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Abstract

A particular regularised variational formulation of the Helmholtz transmission problem is studied on a two-
dimensional disk for varying frequencies. In particular, the operator norm of its associated inverse operator
is investigated. In scenarios where the inner refractive index is bigger than the outer one, the operator norm
associated with the considered formulation exhibits pronounced spikes associated with quasi-resonances. The
solution operator did not expose this resonance and growth behavior. This behavior, studied in previous research
for other operators, is called spurious quasi-resonances. The origin of these resonances is explained.

<+

1 Introduction
ET Q= C R% d > 0 be a bounded Lipschitz domain and define Q := RN\Q~, T := 9Q~. For any
function f on R? define f* := f|q=.
Let Hb, (2%, A) == {v:yv e HH(QF), A(xv) € L (QF) for Vy € CZ,y, (RY)}, as defined in [1].
Consider the Neumann and Dirichlet trace operators

b Hioe () = HAD), (15f) (@) = f(2)
Vi HL. (Qi, A) — H=2(I), (fyﬁf) (x) :=grad f(z) - n(zx)
where HL_ (%), HL (A, QF), Hz(T), and H™2(T') are defined in chapter 3 of [2]. Now, the Cauchy

trace is 725 : H. (0F, A) — HY?(T') x H~Y/2(T) with values given by 72 := (’y%, ”yﬁ) This concludes
all required definitions to formulate the Helmholtz transmission problem.

Definition 1.1 (Helmholtz transmission problem). For &, c¢; co > 0 and f = (f*, f?) € HY*(I') x
H-Y2(T) find U € HL, (]Rd\F> such that

(A—I—RQCZ-) U =0 Q-
(A+7%,)UT=0 nQt (1)
YVeUT —ycU” =f  onT.

Additionally, u must satisfy the Sommerfeld radiation condition rlgglo rs (%—(7{ — z\/Q/%U) = 0 wherer
refers to the radial spherical coordinate.

This problem is well-posed and the solution is unique as shown in Lemma 2.2 of [3]. Hiptmair et
al. considered the single-trace formulations (STF) of this problem [1]. This is a reformulation of this
problem in terms of boundary integral equations (BIEs). When investigating the case ¢; < ¢, they
found that the involved boundary integral operators (BIOs) as a function of & exposed a nonphysical
resonance behavior. More specifically, they found the operator norm of the inverse STF BIOs to have
resonances (called spurious quasi-resonances) that the norm of the solution operator did not. Formally,
Hiptmair et al. defined the solution operator as follows [1].
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Definition 1.2. Given positive real numbers k, c;, and c,, S : H%(F) X H’%(F) — H%(F) X H*%(F)
is the solution operator if S (c;, ¢,) f := you where u solves eq 1.

Hiptmair et al. removed these spurious quasi-resonances using an augmented formulation of the
BIEs. P. Meury’s doctoral thesis contained a reqularized variational formulation of the Helmholtz
transmission problem [4]. The goal of this report is to investigate the occurrence of spurious quasi-
resonance in this regularized variational formulation of the Helmholtz transmission problem. For easier

notation, let kK = K,/c, and ¢ := - on the following pages. Moreover, for the rest of the report we
consider the simple representational example d = 2 and 2~ = B;(0).

Before reviewing this regularized variational formulation, we need to review a few concepts and
introduce some notations.

2 Definitions

We review some basic definitions which are necessary in the coming sections. The following definition
was introduced in [4].

Definition 2.1 (Interior Dirichlet-to-Neumann map). The interior Dirichlet-to-Neumann map DtN :
H>(T") x H~2(I") is the operator that returns yyU if U solves the Dirichlet problem.

Moreover, we will need the following BIOs defined in [5] [4].
Definition 2.2. Let {y;V}, = 1 (%’LV+%_V) for i = D, N. Moreover, introduce the single and

2
double layer potential

S0)(w) = [ Gulle — y)I)AS and Wiy (v) ) := [ 2l =01

an(y) v(y)dS

with G,(2) :== ﬁ%. Then for |s| < 5 we define four BIOs:
Vi H3(0) = H3(D), V,i= {7pV}r

K, : H3(T) —» H3(T), K. := {7pU%}p
K/ : HS_%(F) — Hs_%(r), K .= {7V}
W, 0 HH3(T) = H*3(T), W, = — {7 ¥ ).

3 Regularized Variational Formulation
We define the inner product (9, p)r := [ J¢pdS whenever this integral is defined for complex-valued 9
r

and ¢. P. Meury provides a reqularized variational formulation of the Helmholtz transmission problem
as follows [4].1

Definition 3.1 (Regularized variational formulation). Find U € H'(Q),0 € H~Y2(T") andp € H'(T)
such that for allV € HY(Q), o € H /(T and g € H(T') there holds

AW, V) + (We (150)95V), = (514 - K2) 0),75V) = V)
((514-Ke) (50) #)_+ (Ve ®),9) + i 0)r = ga() (2)
—(We (vpU) 0) . — ((K; + ;Id) (0), q)F +b(p, q) = g5(0).

