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Chapter 1

Definition of the Term Project

1.1 Basic Model Problem

Given a real valued function f € C°([0,T], Wh>(Q)),Q C RY, we consider the initial

boundary value problem: seek u = u(x,t). v = (v(x,t)) such that

du = —if gradv — % gradfv in [0, T] x €,
Oy =if divu+ % gradf -u in [0, T] x €,
v=>0 on [0,T] x 09,
u(x,0) =up(x) , v(x,0)=1vy(x).

1.2 Weak Forms

e We may just test the two equations in (1.1) and integrate over €: seek u =
u(x,t). v = (v(x,t)) such that

(Ou,q)o = (—if gradv — % gradfv,q)o Vq € H(div, ),

. 1.2
(O, w)y = (if divu+ 5 gradf - u, w)o Yw € H}(Q), (1:2)

where (u,v)o = [, uv dx.
e Another option is to aim integration by parts at the second equation: seek u &€

(L2(2))%, v € H}(S), such that

(O, q)o = (—if gradv — £ gradfv,q)y Vq € (L3(Q))4, (1.3)

(O, w)y = —%(u-gradf,w)y —i [, fu-gradw dx Vw € Hy ()
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e A third option is to apply integration by parts to the first equation: seek u €
H(div,Q), v € L*(Q) such that

(O, q)0 = [, % gradf - qu + ivf divq dx Vq € H(div,Q), (1.4)
(B, w)g = (if divu+ % gradf - u,w), Vw € L*(Q). '
1.3 Conservation Property
The evolution respects conservation of total charge: % =0 for
Qt) == [, ul* + |v|* dx. (1.5)

1.4 Galerkin Discretization

The variational formulations (1.2) — (1.4) allow a straightforward Galerkin discretiza-
tion: We equip 2 with some mesh and choose )V and W as finite element subspace of
L3(Q), H(div,Q) and H}(Q), respectively. The simplest choice in 1D is piecewise linear

/ piecewise constant functions on some (non necessarily uniform) grid.

1.5 Timestepping

The timestepping scheme has to preserve the conservation of () in the fully discrete setting.
This suggests the choice of implicit Runge-Kutta-Gauss timestepping [1, Sect. 6.3.2], [1,
Thm. 6.58].

For the ordinary differential equation §y = f(¢,y) the simplest representative of this class
of Runge-Kutta methods is given by

1 1
ka = yk + 7oy , dy= f(tk + 57, yk + 57’53/).

Here, 7 > 0 is the size of the timestep. If the ODE is linear, that is, y = A(¢)y with a

time-dependent linear operator A = A(t), then the scheme reduces to
yhH gk

— k+1 k
LY A+ ) (#) (L6)

Let (-,-) be a (sesqui-linear) inner product on the phase space, for which A(t) is skew-

symmetric for all times, that is,

(A(t)y,z) = =(y, At)z) Yy, zt.
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Writing || - || for the norm arising from (-, ), (1.6) involves

Iy 2 = [ly*11? = Re (g — g ™ + )
= Re Z(A(tF + 1) (g +oF), o"! +oF) = 0.

Let us assume that for the solution of any initial value problem form y = A(¢)y holds

ly@Il = [y vt. (1.7)

Then
0= glly@®I* =2 Re (y(t), A(t)y(t)) V. (1.8)

Since the trajectories of solutions cover the entire phase space, the operator A(t) has to

be skew-symmetric.
Apply these considerations to (1.2) — (1.4) with y = " ) and the inner product (-, -)o.
v

We also observe that for constant f (1.1) boils down to a first order wave equation. For
the wave equation explicit reversible timestepping schemes (known as Stormer-Verlet or

leapfrog) display an excellent approximate conservation of charge, see [2, Sect. 1.7.].

1.6 Task

1. Rederive the weak formulations and prove charge conservation.

2. Consider (1.1) for d =1 and 2 =|0, 1| and examine the cases
(a) f =1 (constant function),
(b) f(x) = x e * (spatially varying function),
(¢) f(x,t) = x e (varying in space and time).
Discretize the initial value problem based on (1.2) — (1.4) on an equidistant spatial
mesh and lowest order finite elements. Timestepping should be done using the

implicit midpoint rule (see Sect. 1.5) or an explicit leapfrog-type scheme (optional).

3. Investigate the convergence of the methods in terms of spatial and temporal reso-

lution (meshwidth and timestep).



Chapter 2

Weak Forms

2.1 Rederivation of the Weak Form (1.2)

(&gu, Q)o = fQ O q dx
= [,(—if gradv — % gradfv,)q dx
(—if gradv — % gradfv,q)o Vq € H(div,Q)

(v, w)g = [0 W dx
= J,(if divu+ £ gradf - u)w dx
= (if diva+ % gradf - u,w), Vw € H}(Q)



2 Weak Forms

2.2 Rederivation of the Weak Form (1.3)

(atua q)O = fQ atu q dx
= [,(—if gradv — % gradfv,)q dx
= (—if gradv — % gradfv,q)o Vq € (L*(Q))?

(O, w)y = [, 0w W dx
= J,(if divu+ £ gradf - u)w dx
= [, if divuw + £ gradf - uw dx
= [, divu- (ifw) + £ gradf - uw dx
L Jou-grad(ifw) dx + [, ifwla~ny dS
+ [, % gradf - uw dx
PA- — Jqu- (if gradw + i gradf w) dx
—l—fQ% gradf - uw dx
=— [ou-if gradw dx — [,u-i gradfw dx
+ [ % grad f - uw dx
= —i [, fu-gradw dx +i [,(—u-gradf + 1 grad f-u)w dx
= —i [, fu-gradw dx — % [,(u-gradf)w dx
= —i [, fu-gradw dx — %(u- gradf,w),
= —L(u-gradf,w)y —i [, fu-gradw dx Vw € HJ(2)

-
= |

P.I.: Partial integration
P.R.: Product rule



2 Weak Forms

2.3 Rederivation of the Weak Form (1.4)

(Ou,q)0 = J,0muq dx
= [,(—if gradv — % gradfv)q dx
= |, —if gradvq — % gradf - (vq) dx
= fyvediv (ifq) dx — [y uif-gm) dS
= Jo 5 gradf - (vq) dx
P.R. fQ v(gradif -q+if divq) — % gradf - (vq) dx
= J,i gradf - (vq) — & gradf - (vq) dx + [, ifv divg dx
= Jo 5 gradf - qu+ivf divg dx Yq € H(div,Q)

