 1 €€ Ve = (Uk(M () A() (€)) V2 (30)

Then the (numerical) dispersion relation defined via det (gas,aqz) =0 may be determined as
follows.

0. Consider the effect of eigenfunctions

QiAt,Az: (E ei(ﬁjAaﬁ—wnAt)) e VZZ’;Z N <\I/K(M_1A) (g ei(ﬂij—wnAt)) ) c Vg;Z7tXZ

(31)

J,nEL Jn€EZL



Furthermore, let n € N and let gaz at be the local operator on lattice vectors such that for all
K,w € R, the map gay ai(k,w) is defined via

8av.ac(k) 1 € A € Vo o (WM () AW) (€)) - 2t e Vi (32)

1. Diagonalize in time: Since & provides a single-step update scheme via it = &, for all
Kk € [—m, 7] we may define the map

-1

gas(k) €€ Vyy — (@K(M (k) A()) (5 )) € Vs (33)

Then, for all lattice vectors 56 V¢ it holds that for alln € N

g. (ei(ﬁjAz—w(n-&-l)At))

=B (€A D) s Eeen g, () () (39)

JjE JEZ

Hence, for fixred k € R, the local operator on lattice vectors corresponding to the lattice operator
B A,z 15 given via

gataz ¢ (K,w) € [—m, @] x [-m,7] = (Idv, , €“? — gaz(k)) € L(Vas) (35)

2. Diagonalize in space: For all k € R, solving the spatially discrete generalized eigenvalue

problem gives rise to eigenfunctions \ : [—mw,w| — C such that for all k € [—7,x] it holds that
det (gAx(/@) — k) -Ide) =0 (36)
3. Compute the numerical diispersion relation: For every eigenfunction A : [—m,7] — C,

diagonalizing in space allows us to compute the (numerical) dispersion relation via

_ log (A(k)) (37)

iwAt
=A
e (k) <= w AL

Hence, we may conclude that

| log (X(n))
det (garng) =0 <= w= A

for all X : [—m, 7] = C that satisfy property

3 Spatial Discretization for Lagrangian Finite Elements

Consider a spatial discretization according to Lagrangian Finite Element on an equidistant (1D) spa-
tial grid of width Az > 0, call it Ax-Z C R. Hence for p € N, and B = {b§ CjEZLKke{],... ,p}},
a finite element basis of R of degree p with grid points {jAz : j € Z} = Ax - Z, we may compute
both mass and stiffness matrix as

M = < /R bﬁ(m)b;”(x)dx> (39)

i,7€{1,...,N} I,me{1,...,p}



- ( / bg(x)b;n(x)dx) (40)
R i,j€{1,...,N} I,me{l,...,p}

PDE corresponds to the following ODE

82
M PX, ( = (@ t)) ~PA PE, (u(x,1)) (41)
For B = {b;(x)};ez an arbitrary (countable) basis of our Finite Element space, we may define
V. = spang (B) = {)_a; - b;(x) : (a;)jez C R} € C®(R,R) (42)
JEZ

Notation Based on the definition of V,, we may identify an element u(z) = > ;15 - bj(z) € Vs
with the vector i = (u;)jez € RZ.

Finally, in order to adequately approximate u(z,t), a solution to the wave equation (3), we will
need to introduce a time component. To that effect, it would suffice to consider

Vit = spancepo.ryr) (B) = {> a;(8) - b;(@) : (a;(t))jez € C*([0,T],R)} € C*([0,T] x R, R) (43)
JEZL
Notation Based on the definition of V;, we may identify an element yu(t) = > ;7 115 (t) p;j(x) € Vae
with the function fi:t € [0,T] + ji(t) = (1;(t))jez € C*([0, T], R)Z.

Finally, let us define the map 75 : C*(R x [0,T],R) — V,; with property that for all functions
(u:R x [0,T] = R) € C2(R x [0, T],R) it holds that

= > () - bi(x) 2 fi(t) € Vay (44)

JEZL

The framework above allows us to illustrate our notation through natural examples. Throughout
the following we will (without mention) utilize the fact that spatial discretization of the 1D state
space R transforms the PDE into the following ODE

0% 82

- — 2 7
92 (1) cCAf(t) = M8t2

(t) + 2Aji(t) =0 (45)

3.1 Linear Lagrangian Finite Elements

In order to begin our discussion, we must first determine the proper spatial discretization. For that
purpose, let us consider an equidistant grid of width Az > 0: Az -Z C R. Then we may define the
function po(z) € C(R,R) with the property that

supp(po) = {x € R : pp(z) # 0} C [-Az,Az] C R
x+ Ax Ar —x (46)

po(w) = ( Ar )L —Az0(7) +( Az )1j0,a4] ()
Then we may define the set B of linear basis functions on R as follows
Bi={pjx)=po(z—jAx):j€Z} (47)
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Plot of basis functions p;(x) for j € {—3,—-2,-1,0,1,2,3}

Performing the relevant computations for both Mass and Stiffness Matrix for the basis By, we arrive
at the following stencil for the both mass and stiffness matrix in the case of Linear Lagrangian Finite
Element (LFEM)

121
[6’ 3’6
Equipped with the structure for both mass and stiffness matrix, we are now able to compute the
semi-discrete dispersion relation for LFEM as follows. The matrices M (mass) and A (stiffness)
are sparse; as they are tri-diagonal. Therefore, Proposition [10[leads to the following corresponding
local operators A and M given via

~

] and A = [-1;2; —1] (48)

M(r) : (oZ — CZ 49
&- (emjAm)jEZ — %COS(HA.T) +2) (6i“ij)jeZ (49)
A(k) : (o — CZ (50)

R I S

Hence, in terms of local operators on grid functions, we arrive at the following numerical dispersion
relation

(A(H) - 02w21\~4(m)) £ (emA), 20 = (A(ﬁ) - CWM(H)) L0 (51)

Now, substituting the term c?w? for a k-dependent term \(x), we arrive at the following Generalized
Eigenvalue Problem

(A(/@) ~A(K) - M(n)) Lo (52)

This in turn results in the following semi-discrete dispersion relation for LFEM spatial discretization

AMr) = Aw? <= w(k) = £c/|\(K)] (53)
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Continuous dispersion relation (blue) and linear semi-discrete dispersion relation for Az > 0 and
c=1. Both the x- and y-axis are scaled by Azx.

