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1 Introduction

1.1 Model Problem

A parallel-plate capacitor is filled with two homogeneous isotropic linear dielectric materials.
Dielectric i of permittivity ; fills the bounded open connected Lipschitz domain €; C R? where
i = 1,2. Dielectric 1 is embedded in dielectric 2. A potential difference U is imposed between
the plates of the capacitor. We use short notations Q := Q; Uy C R? for the field domain,
I’y = 0 for the interface between two dielectrics, I'p C 02 for the edges of dielectric 2 touching
the capacitor and I'y :== 00\ T'p.

Writing n for the exterior unit normal vector field on 05, the electrostatic scalar potential
u: Q — R is a weak solution in H!(Q) of the linear elliptic boundary value problem

Au=0 in @ wu=g on I'p, Vu-n=n on Iy (1)
Restricting v to subdomains as u; = u|Ql S Uy = u|92, the transmission conditions of this
problem are
ul\rl = ’LL2|FI y &1 Vu1 -’I’L1|FI = —&9 V’LLQ . TL2|FI ; (2)
where ny := —n, ny :=non ;.
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Figure 1: Geometric setting for model problem

Figure (1] shows a specific physical setting. On I'p, the Dirichlet data is constant on each
plate with g = U on the left plate and g = 0 on the right plate. The fringing field around the
edges is ignored, and therefore the Neumann data n = 0 on I'y[?, Section 4.4]. Nevertheless,
general g € Hz(I'p) and n € H—2(T'y) are admitted.

1.2 Classical Formulae for Forces

For a linear dielectric of permittivity ¢ in a static electric field, the Maxwell stress tensor [?,
Section 8.2] is defined as

T(u) = (vuvuT _ ;|Vu|2ld> 3)

with the electrostatic potential u. At material interfaces, the Maxwell stress tensor is generally
discontinuous and the surface force density f' is defined as the jump of T(u) - m [?]. The total



force on the dielectric 1 is given by
F = / f'dS = [ (T(uz)— T(u1))ndsS. (4)
'y 'y

Since Au = 0, we have V - T = 0. With permittivity

e fxe Ql,
e(w) = : (5)
g if x € o,
the divergence theorem yields the volume-based formula
F = / T(u)niwdS+ [ T(ug)nywdS + T (ug)no wdS
Ty Ty o0
= T(up)Vwde + / T (uz)Vw dx (6)
Q1 Q2

1
Z/E(Vu(Vu-Vw)—2|Vu2Vw> dzx
Q

for any w|p =1 and w|,, =0.

2 Boundary Element Method (BEM)

2.1 Boundary Integral Equations (BIEs)

For the transmission problem , the solution u can be recovered from the traces on 9€Qy. With
boundary data extended to all of 92

1
g' € H>(09) : g'lrp =9, o
n’EH_%@Q): 7|ry =1,
we can seek the unknown traces on 0f) using the offset function technique
1
ulpo =g +u, ueHp (09) = {beH> : olp, =0}, ®

wenlgg =1+, e HLZ(0Q) ={¢ecH *: ¢l =0}

Traces on I'; are denoted as uy := u|FI and ¢; == Vusy - n\FI. Using transmission conditions ,
the boundary data and the unknowns lead to the variational boundary integral equations:

seek u; € H¥(Ty), ¢y € H-3(y), ue HE (09), v € Hy ?(99)

€
<51 + 1) aw,rr(ur,vr) +2ag rr(vr, ¥r) +aw,nr(u,01) +ax,rp(or, ¢)
2

= —bw,pr(g,07) — b n(v7,m) VYor € H%(Fl)v

2ak rr(ur, ¢r) — (Zj + 1> av,11(¢r, ¢1) +ar Nr(w, ¢r) —av.pr (¢, ¢r)

= —bg . p1(g, 1) + bv,n1(n, ¢1) Vor e H_%(FI%



aw, 1N (ur,0) +ag nr(0,9r) +aw,nvn (4, 0) +ag np(0,v)

1 1
= —bw,pn(g,0) + iﬁn(l’) —br nn(b,n) Vo€ Hp (09),

ar,ip(ur, ) —av,p(¥r, ¢) + ax,np(u,¢) —ay,pp (¥, @)

