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Data-Sparse Approximation to Operator-Valued Functions of
Elliptic Operator

Ivan P. Gavrilyuk! Wolfgang Hackbusch and Boris N. Khoromskij'

Abstract

In previous papers the arithmetic of hierarchical matrices has been described, which allows to compute
the inverse, for instance, of finite element stiffness matrices discretising an elliptic operator £. The required
computing time is up to logarithmic factors linear in the dimension of the matrix. In particular, this
technique can be used for the computation of the discrete analogue of a resolvent (zI — ,C)_l ,zeC.

In the present paper, we consider various operator functions, the operator exponential e %, negative
fractional powers £~, the cosine operator function cos(tv/£)£ ™" and, finally, the solution operator of the
Lyapunov equation. Using the Dunford-Cauchy representation, we get integrals which can be discretised by
a quadrature formula which involves the resolvents (z,I — £)71 mentioned above. We give error estimates
which are partly exponentially, partly polynomially decreasing.

AMS Subject Classification: 47A56, 65F30, 15A24, 15A99

1 Introduction

This paper deals with the representation and approximation of operator-valued functions. In particular, we
consider the four functions

Fi(L) = et£

Fo(L) = L7 for a > 1,
Fsx(L) = cos(tVL)LTF  forkeN,

FaL) = [~ et£' GetLdt.

of an elliptic operator £ representing four different types of problems. The functions F; and F3 are of
interest for parabolic (the operator exponential) and hyperbolic (the cosine operator) problems. However, for
the practical application it is indispensable to realise (the application of) these operators in a efficient way.

Since we do not exclude finitely dimensional spaces, matrices are special examples of £. In the matrix case,
the most commonly used algorithms for approximating the action of matrix exponential are based on Krylov
subspace methods (see [20, 17]). Methods with a polynomial convergence based on a Dunford-Cauchy integral
for symmetric and positive definite operators are proposed in [21]. Concerning the second order evolution
problems and the cosine operator, new discretisation approaches have been recently proposed in [6] in the
framework of strongly P-positive operators.

The purpose of this paper is to approximate the operator function in a first step by a sum

N

S )l - £)7! (L1)

k=—N

involving 2N + 1 resolvents (zxI — £)~! (see (3.25)). It is important to notice that the possible dependence
on t (in the case of F; and F3 ) is described by the scalar coefficients 75 (¢) only, while the values zj in (1.1)
are independent of t.

Of course, the representation (1.1) is only semi-discrete, since £ may still belong to an infinite-dimensional
Banach space. In that case, £ is to be replaced by a discretisation (say Galerkin matrix £;). The matrix
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resolvent (zxI — L)~! can be computed by the approximate inversion procedure offered by the hierarchical
matrix technique (see [14], [15], [16], [4]). Here, we make use of the fact that £ is assumed to be an elliptic
operator and that the paper [2] ensures that (zx] — £;,) ! has the required hierarchical matrix property. The
cost for the approximate inversion amounts to O(nlog?n) for an n x n matrix L. Note that in the special
case of constant coefficients the direct approximation to the elliptic inverse by hierarchical matrices has been
addressed in [18].

In order to reach the representation (1.1), we apply in §2 the Dunford-Cauchy representation! of the
operator-valued function. The arising integral is discretised by means of the Sinc-quadrature. In the case of
the operator exponential (F7) one gets an expression (1.1) which converges exponentially as N — oo. The
exponential convergence makes it possible to obtain an accurate approximation with N being rather small.

Similarly, we can show in §4 that the corresponding quadrature result for F3(L£) = £~ is exponentially
convergent, too.

The approximation of the cosine operator F3 in §6 turns out to be harder. Here, the approximation of the
form (1.1) converges polynomially depending on the smoothness of the function the operator is applied to.

Since the cost for the matrix exponential F; is only O(nlog?n), the available exponential may be used

for further applications. In §5 we consider Fy(L) = OOO ett’ Get*dt, which represents the solution to the
Lyanunov equation. After a Sinc-quadrature applied to the integral over [0, 00), we obtain an exponentially

convergent quadrature rule involving the operator etel’ GetrLl, Using the approximations to F;, we reach
again a representation (1.1).

2 Integral Representation to Operator-Valued Functions

Before we describe the integral representation in §2.2, we formulate a condition ensuring a fast convergent
quadrature.

2.1 Operators of (fs, fr)-Type

Let A: X — X be a linear densely defined closed operator in X with the spectral set sp(A). Given a curve
T enveloping the spectrum of A, the behaviour of the resolvent (zI — E)fl as a function of z € I' contain
important information about the operator A and allow to develop a calculus of functions of A (cf. [6, 8, 9, 11]).
Strongly P-positive operators were introduced in [6] and play an important role in the theory of second order
difference equations, evolution differential equations as well as the cosine operator family (see [6]). Using this
class of operators, the solution operators for parabolic (the operator exponential) and elliptic (the normalised
hyperbolic sine operator family) equations are introduced, studied and sparsely approximated in [8, 9]. These
discretisations have the remarkable property that their convergence rate is exponential. Due to the application
of H-matrices to represent the elliptic resolvents, we arrive at a linear-logarithmic cost for the resulting discrete
representations.

A exponentially convergent discretisation for the cosine operator generated by a strongly P-positive opera-
tor remains to be an open question. In this paper, we restrict ourselves to a class of operators of (fs, fr)-type
to be defined below. In that case, we are able to construct polynomially convergent approximations.

Let T's be a curve in the complex plane z = £ 4 in defined by the equation £ = fg(n) in the coordinates
&, n. We denote by

Qrg :={z=E&+in:§> fs(n)} (2.1)

the domain inside of I's. In what follows, we suppose that this curve lies in the right half-plane of the complex
plane and contains sp(A), i.e., sp(4) C C\Qry. Now, we are in the position to give the following definition.

Definition 2.1 Given an operator A: X — X. Let fs(n) and fr(z) be functions such that
(2 — A Hx—x < fr(2) for all z € C\Qry. (2.2)

Note that T's is defined by means of fs (c¢f. (2.1)). Then we say that the operator A : X — X is of (fs, fr)-
type.
'We remark that another approach can be based on the Cayley transform (cf. [7], [10], [12]).




Note that a strongly P-positive operator (defined in [6]) is also an operator of (fg, fr)-type with the special
choice

fs(m) =an*+70, fr(z)=M/A+]z]), a>0, 4 >0, M>D0. (2.3)

In particular, strongly elliptic partial differential operators are strongly P-positive.
In order to get exponentially convergent discretisations, we are interested in operators of (fs, fr)-type
with an exponentially increasing function fgs. Some examples of such operators are given in Appendix A.

2.2 Integral Representation to Operators of (fs, fr)-Type

Let £ be a linear, densely defined, closed operator of (fs, fr)-type in a Banach space X. We choose an
integration curve I'y := {z = f1(n) + in} enveloping the so-called “spectral curve” & = fg(n) (see Fig. 1).
Let F(z) be an complex-valued function that is analytic inside of the integration curve I';. The next simple

n

&=b cosh(a, n)

E-'z"{o cosh(an)

Figure 1: The spectral curve I's and the integration curve I';.

theorem offers conditions under which one can define a bounded operator F(L).