(O, w)y = [, 0w W dx
= [,(if divu+ £ gradf - u)w dx
= (ifdiv u+ % gradf - u,w)p Vw € L*(92)

P.I.: Partial integration
P.R.: Product rule



Chapter 3

Conservation Property

3.1 Proof of the Total Charge Conservation

To show: £@Q =0 for Q in (1.5)

Proof:

QU = Jy luf + of? dx
= [qu-U+v-7dx
= Jou-Tdx+ [jv-Tdx
= (u,u)p + (v,v)o

#Q1) = g((w,u)o+ (v,v)o)
=4 ([yu-udx+ [,v-Tdx)
=4 fu-udx+ 4 [ v-Tdx
T [ Opat + ud dx + [, 9T + 00T dx
= [, ot dx + [, udu dx + [, 0T dx + [, v0,U dx
= (Opu,u)o + (u, 0pa)o + (Opv,v)o + (v, )
= (D, ) + (Dyu,u)g + (v, v)o + (Brv,v)o
= 2 x Re(0yu,u)g + 2 * Re(dv,v)o

= 2 Re((0yu,u)p + (0w, v)o) Z0

P.R.: Product rule
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3.1.1 Proof of Charge Conservation of Weak Form (1.2)

4Q(t) =2x*Re((u,u)y+ (8tv v)o)
= 2% Re((—if gradv — % gradfv u)o+ (if divu+ 3 gradf u,v)o)
= 2 Re([,(—if gradv — % grad fo)u dx + [,(if d1V u+ 5 gradf - u)v dx)
= 2% Re( [, —if gradv - u——gradfv u+zfd1vuv+2gradf uv dx)
= 2% Re([f,—if gradv-u — i gradfv-u+ div u(ifv) + ; gradf - uv dx)

PiI’Q*Re(f —if gradv-u——gradfv u—u- grad(zfv)
+ [0 ifoam)dS + [, £ gradf - uv dx)
P':R'2>kRe(fQ—z'f gradv - T — £ gradfv U —u- (if gradv +i gradf v)
+% gradf - uv dx)
:2*Re(fQ—z'fgradv-ﬁ—§gradfv-ﬁ—u-ifgrad@—u-igradf@
+1 gradf - uv dx)
:2*Re(fﬂ—ifgradv-ﬁ—%gradfv~ﬁ—u-z’fgrad@
+(—i gradf - uv + £ gradf - uv) dx)
=2xRe fQ—z’f gradv-ﬁ—igradfv u—u-if grad@—igradf-uﬂdx
=2xRe fQ—zfgradv u—f gradv- u——gradfv u——gradfv-udx

( )

( )

=2xRe([,,—if gradv-u—if gradv-u— % gradfv-u— % gradfv - u dx)

= 2% Re( [, —if gradv - u—l—zfgraﬁ——gradfv u—|—2gradfv~ﬁdx)
(—

= 2xRe(— [,(if gradv-u—if gradv-u) + (} gradfv-u— i gradfv-u) dx)
=2xRe(— [,2*Im(if gradv - ) + 2« Im(% gradfv - u) dx)
=2x0=0

Yu € H(div, ),
Yo € HY(Q).

P.I.: Partial integration
P.R.: Product rule
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3.1.2 Proof of Charge Conservation of Weak Form (1.3)

Q) =2+ Re((Om, wy + (9, 0))

= 2x Re((—if gradv — 2 gradfv u)y — t(u-gradf,v)o —i [, fu- gradv dx)
= 2% Re(,(—if gradv — gradfv)u — tu-gradfv— zfu gradv dx)
=2 Re( [, —if gradv-u — % gradfv-u — u-gradfv — ifu - gradv dx)
= 2% Re( [, —if gradv -1 — @fu gradv — 5 gradfv-u— §u grad fv dx)
=2*Re([,,—if gradv-u—if gradv - u — iu- gradfv — fu- grad v dx)
=2xRe([,,—if gradv-u+if gradv-u — iu-gradfv + iu- gradfv dx)
= 2% Re(— [,(if gradv - u—if gradv- 1) + + (tu- gradf’u—m) dx)
= 2xRe(— [,2*Im(if gradv - u) + 2« Im(4u - grad fv) dx)

=2x0=0

Vu € (L2(Q))7,
Yo € H}(Q).

3.1.3 Proof of Charge Conservation of Weak Form (1.4)

Jo 3 gradf S + wf div dx) + (if divu+ £ gradf - u,v)o)
Jo % gradf - v +ivf diva + if divuv + % gradf - uv dx)
[ % gradf v+ % gradf - uv + ivf diva+ if divuv dx)
=2xRe([, % gradf -uv+ % gradf - uv +if diviw +if divuv dx)
=2xRe fﬂigradf- av — i gradf - uv +if diviv — if divaw dx)
=2xRe([,2*Im(Z gradf -wv) + 2% Im(if divaw) dx)

Q
=2x0=0

YVu € H(div, ),
Vo € L*(Q).



Chapter 4

Discretization of the Intitial Value
Problem

4.1 Discretization in space

All three problems in weak formulations have the form:
Seek u € U. v € V such that

Za(u,q) = ce(v, q) Vq e U,

y (4.1)
b, w) = df(u, w) Yw eV
where a, b, ce, df are bilinear forms. q and w are testfunctions.
Its finite element discretization has the following form:
Seek un = Uy. vy = Vi such that
%a(uNa q) = Ce(UN7 q) Vq € UNa
Lb(vy, w) = df (un, w) Yw € V. (4.2)

This problem corresponds to a linear system of equations with 2N unknowns, since in

terms of the basisfunctions N and S

uN(x> t) = Zz]il :U’iNi<X>7
un(a, 1) =30, viSi(x),
q= Zjvzl Nj(x) and
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Inserting this into (4.2), we obtain

aa(UN,Q) ce(vy, q)
a0 mNi(x), L Nj(x)) = ce(TL, wiSi(x), 255, Ni(x))
43y alNi(x), 0L Nj(x)) = 2o v ce(Silx), 2o Nj(x))
ET i T a0 M) = T T oS, N0
25N S alNi(), Ny() = SN, v S ee(Si(x), Ny(x)
%A i=CEVUVU
Aji=CE7
and
%b(vN,w = df(uy, w)
b, vSi(x), X (

1 5j(x)) =df Zz]il 1iNi (%), Z;\le Si(x))
p )

dﬁllm((@,iﬁ&&) ZﬁwﬂwNU,Z]ﬁbd
. & i v E] NLCHCONETESIED AT Bl df(N< ) Sj(x))
& Lt vi 355 b(Six), $i() = XL m%df Sj(x))
4B 7=DF [
B i/ = DF ji.

