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Abstract

In this paper, we consider an algorithm that efficiently evaluates a
trigonometric polynomial at arbitrarily spaced nodes. It is based on the
approximation of the polynomial by a function we can evaluate easily. We
are particularly interested in the case where we interpolate the trigono-
metric polynomial using high-order cardinal interpolation kernels known
as Z-splines, which we construct and study in a general setting.

Introduction

We are interested in the fast evaluation of a trigonometric polynomial
f(xg) _ ka 6727rik:cj )
k

For equidistant x;, this can be done with the well-known FFT algorithm. In
[5], G. Steidl describes an algorithm that efficiently evaluates f at arbitrary z;.
The idea is to approximate f(z;) by

s(z;) = gp(na; —1),
l

which can be evaluated efficiently if 1) has compact support. G. Steidl suggests
two possibilities for ¢: truncated Gaussian bells and B-splines. We will study
this algorithm with compactly supported high-order cardinal splines called Z-
splines.

Throughout this paper, we will restrict ourselves to one dimension. For a
multidimensional treatment of this algorithm, see [2, Section 2].

In Section 1, we review the various Fourier transforms that appear later on,
i.e. the continuous Fourier transform, Fourier series, and the discrete Fourier
transform. We also prove the Poisson summation formula, which we use repeat-
edly in our analysis.
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Section 2 develops cardinal interpolation theory in a general setting. In
particular, we relate properties of the interpolation kernel and the interpolation
operator. In the following section, we construct Z-splines as an example for
high-order cardinal interpolation kernels.

In Section 4, we formulate and analyze our evaluation algorithm for trigono-
metric polynomials in a general form. Section 4.6 specializes our results to the
case of cardinal interpolation. In Section 4.7, we look at a ‘dual’ algorithm for
evaluating

fi=Y_ f(&)e ™8,
k

where the nodes are spaced equally in the time domain and arbitrarily in the
frequency domain. For a more general version of this algorithm, in which the
nodes are arbitrary in both time and frequency domains, see [2, Section 3].

Section 5 is an overview of our MATLAB implementation of the above al-
gorithms using Z-splines. Finally, in Section 6, we present a series of numeri-
cal experiments. These show that the approximate evaluation of trigonometric
polynomials with Z-splines does not converge as fast as with truncated Gaussian
bells or B-splines.

Notation

We will use the convenient MATLAB notation for intervals in Z, that is,
n=a:b: ne{a,a+1,...,b}.

It will also be useful to denote by

2o (- 3] (3] e} = {reziFer<])

the n whole numbers of smallest magnitude. Furthermore, P, (X) will denote
the vector space of polynomials of degree < n on X and P, := P,(R).

1 Fourier transforms

Throughout this paper, we will use various types of Fourier transforms. In
this section, we define these and state a few important properties, mainly to
set our notation and conventions'. For simplicity, we restrict ourselves to the
one-dimensional case. All of the functions™ in this section are assumed to be
complex valued.

1.1 The continuous Fourier transform

Our convention for the continuous Fourier transform is

o(k) = /00 o(x) e*™ ke dg (1.1)

— 00

"'We use the factors €25 and e =27k ingtead of e “** and '** which are more commonly

seen in mathematical literature.
Hunvaryingly named ¢
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The inverse transform is

o) = [ T ke (1.2)

— 00

2rwikx

since the functions = +— e are orthogonal with respect to the standard

L2%-inner product, that is,

/ e27rika: 6727Tilw dr = 5(k _ l) , (13)

— 00

where ¢ refers to the Dirac distribution.
The Plancherel theorem for our choice of Fourier transform is

lellzzm) = 19l L2 ) - (1.4)

1.2 Fourier series

If ¢ is T-periodic, we define its Fourier series as

px) = @pemhe/T (1.5)
kez

where the Fourier coefficients are
1 [T/2 .
Pr = —/ () e?mke/T qy | (1.6)
T J_7/2

Equation (1.5) follows from the orthonormality of the e*7*=/T

1 (T2 .
? /T/2 e27r1km/T 6727rllm/T dz = 6y , (17)

where dy; is the Kronecker delta. Pointwise convergence holds if ¢ is piecewise
C' and ¢(z) = 1 (p(z7) + ¢(zT)) at discontinuities.
Parseval’s theorem states that

7)., e e = Sl (1)

keZ

1.3 The discrete Fourier transform

Similarly, we define the discrete Fourier transform of length n as

A 1 2mikj/n
Pr = Z pje (1.9)
JE€Ln
for k € Z,, and (p;) ez, € C™. Since

1 Z e2miki/n g=2mili/n _ 5 (1.10)
J€Ln
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the inverse transform is

o= 3 Gremiin (111)
K€Ly

Both the discrete Fourier transform and its inverse can be computed in O(n logn)
time using a fast Fourier transform (FFT) algorithm; see for example [1].
Parseval’s theorem for the discrete Fourier transform is

S el = Y el (112)

JE€ELy kEZLn

1.4 The Poisson summation formula

The Poisson summation formula relates the continuous Fourier transform to its
discrete counterparts by expressing the periodization of a function as a Fourier
series. It is used frequently throughout this paper.

Proposition 1.1. For ¢ : R — C integrable and piecewise C* and ¢(x) =

3 (p(z7) + ¢(a™)) at discontinuities,

Z@(fij) _ ;Z@(;) o~ 2mika/T ’

JEZ keZ
where  is the continuous Fourier transform (1.1) of ¢ and T > 0.

Proof. Since the left-hand side is T-periodic, the assumptions imply pointwise
convergence of the Fourier series ), ., cx e 2mike/T with

cp = l Z/T/2 (p(x—jT) egwikx/T de — l /OC (p(y) ezﬂiky/T dy _ 1¢<k) .
T PR T ) T T

We can switch integration and summation in the first step because ¢ is inte-
grable. O

2 Cardinal interpolation theory

2.1 Cardinal interpolation operators

In this section, we study some properties of cardinal interpolation operators
and, in particular, link these properties to those of the interpolation kernel. In
Section 3.3, we will specialize our results to Z-spline interpolation kernels.

Let ¢ € L'(R) be piecewise C' with ¢ (z) = 1 (¢¥(z7) + ¥ (2™)) at disconti-
nuities and h > 0. Also, let Cpy (R, R?) denote the space of piecewise continuous
functions from R to R%. We will call the operator Iz : Cpw (R, RY) — Cpy (R, RY)
defined by

(Lhu) (@) = Y u(m) (5 —J) (2.1)
JEZL
a cardinal interpolation operator if (Igu)(]h) = u(jh) for all j € Z. In this
situation, the function 1 is the cardinal interpolation kernel of Ig.
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Proposition 2.1. For any h > 0, the following conditions are equivalent:

(i) IZ is a cardinal interpolation operator,

(ii) L}b 18 a cardinal interpolation operator,
(ili) ¢(j) = bj0 for j € Z.

Proof. (i)&(ii) follows from (Iju)(x) = djez u(Gh) (% =) = (Lhun)(§),
where up () := u(zh).

(it)=(iii) follows from (2.1) if u(j) = 0, since u(j) = (Lyu)(j) = P (j).
(iti)=(ii) is implied by (2.1), (Iju)(j) = > jcz u(l)di = u(f). O

Proposition 2.1 states that cardinal interpolation kernels are characterized
by (iii). If ¥ and ¢ are cardinal interpolation kernels, then (I}bgo)(x) = Y(z) by
(2.1) since ¢(j) = d;0. Also, IZ = If]) o I for all h > 0 because

(Lhrw) (@) = > () Gy (5 =) = Yo ulm)e (5 =) = (Lhu) (@) -
JEZ

JEZ

In particular, I} is a projection.

We will consider the case d = 1; the general case follows from componentwise
application of the one-dimensional results.

Often, we will require ¢ to have compact support. This allows an efficient
evaluation of I, 1};“ and, more importantly for theoretical purposes, it ensures a
certain regularity of the Fourier transform 1[} By the Paley-Wiener theorem, !
1& will be an entire analytic function of exponential type in this situation.

It turns out that the interpolation property (Ijiu)(jh) = u(jh) is not im-
portant for our interpolation results; these are in fact approximation results
that hold for any Ifz defined as in (2.1) with certain polynomial-preservation
properties. We define the approximation order accordingly.