3.2 Quadratic Lagrangian Finite Elements

In order to perform a spatial discretization of Quadratic Lagrangian Finite Elements, we must
consider quadratic basis polynomials in addition to our linear basis B;. To that effect, let us
consider the polynomial ¢o(z) € C(R,R) with the property that

supp(qo) C [0,Az] C R
r(Ax —x 54
qo(x) = 4(<Ax)2)l[o,mc] oY

Then we may define Bs, the set of basis functions up to quadratic degree as follows

By =B1U{qgj(z)=qo(x —jAzx):j€Z} (55)

10
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Plot of basis functions p;(x),g;(x) for j € {-3,—-2,-1,0,1,2,3}

Performing the relevant computations for both Mass and Stiffness Matrix for the basis B;, we arrive
at the following stencil for the both mass and stiffness matrix in the case of Linear Lagrangian Finite

Element (QFEM)
o ol ) (56)

1
[
= (P oli) ”

Therefore, Proposition [10|leads to the following corresponding local operators A and M given via

M (x) : (C2)2 — (C2)2
E (emdn) e ( (C({f(ffﬁl‘if) (e_lnAgib +1) ) £ (emne) (58)
A(r) - (C?)” — (C?)*
g' (ei(KjAI7Wt))jeZ — < 4Sin2(§%) 13% > g (ei(njAmfu}t))jEZ (59)

Analogous to the previous approach, we arrive at the following semi-discrete dispersion relation for
QFEM spatial discretization

Mr) = Pw? <= w(k) = £c/|\(K)] (60)

11
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Continuous dispersion relation (blue) and quadratic semi-discrete dispersion relation for Az > 0
and c=1. Both the x- and y-axis are scaled by Azx.

3.3 Cubic Lagrangian Finite Elements

In order to perform a spatial discretization of Cubic Lagrangian Finite Elements, we must consider
cubic basis polynomials in addition to our basis of at most quadratic order Bs. To that effect, let
us consider the polynomial ro(z) € C(R,R) with the property that

supp(ro) C [0,Az] C R

_3a, (A (o1

g vt o)

3 Az 3

o0 = a5 = G

Then we may define Bs, the set of basis functions up to cubic degree as follows

Bs =By U{rj(x)=ro(r—jAz):jE€Z} (62)

12
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Plot of basis functions p;(x), ¢;(z),r;(x) for j € {-3,-2,-1,0,1,2,3}

Performing the relevant computations for both Mass and Stiffness Matrix for the basis B;, we arrive
at the following stencil for the both mass and stiffness matrix in the case of Linear Lagrangian Finite
Element (QFEM)

[-1;2; —1] 0 0
A= 0 [0; £5; 0] 0 (63)
0 0 [0;1924: 0]
[6:3:8]  [5:5]  [=d5 8]
M=| [gs 000 0 (64)
[&i-) 0 (0555350

Therefore, Proposition [10|leads to the following corresponding local operators A and M given via

M(x) : (C?)* — (C?)*
L %(COS(KA:C) +2) %(e’mmﬁ +1) %(1 — e*mm”) L
5 . (ez(njAm—wt))jGZ N l(eznAx +A1) % 5(1)2 é‘ . (el(KJAz—wt))jEZ
475(1 _ ell{ JE) 0 %
. (65)
A(k) : (C?)* — (C?)*
4sin®(%5%) 0 0
£ (ei(mjAszt))jEZ s 0 % 0 £ (ei(mjAwfwt))jEZ (66)
0 0 19
45

Analogous to the previous approach, we arrive at the following semi-discrete dispersion relation for
CFEM spatial discretization

k) = Pw? <= w(k) = £c/|\(K)| (67)

13
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Continuous dispersion relation (blue) and linear semi-discrete dispersion relation for Az > 0 and
c=1. Both the x- and y-axis are scaled by Azx.

4 Time-stepping

The following section is dedicated to a concise introduction of all symplectic integrators relevant
to this term paper. We will encounter two classical examples of symplectic integrators Leapfrog
integration and Semi-implicit Euler integration. By means of the semi-implicit Euler method,
we will then construct higher order integrators that achieve order O(t2), O(t®), O(t*) respectively.
Throughout each discussion, we will begin an initial inspection into the dispersion relation for each
individual scheme applied to one of the semi-discrete schemes in the previous section.

4.1 Leapfrog integration

Leapfrog integration is a classical two-step method. For an arbitrary second-order ODE of the
form 4 = f(u), the numerical approximation w, of the continuous solution u according to Leapfrog
integration is given via

un+1 — 2" + un—l

(At)? = flup) <= u"* = f(up)(A8)* + 20" — w7 (68)

The Leapfrog time-step for a Lagrangian Finite Element discretization with mass and stiffness
matrix A, M respectively is given via
n+1l _ 2" n—1
N p" 4 p
(At)?

Consider a spatial discretization of order p = 1,2 or 3 according to the Lagrangian Finite Elements
computed in the previous chapter. Recall the operators M, A, which have the property that for all

= %A pu, (69)

14



k € R, there exist local operators M (), A(k), s.t. for all £ € CP
M (& (987)en) = (M(x) (€)) - (€987 e (70)
A (-5 en) = (A (€)) - (€2 ()

Recall that from the property , we may defer that the eigenfunctions of the temporal differences
scheme % = f(u™) is given by the exponentials functions, w € R — (e®?) € C.
By rearranging the terms in the temporal differences scheme and for n € N by plugging in p™ :=

(ei(ﬁJ’Afﬂ*W”A”)jeZ for u,, we arrive at:

pm D 4 = op 4 (AP () = 2cos(wAl) - p" = 20" + (A f(u")  (72)

Hence, writing the above equation in terms of our local analogs M(k), A(k), we may conclude that
for all £ € CP

2 = (73
(202 ) W10 (€) = B0 2400 (€)

Hence, recalling the setting of the previous section, let A : R ~— R with the property that for all
k € R it holds that for all £ € CP

2 ~ -1
[QA(@ YD) (—M(K))] L0 (74)
Then the (numerical) dispersion relation for the above (?7?) is given via
cos(wAt) = A(k) + 1 (75)

Or, equivalently for A : R — R with the property that for all £ € R it holds that for all E eCr

ﬁA(H) ~X(k) - M(m)} £=0 (76)

Then the (numerical) dispersion relation for the above is given via
At -
sin? (“’2) = (k) (77)

4.2 Symplectic Euler

We will introduce the symplectic Euler numerical integration scheme first in a general setting and
then apply it to the ODE in order to illustrate the proper method for determining the dispersion
relation in a Lagrangian Finite Element Method spatial discretization and symplectic time-stepping.
The semi-implicit Euler method is a partitioned method, which is most aptly described according to
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the theory of Hamiltonians corresponding to a dynamic system. We will omit the formal introduc-
tion via Hamiltonians and refer to [I] for a more in-depth approach to the definition of symplecticity
and it’s connection to solving partitioned Hamiltonians.