This leads to the problem in matrix form

A 0 1 0 CE i
Ho) 2 . (4.3)
0 B v DF 0 v
with
ANYa(Ni(x), Nj(x)) 1<i<N,1<j<N,

)
BYN: b(Si(x), Sj(x))
(

CEMY : ce(Si(x), Nj(x))
DFYY o df(Ni(x), Sj(x))
ﬁN: M,
Ny,

1<i<N,1<j<N,
1<i<N,1<j<N,
1<i<N,1<j<N,
1<i<N,
1<i<N.

The matrices A, B, CE, DF depend on the individual bilinear forms of the weak formu-
lations. Each weak forms’ basisfunctions are determined by the spaces of u resp. q and

of v resp. w.
These matrices and basisfunctions are derived for each weak formulation in the next three

subsections.
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4.1.1 Weak Formulation (1.2)

Bilinear forms:
u, q)

= ( 0
= (v,w)p
= (—if gradv — £ gradfv,q)o
= (if divu+ 3 gradf u, w)

Spaces and the corresponding basisfunctions to it:

Vu resp. q € H(div,2) = N = hatfunction
Vo resp. w € H}(Q) = S = hatfunction
—> N = S = hatfunction

(4.4)

(4.5)

Substituting the adequate basisfunctions into the the combination of (4.3) and (4.4), leads

to the entries of the matrices:

AN’N : a(Ni(X), NJ(X)) = (Ni(X), Ni(X), )0 = fQ NI(X)M dx 1 S 1 S N,

BN’N : b(Si(X>, SJ(X)) = (Si(X), Sj(X))O = fQ S1<X>SJ‘(X) dx 1 < 1 < N,

CE™Y : ce(Si(x), Nj(x)) = (—if grads;(x) — ; gradfSi(x), Nj(x))o
= [ (—if gradS;(x) — grade( )) i(x) dx
= [, —if gradS;(x)Nj(x) ) 1 grad fS;(x)N;(x) dx 1<i<N,

DFYY 1 df(Ni(x), Sj(x)) = (if divNi(x) + 2 gradf - Ni(x), Sj(x))o
= [, (if divNi(x) + £ gradf - Ni(x))S;(x) dx
= [, if divNi(x)S;(x) + & gradf - Ni(x)Sj(x) dx 1<i<N,

4.1.2 Weak Formulation (1.3)

Bilinear forms:

a(uvq) = (u7q)0

b(v,w) = (v,w)g

ce(v,q) = (—if gradv — gradfv q)o

df(u,w) =—i(u-gradf,w)y—i [, fu-gradw dx

Spaces and the corresponding basisfunctions to it:

Vu resp. q € (L*(Q))Y = N = constant linear function
Vo resp. w € H} () = S = hatfunction

(4.7)
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Substituting the basisfunctions into the combination of (4.3) and (4.7) as above, leads to:

AN a(Ni(x), Ni(x)) = (Ni(x), N Jo = Jo Ni Ni(x) dx 1<i<N,1<j<N\,

1<i<N, 1<j<N,

S
»

BYY: b(Si(x), 8i(x) = (Si(x), Si(x))o = [, Si(x)Sj(x)

CE™" : ce(Si(x), Nj(x)) = (—if gradS;(x) — & gradfS;(x), Nj(x))o
= [, (—if gradS;(x) — & gradfS;(x))N;(x) dx
= Jo—if grads;(x)N;(x) — L gradfS;(x)N;(x) dx

DFYN o df(N(x), S;i(x))
-gradf, Sj(x))o — i [, fNi(x ) - gradS;(x) dx

= 4N
—% o Ni(x) - grad fS;(x) dx — zfQ le x) - gradS;(x) dx
— % Jo Ni(x) - grad fS;(x) — ifN;(x) - gradS;(x) dx 1<i<N,1<j<N.

4.1.3 Weak Formulation (1.4)

Bilinear forms:

a(u7 q) = (11, CI)O
b(v,w) = (v,w)g (48)
ce(v,q) = [, % gradf-quv+ivf divg dx

df(u,w) = (if divua+ % gradf - u,w)y
Spaces and the corresponding basisfunctions to it:

Vu resp. q € H(div,2) = N = hatfunction
Vv resp. w € L*(), but v =0o0n [0,7] x 92 = S = hatfunction

— N = S = hatfunction

(4.9)

Substitution as before:

AV a(Ni(x), Nj(x)) = (Ni(x), Ni(x),)o = Jo Ni(x)Ni(x) dx

BYY : b(Si(x), S5(x)) = (Si(x), S(9)0 = fo, S5, () dx

CEMY : ce(Si(x), Nj(x)) .
_ fg% gradf - Si(x)N;(x) + iN;(x) f divS;(x) dx 1<i<N,1<j<N,

DF™Y: df(Ni(x), Sj(x)) = (if divNi(x )+ 3 gradf - Ni(x),S;(x))o
= [ (if divNi(x) + % gradf - Ni(x))Sj(XE
= [, if divNi(x)S;(x) + £ gradf - Ni(x)Sj(x) dx
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4.2 Discretization in time

The discretization in time is independent of the concrete weak formulation. Its same for
all three weak formulations, so it can be explained for the general form (4.3) which can

be transformed to _
Mglog: Aglo?j for 0 S t S T

y(0) = o (4.10)

with
(4.11)

and

’z ) . (4.12)

y_ N ) y_
14

We discretize (4.10) as follows: Set

T = % with M > 0 € N is the timestep and
tr=kxtfor k=0,1,2,..., M.