= —56(6) ~ breon(86) + brwp(n9) V6 € iy k(09), (9

with
3V n (9, 6) = / Gz, y) o(y) d(z) dS(y)dS(x)
2k (0,8) = / VG, y) - n(y) o(y) o(x) dS(y)dS ()
i) = [ [ Glaw) L) Tle) dSw)as(e)

G(z,y)n(y) ¢(x) dS(y)dS(x)

.. !
’1\."1\;\’1\

2

bV,Nm(na ¢) :

b om (8, ¢) : VyG(z,y) - n(y) o(y) ¢(x) dS(y)dS ()
(o) = [ [ 9,6.9) - niy) o) n@)as@)s(@)
won(en)= [ [ 6@y ) P aswis
(@)= [ o@)ole) dS(z).
(o) = [ ne) o) ds(a),

and the fundamental solution G : {(z,y) e R xR? : z £y} - R
Gla.y) = —5-logllz— y]
Y) = o g Yil-

2.2 Forces from BEM Solution

m,n € {I,D},
me{I,N}, ne{l,D},
m,n € {I,N},

m € {I, D},

m € {I, D},

m € {I,N},

m € {I,N},

The gradient of potential 4 on boundary consists of normal and tangential components which
can be represented by traces. Writing t = n* := (—ng,n;) " for the tangent vector field on 9,

the tangential continuity of Vu on I'; gives

Vu1 . t1|1"1 - - V'LLQ : t2|1"I ’

(12)



where t1 .= —t, ty := t. With solution of @D and transmission conditions 7 the force can
be computed by the boundary-based formula

1 1
F=¢g / (Vu-n1)Vu — = ||Vu|*n, dS + 52/ (Vu-n2)Vu — = ||Vul|*ny dS
I'y 2 Iy 2

:sl/ (V1) (Vu-t1) t + (V- ny)ny) — ((Vu~t1)2+(Vu~n1)2)n1dS

NI~ N~

+e2 /F (Vu-ng) (Vu-t2)ta + (Vu - n2) ng) — ((Vu ty)? + (Vu - n2)2> nydS (13)

L / ((vu )2+ 2 (Vu- n2)2> n,ds
2 r; €1

2
Caa [ (A, ey
= ./r, (( ds> +51w1>nd5

3 Shape Calculus

3.1 Forces Through Shape Differentiation
The energy of this system is a function of the shape of ). The energy of the electric field in €2 is

1

Er() = 5/Qg(gr,-)uvu(ga)||2d;c

=5 | w@) Vu(e) - m@)dS(e) + 5 | (@) Vu(z) na(r)dS(@)  (14)
o0, 19D
€2

=5 | s@v@as@ + Z [ @@ ase)

2 'p

with the electrostatic potential u. The total energy & = £(Q) = Ep(Q) + Ep(Q), where Ep is
the energy stored in the battery.

Using the perturbation approach, a fixed smooth deformation vector field V € (C5°(Q))?
spawns the one-parameter family of perturbation maps

T Q= R? Ti(x) =z +tV(x), tcR. (15)

By the implicit theorem, there is 6 = §(V) such that T}, is a C°°-diffeomorphism with [t| < §(V).
The deformed domains

Q' =TLQ), Q,=T,(Qn), me{l,2}, [t|<dV) (16)
still possess Lipschitz boundaries
Il =T4L(T,), ne{l,D,N}, [t|<sV) (17)

which remain connected.

Remark. Since V € (C°())?, I'p and Iy are unperturbed. However, writing boundaries in
t-dependent version simplifies derivation as we don’t need to deal with linear forms in with
different subscripts individually.



By the virtual work principle, forces in stationary settings can be recovered as shape deriva-
tives of the total energy

ds L EOY) —E(Q)

d ¢
o = lim . = Gt E@)} . (18)

t=0
Since the work done by the battery to sustain the potential difference U on the capacitor is twice
the energy difference of the electric field, the change AEp = —2AEr. Therefore,

d€ d€p
The Cartesian components of the total force F = (F, ..., Fy) € R? acting on Q; are given by
d€
Fi = S0 { o erx(@)}), (20)

where x € C§°(B), x =1 in the neighborhood of I'y.