Let us begin by introducing one variation of the semi-implicit Euler method. To that effect, consider
p:Rx[0,7] > Rand v: R x [0,7] — R with the property that for all (z,s) € R x [0,7T] it holds
that

& u(w,5) = (e, ) = v, ) (78)

Let f, : R = R and f, : R — R bearbitrary functions that satisfy the property that for all
(x,s) € R x [0,T]

0
a,u‘(zv 5) = flt(y(x7 5)) and aV(I’, 5) = fu(ﬂ(x, S)) (79)
For all (z,s) € R x [0,T] let us define ((z,s) = ( 5E§’j§ ) Hence, we arrive at the following
obE 9 fu(v(, s))
a _ w(v(x,s
<o = ( F i) ) (50
The symplectic Euler method applied to equation provides an update scheme given via
n+1 n n+1
n+1 __ 1% _ M fu (V ) )
= n = n | + At n 81
o= (e ) = (00 )+ (555 1)

We may rewrite the above equation via

()2 (G )= (0) el i)

Proposition 14 (Stability Function of the semi-implicit Euler method). The semi-implicit Euler
method applied to the ODE 18 given via

w-((2) () (G (18) e

Proof of Proposition[I]} Ansatz Apply the above scheme to the following ODE

(5)=(% %)) o8

Hence, if we apply the symplectic Euler to the above ODE, we arrive at the following update

()= () o (0 ) () ®
(

o=
= O
~_
|
>
~
N~—
>
[\v]
N
o O
o =
N~
7N
RE
3 3
+ +
=
"
I
7N
o=
= O
"
+
—
>
N
>
=
7 N
= o
o O
"
7 N
RE
3 3
N~~~
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-1

(e )= 1) (5 6)) (6 1) remn(3 ) (20)

) . (87)
This completes the proof of Proposition [T4] O

Finally, combining the above with the abstract process of finding the numerical dispersion rela-
tion for a general single-step method with arbitrary stability function according to equation ,
we may determine the numerical dispersion relation of the symplectic Euler method applied
to arbitrary ODEs of the form . It also turns out that this framework allows us to determine
the numerical dispersion relation for the linear ODE ; the numerical approximation of the wave
equation utilizing Lagrangian Finite Elements in space and semi-implicit Euler time-stepping.

To that effect, recall the spatial discretizations introduced in Section [3| and let M, A be the mass
and stiffness matrix respectively. Then it holds that for all s € [0,T]

% ” e Idgz 0 \ OC 0 Idgs \ =
Mﬁ(s) + Aty =0= ( 0 M a(s) =\ 4 o ¢ (88)
M A
Hence, we may rewrite the linear ODE in terms of the extended matrices M, A as a first-order
ODE )
o
ot
Finally, applying the symplectic Euler method to the above ODE (cf. (81))) yields

¢ = (w(MR)) ¢ = (M— (AD) < 0 e ))_1 <M+(At)< 2 )) ( v ) (90)

Or, equivalently

(s) =M 'A( (89)

<M(At)( 8 I%CZ >)5ﬂ+1 - <M+(At)( * 8 ))5” (91)

Writing everything the above in terms of the local operators associated to the Lattice Operator, we
may conclude that for arbitrary x € R and A : k € R — A(k) € C such that for all £ € CP it holds

that ) A]lﬁ,{ MOH Y ]1gp —(Nitlm £Lg (92)
(k) M(r) ()

Then the numerical dispersion relation for the semi-implicit Euler method coupled with La-
grangian Finite Element discretization in space is given via

WA = \(k) = w=R (W) (93)
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4.3 Higher order symplectic integrators

In the previous subsection, we introduced the simplest of all single-step symplectic integrators; the
semi-implicit Euler method. This will be our main tool when constructing higher order symplectic
integrators. The process of constructing higher order symplectic integrators rests on calculating
the proper coefficients according to the Baker-Campbell-Hausdorff formula. Once these coefficients
are determined, the entire algorithm of arbitrary higher order runs like an iterated (weighted)
semi-implicit Euler method. Therefore, let us begin by defining the weights for these higher-order
schemes.

We have already seen the first-order coefficients to bea=a; =1and b=5b; =1

The second-order coefficients are calculated to be a = ( 82 > and b = ( 0 >

1
2/3 /24
The third-order coeflicients are calculated to bea=| —2/3 | and b= 3/4
1 —1/24
2423 40— "3 0
6
1-2"/3_o-/3 #1/
. - — 3
The fourth-order coefficients are calculated to be a = L 21/36 18 and b = =7
=22 2-2%3
0 ’ 1
2+21/36{rz’1/3 2213

Definition 15 (Definition of symplectic time-stepping algorithms of arbitrary order). Let d €
N,d > 1. Then the symplectic time-stepping algorithm applied to the Hamiltonian ODE

o (p p ) ( F(g,t) )

— = . = ’ 94

ot ( q ) ( q G(p) (94)
1s given via the following algorithm

Symplectic time-stepping algorithm
Input: order =d > 1, At >0, F:R? - RZ, G : R? - R%, Fy,Go € RZ and T > 0
Output: p(T),q(T), the inertia and displacement vectors at time T > 0

p1 = Fo,q1 = Go

N = ceil(T/at)

fori =1 to N do

% Begin with integration method update
Pin = Di
Qin = qi

forj=1toddo
Pout = Pin + bjAt . F(an>
Qout = Qin + ajAt ' G(pout)

Pin = Pout
din = Qout
end
Di+1 = Pout

18



4i+1 = Gout
end
return py,qn

Proposition 16. Let d € {1,2,3,4}. Then the stability function Wy : C — C?*2 corresponding
to the symplectic time-stepping algorithm of order d is given via the property that for all z € C it
holds that

d
W(2) = _H Wi (z) (95)

Where W7 (z) is given as a “weighted” version of the stability function of the semi-implicit Euler
method, with weights a; and b; respectively; specifically, for all z € C

\Ifj(z)=(<3 g)_ajz.(g g))‘1<<3 g>+bjz.<§f g)) (96)

Hence, the stability function of the symplectic integrator of order d is given via

ﬁ((% SRCHE 3))_1«3 D)+ue(90)) (97)

Furthermore, assume that for allm € {1,...,N} , 5" the discrete evolution of the higher order
symplectic integrator (of order d) applied to the linear ODE . Then the update scheme for all
n€{l,...,N} for this fully-discrete evolution is given via

= wa (M A (98)

Hence, recalling the setting in section[d, we may may the above equation in terms of local operators
on lattice vectors. Hence for all eigenfunction \: [—m, 7] — C and all k € R it holds that

I [( T e )( it )

Jj=1

—A(H)-<lg” 0 ) £L0 (99)

1w
Remark 17. Notice that for d = 1, the equation above coincides with the equation derived in the
case of the semi-implicit Euler method.