1. The formulation provided here is equivalent to the case U; = 0, f = 0,n(z) = ¢i/co in section 3 of [4].



4 SOLVABILITY OF LINEAR VARIATIONAL PROBLEM AND THE OPERATOR FORMULATION 3

where we have (V o (f277DV> — (W (f1> 775‘/)1"

) :
01— (5o ) (7).9),
93(0) = (Wi (£') ),

) =

(U, V / grad U - grad V — #2n(z)UV da

b(p,q) := (gradr p, gradp ¢)r + (P, @)r-

This formulation is derived from the Helmholtz transmission problem by partially integrating the
Helmholtz equation, applying Green’s first formula, coupling the resulting variational problem to the
BIEs using Dirichlet-to-Neumann maps, and transforming the Cauchy trace [4].

4 Solvability of Linear Variational Problem and the Operator Formulation

Before we proceed with investigating the regularized variational formulation provided in the last
section, we state some general regularity results regarding linear variational problems. The theory
in this section will justify the investigation of the regularized variational problem in an operator
formulation.
Consider a Hilbert space H, a sesquilinear form a : H x H — C (antilinear in the first argument), and
a continuous linear form b € H*. A linear variational problem (LVP) is a problem of the form: find
u € H such that
a(u,v) =b(v) Yv € H.

Note that eq. 2 is exactly such a problem with H = H(Q) x Hz (') x Hz(T')2.
Now, define the inf-sup constant
o ja(u,v)

we B0} verr(oy lulla ol

We can investigate the well-posedness of the problem using this constant, as the following theorem
shows.?

Theorem 4.1. [f0 < v < 0o and

wp L2000)

> 0Vo e H\{0} (C2)
wer\{oy |ullm

then the solution operator Syqr : H* — H, Sb = u of the linear variational problem
a(u,v) =b(v) Vv e H (LVP)
is well-defined and satisfies
HSMWHH*—)H = 1/7

The proof of this theorem can be found in the appendix. We formulate the following Lemma here
already, as it is important for the understanding of the following sections.

2. To compute a, simply add all left sides of the equations in eq. 2 and for b do the same for the right side.
Then a(u,v) = b(v) Yo € H. It is equivalent, as each equation in eq. 2 can be recovered by using v € H where all but one
components vanish.

3. Note that we already made the assumptions that a and b are continuous and do not explicitly repeat this in the theorem.
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Lemma 4.2 (Operator formulation). There ezists a unique linear operator A : H — H and a unique
vector w € H such that
(Au,v)g = a(u,v), (w,v)g = b(v) Yv € H.

u € H satisfies Au = w iff it solves the LVP. We call this the operator formulation.

Proof. According to the Riesz representation theorem, there is a unique w € H such that [(v) =
(w,v)p. Similarly, as v — a(u, v) is a continuous linear form, this induces a map A : H — H such that
a(u,v) = (Au,v)g. This map is linear as the first arguments of the sesquilinear form and the inner
product are antilinear respectively. The LVP is equivalent to

Au=w
because two vectors in a Hilbert space are equal iff all their coefficients are. O

The condition C2 in theorem 4.1 is weaker and generally easier to verify than v > 0. Therefore, the
more important condition to investigate the well-posedness of the problem is the parameter v. We can
relate v to the operator norm in the operator formulation.

Proposition 4.3. Let A: H — H be the linear map from the operator formulation (Lemma 4.2). Then
|A Yo = % Note: we already showed invertibility in theorem 4.1.

Proof.
A || [ullg |ull g | Aullm
A1 = sup 7“ = = A
b 4 9 Rl L 7 R
- e Nullelvle e Nullglvle 1
=sup inf ———— =sup inf ——— = —.
ucH veH |<AU7U)H| ucH veH |CL(U,,U)| i

In the second equation we substituted, using bijectivity of A. In the third equation, we used the
definition of the norm of a Hilbert space. In the fourth equation, we used the Cauchy-Schwarz

inequality: for a fixed u, we have % < ||Au|| g and we have equality iff v = Au. O

We conclude that we can compute v from the operator norm of the operator formulation. In the next
section, we derive this operator for the considered problem. For completeness, we note that we could
have also computed ~ from the inverse least singular value of the Galerkin matrix a(b;,b;) where
{b1, ba, ...} is an orthonormed system of H. 4

5 Deriving the Operator Formulation

We will rewrite the variational problem in eq. 2 explicitly in an operator formulation as described in
Lemma 4.2. First, we rewrite the expressions for ¢, and b.

Lemma 5.1. Let U,V € HY(Q7) such that U solves the Helmholtz equation. Then q.(U,V) =
(DtN, vpU, V)p with the Dirichlet-to-Neumann map DtN,_ .

4. The results will be exactly the same of course as the numerical matrices considered are equal.
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Proof. Greens first formula [(¢ grad ¢ + grad ¢ - grad ¢)dV = ¢ ¢ grad ¢ - ndS with normal vector n
implies g -
0(U, V) = /(grad UgradV — éx*UV)dV
O-
= / VegradU - ndS — / (ex*U + AU)V - ndS

90— Q-

- / V erad U - ndS
o0N-

with normal vector n where we used the Helmholtz equation in the third equation. Plugging in the
definition for I' and the Dirichlet-to-Neumann map yields the result. ]

Lemma 5.2. Let ¢ be the angular polar coordinate in two dimensions. There exists a unique adjoint
map grady such that (gbp, gradp q)F = (gradf P, q)F forallp € HY(T'), g € HY(T).