3.2 BIE-Based Shape Derivative
3.2.1 Pullback of BIEs

Under the transformation T%,,|t| < §(V), the t-dependent version of @ is:
seek uy(t) € H (), v (t) € H-3(TY), u(t) € HZ, (0Q1), $(t) € Hy? (991 :
D N

<Z + 1) aw,rr(tur(t),or) + 2ak, (6 0r,91(t)) +aw,nr(tu(t), or) +ak, o (8 01, ¥(1))

= —bw,pr(t;g:,01) — b v (tivr,m) Vor € H%(P}%

2ak 11(tur(t), or) — (Z + 1) avrr(tvr(t), or) +ax nr(tu(t), or) —av.pr(t;¥(t), é1)

= —bx pr(t; ¢, 61) + by ni(tine, ¢1) VYor € H_%(Iw}%

aw, N (tur(t),0) +ar nr(t;0,97(t)) + aw,nn (G u(t),0) + ax vp(t;0,9(t))

1 1
= —bwypN(t;gt,U) + ifm(t; U) — bK,NN(t; U,??t) Vb € HI?,;D (3Qt)

ag,p(tiur(t),¢) —av,ip(t;r(t), ¢) + ax,np(t;u(t), ¢) —av,pp(t;¥(t), @)
= _%ggt (t;¢) — bx,pD(t; 8¢, 9) + by,ND (L1, ¢) Vo € Hr_tj (094, (21)

with forms integrating over transformed boundaries . gt € H %(FtD) should be under-
stood as the trace g|p: of a g € H'(2). The definition of n, € H=2 (') is given in . The
total energy also becomes a function of ¢

E(Vst) = g2 J(tu(t), ¥(1)),
Tt:T ) = = / (@) p(@)aS(@) — 5 [ i@ m(e)dS(e). fe h (00), o € Hikon).
D N (22)



The surface integral of a function g : 2 — R is transformed to I' according to

/th(w) dS(z) Z/g(Tﬁz(E))wt(ﬂ?)dS(i% wi(@) = [|C(DTY, (@) n()]|, (23)

r

where C(M) denotes the co-factor matrix for M € R*2. The unit normal vector field n; on I'*
is transformed by

C(DT},(2)) n(z C(DT,(2)) n(z
| COTY@)n@ _ COTYENE |, po v sep
IC(DTy, (@) n(2)| wi ()

ny(x)
For d = 2, since
te(z) mu(x) =0, zel, (25)

the unit tangent vector field should be transformed accordingly

_ COTh@) @) _ OTh@U@) . -
4 = lcoT,@) T prare) © - Y@ ek (26)

Noting t = (—ng,n1) ", we have

IMe[|? = (=Miing + Miani)? + (= Maing + Maoni)? = |[C(M)n||. (27)
Hence the transformation rule for the unit tangent vector field ¢; on I'? is
DT}, (Z) t(z) .
t = = Tt T 5 6 F. 28
@)= LT 2= Ti@). 2 (28)

The building blocks can therefore be rewritten as
2yt 01 6) = / Gz y) o(y) b(z) dS(y)dS(x)
ry Jrt,
- / / G(TH(@), TH(@)) o(TH (@) 6(TH (@) w1(@) () dS(5)dS (@)

m,n € {I,D},

VyG(z,y) - ni(y) v(y) ¢(z) dS(y)dS(z)

aK,mn(t;0,0)

VyG(Ty(), Ty(®)) - C(DTY(3)) n(y)

o(TL(®) 6(T)(@)) wi(2)dS(P)dS(@)  me{l,N}, ne{l,D},

a0 = [ [ Gy w5 @ dsmse)

G(z,y) Vi(y) - t:(y) Vo(z) - t;(x) dS(y)dS(x)

FE
3¢

3

G(TH(@), TH(@) {VI(TH@) - DTL(9) t(@)}

{Vo(T},(2)) - DTy, (@) t(2)} dS(3)dS (@) m,n € {I,N},

Il
S— 55—



van(tind) = [ [ Glay)miy) o) dS@)ase)

- / / G(TH(@), TH@) m(TH(@)) 6(TH(@)) wi(§) wi(@) dS()dS (@)
| m € {I, D},

bic. o (£ g, &) = / / V,C(x,y) - nu(y) 01 () 6(z) dS(y)dS ()
/ / V,G(TH(@), To(@)) - C(DT, () n(H)