Definition 2.2. The operator Ifg is of order v iff it acts as the identity on P, _1.
Clearly, this is equivalent to the discrete moment conservation property
Z(jh)"d)(%—j) — 2" for m=0:v—1. (2.2)
JEz
Proposition 2.3. If IQ}) is of order v, then so are Ig for all h > 0.
Proof.
Sy i) =n (G - ) = () =
JEL JEZ
O

We will say that ¢ is of order v if I{Z is for any, and therefore all, h > 0.
The following theorem gives a rather elementary L> estimate based on a Taylor
series expansion.'

liigee for example [3, Theorem 7.23]

VIn fact, all of the interpolation results in this section are based on Taylor series expansions.
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Theorem 2.4. If ¢ has compact support supp ¢ C [—m,m] and Iﬁ is of order
v, then there is a constant ¢ = c(v,1)) such that for all uw € C¥(R),

Hu - I,Zu”oo < ch? ||[u®

oo

Proof. A simple calculation gives us

S o2 =) = 3 () ot mte(E - )

JEZ k=0 JEL (2.3)
- n n— n
= Z (k) "R (=) = (z—2)" =5,
k=0
for n < v —1. A Taylor series expansion about z € R shows
. X .
u(@) = (L) (2) = fl@) = > u(h)e(5 - )
JEZ
_ vl
(2.2),n=0 ul?) (z) . T
=) (Z =y +7“j(h)> v(5-4)
JEZ \p=1
2.3) lz/h]+m "
= Z Tj(hw(ﬁ *j) :
j=[z/h]l—m
The estimate now follows from
ul(€) - v w| ™
()| = |2 Gh =) < )| Enr
O

2.2 Characterization of high-order kernels

For the following theorems, we need to know the Fourier transform of an inter-
polated function.

Lemma 2.5. Foru € Cpy(R) such that 4 satisfies the conditions of Proposition
1.1 and h > 0,

@(k) - (Za(m ;)) b(hk) VkER.

TEZ
Proof. The calculation
sz ) il . : R o
/ w(i _ ]) e27r1ka; da = h/ w(y) e?‘n’lkh(y-{-]) dy — h’(/}(kh) eQﬂ'lk:Jh
—o0 h —o0

and Proposition 1.1 imply

—

(1) () = B> u(i) 24 (k) = 3 a(k + %) b(hk) .

JEZL re’
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We will switch to the frequency domain to show an estimate in the Sobolev
norm, similar to G. Strang and G. Fix in [6]. For any s € R, the Sobolev norm
is given by

o0
ol i= [ 160 L+ 1) (24)
—0o0
where the Fourier transform ¢ is defined as in (1.1). The space H*(R) is the set
of all distributions v for which ||v|| ;. is finite, endowed with the obvious Hilbert
space structure.

The following theorem is similar to [6, Theorem 1]. Apart from our restric-
tion to the one-dimensional case, the difference is that our first two conditions
are slightly stronger. This gives us an interpolation result as the third condition
instead of a ‘best possible approximation’-type result.

Theorem 2.6. For ¢ € H"(R) with compact support and 0 < n < v — 1, the
following conditions are equivalent:

(i) Ii; is of order v,
(ii) " (k) = 6robno for k € Z and 0 <n < v —1,

(iii) for all s <, there is a constant ¢ such that for all h > 0 and allu € L*(R)
with supp 4 C [—ﬁ, 2—1h],

|u— I{;uHHS < ch” 7 lull g -

Note that in (iii), the requirement suppa C [fﬁ, ﬁ] implies that u is
an entire function by the Paley-Wiener theorem." Furthermore, v € L? implies
@ € L? by Plancherel’s theorem, so in particular u € H” (R)NCpy (R). Therefore,
||u|| grv and If;u are well-defined and ||u||g» < 0.

Proof. Using the Poisson summation formula, Proposition 1.1, for z = 0, we get

S =Y [ oty ey

JEZ kezZ*” —
= Ié(_;m)n <;k> (J’(k) 6727“]“) (2.5)
1 "\ - on—l —2mika
= gz o) g <l) PO (k) (=27iz) e 2Tk

(i))=-(i). By (ii), the last term in (2.5) is 2™ for 0 <n <wv — 1.
(i)=(ii). For n =0, (2.5) and (i) imply

1= Wz —j)=> (k) e >k

JEZ keZ

Vsee for example [3, Theorem 7.23]
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s0 (k) = 6ro. Assuming PO (k) = 80010 for | <n—1and n <v—1, (2.5) and
(i) imply

" = Z]”Z/J(x —j)= Z ﬁ (5ko(—27rix)" + q[)(n)(k)> o—2mika

JEZL keZ

=z" +Z

kEZ

1p(n) ) —27ikx

)

so (™ (k) = 0 for n > 1, which shows (ii).
(iii)=>(ii). We shall assume h < 1 and use (iii) for @ = x[_1/2,1/2]. By Lemma
2.5, (iii) gives us

p-2w=1) H“*Iﬁunj{o _ o —2(w—1) Z/
2h

reZ

50— r+hk)’ dk—0, h—0.

Expanding 1[1 in a Taylor series about r and using h < 1 leads to
2
dk—0, h—0

=

1 |v—-1 _ (n)
/ Z 9r00n0 n'w (T) h"_'/+1k" + O(h)

n=0

for all » € Z. This implies i(”)(r) = 0,000 forn=0:v—1.

(ii)=-(iii). By Lemma 2.5, since supp @ C [—ﬁ, ﬁ],

2 oo
= . = /

_Z/Ih

We will estimate the last term separately for » = 0 and 7 # 0. In the former

case, using ¥ (€) Wy 4 0(¢&"), we have

2
(1+k*)*dk

a(k) = Y a(k+ %) b(hk)
rez (2.6)

8ro — p(r + hk)r (1 YR (4 hk)z)s dk .

L _ L
2h 2h
L

< / la(k) [ [hk|*“ ™) (1 + k2)°dk

/;h k)2 )17 hk)‘ (1+ k2 dk</ll k)| R (1 + k2)*dk

— ,
< h2<v—s>/ (k)2 (1 + k2) dk

%

with a constant depending only on ¢ and v.

For r # 0, we will expand 1 in a Taylor series about r; by (ii), this is just
the remainder term,

L CAC) pe

D(hk 1) = ———

where for each k, U, (k) is between r and r + hk. Since |hk| < 1 and r # 0,
Ir + hk| < 3 19,(k)|. Therefore, we can estimate the sum in (2.6) over Z\{0} up
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to a constant factor by

[ P he e Y |50, 0| 10,00 ab.

3R reZ\{0}

As in the proof of [6, Theorem 1], we can bound the sum in this term by a
constant for s < 7. O

Note that the restrictions on w in (iii) are very limiting, much more limiting
than in [6, Theorem 1]. This significantly weakens the implications (i), (ii)=-(iii);
however, it does no harm to (iii)=-(ii). So Theorem 2.6 is not as much an error
estimate as it is a characterization of high-order cardinal interpolation kernels.

2.3 ‘p-convergence’

The above estimates address the convergence of cardinal interpolation with a
single ¢ as h goes to zero. We would also like to study convergence for a sequence
of kernels 1 of increasing order, with fixed h, similar to p-convergence in finite
element theory.

Theorem 2.6 tells us that the Fourier transforms of high-order cardinal in-
terpolation kernels are one at zero and vanish at every nonzero whole number.
In this sense, they approximate the rectangular function rect := x(_1/2,1/2) at
least near Z.

Theorem 2.7. Let 1) € L*(R) be bounded and compactly supported and v < 1;
also, let Ry := ( 2,2) and R := Ry + Z. Then for all h > 0 and u € L?* with
supp t C %RO, @ bounded and piecewise continuously differentiable,"!

R 2
j0 = (i + k)|

h
u = Lull oy < ull ooy max | >
2 \Jjez

and
rect 77,/;‘

h < L.
Hu B Id)uHL?(R) - ﬁ ||UHL°C(R) H L2(R) :
Proof. Let k € (fﬁ, ﬁ) and j € Z. By Lemma 2.5, since suppu C %R
(& — Iu) s+ £) = k)0 — A()( + k) = k) (rect(j + k) — () + hk)) .

In particular, (d — @)(k + %) =0for k¢ %Ro. Therefore,

- l? h
Hu—[wuHLz( = Hu—[ . _Z/RO rect —)(j + hk) dk
JEZ " n
2 ev]? A€
<Nl | ](rect—wxs)\ s

ViThese assumptions can be weakened if we use a weaker form of the Poisson summation
formula than Proposition 1.1.
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where we can switch summation and integration by the monotone convergence
theorem. Since the last term is finite, & — I gu € L%(R) and the second estimate
follows from Plancherel’s identity (1.4).

The first inequality follows from the opposite estimate in the last step, i.e.

| 2 . 2
= w002y s D [0 = 9+ )
JEL
and Plancherel’s identity. O

If (¢n)nen is a sequence of kernels with ¢, — rect in L2(R), for example if
¥, — sinc in L?(R) where sinc(z) := W is the (inverse) Fourier transform of
rect, then by the second estimate, Iﬁnu — w in L? when n — oo for u satisfying
the assumptions of Theorem 2.7. We will see that, under some further assump-
tions on (¢, )nen, we get exponential convergence. We will restrict ourselves to
the second estimate; a similar analysis holds for the first.