Proof. We will start by proving boundedness of the operator égradp. Note that for ¢ € H(I") we have
||¢A> gradp C]H%?(r) = (gradr ¢, gradr ¢)r
< (gradr ¢, gradp ¢)r + (¢, ¢)r

= HQH%P(F) < 0.

So in particular ¢ grady is a map H*(I') — L%(T). We have

|6 gradp gl 2(ry < \/chgradr ql1 720y + llallZey = lulla ),

SO gg grady is bounded.

As giggradp is bounded, according to the Riesz representation theorem [6], for every p there exists a
unique p’ such that for the functional ¢ — (p, gzggradp q) we have (p, égradr q) = (p,q). Therefore
gradp : p — p’ is the unique adjoint operator. O

We define Fourier spaces HE(I') to the spaces H*(I") similar to section 3 in [7]. Using these spaces will
simplify calculations.

Definition 5.3. For0 < s < oo and & > 0 the space HE(I") is defined as the subspace of all functions

¢ € L*(T") such that
> (/’%2 +n2) lon|? < 00.
neL

for the Fourier coefficients @, of p. We define an inner product on this space:
~ s —
(Qpaw)ﬂs(f‘) = Z ("12 +n2) ¢n¢n'
neZ

We used the #-weighted norm that were also used in [1] for dimensional reasons.? The following lemma
justifies the use of this space.

Lemma 5.4. Let s € R. Then the space HE(T') is a Hilbert space. Moreover, Hi(I') = H*(T") and the
norms generated from their respective inner products are equivalent.

5. Note that n implicitly has a dimension [2] here. Since we did not write down dimensions for it (r = 1), we do not make this
dependency explicit in our calculations.
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Proof. The case k = 1 is proven in Theorem 2 of [7]. Now consider a general £. We have to show that
HE(T) = H; (1), equivalence of their norms and completeness of HE(T).

By the limit comparison test convergence of Y (/%2 + n2)s lon]? and ¥ (1 + n2)s lon|? are equiva-
neZ nez
lent, because

- S

GEE N
11m 3 3
"0 (14 n?)" |on|

Thus H{ = H3.

For equivalence of norms we have to find ¢y, ¢ such that ¢ ||¢[[#: < [|ollas < cal|o||3:. This is satisfied
byci =1,co=Ffork >1,s>0,¢c1 =R, co=1fork <1,s >0,c; =R’ co =1fork > 1,5 <0,
andcp =1,co =R°fork < 1,5 <O.

Completeness of Hz(I") is implied by completeness of H5(I'): H;(I") and HZ (") have the same Cauchy
sequences because of equivalence of their norms. Since the spaces are equal, if the Cauchy sequence
converges in one it does in the other. H3(I") is complete, so H2(I") is also as their norms are equivalent
and they contain the same vectors. O]

This isomorphism between the Hilbert spaces HE(I') and H*(I") justifies the use of the lemmata 5.1
and 5.2 for the spaces H;. Using these results, we can rewrite the formulation in eq. 2 in an operator
formulation.

In lemma 5.1, we have found an expression for ¢, that only evaluates U with y,U atlits boundary. As

this is also the case for all other expressions involving U in eq. 2, we consider U € H2(T") instead. °
To derive the desired operator A : H — H such that (Au,v) = a(u, v), the following lemma / definition
will be helpful.

Lemma 5.5. For f € HL, define the operator P, : HL(T) — HL*(T) with (Psf), = (&2 4+ n?)2 f,.
Then (f, g)r = 2m(P_asf, g)it;(r) forall f € H® g € Hi.

Proof. Let f € HL. We have P,f € HL 5(T) as
> (@ +n?) P = X (7 +0?) (Dl < o0
nez nez

Moreover,

20(Poaaf, 9)rs )y = 3 (B2 +12) (Poaal)ngn = 3. Fugn = (f.9)r.

nez nez

[]

We use this lemma to rewrite the inner products in eq. 2. After dividing all equations by 27 and
plugging in the lemmata 5.1 and 5.2, it becomes:

(P_1 <DtNHU WU — (;m - K;> (9)) ’V)H.%(r) — 91;:)
(P1 ((;m - KN> (vpU) + Vi (0) + inq) , ¢) e 922(;0)
(P_Q (—WH ('ygU) — (Kf,C + ;Id) (0) + (1 + gradp égradﬁ (p)) ,q)H}%(F) = g:;(;])

6. As shown in the chapter 10 the solution in all of 2~ the Helmholtz PDE allows reconstruction of the solution in all of 2~
from the Fourier coefficients on I'.
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1
Let H = H1(Q) x Hz (') x HL(T) from here on. We can directly read off the operator A : H — H.