Theorem 2.2 Let & = f1(n) be an even function and assume that the improper integral

|1l fatritn — iy with 1) = F(fata) i) 50) ~ 7 (2.4)
converges. Then the Dunford-Cauchy integral
F(L) = - F [—0)tds = - Oocb i) — L]~ d
(© =5 [ FEET -0 = [ aaititn) — imt — 17

defines a bounded operator F(L).

Proof. Using the Dunford-Cauchy integral, we represent F(£) by 5= Jr, F(2)(21 —L£)~tdz. After the parametri-
sation z = fr(n) +in, n € (—o0, x0), we get

1 oo
F = — ¢ N 2
(©)= 5= | _@moyin (25)
with ®(n; £) = ®1(n)[fr(n) —in— L], ®1(n) = F(fr(n) —in)[f;(n) —i]. Due to the fact that £ is an operator
of (fs, fr)-type, we further get the estimate

IFEN < [ @lalrato) — indn < o

— 00

which yields the existence of the bounded operator F(L). ]

3 Approximation to the Operator Exponential

In §§3.2-3.4, we consider the Sinc-quadrature based on the representation (2.5). Finally in §§3.5-3.6, we apply
this approach to the operator exponential. Because of the new integration path, the result is different from a
previous one used in [8] and recalled in §3.1.

The quadrature result for the exponential will be used later in §5, where we consider the solution operator

FalL) = [;° et£" G etLdt to the Lyapunov equation.



3.1 Previous Approach

Exponentially convergent quadrature rules for the function F} generated by an strongly P-positive elliptic
operator are analysed in [8]. In fact, for an integration parabola

Loy = {2z = fi(n) +in: n € (—o0,00)},  fir(n) :=an* +b(k),
with given k > 1, a = a/k, b(k) =~ — (k—1)/(4a), k > 1, the quadrature

L
expp(—L) = Y cpe (2] — L)} (3.1)

p=—L

with the parameters z, = f(ph) +iph, h = {/2ndk/(L2a), d = (1 — 1/vk)k/(2a) involves 2L + 1 terms. For
¢p see [8, Algorithm 2.5]. It yields an approximation which converges exponentially as L — oo :

2Vk exp(—L?/3) kexp(—tsL?/3)

exp(—L) —exp,(—L)|| < C ’
| exp(=L) = expr(=L)|| < Vat(l — exp(—sL2/3)) | /atv2ndka’l

where s = {/(2rd)?a/k and C is a positive constant.

Based on (3.1), an efficient parallel algorithm of almost linear complexity to compute the matrix exponential
has been proposed and analysed in [8]. Since in the present paper we deal with a more restricted class of
operators, we introduce a better algorithm based on Lemma 3.2 below.

3.2 A New Representation of the Operator Exponential
Let £ be a linear, densely defined, closed operator of (fs, fr)-type in a Banach space X, where
fs(n) =~ocosh (an) with vy > 0, fr(z) =1/|Sm z| if Re z > 7o. (3.2)
The function fg (1) corresponds to the spectral curve
I's = {z=¢{+1in: §=ocosh(an)}, (3-3)
containing the spectrum sp(L) of the operator L.
Definition 3.1 The class of (fs, fr)-type operators specified by fs, fr from (3.2) is denoted by Eg g.

For the sake of simplicity, in what follows, we consider operators with real spectra? that are bounded from
below by v (cf. (3.2)).
In the following, we use the infinite strip

Dy:={2€C: —oc0o<Rez < o0, [Sm2z| <d} (3.4)
as well as the finite rectangles Dy(e) defined for 0 < € < 1 by
Dy(e) ={z € C: |Rez| <1/e, |Smz| <d(l—c¢)}.
For 1 < p < o0, introduce the family HP(Dy) of all operator-valued functions which are analytic in Dy,
such that for each F € H?(Dg) there holds || F||gr(p,) < 0o with
: Ur
time—o ( fypyio IFEIPd]) i1 <p < oo,

lime—osup,¢p, () IF(2)|l if p= 0.

| Fllear(py) == (3.5)

In the following, we consider an integral representation for e ** with £ € Eg r, where the integrand is
proved to be in the class H?(Dy). The proper choice of the parameter d > 0 will be determined in the sequel.
We choose a parameter b € (0, ), where 7 is defined in (3.2), and consider the equation

o(v) :=bceos(av) —v =", 0 <b <9, a>0. (3.6)

Let d; be the minimal positive solution (if existing), —ds be the maximal negative solution (d2 > 0). Then
d = min{dy,ds} is the desired parameter (see Figure 2).

2 Analogously, one can consider operators with spectra in a half-strip where the resolvent is bounded by fr(z) = |z — vo| ! if
Re z < 0.



P(v)=b cos(a1 v)—v d(v)=b cos(a1 v)—v

a): b=3.0; a;=1.5 b): b=1.0; a,=0.5

Figure 2: Calculation of the width of the analyticity strip.

Lemma 3.2 Let £ be an operator of the class Eg r. Choose a curve (integration curve) Ty = {z =& +1in:
€ = bcosh (ayn)} with a1 < a, b € (0,7). Then the operator exponential I(t; L) = e~t* can be represented by
the Dunford-Cauchy integral

1 ., _ 1=

(cf. [5]), where the integrand
Fi(n,t) = e *(bay cosh (a1n) +i)(2I — L)~ with z = bcosh (a1n) +1in, n € R, (3.7)
can be estimated on the real azxis by
B .0l S ban(L -+ )~ por €

Moreover, Fy(-,t) can be analytically extended into the strip Dy of the width d > 0 constructed above and
belongs to the class HP (Dy) for all p € [1,00].

Proof. Since the operator L is of (fs, fr)-type with fg, fr given by (3.2), we can choose
fr(n) =bceosh(a1n), a1 < a, b€ (0,7v). (3.8)

After parametrisation of the path I'; we get
1 (oo}

I(t) = — [ e (2l - L) 'dz = L Fi(n,t)dn (3.9)

2mi Jr, 2 J_

with
Fi1(n,t) = e **(bay sinh (a17) + 1),

z = beosh (a1n) + in. (3.10)

Fi(n,t) = Fii(n,t)(2I — £)7* with {

Since the operator L is of (fs, fr)-type with fs, fr given by (3.2), we can choose the integration path in
accordance with (3.8) and get for |n| — oo

|@1(n)] = [Fri(f1(n) — in)[f1(n) — ]l < exp(ax|n|—bt cosh (a1n)). (3.11)

Furthermore, there exists a constant Mg, such that

[fr(f1(n) —in)| < Mp, /(1 + |n]).

Thus, all assumptions of Theorem 2.2 are fulfilled and the integral (3.9) converges for all ¢ > 0.
Replacing in Fi(n,t) the real variable n by z = g+ iv, |v| < d, and using the estimate for the resolvent,
we get in the strip Dg = {z = (n,v) : n € (—00,00), |v| < d}
Fi(n+iv,t) = O((1 + |n])~* exp(—bte® " cos (a1v) + bai|n])) (3.12)
+iO((1 4 n) "L exp(—bte® " cos (a1v) + a1n)).



Analyticity of the integrand can be violated only if bcosh (a1(n + iv)) — v +in = 0 or if the set

Z ={bcosh(a1(n+iv)) —v+in: n € (—oo0, ), |v| <d}
= {bcos (a1v) cosh (a1n) — v + i (bsin (a1v) sinh (a1m) +n) : n € (—o0,0), |v| < d}

intersects the part of the real axis n > ~y where the spectrum of £ is situated (in this case the resolvent is
unbounded). The intersection of Z with the real axisis {z € Z : Sm z = 0} = {bcos (a1v) — v : |v| < d}. Now,
we need the following condition to be valid:

o(v) = bcos (a1v) — v < Y.