The aim is to calculate for k£ = 0,1,2,.., M an approximation y for y(tx). There are a
lot of methods to do this. In this work timestepping is done with two different schemes:
the implicit Runge-Kutta-Gauss timestepping (midpoint rule) and the explicit leapfrog

scheme. These schemes are presented in the next sections.

4.2.1 Implicit Runge-Kutta-Gauss Timestepping

This timestepping scheme is also known as the midpoint rule. The theory to this scheme
was presented in section 1.5.
The problem (4.10) has to be replaced by the finite diffrences method, yq is given:

k41 _ o,k

k+1 k
—~ -
Moo = aglieo+ 4) () (4.13)

Solvinf for y**!, we get

yk+1 _ yk <2Mglo + Aglo(tk +
2Mgio — Agio(tk +
we need to compute this for 0 < k& < M — 1.

N[ = [ =

T)T), (4.14)

)T
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4.2.2 Explicit Leapfrog Scheme

The leapfrog scheme is an explicit scheme, so we have to take the CLF-stability-condition
into account.

Theory

The problem is of the following form

M,ji — Gif
K " (4.15)
Mvﬁ - _GHﬁ7
this can be reduced to the scheme
—k+1 _ 2k
Mu/,L+ —,LL :GT_],k,_i_Of)
et 7 o0 (4.16)
Mv — —GHﬁk+1.
-
This is the leapfrog timestepping.
(4.16) can be transformed to
e G058 5 7 4+ My
M. 7 41
s —GHﬁk+1 *T+Mvﬁ%+0.5 ( : 7)

These formulas have a recursive scheme, the solution of one equation needs to be plugged
into the other and this goes on recursively. To start, we need to compute 7595 with k=0,

which can be done with another explicit scheme, e.g. the theta scheme. i° is given.

Applying this scheme to our problem, (4.10) can be written as

Aji = CEf,

. ! (4.18)
Bij =DFj,

which has the same structure as (4.15) with DF = -CE#. This can be reduced similar to

the theory to
2kl _ ok

AR _ cEpos
,'Tl‘k+1 5 Z ﬁ’k+0.5 (419>
B — DFji*+.
T

and solved for j*+! and 7*+15

B CEJ*0% x 7 + Aji*

A
s DFﬁk+1 xT + Bﬁ’k+0.5

k41
i

Y

(4.20)
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i is given, 7°° is computed with the explicit f-scheme (6 = 0): Replace (4.10) by finite
differences, 9" is given.

Compute

—m—+1 —m
Y

y J—

Mglo
To

= 0Agoy" T + (1 — 0)Agoy™ for 0<m < M —1. (4.21)

with
Ty = Ml@ with Mg =n* M,n € N,

tm i =mxT1y for k=0,1,2,.., My.

For a given y™, y™! can be computed. We need to compute y(t,,) for ¢,, = 0.5 and from

that we get n%°, which we need for the explicit leapfrog timestepping.

As mentioned before, we need to take the CLF-condition into account to assure stability.

CLF-condition
The #-scheme is stable for (4.21)

1.for 0 <0 <0.5, if

—2
T =7=0

or

) . (4.22)
0<TpA\in < 7555 for1<i<N

2. for 0.5 < 0 <1, it is stable for all combinations of T\, n.

Ai v are the eigenvalues of the space — operator.



Chapter 5

Results

5.1 Conservation of Charge

In this section, we show that the total charge is conserved over time and that it has the

same value independent of the weak formulations.

5.1.1 Function a: f=1

This is the constant function. The results are presented for each weak formulation and

both timestepping schemes.

Weak Formulations (1.2)

Midpoint Rule:

The figure 5.1 shows the charge in dependence of time. For the discretization in space
and time, 1024 degrees of freedom were used.

Interpretation of the result:

The plot shows that the charge stays constant through time. The charge is 3.5 + Oi.
Leapfrog Scheme:

The figure 5.2 shows the charge for the leapfrog scheme. The settings for the discretiza-
tion are same as for the midpoint rule.

Interpretation of the result:

The charge is not really constant in the leapfrog scheme, but it fluctuates around the

value we expect to be constant, here is the value 3.5+0i.
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Charge Conser vation
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Figure 5.1: (1.2)-a - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)

The results are similar for the different weak formulations, functions and timestep-
ping schemes. Just the number of spatial and temporal degrees of freedom need to be
adapted in the leapfrog timestepping schemes to assure stabilty.

In the following the results are plotted for completeness.

Weak Formulations (1.3)

Midpoint Rule:

See figure 5.3.

Leapfrog Scheme:

The figure 5.4 shows the charge for the leapfrog scheme. Using only 512 spatial dofs and
1024 temporal dofs assures stabilty.
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5 Results
Charge Conser vation
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Figure 5.2: (1.2)-a - Conservation of charge: 1024 spatial and temporal dofs (leapfrog)
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Charge Conser vation
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Figure 5.3: (1.3)-a - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)

Weak Formulations (1.4)
Midpoint Rule:
See figure 5.5.

Leapfrog Scheme:

See figure 5.6.

5.1.2

Function b: f(z) = ze

Weak Formulations (1.2)
Midpoint Rule:
See figure 5.7.
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Charge Conser vation
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Figure 5.4: (1.3)-a - Conservation of charge: 512 spatial and 1024 temporal dofs (leapfrog)
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Charge
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Figure 5.5: (1.4)-a - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)
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Figure 5.6: (1.4)-a - Conservation of charge: 1024 spatial and 2048 temporal dofs

(leapfrog)
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Chargs
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Charge Conser vation
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Figure 5.7: (1.2)-b - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)

Leapfrog Scheme:

See figure 5.8.

Weak Formulations (1.3)
Midpoint Rule:
See figure 5.9.

Leapfrog Scheme:
See figure 5.10.
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5 Results
Charge Conser vation
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Figure 5.8: (1.2)-b - Conservation of charge: 1024 spatial and temporal dofs (leapfrog)
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Figure 5.9: (1.3)-b - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)



5 Results 27

Charge Conser vation
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Figure 5.10: (1.3)-b - Conservation of charge: 1024 spatial and 1024 temporal dofs

(leapfrog)
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Figure 5.11: (1.4)-b - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)

Weak Formulations (1.4)
Midpoint Rule:

See figure 5.11.

Leapfrog Scheme:

See figure 5.12.