Solving this Generalized Figenvalue Problem leads to the numerical dispersion relation

w(k) = (W) (100)

4.4 Empirical Convergence Rates for symplectic time-stepping algorithms

It is a well-known fact that Leapfrog integration provides a second-order convergence rate and is
therefore of consistency order O(At?). In this section, we will provide empirical convergence rates
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for the symplectic time-stepping algorithms introduced in the previous two sections. To that effect,
we will apply the symplectic time-stepping algorithms to the model problem for the ODE

u(z) = —u(z) (101)

The codes utilized for the empirical convergence analysis are readily available in the Appendix (c.f.
section . Therein, we have applied the symplectic time-stepping algorithms to the above model
problem ODE with the initial value problem u(0) = 1,4'(0) = 0. Applying the codes in section
7.2, we arrive at the following empirical convergence rates for At = 0.1-27 for j € {-1,..., -5}

Numerical Error — Symplectic Euler

Numerical Error — Symplectic 2nd order
Numerical Error — Symplectic 3rd order | |
~ Numerical Error - Symplectic 4th order

Numerical error

16 . . . P I

10 10° 10°
N with dt = 1/N

Empirical Numerical Error of symplectic time-stepping applied to the model problem
u”(x) = —u(x) with initial value problem u(0) = 1 and «/(0) = 0.

Clearly in the above, we may observe the expected behavior. The curve of least descent (blue)
belongs to that of the symplectic Euler algorithm, which provides the convergence order O(At).
The green, red and cyan curves each have slope greater than that belonging to the symplectic Euler
algorithm, which clearly indicates a higher convergence order. Clearly, the green curve belonging to
that of the second-order symplectic time-stepping algorithm has the greatest slope of the aforemen-
tioned three, which clearly indicates the convergence order O(At?). Correspondingly, the red curve
belonging to the third-order symplectic time-stepping algorithm exhibits a greater slope than the
cyan curve and therefore leads to convergence order O(At?). Finally, the third curve belonging to
the fourth order symplectic time-stepping algorithm has the steepest descent and therefore provides
convergence order O(At?).
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5 Dispersion Relation of the fully discrete evolution problem

5.1 Leapfrog integration

Our first analysis will involve Lagrangian Finite Element spatial discretization of Linear, Quadratic
and Cubic order coupled with a simple Leapfrog integration. To that extent, let us determine the
generalized eigenvalue problem for Leapfrog integration.

Definition 18 (Leapfrog and Lagrangian Finite Element discrete evolution problem). Consider
the Lagrangian Finite Element spatial discretization of arbitrary degree p applied to the PDE
on an equidistant spatial grid of width Ax > 0. Let M and A the corresponding mass and stiffness
matriz, recall the corresponding linear ODE (E)). Let At > 0 and & : VZ — VZ be the Galerkin
Matriz with the property that for all n € N it holds that for all n € N it holds that gtV = &™),

Then
pn+1) _ 2/](") + ﬁ(n—l)

i
M (A1)

= Ag™ (102)

Proposition 19. Let Az, At > 0 and let A, M : R”Z — R” be the mass and stiffness matriz corre-
sponding to the Lagrangian Finite Element spatial discretization of the PDE (3) on an equidistant
spatial grid of width Ax > 0. Applying Leapfrog integration to the ODE , we arrive at the
numerical dispersion relation for Leapfrog time-stepping as the mapping w : kK € R = w(k) € P(R)
s.t. for all X : k € R — A(k) € R with property and for all k € R there exists w € w(k) C R,
s.t.

2cos (wAt) — 1 = A(k) (103)

Finally, we are able to provide the first result for the numerical dispersion relation of LFEM, QFEM
and CFEM coupled with Leapfrog integration.

3.5

25K

omega * dt

(black) — Continuous dispersion relation
(red) — Fully—discrete dispersion relation; LFEM
(blue) - Fully—discrete dispersion relation; QFEM
(magenta) — Fully—discrete dispersion relation; CFEM

0.5

1 | 1 1 1
0 0.5 1 15 2 2.5 3 3.5
kappa * dx
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Continuous dispersion relation (black) and fully-discrete dispersion relation LFEM (red) , QFEM
(blue), CFEM (magenta) together with Leapfrog time-stepping. The x-axis is scaled by Az > 0
and the y-axis is scaled by At > 0.

Now that we have determined the dispersion relation for fixed Az, At > 0, we would like to discuss
the asymptotics as Az, At — 0. To that extent, it is a poignant remark to note that in the figure
above the x-axis is scaled by Az > 0 and the y-axis is scaled by At > 0. Furthermore, let us define

o= % and consider fixed Az > 0.

x’
a constant: In the case where « is held constant, the dispersion relation remains self-similar
on the interval [0, £2]. This has been proven rigorously in a separate paper however can be de-
duced readily by substituting &# & xAxz and © = wAt into the relevant equations when computing
the dispersion relation. By means of this substitution, the dispersion relation translates into a
simple equation that relates an arbitrary x € R with a corresponding set of w(k) C R

a — 0: Let Ax > 0 and consider o — 0, or equivalently At — 0. Numerical experiments have
validated that as At — 0, the numerical dispersion relation of the fully-discrete scheme converges
to the semi-discrete dispersion relation determined in section

Remark 20. Observe in the figure above that as we increase the order of the Lagrangian Finite
Element Method, we may observe a significant reduction in the numerical dispersion introduced
by the fully-discrete evolution problem. In order to gauge the quantitative reduction in numerical
dispersion, consider the following error estimates