P, (DN + W,) —(5 — K}) 0
A= Pl (% - KH) V/-c m R
P, W, —(K, +3) (1 + gradp gzﬁgradr)
For the right side of eq. 2 we can read off the right side w € H similarly
P—l _f2 _Wn(fl)
w=| P (K. — DY)
P_y Wi(f1)
This concludes the derivation of the operator formulation
Au = w. (3)

6 Spectral Analysis

To investigate the condition of the regular variational problem, we study the inf-sup constant ~
as motivated in theorem 4.1. As we saw in proposition 4.3, we can compute v = I A11|| T We will
investigate whether the stabilized BIE-volume formulation regularises any spurious quasi-resonances
in the operator norm that might appear as a Splectral Qhenomenon. For the following computations,

we will consider restricted finite subspace S = 8% x Sy? x Sy where N € N and 8%, is the restriction
of HZ(T') to
S} = span(y-n, Y-N+1, - YN)

where y,, = e™?.

As the following Lemma shows, we can calculate calculate the norm of the component-wise restricted
operator Ajs from the smallest singular value of the matrix representation of As, if we choose an
orthonormal basis.®

Lemma 6.1. Let F' : V. — W be a linear operator between Hilbert spaces V., W with norms || - ||v,
|- lw. Let {v;}icr, = By, {w;}ier, = Bw be ordered orthonormal bases of these spaces with index sets
Iy, Iyy. Let Ci; = F(v;, wj) be the operator matrix. Then

[Fllop := sup [[F(v)llw = [[M]|op = S |Cz|

|v]|v=1 z|=1
where | - | is the euclidian norm.
Proof. We have F'x = >, 3 x;C;w;. Therefore,
i€ly jely
[Fllop = sup [[F(@)llw= sup || > > Cyzawjllw
l[=llv=1 lzllv=1"iel, jelw
= sup |Cz|
|z|=1
where we used orthonormality ||v]|y = || Z z;v;]|lv = |z| (and similar for w;) in the last equation.
i€y

Note: All sums are to be considered in the order of the basis ordering. Also, they can be replaced by
integrals if the bases should not be countable. O]

7. Another perspective is that this norm indicates the invertibility of the operator A.
8. Note that at this point it is not clear that the restriction Ajs : § — S, Ajsu = Au is well-defined. However, we will see that
A is a blockdiagonal matrix in the Fourier basis, proving this is well-defined (Au € S for u € S).
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Together with the results from linear algebra, that for a finite matrix the biggest singular value of a
matrix corresponds to its operator norm and that inverting a finite matrix yields to inversion of its

singular values we obtain that the operator norm of A‘ Sl is

1
O rmin ( Anum)
where A™™ ig a representation of Ags with respect to an orthonormal basis and 0,,;,(As) its smallest

singular value.
An orthonormal basis of S§; is given by

HA;HOP =

s _ing N S . 1
(dne )n:_N where d} : CETDH S (4)

We will use the following variables as coefficients.
vy = AR, Wy =dn 2, 1, = d). (5)

Moreover, define ¢, = V&2 + n2.
Now we can construct the Fourier Galerkin matrix. The following lemma from Theorem 2 of [7]
establishes a simple form of the BIOs applied to Fourier monomials.

Lemma 6.2. The following eigenvalue equations hold for V,,K,, K., and W,.

K

Ve = AW A0 = T () HD ()

Koe™® = M09 \09 = T8 G B () 1 = T () O () —
K ein® = \K)gine  \EK) . @Jn(ﬁ)]{?(ll)’(,ﬁ) + 1_ mj(};( YVHW (k) — 1
2 2 2 2
2
Wae® = AWt AW i — 5 g () HY' (1),
Furthermore, we have to find explicit expressions for DtN. and gradj. ngS gradp.
Lemma 6.3. We have DtN_ e = a;e’® and grady qggradp e = B1e!'? where
J/ (V¢
a; = Ve {(Ver) B =1 (6)

R Y

Ji(Vew)

Proof. To derive the Dirichlet-to-Neumann map we can consider the original problem in eq. 1. We
make the Fourier Ansatz V; = V;"e?. As U must satisfy (A + éx2)U = 0 from eq. 1, we have

r202V] 4+ ro Vi + (r*er? — )V = 0.

This is Bessel’s differential equation. Since we require convergence at the origin this implies V" (r) =
Ji(v/ékr). Converting this to the same scaling as e”’? on the boundary, we get n - grad W) =

= Jl’(\@nr)e“d’ . ) _ 8
\/EFJW where n is the normal vector and we used n - grad = 7.

To derive the expression for the composite gradient, consider the inner product of the expression with
eime.
(grad- qZ;gradF e M) =(gradp ¢, gradp ™)
=Im(27ym,)

This implies 3, = 2. [
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Using these insights, we can find the Fourier Galerkin matrix. Since the Fourier modes are eigenvectors
of each of the entries in the operator A, we obtain diagonal blocks of the form in the representation
with respect to the basis e® for each S5, component

(cn)™ (am +AM) - —(5 = AED) 0
Aprmd — Cn (3 — A AY) in
() N A =W 4 g) (14 Ba)

Rescaled to the selected bases of SZ x Sy? x Sk as defined in eq. 4 we have:
A — Ty AR, (7)
with the basis scaling blocks

(Cn)% X (Cn)_% X
T = (cn)72 , Th= (cn)2
Cn (cn)™1

For the overall matrix we write A" = diag(A™{", A", ... AR™).