5.1.3 Function c: f(x,t) = ze ™

Weak Formulations (1.2)
Midpoint Rule:
See figure 5.13.
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Charge Conser vation
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Figure 5.12: (1.4)-b - Conservation of charge: 1024 spatial and temporal dofs (leapfrog)
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Charge Conser vation
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Figure 5.13: (1.2)-c - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)

Leapfrog Scheme:
See figure 5.14.

Weak Formulations (1.3)
Midpoint Rule:

See figure 5.15.

Leapfrog Scheme:

See figure 5.16.

Weak Formulations (1.4)
Midpoint Rule:
See figure 5.17.
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Figure 5.14: (1.2)-c - Conservation of charge: 1024 spatial and temporal dofs (leapfrog)
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Figure 5.15: (1.3)-c - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)
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Charge Conser vation
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Figure 5.16: (1.3)-c - Conservation of charge: 750 spatial and 1500 temporal dofs
(leapfrog)
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Charge Conser vation
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Figure 5.17: (1.4)-c - Conservation of charge: 1024 spatial and temporal dofs (midpoint

rule)

Leapfrog Scheme:
See figure 5.18.

5.1.4 Conclusions

Midpoint rule

For the implicit Runge-Kutta-Gauss timestepping the total charge is conserved over time.
The charge has the value 3.540i at all times.

Leapfrog scheme

For the explicit leapfrog-type scheme the total charge varies around the value 3.5+0i. It
is important to choose adequate number of degrees of freedom in terms space and time.

The solutions are independent of the weak formulations.
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Charge Conser vation
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Figure 5.18: (1.4)-c - Conservation of charge: 512 spatial and 1024 temporal dofs
(leapfrog)
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Refarance Solution

5.2

Reference Solutions

Coordinates

Figure 5.19: Reference solution f =1

Convergence Of The Methods

Now we look at the solutions of the investigations of the convergence of the methods in

terms of spatial and temporal resultion (meshwidth and timestep). There is no exact

solution known for this problem, so we need to compute reference solutions with 10000

spatial and temporal degrees of freedom for each of the given functions.

5.2.1 Reference Solutions

The reference solutions are plotted for each weak formulation.

Function a: f =1
see figure 5.19

Function b: f(z) = ze
see figure 5.20
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Reafarance Solution

FReference Solutions

Coordinates

Figure 5.20: Reference solution f(z) = xe

—2x
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Reference Solutions

Refarance Solution
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Figure 5.21: Reference solution f(z,t) = xe "

Function c: f(z,t) = xze ™

see figure 5.21

5.2.2 Spatial Convergence

Function a: f =1

Weak Formulations (1.2)

Midpoint Rule:

Figure 5.22 shows the spatial convergence. The convergence was computed with M =
2.38 gpatial dofs and N = 10000 temporal dofs.

Interpretation of the result:

The convergence rate is 4. Which means its converging very fast to the exact solution.

There is no theory regarding the convergence rate for this weak formulation.
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Discretization errors

Dizcretization arrar Daogl

Spatial Dofs Dogl

Figure 5.22: (1.2)-a - Spatial Convergence: M = 2.%® gpatial dofs, N = 10000 temporal
dofs (midpoint)

Leapfrog Scheme:

Figure 5.23 shows the spatial convergence. The convergence was computed with M =
2.37 spatial dofs and N = 10000 temporal dofs.

Interpretation of the result:

The convergence rate is even 4.2 — 4, so its converging very fast again. We repeat, that
there is no theory of convergence rate for this weak formulatios and that we do not have

any expected values to it.
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Discretization errors

Discratization error Dogl

Spatial Dofs Dogl

Figure 5.23: (1.2)-a - Spatial Convergence: M = 2.37 spatial dofs, N = 10000 temporal
dofs (leapfrog)



5 Results

41

Weak Formulations (1.3)
Midpoint Rule:

See figure 5.24.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1

Leapfrog Scheme:

See figure 5.25.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1

Weak Formulations (1.4)
Midpoint Rule:

See figure 5.26.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1.1 — 1
Leapfrog Scheme:

See figure 5.27.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1.1 — 1
Function b: f(z) = ze

Weak Formulations (1.2)
Midpoint Rule:

See figure 5.28.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 2
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Discretization errars

Dizcratization errar Dogl

Spatial Dafs Dogl

Figure 5.24: (1.3)-a - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (midpoint)
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Discretization errors

Dizcretization arrar Dog]

Spatial Dafs Dogl

Figure 5.25: (1.3)-a - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (leapfrog)
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Discretization errars

Oizcratization errar Dogl

Spatial Dafs Dogl

Figure 5.26: (1.4)-a - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (midpoint)
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Discretization errors
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Figure 5.27: (1.4)-a - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (leapfrog)
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Oigcretization errors

Ciscretization arrar Dogl

0 : : N

Spatial Dofs Dagl

Figure 5.28: (1.2)-b - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (midpoint)

Leapfrog Scheme:

See figure 5.29.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 2
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Dizcretization errors

Dizcretization arrar Daogl

Spatial Dafs Dogl

Figure 5.29: (1.2)-b - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (leapfrog)
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Weak Formulations (1.3)
Midpoint Rule:

See figure 5.30.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1

Leapfrog Scheme:

See figure 5.31.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1

Weak Formulations (1.4)
Midpoint Rule:

See figure 5.32.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1

Leapfrog Scheme:

See figure 5.33.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1
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Discretization errors

Oizzretization srrar Dagl
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Figure 5.30: (1.3)-b - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (midpoint)
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Figure 5.31: (1.3)-b - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (leapfrog)
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Figure 5.32: (1.4)-b - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (midpoint)
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Discretization errors

Oizcratization errar Dogl

Spatial Dafs Dogl

Figure 5.33: (1.4)-b - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (leapfrog)
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Function c: f(x,t) = ze ™

Weak Formulations (1.2)
Midpoint Rule:

See figure 5.34.

Spatial dofs: M = 2.410
Temporal dofs: N = 10000
Result:

Convergence rate: 2
Leapfrog Scheme:

See figure 5.35.