(red) - Fullydiscrete dispersion relation; dt = 1
(blue) — Fully—discrete dispersion relation; dt = 0.95 (blue) — Fully~discrete dispersion relation; dt = 0.95
18| (magenta) ~ Fully~discrete dispersion relation; dt =0.9 1 (magenta) - Fully~discrete dispersion relation; dt =0.9
(magenta) — Fully—discrete dispersion relation; dt =0.85 (magenta) — Fully—discrete dispersion relation; dt =0.85

(red) - Fully~discrete dispersion relation; dt = 1

- S}
T T
L L

omega * dx - kappa * dx
°
>
.

omega * dx - kappa * dx

o o
i =
T T
L L

o

>
T
I

L L L L L G S T L L L L
0.5 1 15 2 25 3 0 05 1 15 2 25 3
kappa * dx kappa * dx

o

o

Numerical Dispersion Relation Error [Err(k) = w(k) — k| for LFEM (left) and QFEM (right).
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(red) - Fully-discrete dispersion relation; dt = 1 (red) — Fully—discrete dispersion relation; LFEM
(blue) - Fully—discrete dispersion relation; dt = 0.95 T (blue) - Fullydiscrete dispersion relation; QFEM i
150 (magenta) - Fully~discrete dispersion relation; dt =0.9 1 15k (magenta) - Fully-discrete dispersion relation; CFEM |
(magenta) - Fully-discrete dispersion relation; dt =0.85 .
s 1t 4 .
N 5 1+ 4
s 5
3 g
= g
= g
x L
3 5
© .m
s 3
8 b4
£ ; £
5 . 5
05 / ", B 051 B
|
N
\
0 L L L L L L . L L L L L -
0 05 1 1.5 2 25 3 o 05 1 5 2 25 3
Kappa * dx kappa * dx

Numerical Dispersion Relation Error [Err(k) = w(k) — k] for CFEM (left) and combined LFEM,
QFEM and CFEM for a single At > 0 (right).

5.2 Comparison - LFEM with symplectic integrators

051 (red) — Numerical Dispersion Error; order = 1 B
(blue) — Numerical Dispersion Error; order = 2
(magenta) — Numerical Dispersion Error; order = 3

? (cyan) - Error Dispersion Error; order = 4
S 04 B
Q
o]
X
I
x
o
x
S 0.3F -
Q
£
o
n
)
8
S 02t 4
=
w

0.1 4

0 i 1 1 1 1 1
0 0.5 1 1.5 2 25 3

kappa * dx

Fully-discrete Numerical Dispersion Relation LFEM with symplectic time-stepping of order 1
(red) , 2 (blue), 3 (magenta) and 4 (cyan). The x-axis is scaled by Az > 0 and the y-axis is scaled
by At > 0.
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5.3 Comparison - QFEM with symplectic integrators

0.1
°
0.09F K
. e (red) - Numerical Dispersion Error; order = 1 e
.
®  (blue) — Numerical Dispersion Error; order = 2 5.
0.08 ®  (magenta) — Numerical Dispersion Error; order = 3 X:' ’,.
®  (cyan) - Error Dispersion Error; order = 4 $ & 2
5 ¥ v
« 0.07 °
g- L]
g .
]
*I‘ 0.06 -~
x
© .
* |
]
S 0.05 ;
g L
I 0.04 N
©
Q
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©
< 0.03 K
]

o
Q
[S)

o
2

Continuous dispersion relation (black) and fully-discrete dispersion relation LFEM (red) , QFEM
(blue), CFEM (magenta) together with Leapfrog time-stepping. The x-axis is scaled by Az > 0
and the y-axis is scaled by At > 0.

5.4 Comparison - CFEM with symplectic integrators

0.025
e (red) - Numerical Dispersion Error; order = 1
®  (blue) - Numerical Dispersion Error; order = 2
®  (magenta) — Numerical Dispersion Error; order = 3 o
0.02} ®  (cyan) — Error Dispersion Error; order = 4 F
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kappa * dx

Continuous dispersion relation (black) and fully-discrete dispersion relation LFEM (red) , QFEM
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(blue), CFEM (magenta) together with Leapfrog time-stepping. The x-axis is scaled by Az > 0
and the y-axis is scaled by At > 0.

5.5 Semi-implicit Euler time-stepping

4*,_< (black) — Continuous Dispersion Relation | . ‘ ‘ ‘ ‘ ‘ ‘
(red) — Error Dispersion Relation; LFEM ‘ (black) — Continuous Dispersion Relation
(blue) - Error Dispersion Relation; QFEM
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Numerical Dispersion Relation for LFEM (left) and QFEM (right). Note that the x-axis is scaled
by Az > 0 and the y-axis is scaled by At > 0

; (black) - Continuous Dispersion Relation T T T T T
5 (blue) — Error Dispersion Relation; QFEM .
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Numerical Dispersion Relation for CFEM (left) and combined Numerical Dispersion Relation
Error [Err(k) = w(k) — k] for LFEM, QFEM and CFEM for a single At > 0 (right).
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5.6

Symplectic 2"’-order time-stepping

(black) - Continuous Dispersion Relation |
(red) - Numerical Dispersion Relation; LFEM

'

3k

omega * dx - kappa * dx
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-4 L L L L L

15 2 25
kappa * dx

Numerical Dispersion Relation for LFEM (left) and QFEM (right). Note that the x-axis is scaled

omega * dx - kappa * dx

s

s

(black) ~ Continuous Dispersion Relation
(blue) - Numerical Dispersion Relation; QFEM

kappa * dx

by Az > 0 and the y-axis is scaled by At > 0

(black) - Continuous Dispersion Relation

I

(magenta) - Numerical Dispersion Relation; CFEM
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Numerical Dispersion Relation for CFEM (left) and combined Numerical Dispersion Relation
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* (red) - Error Dispersion Relation; LFEM

*  (blue) - Error Dispersion Relation; QFEM
*_(magenta) - Error Dispersion Relation; CFEM
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Error [Err(k) = w(k) — k] for LFEM, QFEM and CFEM for a single At > 0 (right).
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5.7

Symplectic 3"%-order time-stepping

4 ] (black) - Cont Dispersion Relation . . . . . .
‘ (red) - Numerical Dispersion Relation; LFEM (black) — Continuous Dispersion Relation
(blue) — Numerical Dispersion Relation; LFEM
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Numerical Dispersion Relation for LFEM (left) and QFEM (right). Note that the x-axis is scaled
by Az > 0 and the y-axis is scaled by At > 0

omega * dt

(black) — Continuous Dispersion Relation
(magenta) — Numerical Dispersion Relation; LFEM
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5 L L L L L L
0 15 2 25 3

kappa * dx

omega * dx - kappa * dx
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031
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0.1+