I'p

0:(Ty(®) 6(Ty(2)) wi(2)dS(y)dS(@)  me{I,D},

brc,mn (t50, 1) VyG(z,y) - ni(y) o(y) ne(x) dS(y)dS(z)

'n

S
J k.,

\\

VyG(Ty (@), Ty, () - C(DTY,(9)) n(B)

o(T(@)) ne(Ty(2)) wi(2) dS(H)dS(@)  m e {I,N},

Gle.y) 2 (y) 5 (@) dS(y)dS(@)

G(Ty(@), Ty@) {Va(TL(@)) - DT (H) t(3)}
{Vo(T},(@)) - DT, (@) t(2)} dS(m)dS(@) m € {I,N},

bW,Dm (tv gt t))

ot
|

D

a(tio) = [ s@)o(@)ds@) = [ HTHE) oTH@) @) dS(a)
? . (29)
utio) = [ m(@)v@)as(@) = [ n(Th@)o(Th@) (@) s (@),

where © € H() is the extension of v € H2(I') to the holdall Q. And the expression for the
energy becomes

I = =5 [ BTH@E) PTh@) @) dS@) — 5 [ HTH(@) m(Th(@) (@) S(@)

I'n
(30)
The pullback $ € H~2(T') of a surface charge density ¢ € H~2(I't) is defined as

P = (<p o T%,) wy, (31)



and therefore 7, € H~2 (I'y) is defined as
= (n/wi) o T (32)

The pullback o € H2(T') of v € H=(I'") is defined as

~

b= (voTH)|,, (33)
with v € H'(Q) being the extension of v. Using the relation [?, Section 4.1]
V(foTy)=(DTy) (Vf)oTy, (34)

we have

g(a), zel. (35)

With the above rules and definitions, the transformed variational BIEs are:

Vo(T3(2)) - DT, () t(@) = V(0 o T)) (@) - ¢() =
seek Ty (t) € H*(Ty), vr(t) € H™3(T')), G(t) € HE, (09), 0(t) € Hy2 (99) :

E -~ ~ ~ ~ ~ o~ ~ ~ ~ ~ —~ o~
<€1 + 1) aw,rr(t;ur(t),vr) + 235k, 11(t; 07, 01(t)) +aw,nr(t;u(t),vr) + ax, rp(t; 01, 19(t))
2

~ e~ ~ —~ 1
= —bw,pr(t;8,07) — br, v (t;0r,m) Yoy € H2(T)),

231(,11(15;31(15),(51) - (Z + 1) 3\/,11(15;1;1(75)7(51) +ag nr(t;u(t), b1) — av,pi(t; o(t), 1)

= _BK,DI(t;Ev 51) +BV,N1(t; m, (51) V(EI € Hi%(rl),

aw, v (G ur(t),0) +ak N (t; v, '(Z)\I(t» +aw, N (G u(t ) v) +ak np(t; UMP( )

= _bWDN(t g, )+ [ ( )—bK’NN(t;fJ\ﬂ?) %\EHIED(aQ)

~ ~

axp(tr(t), ¢) — avip(t¥r(t), 8) +ax,np (L (L), ¢) — dv,pp (L 9(t), 6)

= —35(t:9) = bron(t:§.9) + o (tin 6) Vo € Hy}(09), (36)
with
w20 [ [ GTELTHE) 26 0@ dS@)IS@) m,n e {1,D},
Sent8.0) = [ [ V,6TH@). T (@) - COTy@)n(@)

8(9) 6(@) dS(9)dS (@) m € {I.N}, n€{I,D},
w79 = [ [ am@w) Do) L@ asmase) € {1,N},



bym (£, 0) : G(TH(@). T (@) n(@) 6(@) dS(§)dS () m € {I, D},

VyG(Ty(2), Ty(®)) - C(DTY,(9)) n(y)

BK,Dm(t§§, 03) :

w\;\

| §(TH(@)) 6(@) dS(§)dS (@) m € {I, D},
b (£9,7) = /F /F VyG(Ty,(@), TY(3)) - C(DTy(3)) n(¥)
o(y) n(2) dS(y)ds(2) m € {I,N},

[ @@ MG Daas@as@ me ),

Ged= [ ETHE) @@,
0,(t:%) = /F (&) 5(&) dS(@).