7 Validation

7.1 Operator solution

To validate the correctness of our derived matrix in eq. 7 we demonstrate that it yields the correct
numerical solution for a simple example. Consider the special case

:<fww—Mﬁ)>w¢
KHD (5) — VT, (V)

where n = —N, —N + 1, ..., N. Then the solution to eq. 1 is
U = J,(Verr)e™® for r < 1,U = HV (kr)e™ for r > 1.

This can be seen directly by plugging in. If eq. 7 is correct, it should yield the complete analytical
solution as the restricted space contains the analytical solution.
As pointed out on p. 33 of [4], if U is a solution we have ¢ = yU. Moreover, on page 38 of [4] it is
explained that in the solution vector we must have p = 0. Therefore, it follows that the boundary-
restricted interior analytical solution can be written as (U, 0, p) = (Jn(\/Em)eW, kH!M (k)em?, O).
So overall, extending
00 1 00 1 00
U= Z (C;na)Udgein¢’ H — Z (Ojc'una)Odgiein¢7 p= Z (Cjc'ma)pdieimz)

n=—oo n=—oo n=—oo

the components solution vector should be

ana Jn \/E ana ’%H;L(l) K ana .
(gmeyt = g, VD conayo — 5, P ey — g,

We can now validate whether we get the same numerical solution using our matrix A™. To do this,
extend the w on the right hand side of eq. 3 into the Fourier coefficients
oo (ee)
fl — Z flein¢> f2 — Z f262'n¢
n ? n °

n=—oo n=—oo
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Fig. 1: Maximum relative residuum of the numerical solution ¢ by wave number. On the left plot we
have ¢; = 1,¢, = 3 and on the right plot we have ¢; = 3,¢, = 1. The number of considered Fourier
modes is N = 30.

We obtain the extended form

00 , _(Cn)—l/\%W) . —(cn)_l
w= 3 [ | M) = 05) | 4 fe| 0] (8)
n=ee (cn)"2A) 0

1
2

1 1
The components in the considered H; > x HZ x H * basis are scaled

—(cn)"2AMY) —(cn)7?
wit™ = fo | ()2 (A0 —0.5) [ +f5 |0
(Cn)_%)‘%w) 0
=:x1 =:x2

In this particular case, the boundary conditions translate to

1} = 00 (HD(R) = Tu(Vew)) £ = 6y (RH)D (k) = Verd, (Ver) ).

We call the overall vector w™™ = (w™{", Wy, ..., W™

introduce the (-number:

). To measure how good the solution is, we

Definition 7.1 ( {-number). For a fizedn and a fized k, let CJ™™ (k) be the numerical solution vector to
the problem A™™MCI™ (k) = w™™. Let C2"*(k) be the analytical solution vector for the same problem.
The (-number is defined as
_ |G (k) — G (K]

ne[—N,...,N] ||Cana (k)|

As seen in fig. 1, the (-number is negligible across all values of x and n as deviations from 0 are in the

magnitude of computer precision. This validates our derivation of A“™ and w;""™.

7.2 Projector Properties

We validate our matrix A with another method. We must have p = 0, if (U, #) solves the problem
according to P. Meury [4]. We can use the remark to validate that our derived matrix A" is correct.
We can formulate the property p = 0 with regards to A7*™. Let V}, := span(x1, z3). Then p = 0 means



8 NUMERICAL RESULTS 11

6x 10713

4x10713

3x10713

2x10713

Matrix Norm

1013 4

10—13 4

o 2 4 6 8 10 12 14 o 2 4 6 8 10 12 14
Fig. 2: Euclidian matrix norm of composed matrix P3(A?™)~1Py . On the left plot we have ¢; =

1,¢, = 3 and on the right plot we have ¢; = 3,¢, = 1. The number of considered Fourier modes was
N = 100.

that for b € V4, every solution of A"z = b, satisfies 3 = 0. Now let Py; be the projector onto V,,
and Pj be the projector onto (0,0, 1). Then

PsA Py, =0

We calculate the euclidian norm of P3(A?“™)~1 Py, for a range of x values to validate this. As shown
in fig. 2, p = 0 is satisfied by our operator matrix. This is another validation of our matrix A7"".

8 Numerical Results

Now, we numerically investigate the operator norm of the inverse operator A~!. As established in
section 6, we can compute the inverse of the smallest singular value of diag((A™™)N__ ) for this
operator. The results of the simulation are presented in fig. 3 alongside the results for the maximum
euclidean norm of the solution operator.” A derivation of the solution operator is provided in the
Appendix.