(red) - Error Dispersion Relation; LFEM
(blue) - Error Dispersion Relation; QFEM
(magenta) - Error Dispersion Relation; CFEM

0.5 1 15 2

kappa * dx

Numerical Dispersion Relation for CFEM (left) and combined Numerical Dispersion Relation
Error [Err(k) = w(k) — k] for LFEM, QFEM and CFEM for a single At > 0 (right).
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5.8 Symplectic 4"-order time-stepping

4 *v—‘ (black) - " relation } T 8 T T { (black) - continuous dispersion relation
(red) - numerical dispersion refation; LFEM (blue) - numerical dispersion relation; QFEM
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Numerical Dispersion Relation for LFEM (left) and QFEM (right). Note that the x-axis is scaled
by Az > 0 and the y-axis is scaled by At >0
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sl 05
(black) — continuous dispersion relation
(magenta) — numerical dispersion relation; CGFEM

©  (red) - Numerical Dispersion Relation; LFEM
*  (blue) - Numerical Dispersion Relation; QFEM
(magenta) - Numerical Dispersion Relation; CFEM
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kappa * dx kappa * dx

Numerical Dispersion Relation for CFEM (left) and combined Numerical Dispersion Relation
Error [Err(k) = w(k) — k] for LFEM, QFEM and CFEM for a single At > 0 (right).

6 Conclusion

The observed dispersion relations for spatial discretization of linear, quadratic and cubic finite ele-
ments provides the expected results. If we compare the numerical dispersion relation for the same
time-stepping algorithm, we may observe that as the degree of the spatial discretization increases,
the error in the numerical dispersion relation (compared to the continuous dispersion relation). This
phenomenon was already observed in the case of the semi-discrete dispersion relation in section

On the other hand, if we fix the degree of spatial discretization and compare the numerical dispersion
relation for each of the symplectic time-stepping algorithms, we may not observe an improvement
in the error of the numerical dispersion relation in all cases. For one, the numerical dispersion
relation for symplectic Euler and second-order symplectic time-stepping are identical, regardless of
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the degree of spatial discretization. However, if we compare the numerical dispersion error between
symplectic Euler, third-order symplectic time-stepping and finally the fourth-order symplectic time-
stepping, we may in fact observe the desired result. This is most likely a coincidence, since the
empirical convergence rates of all symplectic time-stepping algorithms were observed to be the same.
There seems to be a fundamental difference between the symplectic time-stepping algorithms ap-
plied to ODEs such as that of the model problem u” = —u and the spatial discretization via Finite
Elements of arbitrary order. When the empirical convergence rates of the symplectic time-stepping
algorithms were analyzed for the Finite Element problem, the result was somewhat unexpected.
It turns out that when the symplectic time-stepping algorithms are applied to the Finite Element
problem, the order of the algorithm becomes irrelevant. That is, all symplectic time-stepping algo-
rithms converge with the same order as the symplectic Euler algorithm. This is illustrated in the
below figure

Numerical Error — Symplectic Euler

— Numerical Error - Symplectic 2nd order
Numerical Error — Symplectic 3rd order
— Numerical Error - Symplectic 4th order

Numerical error

10 . . L . . P
10’ 10° 10

N with dt = 1/N

3

Empirical Numerical Error of symplectic time-stepping applied to the Finite Element problem in
(45)) with initial value problem ug = sin(z)?Ljg ;) (2) and vy = —2sin(x) cos(x)Ljg s ().

7 Appendix

7.1 Code - Leapfrog time-stepping (model problem)

function Reference = SymplecticModelProblemLeapfrog(N)
dt = 8%pi/N;

u = zeros (1,N+1);
v = zeros (1,N+1);



u(l) = 1;

v(l) = 0;

%First time step (initial step)

u(:,2) =u(l) + v(1)xdt — 0.5xdt"2*u(1);

%Leapfrog timestepping
for i=2:N

u(:,i+1) = ( 2xu(i) — u(i—-1) — dt"2*u(i) );
end;
plot ((1:N+1),u,’r’);

Reference = u(end);

7.2 Code - Symplectic time-stepping (model problem)
function X = SymplecticModelProblem( N |, order )

if order =— 1

elseif order =— 2

a=[0.5 0.5]; b=1[0 1];

elseif order — 3
a = [2/3; —2/3; 1];
b = [7/24; 3/4; —1/24];
else
a=[(2+27°(1/3) +2°(-1/3))/6; (1 — 27°(1/3) — 2°(—1/3))/6;
(1 —27(1/3) = 2°(=1/3))/6; (2 + 27°(1/3) + 27(—1/3))/6];

b= [0; 1/(2 = 27(1/3)); 1/(1 = 27(2/3)); 1/(2 = 27(1/3))];

end
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dt = pi/N;

u = zeros (1,N+1);
v = zeros (1 ,N+1);

voin = v(j);

uin = u(j);
for s =1 : order
v_out = v_in + b(s)*dt*xu_in;
u_out = u_.in — a(s)xdtxv_out;
v_in = v_out;
u_in = u_out;
end

v(j+1) = v_out;
u(j+1) = u_out;

end

plot ( (1:N+1) , u )

X = u(end);
7.3 Code - (Animation) Linear Finite Element for Leapfrog time-stepping

function Reference = LFEMSymplecticForErrorLeapfrog (N)

dt = 1/N; Ttime—step

n=10; Y%mumber of elements on the interval [0, pi]
dx = pi/n; %spatial—step width

T = 1; %Unit time interval

k = T/dt; %Number of time steps on unite time interval
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alpha = dt/dx;

%Create Mass Matrix and Stiffness Matrix
v = ones(1,2xn—1);

%Stiffness Matrix
A = 2xdiag ([v 1]) — (diag(v,1) 4+ diag(v,—1));

A(l,end) = —1;
A(end,1) = —1;

%Mass Matrix
M= (1/6)«( 4xdiag([v 1]) + (diag(v,1) + diag(v,—1)) );

M(1,end) 1/6;
M(end,1) = 1/6;