Let dy, —da be defined as the solutions of equation (3.6) as above. Then the width of the strip in which F;
can be extended analytically, is d = min{d;, d2} (see also Figure 2). It follows from (3.12) that the integrand
belongs to the class HP(Dy) for all p € [0, 00). ]

3.3 The Sinc-Quadrature

Following [22, 12, 8], we construct a quadrature rule for the integral in (6.1) by using the Sinc approximation.

Let i
Sk, h)(z) = Slnﬂ[gik:)}l/)]f i (ke€Z, h>0, z€R)

be the kth Sinc function with step size h, evaluated at x. Given f € HP(Dy), h > 0, and N € N, we use the
notations

1) = [ s (3.13)
T(f,h)=h > f(kh), Tn(f,h)=h Y f(kh), (3.14)
k=—o00 k=—N
C(f,h) = > f(kh)S(k,h),  E(f,h) = f—C(f,h), (3.15)
k=—o0
n(fah)zl(f)_T(fvh)a nN(fah):I(f)_TN(fvh)

(I: integral; T: trapezoidal rule, C: cardinal series representation, E: its error, n,ny: quadrature errors).
Note that C(f, h) is a function of x € R. Further, we need the notation of one-sided limits:

f(§iid_)=6_}(iir;%1<df(§ii5) for £,d € R.

3.4 Convergence Analysis

Adapting the ideas of [22, 12, 8], one can prove the following approximation results for functions from H*(Dy),
describing the accuracy of T'(f, h) and Tn (f, h).

Lemma 3.3 For any operator valued function f € HY(Dy), there holds

i —id- e—w(d+i§)/h 4id~ e—w(d—i&)/h
nUﬁ%:—/ J(€—id e _Hevid) " 10
2 Jr sin[mw (¢ — id)/h] sin [7 (& + d)/h)
providing the estimate
e—ﬂ'd/h
< ————— 1 . 1
If, in addition, f satisfies on R the condition
IF©)I < e(1 +[€) " exp(al¢] = be™), a,b,c >0, (3.18)
then b —omdh
2c [ e e T 2 AN
< — —be® 1
||77N(fa h)” — ab |1 = e—2md/h + 1+ Nh eXp( be ) (3 9)

with the constant d from H'(Dy).



Proof. Let E(f,h) be the error from (3.15). Analogously to [22, Thm. 3.1.2], E(f, h)(z) equals

sin (mz/h) f(€—1d) _ f(€ +1id)
2mi /R { (& —z—dd)sin[n(§ —id)/h] (& — z+id)sin[n(§ +id)/h] } d

and after replacing z by = we have

n(r) = [ B b))
R
because of [, S(k,h)(x)dx = h. After interchanging the order of integration and using

1 sin(rz/h) do — L p—m(d£i€)/h

2 Jp £(€ —x) —id 2 ’
we obtain (3.16). Using the estimate sinh (wd/h) < |sin[w(¢ £ id)/h]| < cosh(wd/h) (see [22, p. 133]), the
assumption f € H'(D,) and identity (3.16), we obtain the desired bound (3.17). The assumption (3.18) now
implies

A

lnn (f. )< nCE N+ Y (L f(kR)]

|k|>N
< exp(—md/h)

PSRN 1 -1 _ 1.alkh|
= 2sinh(rd/h) f|lex (pg) tch Z (1 + kh)™ " exp(alkh| — be ). (3.21)

k: |k|>N

For the last sum we use the simple estimate

Z (1 + |kh|)~ exp(alkh| — be?lkhl) = 2 Z (14 kh) L exp(alkh| — be?!F)

k:|k|>N k=N-+1

|kh| 2 AN
< kh| — be® dr = —be® . .22
= 1+Nh/N explalkh] = be™de = Cpnr T way PP (3.22)

It follows from (3.18) that

- 4
Ifle (Do) < 20/ el exp (— bea|x|)d:c < —Zeib,
- a

oo

which together with (3.21) and (3.22) implies

2¢ [exp(b —wd/h) 1

ahN
(W < 2 | =+ aw S te™)

] exp(—b

completing the proof. [

3.5 Application to the Exponential

t

The operator exponential I(t;£) = e ** is formulated as integral according to Lemma 3.2. Applying the

quadrature rule Tly to the operator valued function f(n) := — 2 Fy(n,t), where F(n,t) is given by (3.7), we
obtain for the operator family {I(¢t) = I(¢t;£) : ¢t > 0} (cf. (3.13)) that
N
It) = Tn(t) =Tn(f, h) = ~5 F1(kh,t). (3.23)
——N

The error analysis is given by the following Theorem.

Theorem 3.4 Given the spectral curve T's from (3.8) associated with fs(n) = 7o cosh (an), choose the inte-
gration curve {z = fr(n) +1in : n € R} with fr(n) := beosh(a1n), b € (0,7), a1 < a} and set h = lsig—]{y.
Then
1160 = T 5 3 (eti-amasiosn ¢ (320
~t 1+ (logN) /a1 )~ '

Proof. Substituting in (3.19) Fy for f, ay for a, bt for b and specifying h = 12%[\/7 we conclude (3.24) from

—btN
H77N(F1;h)|| 5 %(efbt727rdN/logN + e

THlog N)7ar ) n



3.6 The Computational Scheme

The exponential convergence of our quadrature rule allows to introduce the following algorithm for the ap-
proximation of the operator exponential with a given tolerance £ > 0. Note that the time-variable ¢ € (0, 00)
enters only the coefficients of our quadrature rule, while all resolvents appear to be independent on ¢.

Proposition 3.5 a) Let ¢ > 0 be given. In order to obtain ||I(t) —Tn(t)|| S § uniformly with respect tot > 0,
choose

log N

alN ’

zr = fr(kh) +ikh (k= =N,...,N) with fr(n) = bcosh (a17),

air>a, be(0,7%), N=0(loge|), h=

h
Ye(t) = e*Z’CtQ—m, (baq cosh (a1kh) + 1) .

Then Tx(t) is a linear combination of 2N + 1 resolvents with scalar weights depending on t :

N
Tn(t)= Y w®(=I—L)7 (3.25)

k=—N

so that the computation of Ty(t) requires 2N + 1 = O(|logel|) evaluations of the resolvents (zxI — L£)71,
k=-N,...,N.

¢) The evaluations (or approximations) of the resolvents can be performed in parallel. Note that the shifts
zx are independent of t.

d) Having evaluated the resolvents, Tn(t) can be determined in parallel for different t-values t1,ta,. .. .

Proof. Use (3.24) for the error estimate. (3.23) and (3.10) show v (t) = — 52 Fi1(kh,t). |

Remark 3.6 It is also possible to ensure || I(t) — Tn(t)|| S e fort > 0 by the choice N = O(]loge| — logt).
Then, however, the quadrature points zy become t-dependent.

4 The Operator L7¢ a>1

In this section we consider the operator family £~ « > 1 (cf. [7]). The practical significance of this class of
operators is related, in particular, to the operators £¥1/2, which play an important role in the analysis of elliptic
Poincaré-Steklov operators [9] including preconditioning issues. In particular, the factorised representation
LY = LL>2L, 2 — a > 1, holds, indicating a constructive way to approximate positive powers of an elliptic
operator.