The solution operator exposes resonance frequencies for the case ¢; = 3, ¢, = 1, called quasi-resonances
in [1]. This resonance behavior is expected physically: If ¢; > ¢,, total internal reflection can undergo.
For certain angles of internal reflection, the solution becomes very localised around the boundary I,
meaning that the solution operator norm peaks. As we see, peaks in the solution operators coincide
with the peaks of the considered inverse boundary integral operator. As we see in the right plot of fig.
3, however, there are also nonphysical secondary resonances of lower frequency in |[A7!]|,,. As their
peaks are of similar or smaller magnitude than the primary high-frequency oscillations, the effect on
the condition of the variational problem is unproblematic. Curiously, if we modify the operator A such
that its last row is scaled by a factor M >> 1, these secondary resonances disappear.'® An example of
this with M = 30 is shown in fig. 4. At this point, a rigorous explanation of this phenomenon was not
found.

9. We picked particular representative cases. More cases are shown in the Appendix.
10. This modification is allowed as this modified operator formulation is equivalent to the former one if we scale the last
component of w by M too.
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i mof the matrix M = diag((A™™)N__\)
by wave number . Only the first 30 Fourier blocf{s were considered, as the operator norms were not
affected by higher modes. In fact, the highest selected mode was n = 18 for the left and n = 21 for
the right plot. When plotting the operator norm against N for a fixed x, we see that it approaches a
constant value for big N, justifying the cutoff of N = 30. A more detailed explanation is given in the
section Appendix. Each of plots is shifted by an absolute value yq to allow for better comparison with
the solution operator. In the left plot we have ¢; = 1, ¢, = 3, and yo = 0.630 and on the right plot we
have ¢; = 3,¢, = 1, and yp = 0.366.

Fig. 3: Inverted minimum singular value ”Agl
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Fig. 4: Inverted minimum singular value HAElH by wave number x. In both plots, the operator A is

considered with the modification that its last row is scaled by a factor of M = 30. In the left plot, we
have ¢; = 1.0 and ¢, = 3.0. In the right plot, we have ¢; = 3.0 and ¢, = 1.0.

In the case ¢; = 1,¢, = 3 (left plot in fig. 3) the operator A~! exposes bad condition for some
frequencies while the solution operator is regular for all frequencies. This shows that spurious quasi-
resonances also occur for the regularised variational formulation. The following proposition helps
explain this irregular behavior.



8 NUMERICAL RESULTS 13

26x10°1 — |s|

R -1
2.4 x10° |A5 Lelop — 5

103 4 =
2.2 x 100 — A5 Lelop

2 x10°

1.8 x 10°

i
o
~

1.6 x 10°

Operator Norm

Operator Norm

1.4 x 10°

i
o
-

1.2 x 10°

0 2 4 6 8 10 12 14
K

= L by wave number . The highest selected

Fig. 5: Inverted minimum singular value HAEIEE -y
op min
mode out of the considered first N = 30 modes was n = 15 for the left and n = 22 for the right plot.

In the left plot we have ¢; = 1 and ¢, = 3 and on the right plot we have ¢; = 3 and ¢, = 1.

ol

1 _ 1 _1
Proposition 8.1. Define £ : H2 x Hz? — HZ x Hz? x HL as the map that maps the boundary
conditions of eq. 1 to the right hand side of eq. 3

P W, —P,
L= Pl(Kn - %) 0
P_sW, 0

andletE:’H,%XH,;gXH%@%H%XH;E’E: ((1) (1) 8

). Then we can write the solution operator
(see definition 1.2) as S = EA™1L.

1 _1
Proof. Consider the boundary data f € H2 x H;?. Then by construction we have that the right
hand side of eq. 3 is w = Lf. Applying A~! to the same equation and projecting onto the first two

components yields U) = EA~!L. This concludes the proof. O

0

This relationship between A and S implies that the lack of £ causes the different resonance behavior
between A and S. To show this, we lift the irregularity by introducing the operator L. for ¢ > 0:

1 1 1 1 _Pflwlﬁ —P,1 0
Lo:HME X Hz? xHy > HE X Hz® xHE, Le=|Pi(K.—2%) 0 0 |. (9)
P_QWH 0 €P_2

Here we introduced the parameter € as a new formal boundary condition parameter, allowing us to
invert the operator. Assume that L. is invertible and consider the operator

LoVAHE X Hi® x HE — M2 x Hy? x ML

Note that while we introduced an additional boundary condition parameter in the third argument,
it is strongly suppressed by . We will use ¢ = 0.01 in the following calculations. Invertibility is
satisfied for the considered case of I'; as L. becomes a blockdiagonal operator in the Fourier basis
with non-vanishing determinant in each block. As the left plot of fig. 5 shows, the irregular resonance
behavior is indeed removed in the case ¢; < c¢,. Moreover, the right plot shows that in the case
¢; > ¢, the secondary resonances are also removed. This implies that the spurious quasi-resonances of
the considered regularised formulation operator in eq. 3 were caused by the operator applied to the
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Fig. 6: Inverted minimum singular value HAEIH by wave number . In the upper left plot we have
¢; = 1 and ¢, = 10 and on the upper right plot we have ¢; = 10 and ¢, = 1. In both plots we have

n=1.

boundary data on the right hand side of the problem.