Consider a set ¥ C L?(R) of compactly supported cardinal interpolation
kernels. If there exists a ¢y such that for all v € N and all ¢ € ¥ with ¢ of
order v,

@)

V!

S CO 9 (27)
L (Ro)

then by Theorem 2.6 and a Taylor series expansion around 0,

1=l ey <0 5)

and therefore

1=

’Y)”
< — .
L2(Ro) Coﬁ (2

If we can bound the tails of @E uniformly by

~ ¥ p(v)
< - 2.
1/)’ L2(R\Ro) “ (2) ’ (2:8)

then Theorem 2.7 implies

||u o I’ZUHB(R) < ’y)min(y+§)p(l’)) (2.9)

=7 /] oo () (5

for all u that satisfy the conditions in Theorem 2.7. If p is linear, this gives us
exponential convergence for v — oo.

In particular, if (2.7) and (2.8) hold for v = 1, we can set h = 1 and @ = rect.
In this situation, u = sinc and, since Ii sinc = 1,"1 (2.9) translates to

(2.10)

min(u+%,p(v))
)

Jsine —oqay < ¢ (

Therefore, high-order cardinal interpolation kernels approximate sinc.

Viigee the remark after Proposition 2.1
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3 Z-splines

3.1 Definition

In this section, we will construct cardinal splines"il Zm,q € C7~Y(R) with com-
pact support supp Z,, ; C [-m,m]. We will denote the corresponding interpo-
lation operator by Iﬁz,q = Igm ,» so for f e Cow(R),

(I o) @) = D2 FGN) Zma(F = 5) - (3.1)

JEZ

and I, := I, . For the moment, we will set h = 1 and assume f € C*(R) for
large enough s.
Consider the Taylor series expansion of f about 0,

22 ¢(p)
f(j)%zwjp, j=—-(m-1):m-1. (3.2)

p=0 P!

Up to order 2m — 1, the 2m — 1 values {f(j)}g.z:(lil_l) depend linearly on the

2m — 1 values {f@)(o)};;“g?. By solving for the latter, we get

m—1

PO~ Y a6, p=0:2m-2 (3.3)
j=—(m-1)

for some a(@. Also, using supp Z,,,; C [-m,m] and the continuity of Z,, 4,

(3.1) implies

m—1
(p) N e
(o) = > ZE,(DIG), p=0:q-1.  (34)
j=—(m-1)
We therefore require
Z(P)(]){al(r)tn—)]a |.7|§m_]- pZO'Q*l (35)
m,q 0’ |j| Z m ’ . .

for all j € Z. Note that this defines ¢ conditions for Z,, , at every j € Z, so for
any interval [4, j + 1] there is a unique polynomial of degree 2¢ — 1 that satisfies
(3.5) at j and j + 1.

Definition 3.1 (Z-spline). The Z-spline Z,, 4 of order (m,q) € N, ¢ <2m—1,
is the piecewise polynomial of degree 2¢q — 1 that satisfies (3.5) for all j € Z.
The standard Z-spline is Zp, := Zpy m.

The above construction can be generalized to nonequispaced nodes and
bounded domains; see [4, Section 3].

viii;

i.e. piecewise polynomial cardinal interpolation kernels
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Figure 3.1: The first four standard Z-splines (left) and their Fourier transforms

(right).
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3.2 Construction in matrix form

For an explicit construction of the Z-spline Z,,,, we need to translate the
above arguments to matrix form. Let F,, = {f(J )}]_7(m ;) and F), =

{f (p)(O)}ff:"O_ 2. The Taylor series expansion (3.2) can be written as
F,, ~V,,D,,F. . (3.6)

where D,, is a diagonal matrix with [D,,];; = (= and V,,, is a Vandermonde

matrix with [V,,];, = (I — m)P~!. Therefore,

11)

F! ~ A,F, for A, :=D,'V 1. (3.7)
A,, is the finite difference matriz; it is related to a; ™) by [Am]p+1,m+j = a;]).
Using (3.5), we can evaluate Z,, , on [j,j + 1], 7 € Z, by Hermite-Birkhoff
interpolation with

m—1

Z(p)(i)={[A sl STl pm0ige1 @)

I\/ I/\

fori e {j,7 +1}.
There exist explicit formulas for A,, = D, 'V 1. Clearly, D! is just the
diagonal matrix with entries [D;;!];; = (I—1)!. The inverse of the Vandermonde
matrix V,, is
,1)l+1
V*l _ (
Von Jp (2m —1-D(1 - 1)!””*1 ’

(3.9)

where vy, ; is the coefficient of 2!~ in the polynomial

(x+m—1)(m+m—2)~-~(x—(m—l)).
r+m-—p

Ezxample 3.2. The first few finite difference matrices are

O 0 1 0 0
A= (1) 1 2 5 2 _1
12 3 - 12
o L s
A = =2 0 3 -1 0 1
r =21 1 -4 6 -4 1

See Section 5.1 for a MATLAB implementation of Z-splines.

3.3 Properties

Let us first summarize a few elementary properties of Z-splines.
Proposition 3.3. Z-splines satisfy

1. Z,,q 15 unique

2. Zmyq € CT7YR) and Zp ql(j,j+1) € C (4,j +1) for all j € Z

3. SUpp Zy, 4 = [—m, m|
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4. Zmq € HI(R)
5. Zm,q(]) = 0j0 fO’f’j c7
6. Zmg(—x) = Zp g(x)

Proof. The first 3 properties are clear. Point 4 follows from properties 2 and
3 by the compatibility condition for Sobolev spaces. Point 5 follows from (3.2)

for j = 0: £(0) = f)(0) implies af"? = 8o in (3.3).

To prove the symmetry of Z,, 4, i.e. property 6, we will show Zﬁﬁ)q(fj) =
(—I)PZ,(,’L)?(I(j) for p = 0 : ¢ — 1. Note that, for p(r) := —x and f € C971,
(fou)® = (=1)Pf®) o p. If f € Pyp_o, equation (3.2) is exact and therefore
so is (3.3).

m—1 ml
ST AV rG) = fP0) = (1P (fo) @) = (17 Y alW f(—j)
Pt j=—(m—1)

for all f € Pyp,—o implies a](:l_)j = (—1)1’@;73) for p =0 : 2m — 2 and the claim

follows from (3.5). O

By Proposition 2.1, property 5 implies that Ifq‘%q is a cardinal interpolation
operator, i.e. (I}, ,f)(jh) = f(jh) for all j € Z.

Looking at the construction of Z-splines in Section 3.1, in particular the
Taylor expansion in (3.2) and the interpolation requirement (3.5), we might
predict a high order interpolation property. The following theorem states that
the order of Z,, 4 is indeed min(2m — 1, 2q), so Z-splines give us interpolation
kernels of arbitrary order.

Theorem 3.4. The interpolation operator Iff%q is of order min(2m — 1,2q).

Proof. First let h = 1. For f € Py,,_2, equation (3.2) is exact and therefore so
is (3.3). By (3.5), it follows that

(Iho))” G) = FPG), Vi€Z, p=0:g-1.
For f € Py,_1, since f|[j,j+1]7(l,1n)qf) Ijj+1] € Pag—1l[j,7 + 1], this implies

flyg+y = (I}n’qf) |(j,j+1)- For general h > 0, the claim follows from Propo-
sition 2.3. O

Theorem 3.4 lets us apply results from Section 2 to get more concrete inter-
polation estimates.

Theorem 3.5. Let v := min(2m — 1,2q).

1. ZAT(,;L)q(k) = 0ko0no fork € Z and 0 <n <v—1 orn odd.

)

2. There is a constant ¢ = ¢(v) such that for all u € C¥(R),

Hu — I$7qu’|oo < ch? ||[u™

o0
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3. For all s < q, there is a constant ¢ such that for all h > 0 and all u € L*(R)
with supp o C [—ﬁ, 2—1,1],

H“_I;;,q“HHs(R)

< b7 ull g gy -
Proof. 1. For 0 < n < v — 1, this follows from Theorem 3.4. For n odd, it
follows from the symmetry of Z-splines, Proposition 3.3.6.

2. This follows from Theorem 3.4 and Theorem 2.4.

3. This is a consequence of Theorem 3.4 and Theorem 2.6.

O

Note that, for a given m, choosing ¢ = m maximizes v; there seems to be no
gain in setting ¢ > m. So for a given support, the interpolation order is highest
for the standard Z-spline.