Spatial dofs: M = 10:10:100
Temporal dofs: N = 10000
Result:

Convergence rate: 2

Weak Formulations (1.3)
Midpoint Rule:

See figure 5.36.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1

Leapfrog Scheme:

See figure 5.37.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1

Weak Formulations (1.4)
Midpoint Rule:

See figure 5.38.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000
Result:

Convergence rate: 1
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1 Dizcretization errars

Discratization error Dogl

Spatial Dofs Dogl

Figure 5.34: (1.2)-c - Spatial Convergence: M = 2.%1% gpatial dofs, N = 10000 temporal
dofs (midpoint)
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Ciscretization errors

Discretization arrar Daogl

e ; : e N

Spatial Dofs Dogl

Figure 5.35: (1.2)-c - Spatial Convergence: M = 10:10:100 spatial dofs, N = 10000 tem-
poral dofs (leapfrog)
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Discretization errors

Dizcretization errar Dogl

Spatial Dafs Dogl

Figure 5.36: (1.3)-c - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (midpoint)
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Dizcretization errors

Dizcretization errar Dogl

Spatial Dofs Dogl

Figure 5.37: (1.3)-c - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (leapfrog)
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Oiscratization errar Dogl

Discretization errors

Spatial Dafs Dogl

Figure 5.38: (1.4)-c - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (midpoint)

Leapfrog Scheme:

See figure 5.39.

Spatial dofs: M = 100:100:1000
Temporal dofs: N = 2000

Result:

Convergence rate: 1
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Dizcretization errors

Dizzretization srrar Dagl

Spatial Dofs Dogl

Figure 5.39: (1.4)-c - Spatial Convergence: M = 100:100:1000 spatial dofs, N = 2000
temporal dofs (leapfrog)
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5.2.3 Temporal Convergence

The temporal convergence cannot be computed for the leapfrog algorithm. It is not

possible to choose the temporal and spatial degree of freedoms such that we get stabiilty.
Function a: f =1

Weak Formulations (1.2)
Midpoint Rule:

See figure 5.40.

Spatial dofs: M = 200

Temporal dofs: N = 1000:100:2000
Result:

Convergence rate: 2

Weak Formulations (1.3)
Midpoint Rule:

See figure 5.41.

Spatial dofs: M = 8000
Temporal dofs: N = 2.49
Result:

Convergence rate: 2

Weak Formulations (1.4)
Midpoint Rule:

See figure 5.42.

Spatial dofs: M = 8000
Temporal dofs: N = 2.49
Result:

Convergence rate: 2
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Di=cretization errors
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Discretization arrar Daogl
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Temporal Dofs Dogl

Figure 5.40: (1.2)-a - Temporal Convergence: M = 200 spatial dofs, N = 1000:100:2000
temporal dofs (midpoint)
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Ciscretization errors

Oizcratization errar Dogl

10° 10
Temporal Dofs Dagl

Figure 5.41: (1.3)-a - Temporal Convergence: M = 8000 spatial dofs, N = 2.4 temporal
dofs (midpoint)
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Discretization errors
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Dizcratization errar Dogl

Temporal Dofs Dogl

Figure 5.42: (1.4)-a - Temporal Convergence: M = 8000 spatial dofs, N = 2.4 temporal
dofs (midpoint)
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Ciscretization errors

Dizcretization arrar Dogl

Temporal Dofs Dagl

Figure 5.43: (1.2)-b - Temporal Convergence: M = 8000 spatial dofs, N = 2.%9 temporal
dofs (midpoint)

Function b: f(z) = ze

Weak Formulations (1.2)
Midpoint Rule:

See figure 5.43.

Spatial dofs: M = 8000
Temporal dofs: N = 2.49
Result:

Convergence rate: 2
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Ciscretization errors

Dizcratization errar Dogl

Temporal Dofs Dagl

Figure 5.44: (1.3)-b - Temporal Convergence: M = 10000 spatial dofs, N = 2.%® temporal
dofs (midpoint)

Weak Formulations (1.3)
Midpoint Rule:

See figure 5.44.

Spatial dofs: M = 10000
Temporal dofs: N = 2.48
Result:

Convergence rate: 2
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Oiscretization errors

Discretization error Dogl

10 10 10
Temporal Dofs Dogl

Figure 5.45: (1.4)-b - Temporal Convergence: M = 10000 spatial dofs, N = 2.%® temporal
dofs (midpoint)

Weak Formulations (1.4)
Midpoint Rule:

See figure 5.45.

Spatial dofs: M = 10000
Temporal dofs: N = 2.48
Result:

Convergence rate: 1.9 — 2
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Discretization errors

Dizscretization error logl

e ; e ; S O O O
10 10° 10
Temporal Dofs Dogl

Figure 5.46: (1.2)-c - Temporal Convergence: M =10000 spatial dofs, N = 2.%® temporal
dofs (midpoint)

Function c: f(z,t) = xze ™

Weak Formulations (1.2)
Midpoint Rule:

See figure 5.46.

Spatial dofs: M = 10000
Temporal dofs: N =249
Result:

Convergence rate: 0.8 — 1
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Discretization errars
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Figure 5.47: (1.3)-c - Temporal Convergence: M = 8000 spatial dofs, N = 2.4 temporal
dofs (midpoint)

Weak Formulations (1.3)
Midpoint Rule:

See figure 5.47.

Spatial dofs: M = 8000
Temporal dofs: N = 2.49
Result:

Convergence rate: 0.9 — 1



5 Results 69

Dizcretization errors

Discretization arrar Daogl

n ; R R ; A
10 10’ 10
Temporal Dofs Dagl

Figure 5.48: (1.4)-c - Temporal Convergence: M = 8000 spatial dofs, N = 2.4 temporal
dofs (midpoint)

Weak Formulations (1.4)
Midpoint Rule:

See figure 5.48.

Spatial dofs: M = 8000
Temporal dofs: N = 2.49
Result:

Convergence rate: 0.9 — 1
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5.2.4 Conclusions

The convergence rates do not depend on the timestepping schemes very much. For the
weak formulation (1.2) there is no theory about convergence, the discretized solution
converges faster than with the other two weak formulations in terms of spatial degrees of
freedom. For the spatial convergence in weak formulations (1.3) and (1.4), the theory
says, that it should be 1 and for the temporal convergence that the convergence should
be 2. We got all the expected values, except for the function ¢, where we got 1 for the

temporal convergence instead of the expected value 2.