However, we did not prove the invertibility of L. for general 7. In particular, we did not provide
an explicit expression for this inverse.!'! Future investigations into this area could include other
augmentations of the considered operator that remove these spurious quasi-resonances while also
being explicitly expressed for general bounded Lipschitz domains Q~ C R<,

9 Conclusion

This report considers a regularised variational formulation of the Helmholtz transmission problem on
a two-dimensional disk (eq. 1). We converted this variational formulation to an operator formulation
(eq. 3). After discretizing this formulation (eq. 7), we calculated the inverse operator norm of the
considered operator A (left side operator of eq. 3) numerically. As this value is equal to the inf-sup
constant of the variational problem (see section 4), this estimates the well-posedness of the variational
formulation. We found, that for optical indices ¢; > ¢, the operator introduced non-physical secondary
low-frequency oscillations with small amplitude which could be surpressed by scaling up the third
equation of the variational problem (fig. 4). A rigorous explanation for this observation was not given
and may be investigated in the future. In the case, ¢; < ¢, the operator exposed unphysical spurious
quasi-resonances and growth behavior that the solution operator did not (fig. 3). By composing with
another operator £ (eq. 9), we were able to remove these spurious quasi-resonances for ¢; < ¢, and
the secondary oscillations for ¢; > ¢,. Moreover, this explained the origin of spurious quasi-resonances
by relating the domain of A~! and the solution operator S. However, augmentation techniques for
more general geometries are required as the considered operator £. was not proven to be invertible
generally, and no explicit inverse was derived for it.

10 Appendix
10.1 Numerical Results for other examples

We considered the example ¢; = 1, ¢, = 3 and vice versa in section 8. In fig. 6 we present other
examples for the refractive indices, showing that the overall trends and occurrence of spurious quasi-
resonances is very similar to the considered example.

11. While a formal inverse (treating the entries of £. as matrix entries) can be computed symbolically, expressions in the
symbolic results may not be well-defined.
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Fig. 7: Inverted minimum singular value HAng by wave number k. In all six scenarios we have ¢; =
1.0, ¢, = 3.0 and we vary n. The values of n are as follows. Top left: n = 0, top right: n = 0.5, middle
left: n = 1.0, middle right: n = 5.0, lower left: n = 10.0, and lower right: n = 100.0.

Moreover, we only studied n = 1.0 in section 8. As shown in fig. 7, the operator growth is smallest in
the range from 1 = 0.5 to n = 1.0 out of the selected values. This is in agreement with the results of P.
Meury’s doctoral thesis, where he achieved optimal stability around n = 1.0 [4].

Lastly, we will justify the introduction of a cutoff N for the Fourier modes. In fig. 10.1 the singular
value of the operator block A7"™ inverse are plotted as a function of the mode n. We clearly see,
that for n big enough the singular value converges. There is also a simple theoretical explanation to
justify the cutoff in n: consider the matrix A" as defined in eq. 7. We have the approximate form
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Jn(z) ~ "for 2 < vn + 1 |8]. This implies that 11 4o — 1. Moreover, we know that
(”+1) n
Bn = O(n?). The followmg limits can be Vahdated numerlcally or symbolically:12

1

v) _ *

Am A 9

lim \5) =0
n—o0

AW

hm _— = —.

n—oo n 2

Therefore, the matrix A7"*™ behaves the following for big n:

1+3 —3 0
Aremes 1 : i | for n — oo.
1 o

The smallest singular value of this matrix is given by |1nf ||Ap#m ||, Since one of the entries in the
third column has order n, The extremal value of  must have the form (2}, 22,0). However, the matrix
in the first two columns converges, implying convergence of the minimal singular value.

10.2 Constructing the Solution Operator

Plugging the Fourier ansatz into eq. 1 and imposing convergence at the origin and the Sommerfeld

radiation condition results in
0

_ _Jn(\/CiRr) ind
D D S AN
O JrHn( CoRT)

+
u = Z Uy, Hn( CO’%>€

n=—oo

ing

where u,, and ;" are the restrictions of u to Q= und Q7.

Extend f= 3. fie® for i = 1,2. The transmission condition v u™ = y5u~ + f implies

e -1 u,\ _ (fa .
VaREEs —Vermr ) \ut) T \f) (10

12. Note that the n-dependence is not written out explicitly.
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By using the well-known inverse of a 2x2 matrix we obtain
u, = ((—\/c_of%Jn( iR H! (\eiR) fE+ T (VeR) Hy(Veok) £2). (11)

where ( := NCLAANGTY MW \/En H (o) In( Vo) This presents the solution operator, as we get v,
from restriction to the boundary. v, can be directly obtained by restriction of the normal derivative
of u,, to the boundary which is equivalent to multiplying the Fourier coefficients by cmi Eg:g

After rescaling the u,, f/* to the complete orthonormal system defined in eq. 4, we obtain the solution

operator matrix:
Sn—¢ —/CoRiJn(\/CiF) H], (\/CiR) Vn2 + k21, (\/eiR) Hy (y/CoR)
v — Vo aR: I (VaR) Y (VaR)  JeiRdy (y/GiR) Hn(y/Cof)

that maps the Fourier coefficients of f in the complete orthonormal system for H2 x H ™2 to the Fouier
coefficients of y,u in the same basis.