%Initial solution

x_int = linspace (0,pi,n); %Intermediate variable

x.0 = linspace (—pi, pi, 2+n); %X axis for plotting

y-0 = [zeros(1,n) sin(x_int ). 2]; %Initial value

v_0 = [zeros(l,n) —2«sin(x_-int).xcos(x_int)]; %Initial velocity

%Solution Matrix
sol = zeros(2xn,k);

%Initial value problem
sol(:,1) = y-0";

%First time step (initial step)

temp = Axsol (:,1);

temp = M\temp;

sol(:,2) = ( sol(:,1) + v_.0’«xdt + 0.5xalpha”2xtemp);

%Leapfrog timestepping
for i=2:k-1

temp = Axsol (:,1);
temp = M\temp;

sol (:,i+1) = ( 2xsol(:,i) — sol(:,i—1) — alpha"2xtemp );
clf

plot (x-0,so0l(:,i),’r");
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hold on

pause (0.1);

axis([—pi pi 0 1]);
grid on;

end ;

Reference = sol (:,end);

7.4 Code - (Animation) Linear Finite Element for symplectic time-stepping

function Reference = LFEMSymplecticForError (N, order)

dt = 1/N; Ptime—step

n=10; Ymumber of elements on the interval [0,pi]
dx = pi/n; %spatial—step width

1 %Unit time interval

= T/dt;  %Number of time steps on unite time interval

%Determine Coefficients for time—stepping algorithm based on the input ”order”
if order =1

elseif order — 2
a= [0.5 0.5]; b=1[0 1];
elseif order =— 3

a = [2/3; —=2/3; 1];
= [7/24; 3/4; —1/24];

o
|

else

a = [ (2+2°(1/3) +27°(=-1/3))/6; (1 — 27(1/3) — 27 (*1/3))/6
(1 = 27(1/3) = 27°(=1/3))/6; (2 + 27°(1/3) + 27(—-1/3))/6];

b= [0; 1/(2 = 27(1/3)); 1/(1 — 27(2/3)); 1/(2 = 27(1/3))];

end

%Create Mass Matrix and Stiffness Matrix
v = omnes(1,2xn—1);
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%Stiffness Matrix
A = 2xdiag ([v 1]) — (diag(v,1) + diag(v,—1));

A(l,end) = —1;
A(end,1) = —1;
A = A/dx;

%Mass Matrix
M= (1/6)*( 4xdiag([v 1]) + (diag(v,1) + diag(v,—1)) );

M(1,end) = 1/6;
M(end,1) ;

I

[t
~

(=2}

M = Mxdx;

%Initial solution

x_int = linspace (0,pi,n); %Intermediate variable

x_0 = linspace (—pi, pi, 2xn); %X axis for plotting

y-0 [zeros(1,n) sin(x-int ). 2]; %Initial value

v_0 [zeros(1,n) 2xsin(x_int).*cos(x_int)]; %Initial velocity

%Solution Matrix

p = zeros (2xn,k); %initialize matrix for inertia

q = zeros (2xn,k); %initialize matrix for displacement
%Initial value problem

a(:,1) = y.07;

p(:,1) = v.07;

%Symplectic time—stepping
for i=1:k-1

p-in = p(:,i);
q-in = q(:,i);

for j=1l:order
temp = b(j)xdt+xAxq_in;
temp = M\temp;
p-out = p_in — temp;

qg.out = q_in + a(j)xdtxp_out;
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p-in = p_out;
q-in = q_out;

end
%Save inertia and displacement at next time—step
p(:,i+1) = p_out;
q(:,i+1) = q-out;

%Plot solution at i—th time—step

clf

plot (x-0,q(:,i),’r");

hold on

pause (0.1);

axis([—pi pi 0 1]);
grid on;

end

Reference = q(:,end);

7.5 Code - Dispersion relation for semi-discrete scheme

function SymplecticGeneralizedSemi(dx,dim)

%7%The following function determines the dispersion relation for Linear,
%%Quadratic and Cubic Lagrangian Finite Elements

%%1. Input: 7dx” determines the spatial step—size

%%2. Input: 7dim” determines the dimension of spatial discretization

m = 300; %Number of partitions in [0, pi]

kappa = linspace (0,pi,m); %Kappa on [0, pi]

omega = zeros (dim,m); %Solution vectors for plotting in each row
Y%%Start for—loop that determines the dispersion relation. The for

%%loop fixes kappa in [—pi,pi].

%7%Then omega(kappa) is determined for that particular time—step and value of
Y%7kappa according to the Generalized Eigenvalue Problem (GEVP) determined
%%in the paper.

for j=1m
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zeros (dim ); %Declare local stiffness matrix
zeros (dim); %Declare local mass matrix
eye (multxdim ) ; %Declare AA for the GEVP: AA — lambda BB = 0
eye (mult*dim ); %Declare BB for the GEVP: AA — lambda BB = 0
if dim =1
B = ( 2+ cos(kappa(j)) )/3; %local mass matrix
A = 4xsin (kappa(j)/2)."2; %local stiffness
elseif dim = 2
ml = (2 + cos(kappa(j)) )/3;
al = 4xsin (kappa(j)/2)."2;
cl = (1 + exp(—1lixkappa(j)))/3;
c2 = (1 + exp(lixkappa(j)))/3;
B= [ ml cl; c2 8/15 ]|; %local mass matrix
A=1]al 0; 0 16/3]; %local stiffness
elseif dim = 3
ml = (2 + cos(kappa(j)) )/3;
al = 4xsin (kappa(j)/2)."2;
cl = (1 + exp(—1lixkappa(j)))/3;
c2 = (1 + exp(lixkappa(j)))/3;
dl = 8/45%( 1 — exp(—lixkappa(j)) );
d2 = 8/45x( 1 — exp(lixkappa(j)) );
B= ] mlcl dl; c¢2 8/15 0; d2 0 512/945 ]; %local mass matrix
A=1]al 0 0; 0 16/3 0; 0 0 1024/45 |; %local stiffness

36



end
E = eig(A,B); %Solve the GEVP
temp = E + 1;
temp = acos (temp)\dt(t);
omega (:,j) = real (temp);
end

for j = 1:dim

plot (kappa,omega(j,:),’ 'r’, kappa, kappa, ’b’ )

legend ( ’fully —discrete dispersion’, ’continuous dispersion relation ’)
hold on;

drawnow ;

end

end

7.6 Code - Dispersion relation for Leapfrog time-stepping

function LeapfrogGeneralized (dim,dx,dt)