4.1 The Integral Representation

We begin this section with a representation theorem for negative powers of an operator of (fg, fr)-type.

Lemma 4.1 Let £ be an operator from the class Eg r. Choose a curve (the integration curve) I't =
{z=&+1in:£ =bcosh(ain)} with a > 0, b € (0,7). Then the operator L™, a > 1, can be represented by
the Dunford-Cauchy integral

1 1 e
L% = — "2l - L) Mz = —— Fy(n,t)d 4.1
i L e etz = o [ B nan (41)
where the integrand
Fy(n,t) = 2~ %(bay sinh (a1n) +i)(z — L)™', 2 = bcosh (a1n) +in, n € R, (4.2)

can be estimated on the real axis by
1F2(n, )| S arb' (1 + [n])~tem (oDl (4.3)

Moreover, Fs(-,t) can be analytically extended into a strip Dy of width d > 0 (defined as in the proof of
Lemma 3.2) and belongs to the class HP (Dg) for all p € [1, 00].



Proof. For the sake of simplicity we consider again the case when the spectrum of £ is situated on the real
axis. After parametrisation of the path I'y, we get

1
L= — [ 27%zI—L) dz

211 T'r

1 0
=5 / (bcosh (ayn) + in)~*(bay sinh (a1n) + i)(bcosh (a1n) +in — L) 1dn

1 —00
3 (beosh (ayn) + 1) ~*(bay sinh (a1n) + i) (bcosh (a1n) + in — £)"*dn
0
1 oo
=—— Fy(n,t)d
omi ) 2(n, t)dn

with F5(n,t) from (4.2). Since the operator £ is from the class Eg g, it holds that

1

|Sm 2|

I(zI = L)~ <

(cf. (3.2)) and we can choose the integration path by means of

fr(n) =bcosh (a1n), a1 < a, b€ (0,7).

It is easy to see that for F(z) = 27%, a > 1, there holds

|1(n)| = [F(fr(n) — in)[f7(n) — ]| S el emlil = gmarta=blnl

(see (2.4)). Moreover, there exists a constant My such that

[fr(fr(n) —in)| < My/(1+ |n[) for [n] — oo.
Since all assumptions of Theorem 2.2 are fulfilled, the Dunford-Cauchy integral converges and the estimate

(4.3) holds. The width d of the strip of analyticity of Fa(-,t) can be estimated as in Lemma 3.2. |

4.2 Convergence Analysis and Computational Scheme

Adapting the ideas of [22, 12, 8], one can prove the following approximation results for functions from H!(Dy)
(see also Lemma 3.3 above).

Lemma 4.2 Let f € HY(Dy) and let f satisfy the condition

£ < (1 +1£]) " exp (—alé]) for all € €R and some a,c > 0. (4.4)
Then, taking h = glij‘\i,, we obtain
2¢ [ 2e=2md/h 1 N
Il < 2 | 2 o + Tome ™| (45)

Proof. We recall that for any operator-valued function f € H(D,), the error ny(f,h) satisfies (3.16) and
(3.17) due to Lemma 3.3. Assumption (4.4) now implies

exp(—mnd/h) e—alkh|

h)| < h h kh)| < ——————= h _— 4.6
I (W < 7 W+ 3 101 < ZEE Mo +eh 3 gy (40)
For the last sum we use the simple estimate
e—alkh| > e—akh 2 0o 92¢—ahN
Z — =2 Z < / e Wy = —— (4.7)
W>N1+|kh| Myt 1+kh =~ 14+ Nh Jy ah(l+ Nh)



Therefore, it follows from (4.4) that f € H'(D,) and

(o)
. 4
[ flle (pg) < 20/ elelge < =€

oo a
which together with (4.6) and (4.7) implies the desired error estimate (4.5):
2¢ [exp(—md/h) n 1 o—ahN
a | sinh(wd/h) 1+ Nh

I (f, R <

[
Now, we can replace the integral (4.1) by the Sinc-quadrature rule T (see (3.14)) and get the approxima-
tion
P
Ly =——t Fy(kh, L).

211
k=—N

The error analysis is given by the next Theorem. Note that the class Eg r is defined with respect to a
parameter d appearing in the strip Dy.

Theorem 4.3 Given an operator from the class Eg r, choose the integration curve I'r = {z = bcosh (a1n) +

in:n € R} withb e (0,7), a1 >0 and set h = ,/%. Then
2c 1
LY o < —2nd/h —ai(a—1)Nh )
| Nll_a(afl) (e +1+Nhe

Proof. Replace in Lemma 4.2 f(z) by Fa(x) and a by a;(a — 1) (see Lemma 4.1). ]
The exponential convergence of our quadrature rule allows to introduce the following algorithm for the
approximation of negative powers £L~¢ with a given tolerance € > 0.

Proposition 4.4 Let € > 0 be given. In order to ensure ||L~% — L*|| < €, choose the parameters by

2mwd

b N =0(|1 h= | —C
a > a, S (0,"}/0), O(| Og€|)’ al(Oé — 1)]\[7

2z = beosh (a1kh) + ikh (k=-N,...,N).

b) LN is a linear combination of 2N + 1 resolvents like (3.25) so that the parts (b) and (c) of Proposition
3.5 apply here too.

5 Application to the Lyapunov Solution Operator

We start with a matrix example. Let us consider the linear dynamical system of equations
dX(t
%:AX(t)+X(t)B+G, X(0) = Xo,
where X (t), A, B,G € R™*" (A, B, G given constant matrices). The solution X (¢) is given by
t
X(t) = e Xoe'® + / e1mIAGe =B s,
0

If all eigenvalues of A, B have negative real parts, then
(oo}
X(t) = Xoo = /etAGetht as t — oo, (5.1)
0

and the limit X, satisfies the matriz Lyapunov-Sylvester equation
AX o + XooB+ G =0. (5.2)

We refer to [3] concerning the proof of (5.1) in the case of a matrix equation. The operator case considered
below can be treated similarly.

10



Figure 3: The region Dy

5.1 Basic Example

In the following, we generalise the corresponding results from [13] (applied to the matrix Lyapunov-Sylvester
equation) to the case of operator valued function Go(z, £, G). Specifically, we set A = L7, B = L in (5.2), and
consider the solution of the operator Lyapunov equation: find a selfadjoint continuous operator Z : L*(Q) — V
such that

LTZ4+Z2L4+G=0. (5.3)
The solution Z of the operator Lyapunov equation is given by an integral representation on I' := [0, 00),
(oo}
Z(L) = / Go(t, L, G)dt, (5.4)
0

where Gy(z, L,G) := e*£" Ge*L is a continuous operator-valued function of ¢ € [0, 00), an elliptic second order
operator £ and a selfadjoint operator G : L2(Q2) — L2(Q) (see [3] for the matrix case).

As usual in control theory, we further assume Re sp(—L) C (Mg, 00). For the analysis we need that —L is
an elliptic operator of (fs, fr)-type with fs, fr given by (2.3) such that

sp(—L) C Sy ={2€C:|Smz <pu, Rez>A}, Ao, p>0. (5.5)

In particular, the latter condition implies that the elliptic operator £ generates a strongly continuous semi-
group e** such that

1+p?
||et“]| < C’le%)“’t for all ¢t € [0,00) (]| - || : spectral operator norm)

AoVt

with C,c > 0 independent of A\g and t.