There is, however, at least a heuristic reason for setting m > ¢. In (3.3), we
get a better approximation of f®) for larger m. So, even though interpolation
is only exact for polynomials of degree at most 2q — 1, the derivatives of I,’}% of
at the nodes hZ are better approximations of the derivatives of f for arbitrary
f if m is large. The numerical experiments in Section 6.1 show that it can make
sense to use Iﬁ%q with m > ¢.

4 DFT Algorithm

4.1 Derivation and general formulation

We are interested in the fast evaluation of a 1-periodic trigonometric polynomial

flo) =Y fre 2™k (4.1)
k

€ELN

at arbitrary z; € R, j = 1: N. For some n > N and ¢ : R — R, we will
approximate f by

s(x) =Y gip(nz —1) . (4.2)

l€Z

The evaluation of s is efficient if 1 has (small enough) compact support in R;
more precisely, we require supp ¢ C [—m, m| for some m € N.

We first need to transform s to the frequency domain. We require s to be
1-periodic. This is the case iff g;y,., = g; for all r € Z, | € Z,,. The Poisson
summation formula, Proposition 1.1, implies

s@)=>_ gy vme—l-nr)=>_ gz% 21/,(2) o—2mik(@=1/n)

€2y TEL €Ly, keZ

where 7,21 is the continuous Fourier transform of ¢ defined in (1.1). Note that,
if we switch the order of summation and write e 27ik(@=1/n) — g2mikl/n o—27iks
we get (1.9), the formula for the discrete Fourier transform. Let (Jx)rez, be
the discrete Fourier transform of (¢;)iez,. I Jktrn, ™ n € Z, is computed
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analogously, it is clear that gx4,n = Jx. So if we set 1/3k = 1&(%) for k € Z,
somewhat abusing our notation, we get

s(z) = Z Drge e 2R (4.3)

kEZ

We can now let s approximate f by choosing appropriate gi. For more
generality, we’ll first consider an intermediate approximation

s1(z) = Z Qg e 2Tk (4.4)
kEZ

where ¢ ~ Y, and ¢ # 0 for k € Zy. For s; to approximate f, we set

I Lezy
Jr. 1= P’ . 4.5
I { 0, keZ\Zy (4.5)

This gives us

[nxz]+m

f@)msi(@) =s@) = Y gpnz-1). (4.6)

I=[nz|—-m

These considerations lead to the following algorithm for the approximate
evaluation of f at arbitrary x;. Note that we have not yet chosen ¢y.

Algorithm 4.1. Parameters: a € [1,00), m € N.
Input: Ne N, n:=aN,z; eR(j=1:N), fr € C (k € Zy).

0. (Precomputation) calculate ¢y for k € Zy and evaluate ¢ (nz; — () for

l=[nz;] —m: |nz;]+m,j=1:N.

1. For k € Zx compute

and set gy := 0 for k € Z,\Zn.

2. Calculate

g1 = E gk e—27rikl/n
kE€EZN

by reduced FFT for [ € Z,.
3. Forj=1: N compute™

[nxz]+m

s(z;) = Z g(nz; —1).

I=[nz]—m

XThe index in g; is taken modulo n.
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Note that Algorithm 4.1 evaluates f at an arbitrary number N of points.
For simplicity, we will assume N = N, i.e. that the number of evaluation points
coincides with the length of the trigonometric polynomial f.

Clearly, step 1 requires just N multiplications and step 3 uses at most
(2m + 1)N multiplications and additions. The FFT in step 2 has complex-
ity O(nlogn), so the overall complexity of the algorithm is O(nlogn + mN).
Introducing the oversampling factor

= — 4.
0= (47)
to eliminate n, we can write the complexity of Algorithm 4.1 as

O(aNlog N + (aloga+m)N) . (4.8)

In step 0, which we consider to be precomputation, we need up to (2m + 1)N
evaluations of ¥; we also need to compute ¢y for N values of k. Both calculations
are clearly independent of f; however, the former depends on x;, so one cannot
always consider this to be precomputation. If the evaluation of ¢ requires m”?
time, this adds a factor O(mP*1N) to the total complexity.

If the evaluation of 1 is considered precomputation, Algorithm 4.1 requires
O(aN) memory for the Fourier transform (see [1, Section 7.2]) and (at least)
O(mN) to evaluate v, since all of the evaluations are done beforehand and
stored. However, if ¢ is evaluated in step 3, the memory usage can be reduced
to O(N + m) for the evaluation; see Code 5.5 for details.

4.2 Matrix form

It will be useful to formulate the above algorithm in matrix form. If f :=
(fr)kezy € CN and f:= (f(z;))j=1.8 € C, then (4.1) simply states

f=Af for AeCV*N = Ay =e kT (4.9)
Algorithm 4.1 approximates this matrix-vector multiplication by
f= Af ~ ByF,Dyf , (4.10)
where
&, i=k+13)-14)
D nxN Daly = Pr’ v 2 2
peC ’ [Delin { 0, otherwise ’
F, e cnxn , [Fn]lk: — e—27rik:l/n ,
Bw S (CNXH R [Bw]jl = 1/)(TL$J — l) .

D is essentially a diagonal matrix containing the factors é, F,, is the Fourier
matrix for the inverse discrete Fourier transform (1.11) of length n, and By
contains all the necessary evaluations of .

4.3 An error estimate

Theorem 4.2 gives bounds for the error in the max-norm and the L?-norm. We
will use the following norms for f:

. X 1/2 ,
[l = 3 [A] and fle = [ @l

kEZNn
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Theorem 4.2. For the norms defined above,

P P — Ui Uy
sup 7 (x) — s(a)] < [l max | [ 4 37 | Pt
z€R N reznoy | Pk
and
R 1& 2 1& 2
2 Pk — Yk k+rn
1£(2) = s(@)lz2 < NI max | | =) + > |2
N ¥ rezvoy | Pk
Proof.
(4.3) P —omika Noa —2mika
fl@)—s(@) =" > fre = drgre
kEZn kEL
(4.5) £ —2mikzr fk p —2mi(k+rn)z
9 S feerrmies 3 Loy
kEZy kezn PF rez
_ Z 7 @kjwk o= 2mike | Z wkjrm o—2milk-Hrn)a
Welw g reznjoy O

The first inequality now follows from the triangle inequality.
By Parseval’s theorem (1.8), taking Fourier coefficients from the above cal-
culation,
. 2
wk—i-rn
Pk

¢kj1z3k2+ 5

reZ\{0}

If = sllze = > Ifl®

k€EZN

The second inequality now follows like the first, since Hf||2Lz = Zk\fk|2 by
(1.8). O

In [5], G. Steidl uses a different approach. She splits the error into two
components,

[f (@) = s(@)| < |f(2) = s1(@)| + |s1(2) — s(z)]

and estimates these separately. This has the advantage that the estimate is
independent of 1, which is important, for example, when ) is the truncation of
some function ¢ and ¢ = gﬁ(%) In this situation, ¢ may be much simpler than

1/}. In general, however, it seems unnatural to introduce ¢ into the estimate
for k & Zy, since these values do not appear in Algorithm 4.1.

4.4 A natural choice for ¢

It is natural to choose ¢y := Uy, for k € Zy. In this situation, we can simplify
the estimates in Theorem 4.2 to the following:

Corollary 4.3. If ¢, = z/?k fork € Zy,

Ok +r)

P(k)

ilelglf(x) —s(2)| < [|flpn max Y

<L
Ikl< 55 reZ\{0}
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and ,
1& k+rn
1) = @)l < W7 oy S [HEET
k< 2z reZ\{0} o(k)
Proof. Set ¢j, = iy, = 1[}(%) in Theorem 4.2 and use 2Zy C [—5&, L]. O

Consider Algorithm 4.1 for a sequence (t,)men With supp ¢, C [—-m,m].
Let’s assume that we can estimate ,, by

[l +7)| < (ela)r) ™ for k| < % L re7\{0} (4.12)

D (R)| 2 co, it

where p and c are some functions with p(m) > 1. If min, < 1

— 2a
follows that

Z 'd)mA(k + T) < zc<a)—p(m) Zr—p(m) < EC((L)_p(m) p(m 7
reTN{0} Ui (k) Co = Co p(m) =1
so if p(m) > po > 1 and min < 1 @/Ajm(k)‘ > cp,
|f (@) = s(2)| < C|lline(a) 0™ (4.13)

with C' = C(co,po) = 00(3)20_1). In the linear case, (4.12) and (4.13) simplify to

(k1) < (ar) ™ = |f(2) = s()| < Clfffln(na) ™ (4.14)

for k and r as in (4.12). We can therefore expect exponential convergence in m
for any large enough a, with a convergence rate roughly similar to log a.

Of course, a similar estimate holds for the term in the second inequality of
Corollary 4.3, and the analogous argument gives us the same convergence rate
in the L2-norm if py > 3.