The transformed expression for the energy is

EWit) = 20 T30, 00), T67.9) =~ [ dTh(@)3@)as@) 5 [ T@n@)ds@.

3.2.2 BIE-Constrained Shape Derivative

The adjoint approach is used to compute the shape derivative of the total energy. The relevant
Lagrangian is given by

o~ o~

L(t; 51, 1,1, 2),(01, 61,9, 6))
=J(t:;1, %)

£ ~ <~ o~ —~ ~ ~ —_~ NN o~ -~ ~
+ (51 + 1) aw,r1(t; fr,01) + 23k r1(t; 01, @) +aw,n1(t;§,01) + 3k 10 (t; 01, )
2

+ bw,pr(t;8,97) 4+ br v (t01,7)

~ o~

N ~ o~ € N o~ N o~
+2ak 11(t;fr, ¢1) — <€2 + 1) av,1(t; @1, ¢1) +ar,ni(t:f, ¢1) —av,pir(t; @, 1)
1

)

+ bk, pr(t; 8, ¢1) — bv,n1(t;n, ¢r
i9,81) +aw,nn (6 F,9) + 3k, vp (60, 5)

@
+3w,n(t§1,0) + ax N1t 0,8
~ o~ 1~ ~ —~
+bw,pn(t;g,0) — 5577(75; v) + b nn(t;0,7)

+ 51{,10(?2?1, CE) —av,p(t; 1, 03) + 3K,ND(15;¥7 <ZA5) —av,pp(t: @, 9)

1~ R A o~ ~ ~
+ 565(15; )+ br pp(t;8,0) —bynp(t;n, 9),
(39)

10



~

and £(V;t) can be expressed as

EWVit) = e J(4;0(t), 1 (t)) = 2 L(t; (0 (£), ¥ (£), (1), (1)), (01, 61,9, 9))
¥(61, 01,5, 9) € H(Ty) x H™¥(Ty) x HE, (09) x Hy.} (99).  (40)

N

with (T (t), 7 (t),5(t),9(t)) solving . The shape derivative 95 (Q;V) = %(V;O) can be
computed as the derivative of the Lagrangian function with respect to ¢. Since the dependence

of the state solution (uy(t), QZI(t)ﬁ(t), 1(t)) on t is complicated, the adjoint variational problem
is solved to eliminate the partial derivative of L with respect to it:

seek (py, i, p,m) € HE(Dp) x H™#(Ty) x HE_(99) x Hy 2 (9) :

~

oL . S IR
<AAAA(0; (u7(0),%1(0),u(0),%(0)), (pr, 71, p, ), (01,¢,u,¢>> =0
8(flﬂ Pr, fa 90)
V(or,¢1,9,0) € HE (D) x H™3(Tp) x HE_(9) x Hy, 2 (99).  (41)
To be specific,
seck p; € H3(Ty), m; € H (L), p € HE (99), 7 € Hy 2 (09) :

£ R N R N N N N N
(51 + 1) aw.11(0;07, pr) + 238k, 11(0; 07, 7r) +awrn (0507, p) + 2k, 1p(0;07,m) =0
2

~ o~ E ~ o~ e o~ ~ o~
23k, 11(0; pr, 01) — (62 + 1) av,11(0;¢r,71) +ak,n1(0;p, ¢1) —av,1p(0; 41, m) =0
1

aw,n1(050,p1) +ag N1 (0;0,77) +aw,nn(0;0, p) + Ak Np(0;0,7) = — <6@(0;u(0)7w(0))7 U>

ak,1p(0; pr, 5) —av,p1(0; &, 7r) +ak,np(0;p, (}5) —av,pp(0; o, ) = — <g;;(0;ﬁ(0)a ?Z(O)% ¢A5>

Yo € H3(T)), ¢r € H 3(T'y), b€ HE (09), ¢ € Hy2 (09),

(42)
which is equivalent to:
seek py € H¥(T'y), mp € H-3(Ty), p € HE (99), = € Hy 2 (99) :
(2 + 1) aw,r(vr,pr) +2ag rr(or, 7r) + awan(vr, p) + ax rp(vr,m) =0
2ar,11(pr, 01) — <Z + 1> avr1(¢r,7r) +ax ni(p, ¢1) —avip(¢r,m) =0 .
a1 (0, pr) + a5 w1 (0,71) + awwx (0, p) + arcwp (b, 7) = ;/FN o(z) n(x) dS(x)
ak,ip(pr, ) —av,pr(¢,71) + ax.np(p, @) —av,pp(od,7) = ;/FD o(x) p(z) dS(x)

Vo, € HA(Ty), ¢r € H-3(T), v € HZ (99), ¢ € Hy2 (99).