5.2 Cardinal Series Representations for Analytic Functions

Our goal is the construction and analysis of exponentially convergent quadrature rules for the integral (5.4).
The construction consists of two steps: First, we approximate the integral by a sum of operators G(tx, £, G)
evaluated at few quadrature points ¢ € [0,00), and then we approximate each operator exponential involved
in G(tx, £,G) as in §3.6. The resulting quadrature rule is similar to that in [13, Thm. 5] for the case of a
matrix Lyapunov equation. Contrary to [13], here we consider the integral of an operator-valued function
and therefore our proof is more technically involved; moreover, we apply the first-level quadrature to the
transformed representation (see 5.6) and then use the new approximation scheme of §3.6).
For the operator-valued function Z(L), we use the representation obtained by the substitution ¢ = u®,

Z(L) = / TGt L.G)dt, where (5.6)
0

Go(t, £,G) = ga(t, LT)Cga(t, L)dt,  ga(z,N) = VI +202% A, a>0,

so that (5.4) corresponds to the case o = 0.

11



First, we recall some auxiliary approximation results for holomorphic functions based on the Sinc-approximation.
Let the region® D, (see Fig. 3) for a given d € (0, 7] be defined by

Dy :={z € C: |arg(sinhz)| < d}. (5.7)
We denote by H!(D,) the family of functions that are analytic in Dy and satisfy
N.(f, Da) = / 1£(2)]]dz] < oo. (5.8)
8’Dd

Now, for a, 8 € (0, 1], introduce the space

Los(Dq) == {f e HY(Dy) : |f(z)| < C (1 f||2|> e PRz forall z € Dd}

(cf. [22]). We set

¢(z) :=log{sinh(z)}, hence ¢'(2) , z2=¢ '(w)=log (ew +vV1+ 62“’) ,

B tanh(z)
where ¢(z) is the conformal map of Dy onto the infinite strip D4 defined by (3.4).

For any f € H'(Dy), we introduce the integral representation for the error Z arising in the cardinal series
expansions

fz) St P I z or all z
90 " 2 ) BN @)+ M“ forall 2 € Pu 59

(see [22] for more details) with

sin[rd(z)/h] P(¢)¢' (2)d¢

7 = . .
W)= ST | = s sl (>:10)
Similarly, if ¢/ f € H*(Dy), then
fz)= > ft)S(k.h)($(2)) +I[f](z)  forall z € Dy. (5.11)
k=—oc0
By means of the next Lemma 5.1 we will see that
9ol A) € Lo g(Dya), B8 > min{1, bo} for NeT', (5.12)

where, with given bg,a > 0, Iz := {z = £ +in: & = —by — an?, n € (—o0,00)} is the integration parabola
used in the proof of Lemma 5.2 below. Due to [22, Lemma 4.2.4] we know that (5.12) implies

¢'(-)9a (-, A) € H'(Da). (5.13)
The next lemma proves a uniform bound on the value Ny in (5.8) with respect to A € T'z.

Lemma 5.1 There holds go(-,\) € Lo 3(Da). Moreover, ¢'go(-,\) € HY(Dy), where the corresponding norm
N1(¢' ga(:, N), Da) defined by (5.8) is uniformly bounded with respect to A € T'z.

Proof. The first assertion is easy to check. Our proof of the second statement is similar to that in [22, Lemma
4.2.4]. We have to prove that

Na(9a(s N Da) = [ [0/ (2)galz V] o] < € < o (5.14)
Dy

where C' does not depend on \. If z € 9D, then ¢(z) = t + iT where t = Reg(z), 7 = Sme(z) = £d. Thus

dz = {1/¢'(z)}dt and z = ¢~ !(t £ id) implying |z| = O(|t]) as |t| — oo, and

/ |¢'(2)ga(z, M| |dz| < C/ L|elog2(e
oDy e (

P12 D) (~bo—an®+in) | 1t < (bo. @) < oo

1+ |t|)°‘ | = ( 05 ) )

then (5.14) follows. |
Due to Lemma 5.1, we can substitute f(z) = go(z,A) in both (5.9) and (5.11).

3This is the domain called D3 in [22]. Note that it is different from the strip Dy in (3.4).
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5.3 First Quadrature Applied to Z(L)

In the sequel, the value of d involved in Dy (cf. (5.7)) will be chosen from the interval 0 < d < NTGa)

we further fix the parameter a = 1/2. Without loss of generality we can assume § = min{1, \o/2} < o =1/2
and then choose the parameter by that defines the mtegrating parabola 'z by by = Ag/2. This choice also
implies a < 2 2% therefore, we further set a = 2(1 iy . Since a = 1/2 is fixed, we further omit the subscript

a in g, and set g = g/2. Now we are ready to derlve the quadrature rule.

where

Lemma 5.2 Let the spectrum of L lie in the strip S,, defined by (5.5). Given N € N and 8 = min{1, A\o/2},
with the proper choice of h > 0, t € [0,00), and M by

h:,/%, tkzlog(ekh—i- 1+e2kh), M = [23N], (5.15)
the integral Z(L) = fooo Go(t, L, G)dt allows an exponentially convergent quadrature rule
N
Zn(L):=h Z tanh(tk)g% (tx, £, G), (5.16)
k=—M
providing the error estimate '
1Z(L) — Zn(L)]| < O(1 + p?)e B (5.17)

with the constant C independent of N and with u being half the width of the strip S, in (5.5).

Proof. In our proof we extend the results from [22, Example 4.2.11] to the case of operator-valued functions.
The proof consists of three steps.

Step 1. (Cardinal series representations for g(-, £))
First we note that under the above assumptions on £ the operator-valued function g(-, £), can be represented
by using the uniformly convergent Dunford-Cauchy integral

1
g(z, L) = —/ g(z,6)(&I — £) " tde for z € Dy, (5.18)
271 T,
where I' is the parabola containing sp(L) as above. In fact, it is easy to check that for £ € 'z,

19(2,€)] < Cla[M/2 | Chomen™*im| |y (—o0,00),

where |arg 22| < 7/2, i.e., Rez? > 0, which ensures convergence of the integral in (5.18). A similar repre-

sentation holds for gs;,’(i;). Therefore, due to g(-,\) € H(Da4), A € I'z (see Lemma 5.1), the substitution of

(5.9) into the Dunford-Cauchy integral leads to the following identity

g('v‘c—r)

th’“ kh><¢<z>>+z[ .

& (00) ] (2) for z € Dy. (5.19)

The convergence of the integral in the right-hand side of (5.19) follows from the estimate (for { € Dy,
<:t+i7—a |T| §d)

£y <t 5.20
< . .
lg(¢,£T)|| < i (5.20)

To prove (5.20), first, we consider the case |(| — oo, i.e., t — 0o, and obtain
lotc.£nll <€ [ oo er— )7 1ag (5.21)

L
* | = 200+l (o zitry o1

< Ct/ (=7 +2itr) (—bo—an’+in) | g
oo L4+ Valn|

< Cte—bo(tz—(f) /oo e<d2_t2)n2_2t7—nd7].