Note that the constants in Corollary 4.3 and estimate (4.13) only depend
on properties of (ﬁm)meN and the parameters m and a. In particular, they are
independent of N, apart from a hidden N in [|f]);:.

4.5 Another possibility: interpolation

If the x; are almost equidistant, that is if dist(z;, %Zn) is small, it makes sense
to choose @y, such that s(£) = f(L) for i € Z. Note that this dictates a value
for n.

If ¢ are the coefficients of a trigonometric polynomial

o(x) == Z %e_%ikx/” , (4.15)
KkEZLy,
then s; = f, since
44 A s _orike (45 ;o —2rikx
Sl(m)(:) Z Prgre ™" = Z fre 2™k = f(2) . (4.16)

kEZn kE€EZN
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We can transform s; to the time domain by

51(2) (4.4) Z Grip e 2Tk (L.9) Z ﬂglefwﬁk(az*l/n)
kEZ, kileZ,

4.15
U2 ST gipna — 1) .

1E€Ln

(4.17)

If we set
Pk = Z <Z Wl — nT)) ?mikl/n (4.18)
lEZ,, \TEZ

for k € Z,,, then () interpolates ), ., ¥(z — nr) since

(i) 2 3 % <Z Bl — m’)) e2rik(=0/n U2 §™ iy (4.19)

K€Ly reZ reZ

for ¢ € Z. Therefore,

s<;) => gy Wwli—l-nr)=Y gpli-1) 51<;) f(fl) . (4.20)

l€Z, TEL €Ly,

4.6 Algorithm 4.1 with cardinal interpolation

Let 1 be a cardinal interpolation kernel as in Section 2, for example a Z-spline
defined in Section 3.1, and let s interpolate f, ie. s = Ii)/nf.

Comparing (4.2) to (2.1), we see that g, = f(%). Since (§x)rez, is the
discrete Fourier transform of (g;)iez,, gx = fx for k € Zy and zero otherwise.
Equivalently, since ¢(j) = 0,0 for j € Z by Proposition 2.1, equation (4.18)
implies that setting ¢ = 1 for k € Z,, ensures that s interpolates f.

By these considerations, we can simplify Algorithm 4.1 using cardinal inter-
polation.

Algorithm 4.4. Parameters: a € [1,00), m € N.
Input: NeN,n:=aN,z; eR (j=1:N), fr, € C (k€ Zn).
0. (Precomputation) evaluate (nz; — 1) for [ = [nz;] —m : |nz;| +m,
j=1:N.

1. Calculate A _
g = Z fr e—27r1k:l/n

kEZN
by reduced FFT for [ € Z,.
2. For j =1: N compute®

[nz]+m

stz) = Y gw(na;—1).

l=[nz]—m

*The index in g; is taken modulo n.
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The following Corollary specializes the error estimates in Theorem 4.2 to the
case of cardinal interpolation. Note the similarities to the estimates in Theorem
2.7.

Corollary 4.5. If ¢, =1 for allk € Zy,

sup | £(x) — s(o)] < [fln max S |80 — bl + 1)
zeR |k‘§% re7
and )
192) = s@)2 < 17152 max 3|0 — (ki +7)|
=2a ez
Proof. Set ¢, =1 in Theorem 4.2 and use %ZN C [—i, i} O

By Theorem 2.6, each of the terms in the first sum is asymptotically bounded
by a~" if ¢ is of order v. However, this is not enough to bound the entire sum.
Note nevertheless that the estimates in Theorem 4.5 are independent of N. See
Section 6.2 for numerical calculations of these error estimates for Z-splines.

4.7 Dual algorithm

In some situations, we may need to evaluate (4.1) with equidistant nodes in time
but nonequispaced nodes in the frequency domain. In this section, we show how
to use the above considerations on the evaluation of (4.1) to evaluate

N

fi = f&)e 2mit (4.21)

k=1

at j € Zy. For f = (f(&))r=1.x € CN and f := (f;)jezy € CV, using the

matrices introduced in Section 4.2, (4.21) relates f and f by
f=ATf. (4.22)
If we approximate A as in Section 4.2,
f= A"t~ DJF,Bjt, (4.23)
we get the following algorithm for the efficient evaluation of (4.21):

Algorithm 4.6. Parameters: a € [1,00), m € N.
Input: N e N, n:=aN, & €R, f(&) € C (k € Zn).

0. (Precomputation) calculate ¢; for j € Zy and evaluate ¢(ny — 1) for
l=[n&]—m:|n&|+m, k=1:N.

1. For I € Z,, compute

N
hii=Y f(&) D w(nge —1—nr).
k=1

reL
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2. Calculate by FFT of length n for j € Z,

iLj — E hy 6727rijl/n )
1E€ZLn

3. For j € Zx compute
[y
fj ~Sj = 5; .

Apparently, the steps in Algorithm 4.6 are similar to those in Algorithm 4.1
in reverse order. The two are, in a sense, dual. They clearly have the same
complexity, O(aNlog N + (aloga + m)N). We will see that they share several
other properties.

First of all, Algorithm 4.6 is also particularly simple in the case of cardinal
interpolation. If I;)/ " is the cardinal interpolation operator (2.1) with kernel

and grid length %, and ¢; =1 for all j € Zx as in Section 4.6, then

Sj

N N
> fE) Y wlnge — e =37 fe) (1) e ) (g) . (4.24)
k=1 k=1

IEZ

So, in this situation, we are evaluating (4.21) simply by interpolating the expo-
nential function using equispaced nodes.

Furthermore, the first error estimate in Theorem 4.2 also applies to Algo-
rithm 4.6.

Theorem 4.7. For all j € Zy,

"/’jJrrn

£ = 531 < Il + .
38 5

reZ\{0}

Pj —Yj
Pj

Proof. Inserting the definitions of }ALj and h; into the last step of Algorithm 4.6,
we get

Sj:

N
1. Z Z F(Ex)p(n&y, — 1) e~ 2miil/n
lEZ

©i k=1

N
Z f(&x) e 2micr (; Z (& — 1) GQ”ij(Ek_l/”)> )
k=1

7 1ez

By the Poisson summation formula, Proposition 1.1,

—1 2mij(§p—1/n) _ n i —2mirnéy )
Zw(nfk e Z’L/) n—i—r e

l€Z r€ZL
The claim follows from abbreviating 1/Ajj+m = 1/3(% + r). O

Therefore, arguments analogous to those in Section 4.4 suggest exponential
convergence of Algorithm 4.6 at the same rate as Algorithm 4.1 if ¢; = ;.



23

5 MATLAB implementation

In this section, we look more closely at a MATLAB implementation of our
DFT algorithm with Z-splines. We first discuss algorithms for constructing and
evaluating Z-splines, then go over to our implementations of Algorithms 4.1 and
4.6 with Z-splines.

5.1 Construction and evaluation of Z-splines

Since we defined Z-splines (Definition 3.1) through their derivatives at the in-
terpolation nodes, it is natural to use Hermite-Birkhoff (fully Hermite) inter-
polation to evaluate them. Indeed, we use divided differences to carry out the
Hermite Birkhoff interpolation and calculate coefficients necessary for the actual
evaluation, which is done later using Horner’s backwards recursion algorithm.

The following code calculates the coefficients for a Z-spline and stores them
in a suitable structure.

Code 5.1. function zs = zsmake(mq)

%ZSMAKE calculate coefficients for Z-spline

% zs = ZSMAKE([m q]) or zs = ZSMAKE(m) (default g=m) returns a structure
% zs, which can be evaluated at x by zs.val(x) or zs.vali(x,intx). See
YA ZSEVAL and ZSEVALINTX for details.

% use standard Z-spline (g=m) if no q is given; q denotes the number of
% function values/derivatives that are used to evaluate Z-splines. Note
% that a Z-spline is a piecewise polynomial of degree 2*%q-1 and is g-1

% times differentiable.

m = mq(1);

q = mqg(length(mq));

% initialize Z-spline structure. =zs.cc(j+m+l,:) are the polynomial
% coefficients for the Z-spline in [j,j+1) in the Newton divided

% differences diagram, j=-m:m-1.

zs.m = m;

zs.q = q;

zs.cc = zeros(2*m,2%q) ;

% calculate finite difference matrix
A = zeros(q,2*m+1);
A(:,2*m:-1:2) = fdmat(m,q);

% on every interval [j,j+1), j=-m:m-1, use hermite interpolation to
% calculate coefficients of Z-spline.
for j=—m:m-1

% N is a Newton diagram containing divided differences
N = zeros(2*q);
N(1:q,1) = A(1,m+j+1);
N(q+1:2%q,1) = A(1,m+j+2);

% calculate entries in Newton diagram
for k=2:q
N(1:9-k+1,k) = A(k,m+j+1)/factorial(k-1);
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N(g+1:2*g-k+1,k) = A(k,m+j+2)/factorial(k-1);
for i=q-k+2:q
N(i,k) = (N(i+1,k-1)-N(i,k-1));
end
end
for k=q+1:2%q
for i=1:2%qg-k+1
N(i,k) = (N(i+1,k-1)-N(i,k-1));
end
end

% the coefficients are in the first row
zs.cc(j+m+1l,:) = N(1,:);

end

% define evaluation algorithms
zs.val = @(x) zseval(zs,x);
zs.vali = @(x,intx) zsevalintx(zs,x,intx);

In Code 5.1, a function fdmat is called, which calculates the finite difference
matrix as described in Section 3.2. We include this straightforward code mainly
for completeness.