%%The following function determines the dispersion relation for Linear,

%7Quadratic and Cubic Lagrangian Finite Elements together with Leapfrog time—stepping.
%7%The inputs dim and order determine the spatial discretization and time—stepping order

Y%%respectively

m = 300;

kappa = linspace (0,pi,m); %Kappa on [—pi, pi]

alpha = dt./dx; %alpha determined for each timestep
omega = zeros (dim ,m);

%7%Start for—loop that determines the dispersion relation. The outer loop
Y%%fixes the time—step size and the inner loop fixes kappa in [—pi,pi]. Then
Y%/omega (kappa) is determined for that particular time—step and value of
%Ykappa according to the Generalized Eigenvalue Problem (GEVP) determined

%%in the paper.
for k=1:dim

for j=1m

ml = (2 + cos(kappa(j)) )/3;
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al = 4xsin(kappa(j)/2)."2;
cl = (1 + exp(—1lixkappa(j)))/3;

c2

(1 + exp(lixkappa(j)))/3;
dl = 8/45«( 1 — exp(—lixkappa(j)) );

d2 = 8/45%( 1 — exp(lixkappa(j)) ):

if dim =1
B = —2xml ; %local mass matrix
A = alpha2xal; %local stiffness
elseif dim ==2
B = —2%x[ ml cl; c2 8/15 |; %local mass matrix
A = alpha”2x[ al 0; 0 16/3]; %local stiffness
elseif dim = 3
B = —2%x[ ml ¢l dl; ¢2 8/15 0; d2 0 512/945 ]; %local mass matrix
A = alpha”2x[ al 0 0; 0 16/3 0; 0 0 1024/45 ]; %local stiffness
end

%%In the following , we determine the matrices
Y%%mnecessary for determining the dispersion relation

E = eig(A,B);

temp = E(k) + 1;

temp = acos (temp);
omega(k,j) = real (temp)/dt;
end

) )

plot ( kappa,omega(k,:), .

)

, kappa,kappa,’b.’,’ Markersize’,5 )
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xlabel ("kappa x dx’)

ylabel ("omega x dx’)

legend (’Fully—discrete dispersion relation’, ’'Continuous dispersion relation’ )
hold on;

drawnow ;

end

end

7.7 Code - Dispersion relation for symplectic time-stepping algorithms

function SymplecticGeneralizedStability (dim,order ,dx,dt)

%%The following function determines the dispersion relation for Linear,
%%Quadratic and Cubic Lagrangian Finite Elements together with symplectic
Y%Jtime—stepping algorithms of arbitrary order 1 — 4. The inputs dim and
%7order determine the spatial discretization and time—stepping order
Y%%respectively

”

%Determine Coefficients for time—stepping algorithm based on the input ”order
if order = 1

elseif order =— 2

a=[0.5 0.5]; b=1[0 1];

elseif order — 3
a = [2/3; -2/3; 1];
b = [7/24; 3/4; —1/24];
else
a=[ (2+ (1/3) 2" (—1/3))/6, (1 —27°(1/3) = 2°(-1/3))/6;
(1 —27(1/3) — 2°(=1/3))/6; (2 + 27°(1/3) + 27(—1/3))/6];

b= [0; 1/(2 = 27(1/3)); 1/(1 = 27(2/3)); 1/(2 = 27(1/3))];
end
m = 300; %Number of partitions in [0, pi]
alpha = dt./dx; %alpha determined for each timestep

kappa = linspace (0,pi,m); Y%Kappa on [0, pi]
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omega = zeros (2+xdim,m); %Solution vectors for plotting in each row

Y%%Start for—loop that determines the dispersion relation. The outer loop
Y%%fixes the time—step size and the inner loop fixes kappa in [—pi,pi]. Then
Y%7omega (kappa) is determined for that particular time—step and value of
Y%/kappa according to the Generalized Eigenvalue Problem (GEVP) determined

%%in the paper.

for j=1m

A = zeros(dim); %Declare local stiffness matrix

B = zeros(dim); %Declare local mass matrix

AA = eye(2xdim); %Declare AA for the GEVP: AA — lambda BB = 0
BB = eye(2xdim); %Declare BB for the GEVP: AA — lambda BB = 0

E = ones(2+dim,1);

if dim =1
B = ( 2+ cos(kappa(j)) )/3; %local mass matrix
A = 4xsin (kappa(j)/2)."2; %local stiffness
elseif dim == 2

ml = ( 2 + cos(kappa(j)) )/3;
al = 4xsin (kappa(j)/2)."2;
cl = (1 + exp(—1lixkappa(j)))/3;

c2 = (1 + exp(lixkappa(j)))/3;

B= [ mlcl; c2 8/15 |; %local mass matrix
A=1]al 0; 0 16/3]; %local stiffness
elseif dim = 3

ml = (2 + cos(kappa(j)) )/3;

al = 4xsin (kappa(j)/2)."2;
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for

cl (1 + exp(—1lixkappa(j)))/3;

c2 = (1 + exp(lixkappa(j)))/3;

dl = 8/45%( 1 — exp(—lixkappa(j)) );

d2 = 8/45%( 1 — exp(lixkappa(j)) );

B= [ mlcl dl; c¢2 8/15 0; d2 0 512/945 ]; %local mass matrix

A=1]al 00; 016/3 0; 0 0 1024/45 ]; %local stiffness
end

%7%In the following loop, we determine the matrices
%IAA and BB for the Generalized Eigenvalue Problem

tildeM = | eye(size(B)) zeros(size(B)); zeros(size(B)) B ];
UpperRight = [ zeros(size(A)) eye(size(A)); zeros(size(A)) zeros(size(A))];
LowerLeft = [ zeros(size(A)) zeros(size(A)); —A zeros(size(A))];

for k =1:order

Left = (tildeM — dtxa(k)*UpperRight);
Right = (tildeM + dtxb(k)xLowerLeft);
BB = inv (Right)* Left «BB;

end

E = eig( AA , BB );

temp = E;
temp = log (temp)/(dt*1i); %Determine omega( kappa )
omega(:,j) = real(temp); %Ensure that omega( kappa ) is real—valued
end
t = 1:2xdim
plot ( kappa,omega(t,:),’r.’, kappa, kappa ,’b.’,’ Markersize’ 2)

xlabel ("kappa * dx’)
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ylabel (’Err (kappa)=omega * dx — kappa * dx’)

legend (’(red) — Numerical Dispersion Relation’,
"(blue) — Continuous Dispersion Relation )
hold on
end
end
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