—00
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To study the case ¢ — 0, we note that due to the bound on d > 0, there holds || < tan(d)¢ as t — 0 with
tan(d) < 1. Then we obtain

la(c.£7)| < © / 9G] - £)7Y e (5.22)

2an0 + b, a2 b an?ai ez [T
< C/ \/_| ct®(—bo—an*+in) dn < C\/l_fe bot /
Tt v ¢ | .
< C\/Ee—bot / e—act n d77 < C\/Ee_b0t2/ Le—audu
—0o0 0 2t27’

et (—an+in) | g

—bot? oo 1 —b0t2
—e Mdu < C

\/_ 0o Vu avt

which shows that the integrand in (5.19) is L-integrable.
On the other hand, by the same arguments the property ¢'g(-,\) € H'(Dy) (see Lemma 5.1) leads to the
representation (see (5.11))

6

oo

g(t.£) = Y glte, £)S(k,h) (6(1)) + T [g(~ L) (1) for t € [0, 00). (5.23)

k=—o00

Step 2. (Quadrature with an explicit error representation)
We multiply (5.19) by ¢’(z) and insert the result together with (5.23) into the integral to be approximated
and obtain

/oo G ja(t, £, C)dt = /OO o(t, LTVGg(t, £)dt = B(L,G) + L(L, C) + L(L, G), (5.24)
0 0

where

= > Y Mot [t (000) SOm ) (600)

k=—o00 m=—c0

(£, G) = / (1) T [%] (1) G g(t,£) dt,

b= [~ (a7 - sz |2

B

|0) ezist. 10
Due to the orthogonality relation
/000 S(k,h) (¢(z)) S(m,h)((2)) ¢'(2) dz = hdg—m (0f—m : Kronecker symbol)

for Sinc-functions (see [22]), we can reduce the double sum in B(L,G) to

B(L,G) = h i g(t’“’ ) G gt 0). (5.25)

k=—0o0

Step 3. (Final error estimate)
Using the relation ¢/(t)~! = tanh(¢;) which proves |¢/(tx) '] = O(1) as tx, — oo, and truncating the infinite
sum B(L,G) from (5.25), we obtain the quadrature rule for the integral involving G 5,

N
Gn :=h Y tanh(ty)g(tr, £T)Gy(tr, £). (5.26)

k=—M

Due to (5.24) we obtain

| dntoe - B<w>H < IL(EL.O) + (L. (5.27)
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where the integrals I; (£, G) and I2(L, G) can be estimated by using (5.10). Taking into account that for z € R
and ¢ € 9Dy there holds Sm@(() = £d and —d < Im¢(z) < d, we conclude that

[sin(mp(C)/h)| = s (Fd/ h),
[sin(m¢(2)/h)| < cosh[(m/h)Ime(2)];
6(C) — ¢(2)| = d | mo(z)| (5.28)

(see [22]). Indeed, one can easily verify that
> —agt? g, ‘CT
6l < clel [~ vies |z 252 o

o s[o(0)/ 1] 1
<clal | o enlic [ Vi SR e ot

< CNi(g(~ £7), Da)||Glle ™" (5.29)

K

The bound for I5(£, G) is more involved. We split I3 into two terms. Similarly as above we derive

by taking into account that |¢/(¢)] — 1 as ¢ — oo. Using the inequality (5.28), the asymptotic behaviour
Re ¢(t) ~ t ast — oo and Ime(t) =0 for t € [0, 00), we get
9( L")

| [zt ooz | 252 o'y

—2rxd/h AT - e dt
<Ce Ni(g(-,£"),Da)N1(¢'g( aﬁ)apd)”GHnggd/o a2+ [Re () — Re p(t) 2

/ g(t,ET)GI(g(t,L))dtH < CONy(¢'g(-, L), Dg)||G||e™/h
0

for the second term, where the corresponding integral over [0, 00) is uniformly bounded with respect ¢ € 9Dy.
Finally, we estimate the sum representing the error dx s of the quadrature rule,

N
te, L,G
ON = / Go(t, £,G)dt — Z Gyl £, G) < A+ Ar + A, where

—\ @' (tx)
Ay < Ce ™M Ny (g(-, L), D )Nl((b'g( L)|G||  for Ay from (5.27),
—M-1 0o
g1/2 tk7£ G) g1/2 tk,ﬁ G)
Ay = ||h , h
1 z,: ¢'(tx) k XN:H ' (tk)

Next, we consider Ay (the treatment of A; is similar). Due to the estimate

g te, L, G gt ’ET - -
‘ #)H CHGH H k Hg tk7 )H < CHGHtke 2)\0tk < C”GHe 2Xo0( kh)
o' (tr)
(see [22, (4.1.7)]), we obtain
Ay < Ch Z 672A0 kh)? < Ch/ 72)\0 (zh)? dr Ch 6*2A0h2N2
W = NN )

where the constant C' = C(L, G) can be estimated by C < ¢||G||. Now, we derive
O < Ce™™MNy (g(+, £7), Da)N1(¢g(-, £))[|G]] + C||G| (72" M” 4 22Ny
that proves the result for Gy, taking into account that according to (5.21) and (5.22)
Ni(g(- L"), Dg) < Ca™", Ni(¢'g(-,L),Dg) < Ca™"

The choice of the parameters h and M by (5.15) leads to the desired error estimate. ]
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Remark 5.3 Note that setting L = —(1, G = I leads to the exponentially convergent quadrature rule for
the integral of a holomorphic function g(z) := Go(z,—BI,1) over [0,00), which is a particular case of [22,
Theorem 4.2.11].

Lemma 5.2 already provides a low rank approximation to the solution of the Lyapunov equation in the
case of a right-hand side G has this property. In fact, let us assume that G has a separable representation
consisting of kg terms, i.e.,

kg
G = E Qo * fo,
a=1

where f,, : L?(Q2) — R are linear continuous functionals, while a, € L?(Q) are functions on 2. Substitution
of the above representation into Go(t, £, G) shows that also Go(tr, £, G) is separable with kg terms. Due
to (5.16), Zn(L) is separable with k = kg(N + M + 1) terms (in the matrix case, this is equivalent to
rank Zy (L) < k).

5.4 Second Quadrature Applied to Zy (L)

We proceed with the approximation of the individual terms G 2(tx, £,G) in (5.16). For this purpose, we
apply the basic construction from §3.4 modified by a proper translation transform explained below. We use
the symbol A for both £ and L.

We recall that with a given elliptic operator A and for the described choice of the parameters z,, h, cp,
the quadrature

L
expy(A) = Z cpe 7P (zpl — AT (see (3.25)) (5.30)
p=—L

provides exponential convergence (cf. (3.24)). To adapt the above approximation to our particular situa-
tion, we include the parameter t; into the operator by setting Ay := t%ﬁ, which then leads to the bound
Amin(—Ag) = O(t2). Due to the factor 1 in (3.24), the error estimate deteriorates when ¢; — 0. To obtain
uniform convergence with respect to tr — 0, we use a simple shift of the spectrum,

eAr = ¢ . eBr for By := A — I,

ensuring that Apin(—By) = O(1) > 0. Now, we apply the quadrature (5.30) to the operator By, which leads
to the uniform error estimate

|| exp(B) — expp,(By)| < Ce L/ 1e L forall k=—M,...,N,

where the constant C' does not depend on L and k. With this procedure, we arrive at the following product
quadrature.

Theorem 5.4 Under the conditions of Lemma 5.2, the expression

N L
ZN,L(E) = 2h Z tr tanh(tk)SLT,kGSL,k with Sp , := Z Cpelizp(zpl — Bk)71
k=M =L

converges exponentially to Z(L),
IZ(L) — Zn.0(L)] < C [(1 Fp2)em (@modN) e*L/logL} as N, L — oo.