Code 5.2. function A = fdmat(m,q)

%FDMAT calculate finite difference matrix

% A = FDMAT(m,q) returns the first q rows of the mth finite difference

% matrix.

h

% The bulk of the effort goes into calculating coefficients of given

% polynomials; these are stored in the variable U. The inverse of the

% Vandermonde matrix is W.*U, where W stores certain factors. The finite
% difference matrix is then given by A=D*(W.*U) for a diagonal matrix D.

% use default (maximal) value for g if none is given
if nargin==1 || gq<=0 || g@>=2*m

q = 2xm-1;
end

% the pth column of the Vandermonde matrix is s.”(p-1)
s = -m+1:m-1;

% initialize polynomials as a cell array
P = cell(2*m-1,1);
for k = 1:2xm-1
P{k} = 1;
end

% calculate coefficients of polynomials
for p = 1:2*m-1
for k = [1:p-1,p+1:2*m-1]
P{k} = conv(P{k},[1,-s(p)1);
end
end
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% assemble matrix U (U contains coefficients of the polynomials P)
U = zeros(2*m-1);
for k = 1:2¥m-1
U(2*m-1:-1:1,k) = P{k}’;
end

% construct W
w = (-1).7(2:2%m) ./ (factorial (2*m-2:-1:0) . *factorial (0:2*m-2)) ;
w(ones(q,1),:);

=
1]

% calculate finite difference matrix
D = diag(factorial(0:q-1));
A = Dx(W.*U(1:q,:));

As mentioned above, the actual evaluation of a Z-spline is done with Horner’s
algorithm on every interval [j,j+1). Before we can apply this, however, we need
to calculate in which of these intervals the argument x lies, or, if x is a matrix,
in which interval each of its elements lies.

Code 5.3. function y = zseval(zs, x)

%ZSEVAL evaluate Z-spline zs at x

% y = ZSEVAL(zs,x) where zs is a structure created by ZSMAKE evaluates
%  the Z-spline zs at the elements of x.

% Note that both ZSEVAL and ZSEVALINTX evaluate Z-splines. The

% difference is that ZSEVAL calculates intx while ZSEVALINTX takes it as
% an argument. The former is more flexible; the latter is a bit faster,
% but meant for use only in ADFTZ.

% intx denotes which x need to be evaluated on which interval.
A intx{j+m+1} = {i; floor(x(i)) = j} .
intx = cell(1,2*zs.m);
for i=1:numel (x)

j = floor(x(i));

if (-zs.m<=j) && (j<zs.m)

intx{j+zs.m+1} = [intx{j+zs.m+1},1i];

end

end

% initialize solution vector y
y = zeros(size(x));

% on each interval [j,j+1),j=-m:m-1, evaluate Z-spline at x(intx{j+m+1}).
for j=-zs.m:zs.m-1

P = [j*ones(1,zs.q), (j+1)*ones(l,zs.q)];

y(intx{j+zs.m+1}) = zs.cc(j+zs.m+1,2%zs.q);

for p=2%zs.q-1:-1:1

y(intx{j+zs.m+1}) = y(intx{j+zs.m+1}) .*(x(intx{j+zs.m+1})-P(p))...
+ zs.cc(j+zs.m+1,p);

end

end
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5.2 Implementation of Algorithm 4.1

Before looking at our MATLAB implementation of Algorithm 4.1, let’s refor-
mulate it in a manner more accessible to implementation.

Algorithm 5.4.
function ADFT(f,z,a,m, )
N « length(f)

n «— alN .
g — fft(%) > gl = Y kezn %e_%ikl/" forl € Z,
for j «— 1to N do
X —nz(j) — [nz()] — (—m:m) > evaluation points of ¢
G «— g(|nz(j)] + (—m:m) mod n)
s(j) < (G, (X)) > s(a;) = S ab(na; — 1)
end for
return s

end function

Code 5.5 is an implementation of Algorithm 4.1 similar to Algorithm 5.4,
with 9 equal to a Z-spline Z,, 4. It uses cardinal interpolation as described in
Section 4.6, i.e. ¢ = 1 for all k € Zy, so it is actually an implementation of
Algorithm 4.4, which is a special case of Algorithm 4.1.

For efficiency, the for loop in Algorithm 5.4 is evaluated in blocks instead of
separately for every j. The code is faster for large block sizes, but it uses less
memory for small blocks.

There is a difficulty in the evaluation of Z-splines that comes from their
piecewise definition. We could use Code 5.3, but have elected to take advantage
of the extra knowledge we have on where we need to evaluate a Z-spline. We
call a code similar to the one above, that does not, however, construct the cell
array intx but instead takes it as an argument in matrix form.

Code 5.5. function s = adftz(fc, x, a, zs, mbs)

%ADFTZ approximate dft with Z-splines

% s = ADFTZ(fc,x,a,zs,mbs) or s = ADFTZ(fc,x,a,zs) (default mbs =

% numel(x)) or s = ADFTZ(fc,x,a,[m ql,...) or s = ADFTZ(fc,x,a,m,...)

%  (default q = m) uses Z-splines to calculate an approximate discrete

%  Fourier transfrom of fc, a trigonometric polynomial given in symmetric
%  form, at arbitrarily spaced x in R. The parameter a denotes the

%  oversampling factor, that is, n=axlength(fc) Z-splines are used to

% interpolate fc at equidistant nodes. The Z-splines are either given by
% the structure zs, which should be generated with ZSMAKE, or is

% constructed from the parameters m and q; they have (translated) support
% [-m,m] and are piecewise polynomials of degree 2*q-1 in C~(q-1),

% where q and m satisfy 1 <= q <= 2*m-1.

h

%  Since the evaluation of Z-splines at all of the necessary values can

% use a lot of memory, this code evaluates the Z-splines in blocks of

%  size at most mbs. This limits the memory usage to about 60*m*mbs

%  Dbytes for evaluation and 8*a*length(fc) bytes for FFT.

% if parameters [m q] of Z-spline are given, construct the Z-spline.
% Coefficients necessary for evaluation are stored in the struct zs.
if isa(zs,’numeric’)
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zs = zsmake(zs);
end

% initialize constants and solution

N = length(fc); % length of trigonometric polynomial
n = floor(N*a); % number of nodes

n0 = floor(n/2); % first node is at -n0O/n

Nx = numel(x); % length of x, often Nx=N

s = zeros(size(x)); % solution

supp = -zs.m+l:zs.m; % nodes in support of Z-spline

% f is approximated by f(x) = sum_j g(j)*z(n*x-j), where z is the Z-spline.
% The coefficients g are calculated using fft and the fourier coefficients
% fc.

g = symfft(fc,n);

% calculate blocks for evaluation. block stores the first index (in x) of
% each block, plus an extra value to end the last block.
if nargin < 5 || ~isa(mbs, ’numeric’)
mbs = Nx;
end
block = [1:mbs:Nx,Nx+1];
blocksize = diff(block);

% start evaluating blocks
for k=1:(length(block)-1)
% evaluate x(blockid) in this loop
blockid = block(k): (block(k+1)-1);

% find the required evaluations of the (standard) Z-spline around 0O; the
% actual evaluation is not done until later. X denotes the arguments for
% the Z-spline; G stores the coefficients in the formula

YA f(x) = sum_j g(j)*z(n*x-j)

nx = n*x(blockid)’;

fnx = floor(nx);

dnx = nx - fnx;

X = dnx(:,ones(2*zs.m,1)) - supp(ones(blocksize(k),1),:);

fnx = fnx + nO;

idg = fnx(:,ones(2*zs.m,1)) + supp(ones(blocksize(k),1),:);

G = g(mod(idg,n)+1);

% for technical reasons, we need to know in which interval

h [-m,-m+1),...,[0,1),..., [m-1,m)
% that X(i) is. More precisely,
A intX(j+m+1,:) = {i; floor(X(i)) = j} .

% Note that X is actually a matrix, so the index of X(j,h) is
% i=j+blocksize(k)*(h-1), ie X(i) = X(j,h) for this i.