Chapter 6
Summary

In this term project the ”Linear Dirac Equations in 1D” were examined. We tested it
on three different functions and weak formulations. We showed that the total charge
stays constant over the time for the midpoint rule (implicit), for the explicit leapfrog
timestepping the total charge fluctuates around a constant value over the time. We
found out that the convergence rates are better for the weak formulation (1.2) than for
the other ones. For weak formulations (1.3) and (1.4) we got the expected convergence
rates 1 in terms of spatial convergence and 2 in terms of temporal convergence. The

exception was only in the function c) for the temporal convergence, there we got the rate 1.
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Appendix B

Source Code Descriptions

B.1 Time-Independent Problem

The function a: f =1 and b: f(z) =z e * are time-independent functions and so the

whole problem to it gets for all three weak formulations time-independent.

add_Slope

function [] = add_Slope(axes_handle, loc, rate)
ADD SLOPE(AXES_HANDLE, LOC, RATE) adds a slope triangle with convergence rate
P at the location LOC to the plot specified by AXES_ HANDLE.

assemLoad_1D _u

function L = assemLoad_1D_u(Coordinates, EHandle, varargin)
L = ASSEMLOAD_1D_U(COORDINATES, EHANDLE) assembles the global load vector
U from the local element contributions given by the function handle EHANDLE.

assemLoad_1D_v

function L = assemLoad_1D_v(Coordinates, EHandle, varargin)

L = ASSEMLOAD_1D_V(COORDINATES, EHANDLE) assembles the global load vector
V from the local element contributions given by the function handle EHANDLE.
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assemMat_1D_A

function A = assemMat_1D_A(Coordinates, EHandle, varargin)
A = ASSEMMAT_1D_A(COORDINATES, EHANDLE) assembles the global matrix A
from the local element contributions given by the function handle EHANDLE.

assemMat_1D_B

function A = assemMat_1D_B(Coordinates, EHandle, varargin)
A = ASSEMMAT_1D_B(COORDINATES, EHANDLE) assembles the global matrix B
from the local element contributions given by the function handle EHANDLE.

assemMat_1D_CE

function A = assemMat_1D_CE(Coordinates, EHandle, varargin)
A = ASSEMMAT_1D_CE(COORDINATES, EHANDLE) assembles the global matrix CE

from the local element contributions given by the function handle EHANDLE.

assemMat_1D_DF

function A = assemMat_1D_DF(Coordinates, EHandle, varargin)

A = ASSEMMAT_1D_DF(COORDINATES, EHANDLE, H, QUADRULE, FHANDLE,
GHANDLE) assembles the global matrix DF from the local element contributions given
by the function handle EHANDLE.

constant_1D

function shap = constant_1d(x)
SHAP = CONSTANT_1D(X) computes the values of the shape functions for constant

finite elements at the quadrature points X.

euler

function [x_new,Q| = euler(x_old, A_glo, M_glo, tau, NSTEPS, n, varargin)
[x new, Q] = EULER(X_OLD, A_.GLO, M_GLO, TAU, NSTEPS, N) solves the time-
independent problem with the explicit euler timestepping scheme and computes the total

charge Q) for every time point.



B Source Code Descriptions 75

gauleg

function QuadRule = gauleg(a, b, n, tol)

QUADRULE = GAULEG(A, B, N, TOL) computes the N-point Gauss-Legendre quadra-
ture rule on the interval [A,B] up to the prescribed tolerance TOL. If no tolerance is
prescribed GAULEG uses the machine precision EPS.

global_idx

function k = global_idx(n, loc)
k = GLOBAL_IDX(N, LOC) computes the entry of a local matrix into the global matrix.

grad_constant_1d

function grad_shap = grad_constant_1d(x)
GRAD_SHAP = GRAD_CONSTANT_1D(X) computes the values of the derivatives of

the shape functions for constant finite elements.

grad_hat_1d

function grad_shap = grad_hat_1d(x)
GRAD_SHAP = GRAD_HAT _1D(X) computes the values of the derivatives of the shape

functions for linear finite elements.

hat_1d

function shap = hat_1d(x)
SHAP = HAT _1D(X) computes the values of the shape functions for linear finite elements
at the quadrature points X.

L2Err_uv

function err = L2Err_uv(Vertices, u_fem, v_fem, QuadRule, varargin)

ERR = L2ERR_UV(VERTICES, U_FEM, V_FEM, QUADRULE) computes the dis-
cretization error between the refernce solution and the finite element solution U_FEM
and V_FEM.
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leap_frog

function [x_new,Q] = leap_frog(x_old, A_glo, M_glo, A, B, CE, DF, tau, NSTEPS, varar-
gin)

[x new, Q] = LEAP_FROG(X_OLD, A_GLO, M_GLO, A, B, CE, DF, TAU, NSTEPS)
solves the time-independent problem with the explicit leapfrog timestepping scheme and

computes the total charge for every time point. The inital value are computed with the

explicit euler scheme.

main_Dirac_cha_leap

Computes and plots the total charge for Linear Dirac Equations in 1d with the explicit

leapfrog scheme.

main_Dirac_cha_mid

Computes and plots the total charge for Linear Dirac Equations in 1d with the implicit

midpoint rule.

main_Dirac_spa_leap

Computes and plots the spatial convergence rates for Linear Dirac Equations in 1d with

the explicit leapfrog scheme.

main_Dirac_spa_mid

Computes and plots the spatial convergence rates for Linear Dirac Equations in 1d with

the implicit midpoint rule.

main_Dirac_tmp_mid

Computes and plots the temporal convergence rates for Linear Dirac Equations in 1d with

the implicit midpoint rule

MASS Dirac_A

function MlocA = MASS Dirac_A(Vertices, QuadRule, varargin)
MLOCA = MASS_DIRAC_A(VERTICES, QUADRULE) computes the element mass ma-
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trix using linear finite elements.

MASS _Dirac_B

function MlocB = MASS_Dirac_B(Vertices, QuadRule, varargin)
MLOCB = MASS_DIRAC_B(VERTICES, QUADRULE) computes the element mass ma-

trix using linear finite elements.

midpoint_rule

function [x_new,Q| = midpoint_rule(x_old, A, M, tau, NSTEPS, varargin)
[xnew, Q] = MIDPOINT_RULE(x_old, A, M, tau, NSTEPS) solves the time-independent
problem with the implicit midpoint rule scheme and computes the total charge for every

time point.

progress_bar

function [| = progress_bar(i)
PROGRESS_BAR(PER) displays the progress percentage PER as a progress bar inside

the command window.