Proof. Combination of the result of Lemma 5.2 with the modified quadrature (5.30) leads to the desired
bound. ]

6 Approximation to the Weighted Cosine Operator

6.1 Integral Representation of the Weighted Cosine Operator

In this Section we consider the integral representation of a so-called weighted cosine family generated by a
(fs, fr)-type operator of class Er s. We define the following classes of operator-valued functions:
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HO.,(RY) := L_., (RY) == {f : / LF ) Zendn < oo},

daf

HP () 1= { € 1200 (RY): O

e L2, (R, 0<r<m}

(RT) can also be defined as Hilbert spaces with the scalar product

s =3 [ (2 L) oy

and the corresponding norm || - ||,, c-an. The spaces H”",, (RT) for non-integer m are defined via interpolation

(ct. [19)).

Let £ be a linear, densely defined, closed operator of (fs, fr)-type in a Banach space X. The operator-
valued function Cy = Ck (L) := C(;£)L*, k € N, defines the family {Ci(t) : t € R} of weighted cosine
operators. It satisfies the differential equation

The spaces H™

e—an

Cl(t)+ LOy(t) =0 fort >0, Cp(0)=L"F C}(0)=0,

where © is the zero operator. The vector-valued solution u(-) : (0,00) — X of the hyperbolic differential
equation
u' + Lu=0, u(0)=wuy, u'(0)=0

with an initial value ugp € X can be represented as
u(t) = Cr(t)LFug  for t > 0,
provided that uy € X belongs to the domain of the operator £*.

Lemma 6.1 Let £ be an operator from the class Es g and k > 1. Choose a curve (the integration curve)
Ty={z2=¢&+1in: & =bcosh(ain)} with a1 < a, b € (0,7v9). Then the operator Cy(t,L) can be represented by
the Dunford-Cauchy integral

Cr(t; L) = erz/r 2 Fcos (Vzt) (21 — L) dz

1 o0
=—— [ e mllp@mt)dy=—
™

L / TSR 1, (6.1)

oo a1mi

where, for n,¢ € (0,00),

F(n,t) = el =k cog (\/Et) (bay sinh (ayn) +4)(zI — L)™' with z = bcosh (a1n) + in,
(Ct ( C/a’la )+F(C/a17t)

The integrand F(-,t) belongs to the class H"_, (0, 00).

Proof. The integration curve is given by f;(n) = bcosh (a1n). Using the formulae

NeE §+in=i{\/% 6+ vVeE+ ] +isign(77)\/% [—§+\/W}}

— % \/ Lo VETR] +isian() o with € = f1(n),
V2[4V +

cos (x £ iy) = cos () cosh (y) F ¢ sin () sinh (y) ,

sin(x £ iy) = sin (z) cosh (y) =+ i cos (z) sinh (y) ,

cosh(z % iy) = cos (y) cosh (x) £ isin (y) sinh (z) ,

sinh(x & 4y) = cos (y) sinh (z) £ isin (y) cosh (x)
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we have for z = bcosh (a1n) +in € T'1,n € (—o0,0) that

V7 = £(usg(n) + i 8ign(n)veg (n))

with

Usq(n) = \/% [b cosh (a1n) + /(bcosh (a1n))? + 772} ~ \/bcosh (a17),

Vsq(n) = \/% [—b cosh (a1n) + \/(b cosh (a17))? + 772}
- [n] - In]
\/5\/5 cosh (a1n) + +/(bcosh (a1n))? + n? 2\/m

where = denotes the uniform two-sided estimate. Further, we have
cos(v/zt) = uc(n, t) +ive(n, t)
with

uc(n,t) = Cos(tusq (n)) cosh (t Sign(n)vsq (m)s uc(=n,t) = uc(n,t),
Uc(na t) = Sin(tuSQ(n)) sinh (t Sign(n)vsq (77))7 UC(_n7 t) = _Uc(nv t)'

It is easy to see that for n — oo,

usq(n) = O (x/bcosh (am)) , vsq(n) = O (n/\/bcosh (aln))

and for a fixed ¢t and n — oo,

0 t=0,
c(n,t) = o ) c(n,t) =
u (77 ) ( ) v (77 ) {O (7’/ /bCOSh (aln)) t> 0,
so that on the integration path it holds that
cos(y/zt) = O(1) +iO (n/\/bcosh (am)) :

After parametrisation of the path I'; we get
1

Cr(t) = 37 )i 2 * cos(y/zt) (2] — £)Ldz
10
=5 2R (ue(n, t) — ive(n, t))(bay sinh(ayn) + ) (bcosh(ain) +in — L)~ dn
1 —00
3 27 *(ue(n, t) — ive(n, t))(bay sinh(ayn) + i) (bcosh(ain) 4 in — L)~ 'dn
0
— [ R = - [T R
T J_oo ar1mi Jo

Since the operator £ belongs to the class Eg g and |(2I — £)7Y| < 1/|Sm 2|, we get

|@@nséma+01ew1Mm

The last integral converges for all ¢ > 0 due to the assumption k£ > 1.
Having in mind that

F.(n,t) = F(—n,t) + F(n,t)], F(n,t) = el"27% cos(y/zt) (bay sinh(ayn) + i) (2 — £)~*
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with z = bcosh (a1n) + in, n € (0,00), we obtain after the first differentiation with respect to n that

d
dn

—cos(\/_t) = sin (v/2t)

— k= z_(k+1)(ba1 sinh (a1n) + 7),

(bay sinh (a1n) + @),

J’

d
d_n(bal sinh (a1n) + i) = ba? cosh (a1n),

d
(2 — L)1
a7 (21 —-L)

Due to (6.3), the terms cos (1/zt) and sin(y/zt) remain bounded for € (—o0, c0). Since |d¥'f7(\/2t) . d%z| ~

e®/2 each differentiation of these terms increases the asymptotic behaviour by the factor /2. Due to
|z| = e, the asymptotic behaviour of the terms |z~™| (m > 0) is not changed by differentiation. The
same holds for cos (a1n) and sinh (a1n). Since |[(2I — £)71|| < ¢/(1 + 1), the asymptotic behaviour of the
derivatives of ||(zI — £)~™|| becomes a worse by the factor e®"/(1 + n) with every further differentiation.
Altogether, each differentiation leads to a worsening of the asymptotic behaviour of F.((,t) by €¢/¢. Thus,
since || Fo(¢, )| < ce=*=DC/(¢, we get that F. € HF . |

—(2I — £)"%(bay sinh (a1n) + ).

6.2 Gauss-Lobatto Quadrature of Laguerre Type

In this Section we describe a Gauss-Lobatto quadrature for certain weighted improper integrals of operator
valued functions. The proof of these results is completely analogous to that of [19] if we replace the modulus of
functions by the corresponding operator norms. Let (y = 0 and the zeros (i, k = 1,2,..., N, of the Laguerre
polynomlal 7= Lny1 form the grid Qn11. Let Iyu be the interpolation polynomial of u(( ) with respect to the
nodes Qn41. Usmg the interpolation polynomial, one can get the interpolatory quadrature formula

I(u)/oooe_"u( )dn ~ Qn(u pr u(np)

which is exact for polynomials of degree < N. The quadrature coefficients are
1

P (N + 1)LN+1(7711)

The quadrature coefficients possess the stability property

1

pre(lff)”p <= for all € € (0, 1].