11



Using the formulae in [?, Section 4.2], the shape derivative of the total energy is

d€
E(Vvo)
oL N ~ R ~
25(07 (u1(0)7¢1(0)7u(0)7¢(0))7(PIMTI,PNT))
aJ
F(Ovu7¢)
Oa 0a Ja 0a
+( +1> g;”(o;uI,pI)-i-? ag”(o pr,Yr) + algt’NI(O;U’PI)-i- agl;ID(();pI’w)
abW,DJ ) aBK,IN .
aAKII . €2 aAVH ) Jak N1 dav,pr
+ at (Oaulaﬂ—l)_(gl—’_ ) 8t (71/}177(])—’_ 8t (0,11, I) a ( % I)
8bKDI 3bVN1
+ 8t (0797 I) at (0777) I)
daw,IN 0ag NI, 0aw,NN . Jag,ND
+ 8t (O,Ll[,p)+ 8t (Oap7wl>+ at (Ovuap)—’_ at (07/)777[])
Obw.pn o~ 104, by .
g (0:8:0) = 55 (05p) + ——=7=(05p,)
Jak,ID dav,ip . Jag,ND ;. ay,pp .
+ ot (O’uI’ﬂ-) - ot (07 '(/Jfaﬂ-) + ot (O,U, 7(') - ot (07’(/)771-)
182‘@ ) 8BK7DD ~ 3BV,ND )
+ ia(ovﬂ-) + ot (Oag7ﬂ') - ot (Oanaﬂ-)a
with building blocks
0av.mn dG(Tt Tt (y PN N ~
v gy = [ [ CEDREDED) )o@ asigas@)
ot r,Jr,, dt =0
=[] (Va6@5) V@) + v,6@5) - V@) ¢@) 6@) 1S G)S(@
m,n € {I,D},
“(; (05, 6)
d(V4G(T4L(Z), TL () - C(DTL(3)) n(y o R
77l t:0

_ / / AV, G(TL (), T4(9)) (5 5(5) 6(3) SIS E)
r , dt —0

+ / / V,G(@5) - (V- V@) n@) - OV @)n@) v@) 6@) dS@)S @)
Iy, JIy
me{I,N}, ne{l,D},

12



T B TR T —
:/F /1“ (VzG(i,@\)-V(CE)-FVyG(m,y).V(@))g(@) %(i) dS(H)dS ()

m,n € {I,N},

n(y) o(z) dS(y)dS (@)

t=0

B g~ [ [ LT D)

- / / (VaG(@,3) - V(@) + VyG(&.3) - V(§) n(@) 6(3) dS([§)dS(3)
m € {I,D},

d(VyG(T4H(@), TH(®)) - C(OTy(®)) n(m) 8())
dt
t=0

/ 6(@) dS(§)dS (@)
- [ [ TEDDDO) )5)6) ds@)se)
I'm /JT'p
I,

dt =0
VyG(@,9) - (V- V(@) n(y) - DV (§) n(®)) §(7) ¢() dS(5)dS (@)

/F (VyG(2,9) n(y)) (Va(y) - V() () dS(y)dS(z)
m € {I, D},

/FN / (VyG(TY, V(Z)t)-C(DTv(y))n(y)) t:oU@) (&) dS(3)dS(3)

SR G (@). T (3) _n(@)o(@) 1) 5@ ()

/F / VyG(@,3) - (V- V@) n(@) — DV (§) n(@)) o(@) n(®) dS(G)dS(@)
m € {I,N},
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5 (0:g.0)

_ /F m /F ) % (G(T%(@)J%@))W@)) _ %(a) dS(H)dS (@)

- /Fm /FD (VaG(2,9) - V(@) + VyG(2, 9) -V@))%@)%@) dS(5)ds(@)

o[ ] c@n e L@ is@use)

m e {I,N},
%%(07 ¢) = . Vi) - V(@) o(&) dS (),
(?9%(0’ b) =0, (45)
%‘st o) =3 [ VB@) V(@) (@) dS@).