STIMA Dirac_ CE

function AlocCE = STIMA Dirac_CE(Vertices, QuadRule, FHandle, GFHandle, varar-
gin)
ALOCCE = STIMA _DIRAC_CE(VERTICES, QUADRULE, FVAL, GFVAL) computes

the element stifness matrix using linear finite elements.

STIMA Dirac_ DF

function AlocDF = STIMA Dirac_DF(Vertices, QuadRule, FHandle, GFHandle, varar-
gin)
ALOCDF = STIMA _DIRAC_DF(VERTICES, QUADRULE, FVAL, GFVAL) computes

the element stifness matrix using linear finite elements.
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u_init

function u0 = u_init(x,varargin)
U0 = U_INIT(X) computes the function u(x) =1 — cos((2 * ) * x)%.

v_init

function v0 = v_init(x,varargin)
V0 = V_INIT(X) computes the function v(x) = sin(m * x).

B.2 Time-Dependent Problem

The function ¢: f(z,t) = z e is a time-dependent function and so the whole problem
to it gets for all three weak formulations time-dependent. This induces changes in the

timestepping methods.

add_Slope

See above.

assemLoad_1D _u

See above.

assemlLoad_1D v

See above.

assemMat_1D_A

function [A_row,A_col,A val,sA] = assemMat_1D_A(Coordinates, EHandle, h, QuadRule,
varargin)

[A_row, A _col, A_val,sA] = ASSEMMAT_1D_A(COORDINATES, EHANDLE, H,
QUADRULE) assembles the global matrix A from the local element contributions given

by the function handle EHANDLE and returns the matrix in a sparse representation.
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assemMat_1D_B

function [A_row,A _col,A _val|] = assemMat_1D_B(Coordinates,EHandle,h,QuadRule,varargin)
[Arow, A _col, Aval] = ASSEMMAT_1D_B(COORDINATES, EHANDLE, H,
QUADRULE) assembles the global matrix B from the local element contributions
given by the function handle EHANDLE and returns the matrix in a sparse representa-

tion.

assemMat_1D_CE

function [A_row,A_col,A valsCE] = assemMat_1D_CE(Coordinates, EHandle, h
QuadRule, FHandle, GFHandle, varargin)

[A_row, A _col, A val,sCE] = ASSEMMAT_1D_CE(COORDINATES, EHANDLE, H,
QUADRULE, FHANDLE, GHANDLE) assembles the global matrix CE from the local

element contributions given by the function handle EHANDLE and returns the matrix in

Y

a sparse representation.

assemMat_1D_DF

function [A_row,A_col,A_val, sDF] = assemMat_1D_DF(Coordinates, EHandle, h,
QuadRule, FHandle, GFHandle, varargin)

[A_row, A_col, A_val,sDF|=ASSEMMAT_1D_DF(COORDINATES, EHANDLE, H,
QUADRULE, FHANDLE, GHANDLE) assembles the global matrix DF from the local
element contributions given by the function handle EHANDLE and returns the matrix

in a sparse representation.

constant_1D

See above.

euler_time

function [xnew,Q] = euler_time(Coordinates, x_old, A_glo, M_glo, tau, NSTEPS, h,
QuadRule, n, Fu, GF, varargin)

xnew,Q] = EULER.TIME(COORDINATES, X.OLD, A.GLO, M.GLO, TAU,
NSTEPS, H, QUADRULE, N, FU, GF) solves the time-dependent problem with the

explicit euler timestepping scheme and computes the total charge for every time point.
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gauleg

See above.

grad_constant_1d

See above.

grad_hat_1d

See above.

hat_1d

See above.

L2Err_uv

See above.

leap_frog_time

function [x_new,Q] = leap_frog_time(Coordinates, x_old, A_glo, M _glo, A, B, CE, DF tau,

NSTEPS, h, QuadRule, Fu, GF, varargin)

[xnew, Q] = LEAP_FROG_TIME(COORDINATES, X_OLD, A_.GLO, M_GLO, A, B,
CE, DF, TAU, NSTEPS, H, QUADRULE, FU, GF) solves the time-dependent problem

with the explicit leapfrog timestepping scheme and computes the total charge for every

time point. The inital value are computed with the explicit euler scheme.

main_Dirac_cha _leap

See above.

main_Dirac_cha_mid

See above.
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main_Dirac_spa_leap

See above.

main_Dirac_spa_mid

See above.

main_Dirac_tmp_mid

See above.

MASS _Dirac_A

function MlocA = MASS _Dirac_A(h, N, QuadRule, varargin)
MLOCA = MASS DIRAC_A(H, N, QUADRULE) computes the element mass matrix

using linear finite elements.

MASS Dirac_B

function MlocB = MASS Dirac_B(h, S, QuadRule, varargin)
MLOCB = MASS_ DIRAC_B(H, S, QUADRULE) computes the element mass matrix

using linear finite elements.

midpoint_rule_time

function [xnew,Q] = midpoint_rule_time(Coordinates, x old, A_glo, M_glo, tau, h,
QuadRule, NSTEPS, Fu, GF, varargin)

[xnew, Q] = MIDPOINT_RULE_TIME(COORDINATES, X_OLD, A_GLO, M_GLO,
TAU, H, QUADRULE, NSTEPS, Fu, GF) solves the time-dependent problem with the

implicit midpoint rule scheme and computes the total charge for every time point.

progress_bar

See above.
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STIMA Dirac_ CE

function AlocCE = STIMA Dirac_CE(S, gS, h, QuadRule, FVal, GFVal, varargin)
ALOCCE = STIMA _DIRAC_CE(S, gS, H, QUADRULE, FVAL, GFVAL) computes the

element stifness matrix using linear finite elements.

STIMA _Dirac_DF

function AlocDF = STIMA Dirac_ DF(N, gN, h, QuadRule, FVal, GFVal, varargin)
ALOCDF = STIMA_DIRAC_DF(N, ¢N, H,QUADRULE, FVAL, GFVAL) computes the

element stifness matrix using linear finite elements.

u_init
See above.
v_init

See above.