€

The following estimates
flu — IJV“HM,@”(H‘/)"7 < CeN#7(0/2)+(1/2) H“Ha,e*2"7
11(u) = QN (W)l ye20t0n < CNH (6.5)

hold for all 0 > 1/2,0 < u < o,e > 0 (cf. [19]).
Note that the orthogonal projection operator m : HZ 5, — Py with respect to the corresponding scalar
product satisfies
Hu - Tru”;t,e*(f’+€)7l S CﬁyﬁNu_(o-/2) ||u||0',e*571

(cf. [19]), i.e., the estimates (6.5) are asymptotically optimal up to a factor N'/2. The representation given by
Lemma 6.1 allows to introduce the following algorithm for the approximation of the weighted cosine function.

Proposition 6.2 Let t and N be given. Define z, (p =0,...,N) by z, = bcosh (¢p) — i(p/a1, where (o =0,
and Cp, p=1,..., N are the zeros of the first derivative of the Laguerre polynomial Ly 41(C). Let wp be defined
by (6.4). Then the approzimation Cy n(t; L) is the sum

Ck, N t E Z’yp ZpI — [:)_1
with v, (t) 1= wpz, ¥ cos (/Zpt) [ (bay sinh (¢p) + @) + e~ (—bay sinh (¢,) +1)] .
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Due to estimates (6.5) we have the error bound
HCk(t; ﬁ) - Ck,N(téAC)H#,e*?(HE)n ,S N“_(k_l)/QHqu’efzn (6.6)

fork>1,0<pu<k/2-1/2,¢>0.

7 Appendix

7.1 Examples of (fs, fr)-Type Operators with Exponentially Increasing fg

As a first ezample let us consider a selfadjoint, positive definite operator A in a Hilbert space H with (Au,u) >
~o(u,u). Any such operator is of (fs, fr)-type with

(7.1)

fs(n) = 7o cosh (an), fr(z) = {1/|%mz| if Re z > 50 > 0,

)1z — 2o otherwise,

where a is an arbitrary positive number and zp = (70,0). Here the function fs possesses an exponential
growth.

As a second example of an operator with non-real spectrum one can consider the operator arising in the
problem on small motions of a viscoelastic fluid in an arbitrary domain € R? (cf. [1]).

This problem is to find the velocity field 4(¢, x) and the pressure field p(t, x) satisfying the following system
of equations with boundary and initial conditions

— = —p 'Wp+vp(t)(AT) + f, divi = in © (7.2)

where v > 0 is the kinematic viscosity coefficient, p > 0 is the density of the fluid, a; >0,57=1,...,m,0 <
v <o <m,and f = f(t, ) is the density of the small field of mass forces added to the gravitational field.

We assume that for every ¢, @(t, ) and Vp(t, ) are elements of the Hilbert space Ly(Q) of vector-valued
functions, equipped with the inner product

3
(7, F)er = /Q S uk(z)or (@) (7.3)
k=1

We use the orthogonal decomposition
Ly(Q) = () @ G(Q), GQ):={TeLyQ): §=Vp}, (7.4)

Jo(Q) :={id € Ly(Q) : divi=0inQ, u, =@ -7 =0 on O}, (7.5)

where 7 is the unit normal vector to 9Q and @ and u,, are regarded as distributions of finite order. By (7.2),
we have 4(t,z) € Jo(R?), Vp(t,z) € G().

Consider the orthogonal projection Py on J_E)(Q) and the orthogonal projection Pg on é(Q), Py+ Pg = 1.

Assuming that @(¢, z) and Vp(t, ) are the classical solutions to the problem (7.2) and applying the orthogonal
projections Py and Pg to both sides of the first equation in (7.2), we find

du

= T rh(t)(Aoi) = fo(t),  @(0) = @, (7.6)
Aot == —Py(AD), fo:=PBf, (7.7)
p~'Vp = viy(t) Po(Ail) + Pof. (7.8)

Formula (7.8) shows that the pressure field Vp(t, z) can be found provided that we know the velocity field
i(t, r) regarded as a function of ¢ with values in H2 N Jo(£2), where HZ is the space of vector-valued functions
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with components in H3(f2). Therefore, it suffices to consider the problem (7.6), where @ = () is a function
with values in Jy(Q2) and Ay is the Stokes operator, well-known in hydrodynamics.
The problem (7.6) is the special case of the problem

m t
% + Agu + Z/ e 09 Apu(s)ds = f(t), u(0) = u’, (7.9)
k=170

where v = u(t) is an unknown function with values in a separable Hilbert space H, 7 are positive constants,
0 <y < ...< 9m < oo, f(t) is a given function with values in H,u’ € H, and A,k = 0,...,m, are
unbounded selfadjoint positive definite (A > 0,k = 0,...,m) operators with domains D(Ay),k = 0,...,m,
such that

D(A;) =D(Ap), k=1,...,m. (7.10)

For an example of such differential operators in the case H = L2(2), Q@ C R™, we can take uniformly elliptic
operators

) Oou
Ay = — Z oz, <a§f)(z)8—%> , k=0,...,m, (7.11)

ij=1

defined on the common domain
D(Ay) = HZ(Q) := {u(x) € H*(Q) : u =0 on 90N}, (7.12)

where H?() is the Sobolev space and 92 € C?.
Let u(t) be a strong solution of the problem (7.9). We introduce new unknown functions uy(t), k = 0,...,m,
by the formula

¢
uo(t) := u(t), ug(t) := / 677’“(tfs)Allc/Quo(s)ds7 k=1,...,m, (7.13)
0
then the equalities
d d t t
% == e*Vk(t*S)Ai/Quo(s)ds = Ai/Quo(t) - 'yk/ e~ =)y (s)ds
0 0

= A uolt) — yeur(t), k=1,...,m,
together with (7.9) and (7.13) lead to the differential equation
du

E + Aot = f(t)v ﬂ(O) - ﬂoa (714)
in the Hilbert space
ﬂ::@Hk, Hk ::H7 k:O715"'7m7 (715)
k=0
where
a(t) := (uo(t);an (t)",  ax(t) := (ua(t);...; um (t))7, (7.16)

) = (F®:0)7,  a(0) = (;0)7,

and the operator A has the following matrix representation in the orthogonal decomposition (7.15)
.AQ = (Aij)zl,j:07 AOO = Ao, A01 = (A1/2, ,A;{Q), (717)
A = —(Ai/Q; o A},{Q)T, Aqq = diag(y D)L,

Properties of the closure A of the operator Ay were studied in [1], in particular it was shown that the
spectrum of the operator A is positive except for a finite number of non-real eigenvalues counted with certain
multiplicities. Thus, the operator A is of the (fs, fr)-type with

1/|1Sm z —s|, if Re z > 7o,

7.18
dist(z, sp(As)) otherwise, (7.18)

fs(n) =ocosh(an), fr(z) = {
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where s is the half-width of the strip containing all eigenvalues.

As a third example of an operator with non-real spectrum one can consider an analogous operator arising
in the problem of small motions and normal oscillations of a viscous fluid in a partially filled container, where
a problem of the type (7.14) can be obtained as the linearisation of Navier-Stokes equations.

Finally, we note that square matrices with positive real part of the spectrum also belong to the class of
operators of (fs, fr)-type.
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