I'p

Remark. With V € (C°(2))?, we have %(0; ¢) =0 and %—‘Z(O; f,©) = 0. All terms of the linear
forms in involving V(x), x € 012, also evaluate to zero and can be dropped.

4 Numerical Experiments

4.1 Implementation

Both the pullback approach formula and the boundary-based formula were implemented
using exact parametrizations for the boundaries. Quasi-uniform sequences of mesh partitions
08y, of 0y were employed with increasing resolution. Boundary element spaces S; 1(0Qy,) and
SY(09,) were employed to compute the approximate solution of the state problem @ and the
adjoint problem , based on [2DParametricBEM. Integrals with singular kernels were evaluated
using log weighted Gauss quadrature of order 16 and regularization by transformation to polar
coordinates. Integrals with smooth integrands were evaluated using Gauss quadrature of order
16.

For validation and convergence studies, the volume-based formula @ and the boundary-
based formula were implemented using finite element method (FEM) library LehrFEM4+.
Quasi-uniform sequences of triangular meshes €2, of 2 with increasing resolution were generated
by either Gmsh or regular refinement. Piecewise linear C° finite elements were used to compute
the solution of variational formulation of and the approximations of forces.

Code is available at https://github.com/gninr/FCSCD.git|

4.2 Settings
Two geometries were used in the numerical experiments

e a smooth kite-shaped €, given by the parametrization v : [0,27] — R2, ¢ — [0.3 +
0.5 cos(t) + 0.1625 cos(2t), 0.5 + 0.35sin(t)] and a square-shaped Q =] — 2,2[x] — 2, 2[.

e a unit square Q; :=]0, 1[2 inside Q =] — 2,2[x] — 2,2][.
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- -

-2 -1 0 1 2 ) -2 -1 0 1 2
(a) Kite-shaped € (b) Square-shaped 4
Figure 2: Geometries for the numerical experiments
and are illustrated in Figure [2| g(—2,y) =4, ¢(2,y) =0, y € [-2,2] and 1 = 0 were used as

the boundary data, and €1 = 1,65 = 5 were used as the permittivity of dielectrics, in both cases.
The cut-off function

1 for ||| < 1.4,
w(x) = { cos? (Ilml(‘JEIA%) for 1.4 < |jz| < 1.9, (46)
0 for ||| > 1.9.

was used in the volume-based formula @

4.3 Results

Approximations of the total force were computed according to (“Pullback approach (BEM)”)
and (“Stress tensor (BEM)”) using BEM, as well as (6] (“Volume formula (FEM)”) and
(“Stress tensor (FEM)”) using FEM. The Euclidean norm of the error in the computed forces
is shown in Figure [3] as a function of the mesh width hA. The asymptotic rates of algebraic
convergence computed by linear regression fit are listed in Table The reference solutions
were computed by the pullback approach on a uniform mesh with 4728 (kite-shaped ;) / 5120
(square-shaped €21) panels.

It can be observed that the pullback approach gives the best results over other methods both
in terms of absolute accuracy and in terms of asymptotic rate of convergence. The performance
of all methods with both smooth and non-smooth ; closely match those shown in [?].

5 Conclusion

This work derived formulae for computation of total forces on dielectrics using shape calculus.
The results demonstrated that the new approach presented in [?] can be applied to transmission
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Figure 3: Error of total forces as a function of the meshwidth h. Dashed lines represent the
linear regression fits.

Table 1: Asymptotic rate of algebraic convergence

Method Kite-shaped € | Square-shaped €y
Pullback approach (BEM) 2.96 1.76
Stress tensor (BEM) 1.76 0.648
Volume formula (FEM) 2.29 1.73
Stress tensor (FEM) 1.06 1.09

problems as well and outperforms classical formulae obtained from the Maxwell stress tensor.
The involvement of the hypersingular operator does no harm to the fast and robust conver-
gence of force approximation achieved by the pullback approach and brings no extra difficulty in
computation.
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