(12)

10.3 Proof of Theorem 4.1

Proof of Theorem 4.1. Consider the operator problem Au = w with linear operator A as defined in
Lemma 4.2. A is bounded as continuity of the sesquilinear form implies that there is a constant M > 0
such that

| Aull?; = (Au, Au) i = la(u, Au)| < Mlul| || Aul|

Moreover A is injective: assume Au = 0 for some v € H\{0}. Then |(Au,v)g| = 0Vv € H. In
particular, sup |(Au, v)g| = 0. However,
veH

0= sup JAwWVEl e o ABa] e et ol
ver\{oy [[ullallvllz — tem\iorvemvpoy llullallvllz  tem\o} vemgoy [lullallvllm
is a contradiction as v > 0 by assumption. Thus v = 0 and A is injective.
Now we show surjectivity of A. A is surjective if every v € H is contained in its image. First, note that
Im(A) is closed. Assume we have a Cauchy sequence w,, in Im(A). Then there are u,, € H such that
Au,, = w,. We have

1 — 1 _
lw = tml[y < = sup lau — tm; 0)] sup (w1 = wm, V)|

Y veH\{0} vl e Y wem\(o) ||| &

= ~llwi = wm||a

In the first equation we used the definition of v, in the second we used that a(u,,v) = (Au,,v)g =
(wp,v) g and in the third we used the Cauchy-Schwarz inequality. We showed that u, is Cauchy. H is
complete, so u,, converges in H. Because of continuity of A, this implies that

lim Au,, = llm w, = A hm Uy,
n—oo

Therefore Im(A) is closed. Since Im(A) is closed, we have H = Im(A) @ Im(A)* according to [9].
Therefore, we just have to show that the orthogonal complement of A is empty. This is the case if
the map u — (Auw,v) is nontrivial for all v € H. We prove this by contradiction. Assume there is a
v € H such that u — (Au,v) is the zero map. Then a(u,v) = 0 Vu € H, violating the C2 condition

sup ‘va)l > 0 Vo € H\{0}. Thus, Im(A)~* is empty and A is surjective.
ueH\{0}
This concludes the proof of solvability and bijectivity as A~'7 is the solution operator where 7 is the




10 APPENDIX 18

bijective antilinear map 7 : H* — H from the Riesz representation theorem.
The last claim about the norm of the solution operator follows directly:

g _ 150lle _ SOl _ Mu®lla
|Svar || r=—m = sup = su by —, Sup [a(u,0)]
ver\foy [lbllie ber(oy sup R ert\(o) sup G
veH\{0} veH\{0}
_w fullmg 1 _1
¢ [a(u0)] nf Ja(wa) T A
ueH\{0} sup mn SUP  Tollallullz

ve H\{0} ol veH\{0} ye H\{0}

Note that we used bijectivity in the fourth equation, allowing us to write v(u) instead of u(v) and
taking the supremum over u. Moreover we used b(v) = a(u, v) from LVP. O
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Symbols

This is an index of symbols repeatedly used in this report with references where the corresponding
terms are defined (if applicable).

e H!(Q): Sobolev space, [10].

o HL (QF): HE (05,A) = {v:xv e HY (QF), A(yv) € L2 (QF)for all x € C,y, (RY)}, sec-
tion 1

. H%QF): Dirichlet trace space, [11].

o H72(I'): Neumann trace space, [11].

e 7: Generally a bounded Lipschitz domain. Q° = B;(0) C R? for most of the report, section 1.

o QT QF :=RNQ, section 1.

o [T :=00" =007

o gradp: surface gradient, [12].

o grady: adjoint map of gz; gradp, 5.

o T T = |, section 1.

o Coomp (Rd): Smooth functions with compact support

e p: Dirichlet trace operators, section 1.

e 7y: Neumann trace operator, section 1.

e 7¢: Cauchy trace, section 1.

e f: Boundary conditions of Helmholtz transmission problem, section 1.

e K, k: Wave number, section 1.

e (;,Co, C: Refractive indices, section 1.

e U, 0, p: Solution of Helmholtz transmission problem, section 1 & section 3.

e S: Solution operator, section 1.

o DtN, : Interior Dirichlet-to-Neumann map, section 2.

o V., K, K. W,.: Boundary integral operators, section 2.

e qx(-,-),b(-,-): Bilinear forms in regularized variational formulation, section 3.

e ¢g;: Right hand side of regularized variational formulation, section 3.

e H?*(')z: Fourier Sobolev Hilbert space, section 5.

e A: Left hand side operator in the regularized operator formulation, section 5.

e B: Right hand side boundary value operator in the regularized operator formulation, section 5.

o S3: Restricted Sobolev space for numerical calculations, section 6.

o AV AEK ANED) AW Fourier eigenvalues of boundary value operators, section 6.

e Qy, B, Fourier eigenvalues of operators occurring in regularised operator, section 6.

o AM™: Galerkin matrix, section 6.

e L.:augmenting operator for A, section 8.

HSOH

H_

Code

Calculations and plots were implemented in Python. The corresponding files are available here.
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