I = blocksize(k)*(2*xzs.m-1:-1:0)7;

1:blocksize(k);

intX = J(ones(1,2*zs.m),:) + I(:,ones(1,blocksize(k)));

o
]

% finally, we can evaluate
% s = £(x) = sum_j g(j)*z(n*x-j)
% for this block.
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s(blockid) = sum(G.*zs.vali(X,intX),2);
end

5.3 Implementation of (dual) Algorithm 4.6

Our implementation of Algorithm 4.6 is similar to that of Algorithm 4.1, which
we covered Section 5.2 above. We include it mainly for completeness.

Algorithm 5.6.
function DUALADFT(f,&, a,m, @)
N « length(f)

n «— alN
h 0
for £k — 1 to N do
U — p(né(k) — [n&(k)] — (—m :m)) > values of 1
I — |n&k)] +(—m:m) modn > indices of h affected by &
h(I) < h(I) + f(k)¥ > hy = hy + f(€r) Do, en ¥ — 1 —nr)
end for
h — ft(h) > by = Yy, hae 2l
5= % > where h — h(Zy)
return s

end function

Code 5.7 is an implementation of Algorithm 4.6 similar to Algorithm 5.6. It
uses Z-splines for ¢ and ¢; = 1 for all j € Z and therefore has similar properties
to Code 5.5, which we discussed above.

Code 5.7. function s = dualadftz(fc, x, a, zs, mbs)

%DUALADFTZ dual approximate dft with Z-splines

% s = DUALADFTZ(fc,x,a,zs,mbs) (or variations as in ADFTZ) uses Z-splines
%  to approximate an inverse discrete Fourier transform for arbitrarily

%  spaced frequencies x of the vecter fc (with length(fc) = length(x)).

%  The other arguments are the same as in ADFTZ.

% if parameters [m q] of Z-spline are given, construct the Z-spline.
% Coefficients necessary for evaluation are stored in the struct zs.
if isa(zs,’numeric’)

zs = zsmake(zs);
end

% initialize constants and solution

N = length(fc); % length of x and fc

NO = floor(N/2); % half of that

n = floor (N*a); % number of nodes

n0 = floor(n/2); % first node is at -n0O/n

h = zeros(1,n); % will store evaluations of psi
supp = -zs.m+l:zs.m; % nodes in support of Z-spline

% calculate blocks for evaluation. block stores the first index (in x) of
% each block, plus an extra value to end the last block.
if nargin < 5 || “isa(mbs, ’numeric’)
mbs = N;
end
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block = [1:mbs:N,N+1];
blocksize = diff(block);

% start evaluating blocks
for k=1:(length(block)-1)
% evaluate x(blockid) in this loop
blockid = block(k): (block(k+1)-1);

% find the required evaluations of the (standard) Z-spline around O; the
% actual evaluation is not done until later. X denotes the arguments for
% the Z-spline;

nx = n*x(blockid)’;

fnx = floor(nx);

dnx = nx - fnx;

X = dnx(:,ones(2*zs.m,1)) - supp(ones(blocksize(k),1),:);

fnx = fnx + noO;

% for technical reasons, we need to know in which interval

% [-m,-m+1),...,[0,1),...,[m1,m)
% that X(i) is. More precisely,
A intX(j+m+1,:) = {i; floor(X(i)) = j} .

% Note that X is actually a matrix, so the index of X(j,h) is
% i=j+blocksize(k)*(h-1), ie X(i) = X(j,h) for this i.

I = blocksize(k)*(2*xzs.m-1:-1:0)7;

J = 1:blocksize(k);

intX = J(ones(1,2*zs.m),:) + I(:,ones(1,blocksize(k)));

% evaluate z(n*x-j) for this block
Z = zs.vali(X,intX);

% sum the values of z(n*x-j) over x
for j=1:blocksize(k)
idh = mod(fnx(j)+supp,n)+1;
h(idh) = h(idh) + fc(blockid(j))*Z(j,:);
end
end

% the solution is just the (inverse) discrete fourier transform of h
S = symfft(h);
s = S(1-NO+n0:n0-NO+N) ;

6 Numerical experiments

6.1 Z-spline interpolation
h-convergence

In this section, we study the estimates from Section 2 for Z-splines. By Theorem
3.4, the Z-spline Z,, 4 is of order min(2m —1, 2¢). Therefore, for smooth enough

arguments, Theorem 2.4 bounds the L>-error by ch™n(2m—1.29)

We will say that a cardinal interpolation kernel ¥ has algebraic h-convergence
rate vy in the norm ||-||, iff for all smooth enough u, there is a ¢ independent of
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Figure 6.1: Algebraic h-convergence rate for interpolation of cos(z) with stan-
dard Z-splines Z,,.

L2 error

Figure 6.2: L? interpolation error for Tlﬂ on the interval [—3, 3] using standard
Z-splines Z,,.
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Figure 6.3: Algebraic h-convergence rate for interpolation of cos(z) with Z-
splines Z,, 4 for m = 8.

h for which
[|lu— LZUH <ch?. (6.1)

By the remarks above, theory predicts an algebraic h-convergence rate of min(2m—
1,2q) for the Z-spline Z,, 4 in the L>°-norm.

Figure 6.1 shows that this estimate for the convergence rate is very accurate
for standard Z-splines Z,,. In fact, as could be expected, the same convergence
rate holds for the L?-norm. The errors in Figure 6.1 refer to the interpolation of
cos(x) on a bounded interval. We estimated the convergence rates by the slopes
of least-square lines through numerical estimates of the errors for various grid
sizes h.

In Figure 6.2, we interpolated

fla) = —

g (6.2)

over the interval [—3,3]. f is a meromorphic function with poles at {—i,i}.
Apparently, these singularities limit the convergence around zero for large grid
sizes h. However, after this pre-asymptotic effect, we seem to regain the expected
convergence with increasing convergence rates for higher order Z-splines.

Figure 6.3 shows the h-convergence rates for Z-splines Z,, , with fixed m = 8.
We used the same function, cos(z), and the same estimates as in Figure 6.1 to
calculate these convergence rates. Surprisingly, we get much better results than
expected; the maximal convergence rate 2m — 1 is reached for ¢ < m, in this
case for ¢ = 5 when m = 8!

This effect is also visible in Figure 6.4. Here, we consider the interpolation
of f as in Figure 6.2, but with fixed m = 12 and various ¢ instead of always
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Figure 6.4: L? interpolation error for H% on the interval [—3, 3] using Z-splines
Z19,4 for various q.
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Figure 6.5: L2-convergence of Z-splines Z,, to sinc on the interval [—50, 50].

setting ¢ = m. Apparently, the error for ¢ = 2 is only slightly better than in
Figure 6.2, but for ¢ = 4, the error is almost as small as for the optimal q. The
solutions for ¢ = 8 < m and ¢ = 16 > m are indistinguishable. This indicates
that there is some gg < m such that for all gg < ¢ < 2m — 1, the interpolation
error for Z,, , is as small as that for Z,,. So not only does the error not get
better for ¢ > m, it reaches this optimal level for some g < m.

Note that the flattening of the curves at an error of about 10~!° in Figure
6.4 and others is due to numerical effects; we are only calculating to an accuracy
of this order of magnitude.

p-convergence

In Section 2.3, we saw that under certain conditions, cardinal interpolation ker-
nels approximate sinc. More precisely, we predicted exponential convergence of
a sequence of kernels (,),en to sinc in the L?-norm. However, this signifi-
cantly restricts the supports of v,,; since sinc only falls as %, the support of ¥,
must increase exponentially in order to get exponential convergence. Clearly,
this is not the case for (Z,,)men. Accordingly, as Figure 6.5 shows, Z-splines
do not converge to sinc exponentially in the L?-norm; the convergence is only
algebraic, and at an extremely slow rate.

Theorem 2.7 predicts that if we decrease the grid spacing h, the convergence
rate improves, since we can decrease vy and still satisfy the assumptions of the
theorem.® Indeed, Figure 6.6 shows that I" sinc converges to sinc exponentially
in the L?2-norm for m — oo when h is small enough, i.e. for h < hg there is a

XiIn the case of sinc, we can simply set v = h.
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Figure 6.6: L? interpolation error for sinc on the interval [—20, 20] using stan-
dard Z-splines Z,, and various grid sizes.

c € R and v > 0 such that
Hsinc —Iﬁl sinc”L2 <ce T,

We saw above that interpolation with Z,, , is as accurate as interpolation
with Z,, for some ¢ < m. In Figure 6.7, we consider the L?-convergence of
Lln/é sinc to sinc as m — oo and ¢ = min(Mm, ¢max). Apparently, if we limit ¢
this way, we no longer have convergence. Of course, for m < guax, the situation
is identical to that in Figure 6.6. At some point m, though, the error flattens
and stays constant for m > m. Interestingly, m can be significantly larger than
(max- For example, for h = i when ¢max = 5, m = 12 and the error reaches
about 107!, If ¢na.x = 7, the convergence of I,l,m/, 2 is indistinguishable from
that of Lln/ 4 up to the precision of our calculations. These results depend on
the choice of h and, to a lesser extent, on the regularity of the function being
interpolated.

We have seen that we get exponential convergence for the entire function
sinc. To what extent does this carry over to less regular functions? Figure 6.8
shows that it does not. We consider here the same situation as in Figure 6.6,
but with f(x) := ﬁ in place of sinc. This function is analytic on all of R,
but we still do not have exponential convergence. In fact, for large h, I" f does
not seem to converge to f in L? at all.

6.2 Error estimates for Z-splines

In Corollaries 4.3 and 4.5, we estimated the error of Algorithm 4.1 in various
norms for various choices of . We would like to study the terms that appear in
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Figure 6.7: L? interpolation error for sinc on the interval [—20,20] using Z-

splines Z,, 4 with ¢ := min(m, ¢max) and h = i.
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Figure 6.8: L? interpolation error for ﬁ on the interval [—3, 3] using standard

Z-splines Z,,, and various grid sizes.
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Figure 6.9: Terms in (6.3) for Zj¢ and various a.

these estimates for Z-splines. Note that similar terms appear in Theorem 2.7 and
Theorem 4.7, so these considerations have a wider scope than just Algorithm
4.1.

The terms we are interested in are:

Ei(a,m,q) := max Org — ZAm7q(k + r)‘
|k\§i re’
1
. 2\ ?
Es(a,m,q) := max Z 8r0 — Zm gk + r)’
lk‘éi rEZL
Ei(a,m,q) == max Z 7”3"1( )
|MS% reZ\{O} vaq(k')

N|=

. 2
Zmq(k+1n)

Es(a,m,q) := max Z ()
m,q

< L
k1< 25 reZ\{0}

Our goal is to compare the error estimates given by Corollary 4.5 for Algo-
rithm 4.4 to the estimates in Corollary 4.3 for Algorithm 4.1 with ¢ = Zm’q (%)
The former contain the terms E; and E, and the latter are identical, but with
Fy and Es replaced by El and EQ.

Figure 6.9 plots the terms in equation (6.3) for m = ¢ = 10 as functions of the
oversampling factor a. We are approximating max, < L F (k) simply by F (%)
This assumes some monotonicity, which is implied by the monotonicity of the
graphs in Figure 6.9. In Figure 6.10, we plot the terms in equation (6.3) for
a = 3 constant as a function of m, where we always set ¢ = m. In accordance
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Figure 6.10: Terms in (6.3) for a = 3 and various standard Z-splines.

with our results from Section 6.1 above, we have exponential convergence as
m — oo and some slower convergence for a — oo, i.e. h — 0.

Both plots show that all of the terms in equation (6.3) are very close together.
In particular, F; and E; seem to converge towards each other as a — oo or
m — oo. This indicates that our two choices for ¢ in Algorithm 4.1 have the
same convergence properties. Therefore, we can get around calculating ZAm,q
with no loss of accuracy by using Algorithm 4.4, which simply interpolates the
trigonometric polynomial we want to evaluate.

6.3 Convergence of Algorithm 4.1

In this section, we compare the convergence of Algorithm 4.1 with Z-splines to
the other possibilities mentioned in the introduction: truncated Gaussian bells
and B-splines. Our disappointing conclusion is that the algorithm works well
with Z-splines, but not as well as with the standard choices of ).

As Section 6.2 indicates, Algorithm 4.1 has identical convergence properties
for both choices of ¢ we considered above. We will therefore restrict ourselves to
the choice which seems most natural for a given 1, that is, cardinal interpolation
as described in Section 4.6 for Z-splines and ¢y = 1[1(%) for truncated Gaussian
bells and B-splines.

For simplicity, we will restrict ourselves to standard Z-splines. The perfor-
mance of Algorithm 4.1 with Z,, , for ¢ # m is analogous to that of cardinal
interpolation discussed in Section 6.1. Of course, in the case of Algorithm 4.4,
the two are identical since this version of the DFT algorithm simply interpolates
the trigonometric polynomial.

We consider Algorithm 4.1 not with a single ¢ but with a sequence (¢, ) men,
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Figure 6.11: L°°-convergence of Algorithm 4.1 with oversampling factor a = 2.5
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Figure 6.12:

L*>-convergence of Algorithm 4.1 with oversampling factor a = 5
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where supp ¢,, = [—=m, m]. For Z-splines, of course, ¢,,, = Z,,. For truncated
Gaussian bells,

ey 2am

1
- ith b= .
Ui () e X[=m,m](T) with b S

Vb

This is the choice of b recommended by G. Steidl in [5]. Finally, for B-splines,
1y, is the B-spline Bs,, of order 2m.

In Figure 6.11, we plot the maximal error of Algorithm 4.1 with a reason-
able oversampling factor of a = 2.5. More precisely, the error is the maximal
deviation of the approximate evaluation of a random complex trigonometric
polynomial of length N = 128 at N random points.

Apparently, the convergence of Algorithm 4.1 with Z-splines is far slower
than with Gaussian bells or B-splines. As Figure 6.12 shows, Z-splines man-
age to catch up with Gaussian bells for large oversampling factors a, but the
convergence rate of B-splines seems out of reach.

As expected, we have perfect exponential convergence in both cases. In our
further experiments, we will gauge the accuracy of Algorithm 4.1 for various
parameters by this convergence rate. More precisely, for given (¢,,)men, @ and
N, Algorithm 4.1 has ezxponential convergence rate ~ iff for all trigonometric
polynomials f of length N, there is a ¢ € R such that

Exo(f,a,m) <ce ™ (6.4)

for all m € N, where E(f,a, %) is the L>-error for the approximate evalua-
tion of f using Algorithm 4.1 with ¢ = ¢, and oversampling factor a.

In the following experiments, we use Fu, (f, a, ¥y,) for random trigonometric
polynomials f to approximate . Our estimate for 7 is the slope of the least
squares line approximating the maxima over ten polynomials f of log Eoo (£, a, ¥ )
for various m.

In Section 4.4, we saw that, under certain conditions, the convergence rate
~ is independent of N. In Figure 6.13, we plot the (approximate) convergence
rates of Algorithm 4.1 for N equal to the powers of two between 2% = 64 and
2'2 = 4096 and least-square lines for these data points. Clearly, for all choices
of 1, the convergence rates are independent of N. We can therefore restrict
ourselves to N = 128 without loss of generality.

Figure 6.14 shows the dependence of the convergence rate v on the oversam-
pling factor a. The circles are the numerical approximations of v described above
and the lines are estimates of the convergence rates given by the first estimate
in Corollary 4.3. This estimate actually does not apply to our choice of ¢ for
Z-splines, but, as discussed in Section 6.2, it does hold at least asymptotically.

This plot confirms the disappointing performance of Algorithm 4.1 with
Z-splines suggested by Figures 6.11 and 6.12. For reasonable*!! oversampling
factors a, the convergence with Z-splines is much slower than with truncated
Gaussian bells or with B-splines. For larger a, the convergence rate with Z-
splines is higher than with Gaussian bells, but it never reaches the convergence
rate of Algorithm 4.1 with B-splines.

xiigmall
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Figure 6.14: Exponential convergence rate vy of Algorithm 4.1 for various over-
sampling factors a. The circles are numerical experiments and the lines are error
estimates using Ey from (6.3) as in Corollary 4.3.
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Figure 6.15: Performance of Algorithm 4.1 with Z-splines, to an accuracy of
10719,

6.4 Complexity of Algorithm 4.1

By (4.8), Algorithm 4.1 evaluates a trigonometric polynomial of length N in
O(N log N) time instead of O(N?) required for a direct evaluation. Figure 6.15
shows what a difference this makes.

We plot the time required to evaluate a random trigonometric polynomial
of length N with maxy| fk| < 1 at N random points using a direct evaluation
and Algorithm 4.1. We used an oversampling factor a = 4 and Z-splines Z12
and Z12 7, both of which lead to an accuracy of 1071° in the max-norm. The
times include the evaluation, but not the construction, of the Z-splines.*" This
experiment was carried out on an IBM ThinkPad T40p laptop computer with
the MATLAB codes from Section 5.

Clearly, even for small N, Algorithm 4.1 is much faster than direct evalu-
ation. Also, there is a significant advantage to using Zi2 7 instead of Zis, as
discussed in Section 6.1.

xiii]p fact, the evaluation of Z-splines accounts for most of the time plotted in Figure 6.15.
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